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A Radio-Frequency Probe for the Mass-Spectrometric Analysis 
of [on Concentrations 


By R. L. F. BOYD anp D. MORRIS+ 


Department of Physics, University College London 


Communicated by H. S. W. Massey; MS. received 4th March 1954 


Abstract. It has become increasingly evident of recent years that a detailed 
study of the processes occurring in gas discharges often requires a means of 
analysing and studying separately the various ionic species. This is true even 
in the case of the inert gases. 

This paper describes the development, and analyses the action, of a versatile 
probe which can readily be moved radially into and out of a discharge tube 
and which is able to distinguish between ions (positive or negative) of various 
masses, With this instrument it is therefore now possible to make probe studies 
on a particular species of ion in the presence of others. 

Basically the instrument is a very small 12-stage linear accelerator which 
discriminates in favour of ions of a particular mass—charge ratio passing through 
its sampling orifice. It is of high sampling efficiency and this together with 
its mobility and the absence of a magnetic field gives it certain pronounced 
advantages over the magnetic method of analysis, 


§$ 1, INTRODUCTION 


HE need to know the nature of the ions present in an electrical discharge 

when seeking to analyse the processes operative has been brought out 

by much of the recent work on decaying plasmas in the inert gases, 
Processes such as attachment to form molecular ions, charge exchange and 
ionization by metastable particles may readily exert an over-riding control upon 
the concentrations of the various ionic species. A preliminary account of the 
application of radio-frequency time of flight methods to the mass analysis of 
ions reaching a probe in a discharge plasma has already been given in a note to 
Nature (Boyd 1950). The purpose of this paper is to record the development 
and performance of the present form of the instrument. As originally developed 
the probe was intended principally for work with electronegative discharges at 
pressures of a few microns of mercury. Current interest in the inert gas plasmas 
at rather higher pressures, however, prompted the production of a probe suitable 
for use in discharges at pressures of 1 mm Hg and higher. In addition a robust, 
easily demountable construction has been aimed at. 


+ Now at the Physics Division, National Research Council, Ottawa, Canada. 


PROC. PHYS. SOC. LXVIII, I—A I 


2 R. L. F. Boyd and D. Morris 


§ 2, CHOICE OF THE METHOD OF Mass DISCRIMINATION 


Reference to the reasons for employing a time of flight instead of a magnetic 
means of mass analysis has been made in the note referred to above. The principal 
factors are: (i) the ease with which the radio-frequency mass spectrometer can 
be moved into and out of the discharge; (ii) the absence of magnetic disturbance 
of the plasma; (iii) the shortness of the total ion path (about 3 cm); (iv) the very 
moderate pumping requirements (quite a small oil or mercury diffusion pump 
giving a speed of about 10 litres sec"! is adequate) ; (v) very simple collimation 
arrangements are possible thus eliminating the need for focusing and giving a 
high current efficiency (a large part of the current passing through the initial 
orifice reaches the collector). 

Against these advantages must be set the need to provide a suitable radio- 
frequency source, problems associated with the screening of the radio frequency 
especially from the electrometer equipment, and, in the particular arrangement 
used here, the fact that the sampling efficiency and resolution depend somewhat 
upon the energy (distribution) of the ions entering the initial orifice. 

In selecting the method to be used here there were four over-riding con- 
siderations: (i) simplicity was aimed at, both in the geometrical arrangement 
and in the signal generating equipment. (ii) The size of the analyser was required 
to be very small both as regards path length, so that only a moderate vacuum 
would be required, and also as regards diameter, so that the disturbance of the 
discharge by the probe should be a minimum. (ii) It is necessary to ensure 
(Boyd 1950) that ions travelling at submultiples of the resonant speed should be 
rejected. Several otherwise simple systems capable of high resolution suffer 
from the disadvantage that it is not possible without considerable elaboration to 
distinguish between ions for which 1, 2 or 3, etc. cycles of the applied frequency 
have elapsed during their time of flight. (iv) Adequate sensitivity for use in 
weak plasmas was required. 

Considerations of size and sensitivity together make it necessary to employ 
a system which integrates the current collected over many cycles. 

By arranging a system of fields like those in a linear accelerator the diameter of 
the probe is kept small and a system results in which mass selection is based on the 
dependence of ion energy gain upon the time of flight. An initial d.c. accelerating 
field converts the mass spectrum into a velocity spectrum. Since therefore 
the acceleration due to the radio-frequency fields affects the time of flight the radio 
frequency must not be permitted to supply energy to the ions comparable to 
that gained in their initial acceleration. Certain advantages in resolution and 
sensitivity can result from the use of shaped wave forms. With the small path 
length in the present instrument, however, this is not practicable, and a simple 
sine wave oscillator is used. ‘This has the advantage that the form of the signal 
arriving at the radio-frequency electrodes may with confidence be taken to be 
the same as that generated. 

It will be shown that ions travelling at submultiple speeds are rejected by 
arranging that the time anion spends in the radio-frequency field is an appreciable 
part of a cycle. Such ions will then experience reversals of field which will 
greatly reduce their energy gain. 


§ 3. ‘THE ARRANGEMENT OF ELECTRODES 


The arrangement of electrodes may be seen in figure 1. he orifice A is 
a plane platinum electrode about 3mm diameter pierced with a small hole. 
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For the highest pressures in the discharge a hole 50 in diameter is used in order 
to obtain good differential pumping. In discharges at lower pressure a con- 
siderably larger hole may be employed so as to give greater sensitivity. Under 
such circumstances the orifice carries a fine wire grid (14 mm! pitch 0-013 mm 
diameter tungsten wire) to prevent penetration of the accelerating potential 
through the orifice into the discharge and to give a uniform accelerating field. 
The orifice electrode operates as a Langmuir probe, being covered by a space 
charge sheath. It may be at space potential or a few volts positive or negative 
to it. 


— G 


"Sta SS 


Figure 1. Schematic diagram of electrode system. 


The accelerator electrode B is a grid (pitch and wire diameter as above) 
carrying an accelerating d.c. potential V of between 500 and 1000 volts, relative 
to the space potential in front of the orifice. ‘This voltage is large compared with 
the energy of the ions entering the orifice and so gives rise to a velocity spectrum 
v=(2Ve m)'? dependent almost entirely on e/m for the ions and not significantly 
on their initial velocity. 

The radio-frequency electrodes C and D are the elements of a linear accelerator 
system which acts specifically to accelerate ions of particular velocity (i.e. e/m). 
These ions are said to be ‘ resonant’. The radio-frequency electrodes are connected 
to a symmetrical radio-frequency oscillator and have the same d.c. potential as the 
accelerator. [he amplitude of the applied radio frequency is usually about 
5 volts so that although the gain in energy of the ions is sufficient to make 
discrimination possible the change in velocity of flight is so small that the spacing 
of the electrodes can be kept constant. 

The retarder E is a pair of (crossed) grids carrying a retarding potential Vv 
relative to space potential such that only those ions which have been in resonance 
with the applied radio frequency have sufficient energy to pass them. The use 
of two grids effectively eliminates field penetration. rae . 

The suppressor F is an electrode normally maintained at an accelerating 
voltage slightly in excess of the initial accelerating potential. Its function is to 
reject ions of opposite sign to those in the beam, which may have been produced 
by collisions in the radio-frequency region. ‘This is particularly important 
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when working with negative ions, as electrons in the radio-frequency region may 
readily give rise to positive ions by ionization of the residual gas. 

The collector shield G is a cylinder which shields the collector from electric 
fields and spurious charges. 

The collector H (and its shield) is maintained at an attracting potential some 
40 volts or so above space potential, so that particles moving obliquely after 
passing through the retarder are accelerated into the collector. 

Electrodes B, C and D are surrounded by a screen (not shown) at the same 
potential as the initial accelerating electrode. ‘This screen and all except the 
radio-frequency and collector electrodes are decoupled to earth by high permittivity 
silvered ceramic condensers which form part of the structure. 


§ 4. THE CONSTRUCTIONAL DETAILS 


The constructional details are shown in figures 2-6 (figure 6 is included to 
show an alternative form of construction, using discs instead of cylinders in the 
radio-frequency section, which has been found to be satisfactory when the 
pressure requirements are not stringent. In this instrument the retarder and 
suppressor grids were carried on discs about 16mm diameter decoupled by 
sandwiching between other earthed discs insulated from them by thin sheets of 
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Figure 2. Drawing of radio-frequency and Figure 3. Sectional drawing of nosepiece. 


collector systems. 
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Figure 4. Diagram of probe sheath and vacuum head. 


‘The analyser is built on a pair of 3 mm diameter stainless steel tubes (figure 2) 
which carry at their ends the nose piece, a self-contained unit (figure 3) made 
of thin copper tube and ceramic, which supports the orifice and accelerator grid. 
Silvered ceramic cylinders surrounding the 3 mm tubes carry the retarder and 
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suppressor grids, the leads to these electrodes passing up the centre of the 3 mm 
tubes through glass sleeving. This whole system, except for the nose which 
protrudes from the end, is encased in a stainless steel tube of 2.cm diameter, 
vacuum seals being formed by compressed neoprene rings (figure 4). Figure 5 
shows the assembly inserted into a radio-frequency discharge vessel. 


Figure 5. Probe inserted into spherical Figure 6. Early model of probe 
radio-frequency discharge. using disc electrodes. 


$5. THEORY OF OPERATION 

A generalized theory applicable to this instrument has been given by Redhead 
(Redhead 1952, Redhead and Crowell 1953) who has developed independently 
an almost identical system on a rather larger scale for use as a general purpose 
mass spectrometer. A very brief resumé of his theory as it concerns resolution 
and sensitivity will be given here, with appropriate modifications. 

The following assumptions are made: (a) The energy of the ions at the 
orifice and the energy gained in the radio-frequency fields may both be neglected 
in comparison with that gained in the initial acceleration. (b) All the electrodes 
are assumed to act like equipotentials in their plane of symmetry. In the case 
of the cylinders there is actually a slight focusing action. In view of assump- 
tion (a), however, it is negligibly weak. No analytical solution is possible apart 
from these assumptions. However, an approximate solution for the effect of 
finite orifice energy will be given later. 

The energy gain is worked out as a function of the phase angle ¢, such that 
V,, sing is the radio-frequency voltage at the instant an ion enters the first 
radio-frequency field where V’,, is the maximum value of the radio-frequency 
voltage. From this the resolution and collector current are obtained. 

Let f c/s be the radio frequency; w=27f. Let V, volts be the accelerator 
potential, v cm sec? the velocity of an ion and m its mass in grammes. Only 
singly charged ions (charge e coulomb) will be considered. All potentials are 
referred to that of the orifice as zero. 

The value of the field between each radio-frequency electrode is given by 


2 
ie = sin (wt+¢) 
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where the time ¢ is zero at the instant the ion enters the first radio-frequency field 
and S cm is the spacing between the idealized equipotential planes representing 
the electrodes. Between the accelerator and the first radio-frequency electrode 
and between the retarder and the last radio-frequency electrode the field has 
half this value. 

The energy gain is therefore given by 
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where «cm is the displacement of the particle from the accelerator electrode. 
Introducing a parameter 


8 time taken for ion to travel distance 2S 2S 
= T 


pericd of radio frequency v 


we get 


which for optimum ¢ gives for maximum AE=AE,, 


+ : 
AE, = —> sin (478) [cos 678 — 2 cos 578 +2 cos 48 — 2 cos 378 + 2 cos 2x} 


Tee. Biers 
=B 


Values of AZ,, occur close to B=1, 3, 5, etc. ‘Those at B=3, 5, 7, etc. however 
have values 1/3,1/5, 1/7, etc. of the value at B=1. In addition there is a spectrum 
of much smaller subsidiary maxima on each side of those at B= 13 eter et nis 
effect is shown in figure 7 where the values of AZ,, for values of 8 from 0 to 2 


have been plotted. The highest value of AE, occurs at B=0-992 and is 
12:07 x 4V,,,/a, i.e. 15-4V,,- 
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Figure 7, Variation of maximum ion energy gain with frequency. 


By setting the retarder voltage at a sufficiently high value, i.e. greater than 
15-4V,,/3, all ions corresponding to maxima other than that at B=1 are rejected 
and a single characteristic frequency is found for each ionic mass—charge ratio. 
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$ 6. RESOLUTION 


If we define the mass resolution R by R= 100(m, — mz)/2m)°%, where my is 
loa “< , af ~ . . 
the mass of the ‘resonant’ ion and m, and m, are the masses of the ions which are 


just rejected then (Redhead 1952) 


R= 2 f 3a bf \1/2 ; 
% a ec al x 100% 


m 


for N equal radio-frequency stages where SE is the excess of the maximum energy 
gained (in electron volts) over the retarder potential V. 

In our case we have two half and eleven whole radio-frequency stages. Making 
the approximation = 12 and putting 5E=15-4V,,—V, we get 


R=3-34(15-4 — V,/Vq,)¥?2%. 


§ 7. lon CURRENT 


If the ion current of ‘resonant’ ions at the orifice is z) and that arriving at the 
collector is 7. then 
ic _ p HAE>V)) 


ae 2a 


where 7 is a transparency factor for the grids (assumed independent of ion 
velocities and electrode potentials) and d(AE>V,) is the angular range of phase 
for which the energy gain is greater than the retarder potential. Since the 
dependence of AF on ¢ is of the form AF, cos(#+0) where § is some constant, 
MAL V.y—2 cos: *(V./AK..)s- Thus 

pet ees Ve 
a ates (sar) 
since AE, = 15-4V,,, at B=0-992. For typical values of the parameters this gives 
an overall transmission efficiency of about 10°%, a high value due to the acceptance 
of all ions entering the orifice into the initial beam, that is, there is no cutting 
down of the beam by collimation. 


§ 8. Errect oF INITIAL ION ENERGIES 


The possession of initial energies by the ions entering the probe orifice affects 
the collector current in two ways: (i) the energy gained by the ions in the 
radio-frequency fields depends on their velocity, (ii) the energy gain necessary to 
enable an ion to pass the retarder depends on its initial energy. 


(1) Energy Gain 

The energy gain in the radio-frequency fields depends both on the velocity 
of the ions and on the radio frequency. Hence, if the ions possess a range of 
energies then the curve of the energy gain plotted against # in the region of the 
maximum will consist of the superposition of a number of resonance curves, 
each peak occurring at a slightly different value of 8. However, in practice the 
spectrometer will ‘tune’ to the frequency which satisfies the resonant condition 
(8=0-992) for ions of the most probable initial energy, eV. Consider a group 
of ions with energy eAV less than the latter. ‘Then for the ions of energy eV 
at resonance B=0-992. For the second group of ions the value of f is given by 
B=0-9925(V, + V)/(V,+V—AV)}”. 
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Taking as a rather extreme example: V=25 volts, AV=25 volts, and two 
values of V,, viz. a very low value V,,=200 volts and the more normal value 
V,,=800 volts, we find B=1-052 and 1-003 respectively. The corresponding 
energy gains are 12-3V,, and 15-25V,,, i.e. differing by 20% and 1% respectively 
from the energy gained by ions of energy V (which is 15-4V,,). These values 
are obtained by a consideration of figure 7. From this example it can be seen 
that by keeping the accelerator voltage large in comparison with the ion entrance 
energies measured in electron volts the effect of the latter on the energy gain can 
be made small. 


(ii) Effect of Energy Spread on Retarder Action 

Since the range of phase of the radio frequency over which ions can arrive 
at the collector varies with the energy of the ions, the form and magnitude of the 
initial ion energy distribution will affect the collector current. In order to 
determine the magnitude of the effect, the form of the energy distribution must 
be known. An exponential distribution 

i= 2 ee ( 2 =) aV, 
V, ye 

is an approximation to the form of energy distribution likely to occur in practice. 
Here V,, electron volts is a characteristic ion mean energy, N is the total number 
of ions entering the orifice and dN is the number of ions with energies in the 
range V, to V,+dV;, electron volts. A situation in which such a distribution is 
approximately valid is that in which collisions made by the ions reaching the 
orifice are chiefly charge exchange collisions, with the electric field remaining 
sensibly constant over a path length. The collector current is given by 


~ 6,dN 
ly Qn N 


where 4; is the angular range of phase for which ions can pass the retarder; for 
ions of energy V;,, ¢,=2cos''a(V,—V,) where 1/a=15-4V,,. In obtaining this 
value of ¢, it is assumed that all ions entering at optimum phase receive the 
maximum energy gain, 15-4V,,. This is justified by the considerations in the 
preceding section. 

The value of 7./z7) then becomes 


ee IP 2 Vyt tla : V; vay z ies V; e 
a= | , exp{ — pees aVv,— VeVi ae exp (— 7) av, 


which can be reduced to 


iy: ey 1 V+ 1/a I 
= TR ae <4 =n eee I / 
% E & (: ) ie ( V, )} 7, 


“Vy +1 /a V. 
exp (— pi) sinta(v— ryan]. 
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The integral cannot be evaluated analytically but some results can be obtained 
by taking the first few terms of the series expansion for sin~ a(V.—V;). Even 
with only three terms the computation is long, and gives the shape of the 
retardation curve (collector current versus retarder voltage) only for low values 
of the retarder voltage. ‘To obtain the shape of the curve under high resolution 
conditions a very lengthy and tedious computation would be necessary. However, 


x 
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in figure 8 curves obtained by using the above approximation are given (for small 
values of V,) for the cases V,,=1-54V’,, and 6-12V,,, these values being chosen 
for ease of computation. The curves shown are over the range of V,, for which 
the first three terms of the series expansion of sin a(V,— V,) differ from the exact 
value by less than 1%. 


0-6; 
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Figure 8. Influence of initial ion energy distribution on idealized theoretical collector 
current-retarder potential relationship. 


In order more clearly to illustrate the effect of initial ion energies a simplified 
form of energy distribution will be chosen. It is such that the number of ions 
with energy in a given range decreases linearly with the energy, becoming zero 


at a ‘cut-off’ value V’, 1.e. 
OI V; ‘ 
aN=—= (1 — 7) dV;. 


iz We 

This gives for the collector current 
y < GP ie 1 V, 10 (V.—V)aV. 
ge al S payee a(V, i i 


and yields on integ ration 

Leta (=) [{2a(V,,— V’)?+ 1} cos-1 a(V,. — V’) — {2a®V,(V,—2V’) + 1 

Peer Na : ee 

x cos laV,—3a(V,—V'){1—a(V,— V’)?}4? 4+ a(3V,—4V'){1 -— @ VP}. 

Retardation curves plotted from this expression are also shown in figure 8 for the 
cases V’=0, V,, and 5V,,.. The general shape of the curves is similar at low 
values of V,, but under high resolution conditions the effect of the initial energies 
becomes particularly apparent. 

In experimental work it is usually required to determine the relative currents 
arriving at the probe orifice of two (or more) types of ions, from measurements 
of the corresponding collector currents. If both types of ions have zero energies 
on arriving at the orifice then the ratio of the orifice currents will be equal to the 
ratio of the collector currents. This also applies if the two types of ions have 
similar energy distributions of the same mean energy. However, in general, 
this may not be the case and the ratio of collector currents will not give an 
accurate value of the orifice current ratio. From the curves for V’=V,, and 
V’ =5V,, in figure 8, for example, it is obvious that a comparison of the collector 
currents under high resolution conditions will give results differing greatly from 
the orifice current ratio. A comparison at lower values of V, will give more 
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accuracy, however (to within 6°% at V,=0 in the case cited), but the greatest 
accuracy can be obtained by comparing the slopes of the curves at low IV, since 
the effect of initial energies tends to zero and the shapes of the curves therefore 
become very similar at low retarder voltages. ‘The effect of the ion entrance 
energies can be reduced by using as high a value of the radio-frequency voltage Ves 
as is compatible with the condition that the radio-frequency energy gain is 
small compared with the d.c. acceleration. 


§ 9. CONCLUSION 

The mass-spectrometer probe has been found to be a versatile and reliable 
instrument. Its size, sensitivity, ease of movement and ability to work at fairly 
high pressures give it certain important advantages over magnetic analysis. 
In addition it probably costs less to build than an equivalent magnetic spectro- 
meter. These advantages are to some extent offset by the presence of high- 
frequency potentials although in many circumstances stray magnetic fields are 
no more desirable. 

In common with the magnetic analysis methods special problems connected 
with sampling and sensitivity are introduced when probing discharges at pressures 
above about 0-1 mm Hg. With care in interpretation useful data may be obtained 
with the present system at pressures up to about 1 mm Hg. Some typical results 
showing the ratio of wall currents of He,+ to Het in a d.c. discharge are shown 
in figure 9. A full discussion of this work on inert gases is given by Morris (1955). 


a) 0-02 0-05 01 02 05 10 
Pressure (mm Hg) 


Figure 9. Variation of helium ion currents to tube wall with pressure. 


An oscillator giving an automatically controlled output over a wide frequency 
range has been developed for use with the instrument (Boyd and Morris 1953). 
This oscillator may be used together with a recording camera to give complete 
spectrograms. 
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By D. MORRISt 
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Communicated by H, S. W. Massey; MS. received 9th July 1954 


Abstract. ‘The relative wall-currents of molecular and atomic ions have been 
measured in hot-cathode d.c. discharges in several of the inert gases. The 
radio-frequency mass spectrometer probe was used for this investigation and 
results were taken over a range of pressures up to 1 mm Hg and tube currents 
from 50 to 500 ma. From a study of the results the probable formation process 
for the molecular ions is found to be that involving collisions between normal 
atoms and atoms in highly excited states. 


$1. INTRODUCTION 


HE formation of molecular ions of the inert gases has been studied under 

various conditions. Mass spectrometric investigations of the ions formed 

by electron impact at gas pressures of the order of 10-? mm Hg have been 
made by Arnot and M‘Ewen (1939) for helium, and by Hornbeck and Molnar 
(1951) for all the inert gases except radon. The relative proportions of atomic 
and molecular ions in helium afterglows have been determined at pressures 
above 1mm Hg by Phelps and Brown (1952). The only studies of the ions 
present in steady discharges in the inert gases have been those of ‘Tiixen (1936) 
for helium, neon and argon at pressures greater than 5 mm Hg, and the pre- 
liminary results of Boyd (1950a) for helium. The present work was undertaken 
at Boyd's suggestion to check the latter results, which were difficult to account 
for by theory, and to extend the measurements to higher pressures and to the 
other inert gases. It was intended to determine if possible the most important 
formation process for the molecular ions in these discharges. 


§ 2. EXPERIMENTAL METHOD 


The wall-currents of molecular and atomic ions in the discharge were 
measured by means of an improved version of the radio-frequency mass spectro- 
meter probe (Boyd 1950b). ‘This instrument is fully described by Boyd and 
Morris (1955) and no details will be given here. ‘The probe was mounted in 
a side-arm of a 3 in. diameter Pyrex glass discharge tube so that the probe orifice 
was flush with the tube wall. he discharge tube was 25 in. long and had a disc 
anode of molybdenum and a tungsten loop as filament. Differential pumping 
was used to keep the pressure inside the probe much lower than that in the 
discharge tube. ‘he minimum attainable pressure in the apparatus after baking 
out the discharge tube was better than 10-° mm Hg. 

The gas used in the experiments was supplied by British Oxygen Company 
as ‘spectrally’ pure, and the gas passed through only a few inches of glass tubing 
and a liquid air trap before entering the discharge tube. A slow flow of gas was 
maintained while the readings were taken. 

+ Now at Physics Division, National Research Council, Ottawa, Canada. 
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The wall-currents were measured at gas pressures up to nearly 1 mm Hg in 
helium, neon and argon, and a few readings were taken at lower pressures in 
krypton and xenon. The latter were not studied in detail owing to the lower 
purity of the available gases. Above 1 mm Hg the pressure in the probe became 
high enough to cause serious attenuation of the ion beam inside it, and results 
at these pressures were not reliable. The probe had been constructed as an 
instrument capable of radial movement into the discharge, although such 
movement was not required in the present investigation. It was the provision 
of this radial motion that restricted the pressure range over which the probe 
could be used. 


§ 3. RESULTS 


Over the range of parameters used in this work, the current of molecular ions 
to the wall of the discharge did not exceed 8%, of the atomic ion current for any 
of the inert gases studied. ‘These results are at variance with Boyd’s preliminary 
results, which appeared to show that the molecular ions were predominant in 
a helium discharge even at pressures as low as 0:01 mm Hg. In the present 
investigation it has been found that the results have been reasonably consistent 
even when the amounts of impurity ions present were varied. In view of this 
and the fact that no comparable results were obtained for argon in the earlier 
work it has been concluded, in discussion with Boyd, that the earlier results in 
helium must be attributed to some unknown error or effect in the earlier mass 
spectrometer probe. 

The present results are displayed in the form of graphs showing the variation 
of the ratio of the wall-currents of the two ion species with pressure (figures 1-3) 
and tube current (figures 4, 5). The accuracy of these ion ratios is not better 
than within 10 to 15°, owing to the fact that they could not be obtained directly 
by comparison of the ion currents at a particular retarding potential, but had to 
be obtained by extrapolation of curves of ion current versus retarder voltage. 
This was necessitated both by the variation of the output voltage with frequency 
of the radio-frequency oscillator used in conjunction with the probe, and by the 
possession of initial energies by the ions on entering the probe orifice. This 
extrapolation procedure (Boyd and Morris 1955) was found to give the most 
consistent results in practice and was shown theoretically to be the most accurate 
method. However, since two retardation curves had to be plotted at each value 
of discharge pressure and tube current, there was sometimes a small drift in 
pressure during the observations. Such pressure variations are indicated on 
the graphs by horizontal lines. 

‘The impurity ions present in the discharge were usually OH*, H+, N,+ and 
C*, the first being the main impurity. The heights of these impurity peaks 
were noted when the other readings were taken, and the only points shown on 
the graphs are those obtained when the impurity ion peaks were less than the 
molecular ion peaks. 

Besides the results shown for helium, neon and argon, a few results were 
also obtained in krypton and xenon. The only krypton available contained 
1°, xenon, so that the predominant ion in the discharge under most conditions 
was Xe*. However, a trace of Kr,+ was found. The available xenon contained 
1°, krypton but the Xe,+ peak was easily found. The ion current ratio was 0-01 
at a pressure of 0-07 mm Hg. Readings at higher pressures were rendered 
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difficult by the condensation of the xenon in the liquid air traps. Search was 
made for ions of the type KrXe*+ but they were not detected. 


§ 4. DiscuUssION OF RESULTS 


The main features of the results, as shown in the graphs, are an approximately 
linear increase of ion ratio with pressure, followed in the case of neon and argon 
by a decrease as the pressure is further increased, and very little variation of the 
ion ratio with tube current. 

The ion ratio determined experimentally represents the ratio of the rates of 
diffusion loss of the molecular and atomic ions. If there is no loss of ions by 
other processes, then the measured ratio will also give the ratio of the formation 
rates of the ions, under the conditions of the discharge. It is possible to make 
some predictions concerning the relative formation rates, and so the most 
probable formation, process for the molecular ions can be determined. 

There are five reactions giving rise to molecular ions which appear to be 
worthy of consideration. ‘Taking helium as a typical example, these are: 


(1)-He* + Het He= Hei? =; He 
(2) He” -P He > He,*+e 
(3) le. ce —+> He,t + 2e 
(4) “He* + Me* +> He,++e 
(5) Het +He —+ He,t +hv. 


Here the asterisks represent metastable states and the dashes represent excited 
states. 

The first of these is known to account for the formation of He,* in helium 
afterglows and the reaction rate has been determined experimentally (Phelps 
and Brown 1952) and approximately theoretically (Bates 1950). 

The second reaction gives rise to the molecular ions observed in the experiments 
of Arnot and M‘Ewen and Hornbeck and Molnar. ‘The excited state must lie 
close to the atomic ionization limit. 

The third process was postulated by Meyerott (1946) to explain the results 
obtained by ‘Tyndall and Powell (1931) in a determination of the mobility of 
helium ions in helium. 

The fourth and fifth processes appear energetically possible but have not 
been observed, and may be rejected as not important in the present experiments. 
The collision of two metastable helium atoms gives rise mostly to atomic ions: 


He* + He* > Het + He-+e. 


Biondi (1952) in a study of this reaction states that no evidence was found 
for the production of molecular ions. Furthermore, at the pressures used in 
the present investigation the loss of metastable atoms would be mainly by diffusion. 

Reaction (5) will have a very small cross section, being a radiative process. 
Also, it can be shown that if this is the important process in the present work 
the ratio of the formation rates of the molecular and atomic ions should be 
approximately independent of both the pressure and the tube current, which 
is contrary to the results. 

Considering reaction (1) quantitatively, the rate of formation of molecular 
helium ions is d[He,*]/dt=65p?[Het+] cm sec!, where p is the pressure in 
mm Hg and Phelps and Brown’s experimental value has been used. All the 
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ion ratios were measured in the positive column of the discharge, except in the 
case of the few points shown in figure 3 for results in the Faraday dark space. 
Hence, in the plasma [He*] = [e] since the molecular ions formed less than 10° A 
of the total ion population, under the experimental conditions. 

Thus, in this case d[He,*]/dt=65p"{e] cm sec}. The rate of formation 
of He~ by the reaction He +e > He*+2e is K[He][e], where K depends on the 
energy of the electrons in the discharge and the variation of the cross section 
for the process with electron energy. Thus the ratio of the ion formation rates 

fe eo ale 
K[He| K 

Assuming that A does not vary with pressure or electron density, it is seen 
that the ion ratio should increase linearly with pressure and be independent of 
the tube current. However, a rough calculation of K can be made assuming a 
Maxwellian distribution of velocities of the electrons and using the known form 
and magnitude of the cross section versus electron energy curve for the ionization 
of helium (Massey and Burhop 1952, p. 151). If this is done it is found that in 
order to reproduce the values found experimentally for the ion ratio, the value 
of the electron temperature must be 2-2 volts at 1 mm Hg and 2:0 volts at 
0-1 mm Hg. It is very unlikely that the electron temperature could be as low 
as this in helium under the conditions of these experiments, and the variation 
of the electron temperature with pressure would be expected to be greater than 
0-2 volt in the pressure range 0-1 to 1:0mm Hg. ‘Taking a more reasonable 
value of 5 volts for the electron temperature gives results at least an order of 
magnitude too low. It is not possible to make quantitative calculations for the 
other inert gases. 

By making similar rough calculations reaction (3) can also be eliminated. 
Meyerott has given an estimate of the rate of formation of metastable molecules 
by the process 


(a) He* + He > He,* +hv. 
A three-body process is also possible: 
(6) He* + He + He He,* + He. 


By a rough analysis it can be shown that the rate of formation of metastable 
molecules will be proportional to p?[e] in case (a) and p*[e] in case (6). Hence 
the rate of formation of He,* by (3) will be roughly proportional to p*[e]? or 
p'le|?, depending on the predominant mode of formation of He,*. Since the 
rate of formation of He* is proportional to ple], the ratio of the rates will vary 
as p?[e] or p[e]. Such rapid variations of the ratio with pressure and tube current 
show that this reaction cannot be important in the present instance. 

Finally, considering reaction (2), the formation of molecular ions by such a 
process has been studied in caesium by Mohler and Boeckner (1930) and 
Freudenberg (1931). The chance of molecular ion formation was found to be 
nearly unity per collision for atoms in energy levels close to the atomic ionization 
limit. Hence, in the case of helium, excited atoms with energies greater than 
about 22 volts should be effective in the formation of He,*. 

If we assume that the cross section for reaction (2) is of the order of gas kinetic, 
pen d{He,}_ pd{He} 


dt dt 
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where P is the probability of He’ colliding with a helium atom before decaying 
by radiation: P=r/(r+T), where 7 is the mean life of the excited state and 
T is the time between collisions. If \ is the mean free path of the gas atoms 
and w is their mean velocity, the expression becomes P=(1+A/v7)*. Owing 
to the number of excited states which could contribute to the formation of 
molecular ions, the total rate of formation d[{He']/dt cannot easily be estimated. 
A similar difficulty arises in the estimation of a mean value for 7. However, 
making the reasonable assumption that the rate of formation of the excited 
atoms is of the same order as that of the atomic ions, it is found that the ion ratio 
will be of the order of P. 

In the case of helium, A=0-014/P. cm and v= 10° cm sec"!, and taking a 
lower limit of 10-‘sec for + gives P=p/(p+14). At low pressures P should 
vary almost linearly with pressure and be independent of tube current. If 
p=1mm Hg then P=0-067, which is of the right order to account for the 
experimental results. The results are also of the right order of magnitude in 
the case of neon and argon. Comparison of the theoretical ion ratio versus 
pressure curve obtained by these considerations with the experimental curve 
for helium is of little value, owing to the lack of knowledge of the exact reaction 
rates and the value of 7. Nevertheless the process (2) does give rise to ion ratios 
of the right order of magnitude and having approximately the correct variation 
with pressure and tube current. 

One further point needs clarification however. In figures 2 and 3 it is seen 
that the curves for neon and argon rise to a maximum and then decrease. This 
effect must be attributed to loss of the molecular ions more rapidly than the 
atomic ions by some process other than diffusion. ‘The most probable removal 
process is by dissociative recombination e.g. 

Ne,*+ +e Ne’+Ne’. 
The coefhicients for dissociative recombination are large, the coefficient for argon 
being greater than for the lighter inert gases. Rough estimates show that the 
effect is large enough to explain the loss of A,* at the pressures considered and 
also probably of Ne,*, but is not large enough to cause a decrease in the ion ratio 
in helium until higher pressures are reached. 

Thus the experimental results show that the molecular ions in the discharge 
are formed most probably by collisions of normal atoms and those in high-lying 
excited states, although the possibility of three-body collisions between atomic 
ions and atoms being effective cannot be entirely ruled out. The principal loss 
of molecular ions in the 7 cm diameter discharge tube is by diffusion to the walls 
in helium at pressures up to 1mm Hg. In neon and argon the effects of 
dissociative recombination become important at pressures above 0-1 mm Hg. 

It would be of interest to extend the investigations to higher pressures in 
order to determine the formation process for the molecular ions under these 
conditions. By suitable modification it should be possible to use the mass 
spectrometer probe up to pressures of 5 mm Hg and perhaps above. 
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Abstract. Methods of utilizing the recoil motion of excited nuclei produced in 
disintegrations, to obtain estimates of the half-lives of excited states, are described. 
They involve measurement either of the distance moved by the recoiling nucleus 
before radiation occurs, or of the small Doppler shift in frequency produced by 
the recoil motion. Details are given of the application of some of the methods 
to the measurement of the half-lives of the levels of 1®O at 6-13 Mev (E3 
transition), 6-9 Mev (E2) and 7-1 Mev (E1), with the following results: 6-13 Mey, 
5x10 <7=10-" see; 6-9 Mev, 7< 1-210 “sec; 7-1 mov, a 2070s secon: 


§ 1. INTRODUCTION 


ost of the y-transitions between excited states of light nuclei take 

place too rapidly for their absolute lifetimes to be measured by 

conventional techniques, i.e. by clock or electronic timing. Most 
of the information that exists about such lifetimes is deduced from radiation 
width measurements in particle resonance reactions, but this method is not 
applicable to bound states, which form the large majority of the low-lying states. 
Measurement of the absolute cross section for excitation of bound states through 
a known form of electromagnetic interaction (e.g. the so-called ‘Coulomb 
excitation’) provides another method of estimating absolute radiation widths, 
but it is only conveniently applicable to low-lying states. In a few instances 
the recoil motion of the radiating nucleus excited in a nuclear reaction has been 
utilized to provide a suitable time scale with which to measure absolute radiation 
lifetimes. Such measurements are not, except in favourable circumstances, 
very accurate; often they provide no more than an order of magnitude or a limit, 
but they are useful for radiation lifetimes which are typical for y-transitions 
in light nuclei, i.e. in the range 10-*-10-™ sec, and where other methods are not 
readily available. 

In view of the current interest in the properties of the low-lying states of 
light nuclei, and of the transitions between them, it has been considered worth 
while to explore in more detail the possibilities of the recoil techniques for studying 
these transitions. ‘Typical recoil velocities of light nuclei produced in exothermic 
reactions, or in endothermic reactions with energies a few Mev above threshold 
are of the order 10°-10° cm sec-!. With a typical radiation mean lifetime oF 
say, 10-'* sec, the mean distance traversed by an excited nucleus before radiating 
is 10-*-10-° cm. Measurement of the transition lifetime is thus reduced to 
measurement of this small distance (or larger distances for slow transitions). 
We have used such methods to obtain absolute values, or limits, for the lifetimes 
of the transitions in a number of light nuclei, the energies of the transitions 
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ranging from 0-42 to 7-1 Mev and the multipolarities El, M1, E2, E3. In this 
paper a brief account is given of the methods used, some of which are illustrated 
by the measurements of the first few levels of !8O. It is intended to publish 
measurements of other nuclear levels in due course. 


§ 2. EXPERIMENTAL METHODS 
2.1. Direct Method 


The distance traversed by the recoiling nucleus before de-excitation can, if 
sufficient, be measured directly by localizing the bombarded nuclei to a thin 
layer, and the region from which the radiation is observed by an arrangement 
of slits. On account of the limited absorption coefficient for y-radiation of 
practical slit materials, ideally narrow slits cannot be constructed, and this 
factor determines the smallest distance and shortest lifetime that can be 
determined. This method was first used by Jacobsen (1924) to obtain an estimate 
(10~® sec) of the half-life of RaC’. More quantitative application of the method 
in disintegration experiments has been made by Devons et al. (1949, 1954) to 
measure a half-life for electron pair emission of (5+0-5)x10-" sec, and 
Thirion et al. (1953, 1954), who have measured several y-transition half-lives 
ranging from 2-5 x 10—! sec in 1’O to 8 x 10-8 sec in °F. 

This method can be used, as the above measurements show, both with 
exo-momentalt and endo-momentalt reactions, although in the former case the 
interpretation of the measurements involves knowledge of the angular dis- 
tributions in the reaction more sensitively than in the latter. 

In the present series of experiments most of the transitions investigated 
were too fast for this method to be employed, but it has provided a useful method 
of placing an upper limit on the half-life. The limit attainable varies with the 
energy and intensity of the y-radiation and the momentum of recoil nucleus, 
and is typically of the order 10~™ second. 


2.2. Measurement of Doppler Shift 


The motion of the recoil nucleus produces a Doppler shift, of the order 1°%, 
in a typical case, in the energy of the y-transition. If the radiating nuclei are 
slowed down, either by passing through some material or by impinging on a 
solid surface, there is a relation between the average Doppler shift or line 
broadening, the mean range of the recoil nuclei in the material and the lifetime 
for the radiation transition which can be used to provide an estimate of this 
latter. The methods that we have used differ according as the nuclear reaction 
is exo- or endo-momental, so that it is convenient to consider these two types 


separately. 


(a) Endo-momental reactions. 

In this case the recoil motion of the radiating nucleus is primarily in the 
direction of the bombarding particles, so that the y-ray energy is different 
according as one observes the y-radiation in the same direction as the bombarding 

+ For the sake of brevity we shall use these terms to denote reactions in which the recoil 


velocity of the radiating nucleus with respect to the centre of mass is larger than that of the 
centre of mass itself, and vice versa, i.e. reactions ,in which most of the momentum of the: 


radiating nucleus is supplied by the outgoing or ingoing particles respectively. 
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particles or oppositely, provided the radiation is not so slow that the recoil nuclei 
have been brought to rest in the target material or its support. If one assumes, 
for the moment, that a// the recoil momentum derives from the bombarding 
particle, and that the residual range of the recoil nucleus in the stopping material, 
assumed uniform, is proportional to its velocity (Blackett and Lees 1932), then 
it can easily be shown that the average energy of the radiation, measured at an 
angle 6 to the direction of the recoil is, 


Uv da 
- -——. = + 22 oe" eee 
By[ 1+ Zeosé 25 |, 2 In (1) 


where F, is the radiation energy for nuclei at rest, v is the initial recoil velocity, 
+ the half-life for the radiation transition and «= R/v, where R is the range of 
recoil nuclei of velocity v in the stopping material.t 

Measurement of the difference in the mean energies of the radiation at, say, 
6=0 and = fora particular reaction provides a value of the ratioAx. Such Doppler 
shifts have been observed by Devons and Hine (1949) and Jones and Wilkinson 
(1952). The observations were consistent with no appreciable slowing down 
of the recoil nuclei before radiation, so that upper limits were obtained for the 
lifetime. Rasmussen, Lauritsen and Lauritsen (1949), using a magnetic lens 
spectrometer, measured the energy of the 480 kev transition 1n “Li in the reaction 
7Li(p, p’), and by comparison of this energy with that of the transition from 
stationary nuclei, ‘Be(8)—7Li, concluded that the full recoil motion was present. 

Measurements of Doppler shifts in this form suffer from several limitations. 
Firstly, the interpretation requires a knowledge of «, the range—velocity relation- 
ship in the medium, secondly, the bombarded material is the same as the 
stopping material, and thirdly, movement of the y-measuring equipment is not 
always practical, or at best may involve small changes in the energy calibration 
of this equipment, which is a serious disturbance when small energy changes are 
being measured. 

In order to overcome these limitations we have modified this method in 
several respects. We have used thin (in the range 10-°-10-® cm) evaporated 
layers for the target material, and these have been deposited on several backing 
materials of widely different densities to provide a range of stopping media for 
the recoil motion. In cases where there is a substantial difference in the recoil 
motion, and therefore in the Doppler shift, for two different backing materials 
a measurement which is much less dependent on the range—velocity relationships 
can be made by interposing a layer of known thickness of the less dense material 
between the target layer and a backing of the dense material. For example, 
suppose the retardation of the recoil nuclei is very small in the layer of light 
material (full Doppler shift) and very large in the backing material (no Doppler 
shift), then the mean Doppler shift AZ using a ‘sandwich’ of light material with 
thickness x (in the direction of the bombarding beam) between target and backing 
will be approximately 


Al = By cos0| 1—exp(—“*) et, (2) 


which is, of course, independent of range—velocity data. 


cf The recoil motion due to the momentum of the y-radiation itself and scattering in the 
stopping material are here neglected. 
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. In the more general, practical, case there will be some slowing down in the 
light material, and some residual recoil motion before radiation occurs in the 
dense material. Assuming again a linear relationship between v and R, we obtain 
for x <R the following expression for the mean shift: 


E,vcos@ { da’ g\ Aa +1 p\ 40: i 
pee t oe R-x +1 fra 


In this expression v refers to the velocity of recoil with which the nuclei enter 
the first, light, layer, and «’, x” refer to the light and dense materials respectively. 
The first term represents the contribution to the shift from nuclei radiating whilst 
passing through the light layer and the second term that from the residual motion 
of nuclei radiating in the dense backing. Expression (3) approximates to (2) 
when the second term in (3) is negligible (Ax” <1) and the slowing in the light 
material is small, x<R, «’A>1. 

The Doppler shift can be measured either by making observations at two 
angles (#=( and 7) for several values of x, or by measuring the shift in the mean 
y-energy, at a fixed angle of observation, for different types and thicknesses of 
stopping material. ‘This latter method avoids the complications associated with 
moving the y-measuring equipment, but suffers from the limitation that unless 
one medium used has zero stopping (vacuum) it is not possible to distinguish 
between extremely fast transitions (full Doppler shift in all materials) and extremely 
slow ones (no Doppler shift in all cases). The shifts measured are also smaller 
in this latter method. 

In the above discussion it has been assumed that all the recoil motion derives 
from the bombarding particle. In many cases there is a smaller contribution 
from the products of the reaction whose emission precedes the y-transition. 

In such cases the expression (3) has to be averaged over a range of values 
of v, x and @, with due allowance for the fact that the probability of detection of 
the y-ray will, in general, be different for different directions of the recoil motion 
due to possible angular correlation between particle and y-emission. However, 
it is usually possible to choose experimental conditions so that the uncertainties 
in evaluating this average are not large, especially when it is remembered that 
the recoil shift itself cannot usually be measured with great accuracy. 


(b) Exo-momental reactions. 

When the major part of the recoil momentum is provided by the particle 
produced in a reaction, then there will be recoil motion in all directions, following 
the angular distribution of the process. The main consequence will be a broadening 
of the radiation from a sharp line to a band which is given by (1) together with a 
term dependent on the angular distribution of the recoil and the correlation 
between recoil direction and y-emission, which is denoted by f, assuming the 
recoil takes place in a uniform medium. One of the few recoil measurements of 
lifetimes that have been made, that of the first state of 7Li (480 key) (Elliott and 
Bell 1949, Rasmussen, Lauritsen and Lauritsen 1949, see also ‘Thomas and 
Lauritsen 1952), utilized this broadening in the reactions 'B(n, «)’Li and 
°Be(d, x) respectively to provide estimates of Ax and hence the lifetime. 

In most reactions the broadening is of the order or less than 1%, so that, in 
addition to knowledge of f, the angular correlation function, very high spectral 
resolutions would be required in the y-measurements. We have not therefore 
attempted to utilize this method. 
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If the broadening can be converted into a definite shift in mean energy of 
the same order of magnitude, then its measurement becomes rather easier and 
does not require the same degree of resolution. This we have done in two ways. 
Firstly we can examine those y-transitions corresponding to particular directions 
of recoil motion by measuring only the y-rays in coincidence with the preceding 
heavy particles moving in a fixed direction. For example, if the y-spectrum is 
measured with the particle- and y-detectors first in opposite directions with 
respect to the target, and then in the same direction, the mean y-energy in the 
former case exceeds that in the latter by 2% (v/c)(Ax)/(1 +A), where the 
assumptions are as in (1).¢ In practice we can either keep the particle detector 
fixed and move the y-counter, or move both particle counter and, if necessary, 
the target (since it is not normally possible to detect the heavy particle through 
the target backing) and keep the y-counter fixed. This latter alternative, although 
somewhat more elaborate, is the one we have adopted since it obviates the 
difficulties associated with change in calibration, on moving, of the y-detector. 
One form of such an apparatus is shown schematically in figure 1. “The second 


Particle Counter 
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Dummy Counter | 
iat Rotating 


Union 
Figure 1. Coincidence apparatus. Approximately 4 actual size. 


method is to introduce an anisotropy in the target arrangements. In the simplest 
form the target is a thin layer on a solid backing. Recoil motion in the direction 
of the backing will be slowed down and stopped, that in the direction away from 
the target (i.e. into vacuum) will be unimpeded. There will then, in general, 
be a net recoil motion away from the target surface. Consider an ideal arrange- 
ment in which the incident beam impinges on the target layer at zero grazing 
angle, and the y-detector observes at 90° to the beam (figure 2(a)). Then if the 
target and backing are rotated by 180° (figure 2(b)) the mean energy of the 
y-radiation will shift. ‘To compensate for any change in intensity or scattering 
an absorber equal to the target backing is placed as shown in figure 2 (c). 

Neglecting the small angle between target plane and beam, which is necessary 
in practice, the finite thickness of the target layer itself, and the finite sizes of 
target spot and y-detector, the mean y-energy in the two cases is 


U do 
By{14 7e[ 1-5 |e}. ere olenote (4) 


tT Also the centre-of-mass motion of the whole system is here neglected. 
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The observed shift will then be 


v Aw 
Bye| 1-4 |¢ see ace (5) 


where g is a factor (obtained by integrating f over half the sphere) of the order § 
depending on the angular distribution and correlation (exactly } if these are 
isotropic). Precise knowledge of g is not necessary to enable (5) to be used with 
as great an accuracy as the Doppler shift measurements warrant. 

In practice small corrections are necessary to allow for the contribution to 
the recoil motion by the bombarding particles (or, more directly, the function f 
must refer to the laboratory and not the centre-of-mass frame), and also for the 
fact that the beam incidence is at a finite grazing angle. Figure 2(c) shows 
schematically a practical target arrangement employing this principle. 
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Figure 2. Target rotation apparatus. Approximately 4 actual size. 


We have sometimes found it convenient to compare the Doppler shift in 
two retarding media directly, and this can be done by using the target rotation 
method and covering one side of the target layer with one medium and the other 
with the second. In place of (5) we then get for the shift 


of Aa’ Aa” 
ol ieet Sera (oe | OO eee (5a) 


This method is useful when Ax <1 in all suitable media. 

Both the above methods can be used in conjunction with the target ‘sandwich’ 
method described earlier, in which case the shifts will be given by straightforward 
modifications of (3), just as (4) is of (1). The coincidence method has two 
advantages as compared with the target rotation method, Firstly, the shifts are, 
on the average, about four times larger, and secondly no knowledge of the 
angular distribution is required. As against this, the more elaborate coincidence 
arrangement provides much slower counting rates in the measurement of the 
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y-radiation, and we have found this in many cases more than offsets its 
‘ theoretical’ advantages over the simpler target rotation method. 


2.3. Scope of Methods 


All the expressions for the Doppler shift become insensitive to A when 
Ax > 1 or Ax <1, i.e. when the radiation lifetime 7 is very much shorter or longer 
than the slowing down time «. The range over which one can obtain an estimate 
of A depends then on the accuracy or sensitivity with which one can measure shifts 
and the range over which « can be varied by choice of material. Unfortunately 
the many practical limitations which govern the choice of target backing, and the 
absence of solid materials with density greater than about 20, limits the range 
of « to about a factor of 10 or less. With the present accuracy, in typical cases, 
we can measure shifts of down to 0-1°, with moderate accuracy. For light 
nuclei (4 <30) these factors limit the applicability of the method to the region 
5 x 10-10" sec with diminishing accuracy at both ends of the range. For 
y-transitions outside this range only a limit can be obtained (7 >5 x 10° or 
7<10°-™ sec), but this can be obtained quite easily. With some straightforward 
improvements we hope to extend this range by a factor of 2 or 3 at each end of the 
scale. It should then be possible, either by direct distance or Doppler methods, 
to estimate the lifetime for y-transitions in the whole region 10~-°-10~' second. 
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Figure 3. Geometrical arrangements for direct distance measurement. 
Approximately # actual size. 


§ 3. MEASUREMENTS OF LEVELS oF 1&O 
3.1. The 6-13 Mev Level (3-) in 16O 


The E3 transition of 6-13 Mev from the 3~ to the 0+ state of 16O (Ajzenberg 
and Lauritsen 1952, Seed and French 1952, Devons and Goldring 1954) was 
first studied using the direct, distance method. The apparatus used was a modified 
form of that used by Devons et al. (1954). The level in !6O was excited by the 
reaction F(p, «)!8O at a proton energy of 873 kev. The arrangements of the 
slits and detectors are shown diagrammatically in figure 3. The accuracy with 
which the target plane was flat, and to which its position could be determined, 
was 10-*cm or better. With ideally opaque slit walls the only y-radiation 
that would be detected in counter 1 would be from those nuclei where recoil 
motion had brought them opposite the slit opening. In the absence of recoil 
motion no y-radiation should be observed when the target layer is moved to a 
position outside the slit aperture. The imperfection of the slit, due to finite 
opacity of its walls, was determined by measuring the variation in y-intensity 
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in counter 1 as a function of target position, using a CaF, target covered with a 
thin evaporated copper layer to suppress the recoil motion. The small residual 
recoil motion in this copper layer and the target backing have a negligible effect 
on this variation. Using this experimental result (figure 4, 7=0) anda knowledge 
of the angular distribution of the «-particles and the xy correlation function 
(Seed and French 1952), the expected variation of y-intensity, in counter 1, with 
position of the target was calculated. Theoretical curves for r=3 x 10-! and 
10° sec are shown in figure 4. The experimental variation, using as targets 
uncovered layers of CaF, of 10-° cm or less, is also shown in figure 4. In making 
the measurement care was exercised to avoid or allow for backlash in the target- 
moving mechanism and errors due to thermal expansion of parts of the apparatus. 


From figure 4 we can conclude that the half-life for the transition is of the order 
or less than 10-" second. 


tod 
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Figure 4. Recoil distance measurements for 6:13 Mev line from '*F(p, a)!*O. 
(Proton energy 873 kev.) 


A second attempt was made to estimate this transition lifetime by use of the 
coincidence technique described above and the apparatus used is shown in 
figure 1. The «-particles in the reaction F(p, «)!8O, at 340 kev proton energy, 
were detected in the proportional counter, and coincident pulses in this counter 
and the y-detectors were used to gate an amplifier which fed proportional pulses 
from the y-detector into a 25-channel pulse analyser. ‘This latter was arranged 
with two similar banks of 25 registers so that information could be stored in one 
bank whilst being collected in the other. 

It was also arranged that a constant voltage could be subtracted from the 
pulse height from the y-detector and the remainder subsequently amplified. 
In this way an expanded picture was obtained of the y-spectrometer pulses. 
A block diagram of the electronic equipment is shown in figure 5. 

Measurements of the coincidence-gated y-spectrum were made with the 
g-detector in both parallel and antiparallel positions with respect to the y-detector. 
The target and «detectors were rotated through 180° every few minutes and the 
readings were stored in the two register banks during such a sequence of 
measurements. The purpose of this alternation was to minimize drifts or 
fluctuations in the energy sensitivity of the y-detector. ‘These were separately 
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studied, as far as the electronic equipment was concerned, by feeding standard 
battery-produced pulses into the first y-detector amplifier over long periods 
and observing the pulse-analyser records. With the alternate sequence of 
measurements used, the fluctuations in amplification introduced uncertainties 
rather smaller than the intrinsic accuracy with which the energy shifts could be 
measured. A typical set of observations obtained with this technique using a 
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Figure 5. Block diagram of apparatus for coincidence method. 
Resolving time of coincidence unit=5 < 10~7 sec. 
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Figure 6. Coincidence method. Spectrum of 6:13 mev line in 19F\(p,a)®O. 
(Proton energy 340 kev.) 


thin CaF, target on an aluminium backing is shown in figure 6. The energy 
shift between the two curves could be estimated visually, and using such an 
estimate the curves could be normalized to the same height. Comparison of 
the ordinates at the same analyser channel could then be used to provide a better 
estimate of the shift. This in turn could be used to provide better estimates of 
the normalization; and so after two or three successive approximations an 
objective estimate of the shift could be obtained. In three such experiments these 
were found to be 0-:15%+0-3%, 0:3%+0-4%, —0:13%+0-25%, with a 
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mean of 0-06%, + 0-15°,, (mean deviations). The full computed shift, assuming 
no retardation in the target backing, is 1:6°%. 

Using equation (1), we obtain Ax = 0-04 + 0-10. 

Additional estimates of this quantity were made using the target rotation 
method. 

Firstly a thin CaF, target deposited on aluminium was used with protons 
of 340 key, and the Doppler shift was found to be approximately equal to the 
full value to be expected if the recoil motion was completely destroyed by the 
time radiation occurred. ‘To be. certain that the shift was exactly equal to the 
full shift would mean very careful assessment of the theoretically expected shift, 
taking into account complicated geometrical corrections, in addition to precise 
experimental measurement. A more reliable procedure, using the differential 
Doppler shift for two materials, as described previously, was employed. A thin 
CaF, layer was deposited on a thick layer of calcium which was then covered with a 
thick (from the point of view of recoil motion) layer of copper. ‘The composite 
target was bombarded through the top copper layer and the Doppler shift with 
target rotation was measured. 

Since the expected, or even the maximum possible, Doppler shifts in this 
type of measurement were extremely small, up to }°%, it was necessary to exercise 
particular care to avoid all sources of systematic error such as fluctuations and 
drifts in the sensitivity of the crystal detector, electronic amplification and power 
supplies and pulse analysis. In addition we wished to avoid excessive elaboration 
of the equipment and undue labour in analysing the results. We therefore 
adopted a method of measuring relative changes in y-energy without being 
concerned with the full details of the y-crystal pulse spectrum to any high accuracy. 

The equipment used to measure small changes in y-energy is shown 
schematically in figure 7 and was used in the following manner. 
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Figure 7. Block diagram of electronic equipment for target rotation method. 


The spectrum of the pulses from the photomultiplier was first recorded 
directly with moderate accuracy. The single channel pulse analyser F was 
then set so that it covered a small band in the spectrum where the number of 
pulses was a rapid function of pulse height, and the spectrum was again taken 
with a 50-channel pulse analyser gated by the output pulse of this single-channel 
analyser. A second single-channel analyser C was set so as to cover a much wider 
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band of the spectrum, this band having limits at points in the spectrum where 
the intensity was changing only very slowly with pulse amplitude. A third 
spectrum was taken with the 50-channel analyser gated by this second single- 
channel analyser (figure 8(a)). From these three spectra it was a simple matter 
to compute, with adequate precision, the change in the relative number FIC, 
of counts in the two single-channel analysers F and C for a small change in 
energy in the y-radiation. For the small energy changes with which we are 
concerned we can express the result of the measurements by stating that for a 
fractional change in y-energy of « the change in the ratio F/C will be Me, and we 
refer to MV as the magnification of the measurement. JM depends on the shape 
of the spectrum and the position and size of the selected band F. In these, and 
other measurements, we have used values of WV ranging from 8 to 30. 
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Figure 8. Gated spectra in measurements of Doppler shift. 


It was found that the passage of pulses through the gate had a small, but 
detectable, effect on pulse amplitude. In later measurements, therefore, all 
relevant spectra were taken with the gated system, ‘normal’ spectra being 
obtained by opening the single-channel analyser C to its full width. 

In some cases it is possible to increase the factor M still further by utilizing 
two narrow bands, F’, F”, one situated on a rising part and one on a falling part 
of the spectrum (figure 8(4)). The relative change of F’/F” with y-energy can 
similarly be computed from the normal spectrum and that gated with F’ and PF”. 

To minimize errors due to drifts and fluctuations the ratios F/C or F’/F” 
were measured some 100 times, alternately with the target facing towards and 
away from the y-detector. 

Information was recorded alternately in two sets of scalers so that readings 
had to be taken only after a full cycle of observations. Systematic errors were 
minimized by alternating all possible combinations of rotations, scalers and 
starting positions. ‘Iwo independent rotation movements for the target were 
possible, so that any effects due toslight differences in the target spot when towards 
and away from the y-detector were eliminated. 

A full set of observations, providing eight estimates of Me, took one to two hours 
and all eight values normally agreed within the statistical accuracy. If not, the 
results were not used. Spectra obtained with a bombarding voltage of 
873 + 400 kev (energy loss in copper covering layer) are shown in figure 9. At 
this resonance the y-spectrum contains about 35°, of the 6-9 and 7-1 Mev lines 
in addition to the 6-13 Mev line (Hornyak e¢ a/. 1950). Allowance for this is easily 
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made since, as we shall see below, these two components show no measurable 
shift even when conditions are favourable for detecting any that might occur. 

The differential shift observed was, in four sets of measurements, 
= 0-085 °% +0-06%, +0-082% +0:06%, + 0:033°% + 0-06% and 0-000% + 0-06% 
giving a mean of 0-008", + 0-03°,,.. Using equation (5 a) and the computed value 
of 0-48%, for gEyv/e we get 


| ra’ Aa” )-017 
Aa’ +1 wo | = 0-017 + 0-06 


where «” refers to copper and «’ to calcium. Both Ax’ and Aw” are much smaller 
than unity, and «”=0-2x’. We can then write this result as Aw’ =0-02 + 0-08. 


t Spectrum gated by F 
} Spectrum gated by C 


Number of Counts 


3 4 


5 
Pulse Height (Mev) 


Figure 9. Spectra in measurement of the 6-13 mev line in !°F (p, a). 
Proton energy 1273=873 +400 kev. 


If we use the data of Blackett and Lees (1932), and further assume that for Al 
and Ca the effective stopping per unit mass per cm? is the same for these materials 
and air, we get, o(Al)=—4-3 x 10 4*:see and «(Ca)=/-3 x 10-* sec, giving for 7 
the limits 7 >2 x 10-™ sec (coincidence method, Al stopping), 7>5 x 10-'? sec 
(target rotation method, Ca stopping). ‘These limits are likely to be conservative 
since the higher atomic number materials such as Al and Ca are not likely to 
be as effective in stopping as air (cf. article by Bethe and Ashkin in Segre 1953). 
Combined with the previous direct distance measurement we can state that for 
this transition 5 x 10-%<7<10-" second. 


3.2. The 7-1 and 6:9 Levels in 4®O 


Measurements of the Doppler shift in these two transitions were made using 
the same energy shift technique, the target rotation method and simple targets 
consisting of thin CaF, layers on copper backing. 

The measurements are complicated in this case by the fact that it is not 
possible to produce these transitions without also exciting in somewhat greater 
degree the 6-13 Mev transition. However, by choosing appropriate settings of 
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the single-channel pulse analyser F narrow bands of the composite y-spectrum 
could be selected where the major contribution was from the higher energy 
transitions. ‘The relative intensities of the three lines at the proton resonances 
used are (see Hornyak et al. 1950 for references) : 


6-13 6-9 7-1 Mev 
340 kev 0-96 (0-04) 
873-5kev 0-65 0-24 0-11 
935-3kev 0-76 0-025 0-21 


At 340 kev the spectrum is almost that of a pure 6-13 Mev line, and a correction 
for the 4°, admixture can be made semi-theoretically. Using this corrected 
spectrum, allowance can be made for the small contribution from this transition 
to the narrow bands selected from the y-spectrum at the higher resonances. 

At 935 kev the main high-energy component is 7:1 Mev. The spectra 
measured at this proton energy are shown in figure 10. 
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Figure 10. Spectra in measurement of 7:1 Mev line in !®F(p, «)18O. 
(Proton energy 935 kev.) 


The observed value of Me was 0-63 + 0-47%,. Allowing for the contribution 
from the 6-1 Mev line, this gave a value of « of 0+0-03%. About half this error 
is due to uncertainty in the contribution from the 6-1 Mev line. The calculated 
maximum value of « is 0-4°%, corresponding to Ax <1. 

Using (1) again we get Ax >11. Assuming a value of «(Cu) of 1-3 x 10-13 sec, 
we get 7(7:1)<8 x 10- second. 

In view of the absence of any shift from the 7-1 Mev y-line it was possible 
to examine also the 6-9 Mev line at the 873 Mev resonance, where both lines are 
present in comparable quantities. ‘The observed values of Me were 0-56°% + 0:6%. 
Allowing for the contributions of both 6-1 and 7-1 Mev lines, we get a value of ¢ 
of 0+0-065%, as compared with a maximum of 0:5°%. This gives an upper 
limit for the half-life of the transition 7(6-9) of 1-2 x 10-! second. The absence 
of an observable shift in this case justifies the neglect of the weak 6-9 Mev 


component in interpreting the measurements of the 7-1 Mey line at the 935 key 
resonance. 
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By A. H. COOKE anp H. J. DUFFUST 


Clarendon Laboratory, Oxford 


MS. received 26th August 1954 


Abstract. ‘The magnetic susceptibility of potassium manganicyanide has been 
measured at temperatures from 4-2°K to 300°k. The susceptibility, which at 
room temperature approximately follows Curie’s law, approaches a temperature- 
independent value at very low temperatures. This behaviour is compared with 
the theoretical prediction of Kotani. 


of the iron transition group of elements differs from that of the ionic com- 

pounds. This may be explained as the effect of the very strong covalent 
binding fields not only quenching the orbital magnetism but also breaking down 
the Russell-Saunders coupling. In the complex cyanides, for example, in which 
the metal is surounded by six CN groups of approximately octahedral symmetry, 
the orbital levels split into a doubly degenerate dy group and a trebly degenerate 
de group of lower energy. The 3d electrons must be housed in these de states. 
If their number exceeds three, some of them must have their spins opposed. 
Hence the chromicyanides have a paramagnetic susceptibility corresponding to 
a spin S= 3/2, the manganicyanides to S=1, the ferricyanides to S=1/2, and the 
cobalticyanides with S=0 are diamagnetic. Kotani (1949) has pointed out that 
while this ‘spin-only’ theory describes the general behaviour of the complex 
cyanides, the detailed predictions are considerably modified when account is 
taken of spin-orbit coupling. A particularly striking case arises when there are 
four 3d electrons, as in the manganicyanides, for spin-orbit coupling then splits 
the (de)? level in such a way that the lowest energy level is a singlet. Such a 
state is diamagnetic (i.e. it has no first-order Zeeman displacement). The theory 
therefore predicts that as the temperature is lowered, and the upper states become 
depopulated, the magnetic susceptibility approaches a temperature-independent 
value, and the effective Bohr magneton number p (defined from p?=3yRT) Nf? 
where y is the molar susceptibility at an absolute temperature 7, R is Boltzmann’s 
constant, N is Avogadro’s number, and f is the Bohr magneton) approaches zero. 

We have measured the magnetic susceptibility of a powdered specimen of 
potassium manganicyanide, K;Mn(CN),, at temperatures from 4:2°k to 300°x. 
A Sucksmith ring balance was adapted to cover this temperature range (Cooke 
and Duffus 1954). Fixed temperatures were obtained from boiling liquid 
oxygen, hydrogen and helium. Intermediate temperatures were reached by the 
use of an electrical heater wound on a copper cryostat surrounding the specimen, 
the measurements being made when equilibrium had been established between 
the supply of heat and the loss by conduction to the cooling bath. The tempera- 
tures were measured by a resistance thermometer calibrated by a constant volume 


le is well known that the paramagnetism of the covalently bonded compounds 
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helium gas thermometer in contact with the cryostat. The absolute value of the 
susceptibility of the specimen was obtained by comparison with three specimens 
of manganous ammonium sulphate. The diamagnetic correction due to the 
Perspex specimen holder was measured, and that of the specimen was calculated. 
The total diamagnetic correction was only 24° of the paramagnetic susceptibility 
at room temperature, and on cooling below 100°k was negligible compared with 
the experimental error. 

The results, corrected for diamagnetism, are shown in the diagram, in which 
the square of the effective magneton number is plotted against temperature. 
Kotani (1949) reports that various workers have obtained different values of p at 
room temperature, viz. Blitz (1928), 3-61; Ray and Bhar (1928), 2:95; Szego 
and Ostinelli (1930), 3-40; Goldenberg (1940), 3-25; our value was 3-50+0-05. 


Variation with temperature of the effective Bohr magneton number of potassium mangani- 
cyanide. Experimental points are shown as circles. ‘The broken curve shows the 
variation predicted theoretically by Kotani. 


In comparing the experimental results with theory, we neglect any effect due 
to interactions between the magnetic ions. ‘This is justified by the results of 
unpublished measurements by Cooke, Meyer and Wolf on the susceptibilities 
of powdered specimens of potassium chromicyanide and potassium ferricyanide 
in the liquid helium temperature range. Apart from temperature-independent 
effects, which were not determined, the susceptibility of each salt followed a 
Curie-Weiss law, y=C/(T— 4), with 9=—0-09° for the chromicyanide and 
= —0-28° for the ferricyanide. Crystalline field theory would predict a Curie 
law (8=0) in each case. The discrepancy is small and may be neglected at 
temperatures above a few degrees absolute. ‘The variation of p with temperature 
was calculated by Kotani (1949), assuming that the CN groups form a regular 
octahedron, producing an electric field of cubic symmetry at the Mn** ion. 
The de orbital levels are then completely degenerate. Under the action of 
spin-orbit interaction we then have a singlet ground state, a triplet state at an 
energy A/2, and a quintuplet state at an energy 3.4/2, where A is the spin-orbit 
coupling constant. This leads to the expression 


3{24 + (x/2—9) exp (—x/2) + (5x/2 — 15) exp (—3x/2)} 
a «f{1+3 exp (—+x/2)+5 exp (—3x/2)} 
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where x=A/RT. According to this formula, p? is proportional to T at low 


temperatures, rises to a broad maximum at x=2-2, with a maximum value 
p?= 13-1, and at high temperatures falls slowly to an asymptotic value p*= 10. 
The broken curve in the diagram shows the variation of p® calculated from this 
formula, taking 4/k=492°, the value for the free Mn?* ion. It will be seen 
that the two curves are very similar, but that both the rise of p? at low temperatures 
and the fall at high temperatures are more rapid than the theory predicts. The 
discrepancy may be ascribed to the departure of the electric field at the Mn** ion 
from cubic symmetry and the departure of the electron orbits from pure d-orbits. 
Stevens (1953) has shown that the departure from pure d-orbits has the effect 
of lowering the orbital g-factor and reducing the spin-orbit coupling constant 4 
below the free ion value. Such a reduction would bring Kotani’s curve nearer 
to our experimental results. For example, at low temperatures Kotani’s theory 
gives p?>72kT/A. To fit our results at low temperatures requires a value 
A/k=270° instead of 492°. However, it is not possible to fit the complete 
theoretical curve to the experimental results in this way. It is to be expected that 
as in the case of the chromicyanide (Bowers 1952) and the ferricyanide (Bleaney 
and Ingram 1952), the CN groups produce a field of rhombic symmetry, which 
raises the initial degeneracy of the three de orbital levels. Our results do not suffice 
to determine the departure of the field from cubic symmetry (nor would measure- 
ments on a single crystal give much more information, since the unit cell of the 
crystal contains two magnetic ions, the magnetic axes of which are unknown). 
However, the general features of the theory are confirmed; in particular, the fact 
that p? is proportional to T at low temperatures establishes that the lowest energy 
level is diamagnetic. 
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Alpha~-Gamma Angular Correlations and Internal Conversion 
Measurements in ThCC’” and ThC’D 
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Department of Physics, Imperial College, London} 


Communicated by S. Devons; MS. received 23rd Fune 1954 


Abstract. ‘The angular correlation between all y-rays leading to ThC’ ground 
state and the ThC’D «-rays has been measured and found isotropic, in agreement 
with theory. The angular correlation between the 6-04Mev a-ray and the 
40 kev y-ray in ThCC” has been measured and found anisotropic, the best fitting 
curve being W(@)=1—(0-22 + 0-05) cos?@. Spin assignments of 1 or 2, 4 and 5 
are deduced for the levels ThC (ground), ThC” (40 kev) and ThC” (ground) 
respectively. The total internal conversion coefficient of the 40kev ThCC’ 
y-ray has been measured and a value for the L shell conversion coefficient of 
#%,=15:7+1-6 is deduced. ‘This is in much better agreement with theoretical 
prediction than previous measurements. 


§ 1. INTRODUCTION 


HE study of the angular correlation between successive radiations from 
the same nucleus has been developed in recent years into a powerful technique 
for determining characteristics of short-lived nuclear states. It is parti- 
cularly useful among the naturally radioactive elements which provide many 
cascades suitable for the application of this method. An earlier application to 
the xy cascade in ThCC” was made by Kulchitski (1950), but the results were 
not easily interpreted and, in view of improvements in experimental techniques, 
a new measurement has been made. As the present work was nearing completion 
a brief report of another measurement of this correlation was published (Horton 
and Sherr 1953). ‘The present result agrees with that obtained by Horton and 
Sherr and is completely at variance with that obtained by Kulchitski. 


2. APPARATUS 


The complexity of the decay scheme (see figure 1), particularly the presence of 
a number of xy cascades, makes accurate discrimination of great importance. 
The two main ay cascades are the (6:04 Mev) «, (40kev) y cascade in ThCC’ 
and the (0-72 Mev to 2:2Mev) y, (8-8 Mev) « cascade in ThC’D, the y-rays being 
emitted in transitions to the ThC’ ground state which has a half-life for «-decay of 
only 3x 10-*second. Either of these cascades can be eliminated by «-energy 
discrimination. For this purpose a scintillation counter was not considered to 
provide a sufficiently sharp discrimination and a proportional counter was 
therefore used. This has the additional advantage that the path lengths in the 
counter gas can be arranged so that the lower energy «-particle yields the larger 
pulse and the higher energy particle can be Ee by simple discrimination, 
thus simplifying the electronics. 
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The proportional counter was filled with a mixture of argon and carbon 
dioxide at a pressure of 24cm Hg. It had a mica end window 0-48 cm in diameter 
and 2:0cm air-equivalent thickness. ‘The geometrical arrangement was such 


7=0(+) 


238 kev 
MI or MI+E2 


THC 3 7+1,2(+) 
(60:5m) Mev 
2-2 
a@ 6:08Mev @ 6:04 Mev ia 
B F 
i on 
a ee 7-00) 
aye, (3x10°7s) 
—— 328 
T= 
The" SI 7=5 (+) 
(31m) @ 878Mev 
TO T=0(+) 


Figure 1. Simplified level scheme for ThBD. Some transitions irrelevant to the discussion 
have been omitted. Most of the data are from N.B.S. Circular 499. ‘The remainder 
are contained in the references quoted. 


that no particles were allowed to strike the walls of the counter within the counting 
region. ‘The y-detector was a scintillation counter consisting of a single crystal 
of Nal(Tl) mounted on an EMI5311 photomultiplier tube. ‘The surfaces of 
the crystal were etched clean and covered with an aluminium reflector and the 
crystal was enclosed in an air-tight polythene cap. ‘The end thickness of the 
cap was sufficient to prevent any f-rays from the source reaching the crystal. 

The counters were followed by amplifiers and Harwell-type simple discri- 
minator units. A variable delay circuit was used to balance the delays in the 
two channels and was followed by a Rossi-type coincidence unit with a resolving 
time variable from 3 x 10-7 to 1-2 x 10-® second. 

ThB in transient equilibrium with its decay products was used as a source 
of ThC. Sources were prepared by deposition from thorium active deposit on 
to polished aluminium foil 0-001 in. thick. Each source was cut to the form of 
a strip of foil with the deposit covering an area about 1mm square on one side 
only. ‘This was mounted in a small Perspex holder attached to the front of the 
proportional counter. 


§ 3. INTERNAL CONVERSION OF THE 40 kev ThCC’” y-ray 


The apparatus was used initially for the determination of the internal conver- 
sion coefficient of the 40 kev y-ray in the ThCC’ transition. Earlier measure- 
ments of this have been based on the intensities of the L conversion electrons, as 
shown by a f-ray spectrograph. The best determination by this method is that 
derived by Kinsey (1948) from the measurements of Flammersfeld (1939). He 
found an L shell conversion coefficient «,=4-7. Kinsey (1947) reports a measure- 
ment by the method of wy coincidence using a xenon-filled proportional counter 
for the y-rays with the result «, = 3-6. 
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The present determination was by the xy coincidence method using a 0-5 cm 
Nal(T]) crystal scintillation counter for the y-ray. The ThC’D ya coincidences 
were eliminated by a simple discriminator. The clear separation of the two 
groups of x-rays is shown by figure 2 (a). Coincidences between the 6-04 Mev 
g-rays and the L x-rays following internal conversion of the 40 kev y-rays were 
eliminated by a careful adjustment of the discriminator in the y-line. The 
response of the scintillation counter in this region is shown by figure 2(5), which 
is a graph of the true xy coincidence rate against the y-line discriminator setting. 
The 40 key y-ray and 15 kev L x-ray peaks are clearly shown and it is evident that 
the x-ray peak can be eliminated by a discriminator setting of 30 volts. The 
contribution of the xy cascades via higher excited states of ThC” is negligible 
compared with that via the 40 kev level. 
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Figure 2(a). ThB+C a-pulse height distribution. The ThCC” and ThC’D a-groups 
are clearly separated by the proportional counter. 


Figure 2(6). Differential wy coincidence rate as a function of y discriminator setting. 
The coincidences between a-rays and internal conversion x-rays are eliminated by 
a discriminator setting of 30 volts. 


A careful study of the variation of true coincidence rate with coincidence 
resolving time 7 showed that variations in the delay time of pulse formation 
caused the coincidence rate to fall off slowly for 7<6x10~ second. ‘The 
resolving time was therefore set at z=8x10-’ second. The counters were 
set opposite each other in line with the source and the solid angles were, for 
the «-counter, 1-0 x 10-* of 47 and, for the y-counter 1-9x10-*. The total 
coincidence rate and the x andy rates, Nand N,,, were measured in a number of 
experiments and the random coincidence rate was calculated using the measured 
value of tr. The mean ratio of true coincidence rate to « counting rate was 

Na UN, = (3°86 40-15) 10% 

To allow for the angular correlation between the «- and y-rays a small correction 
was applied using the result of $5. The correction factor is the ratio of the 
mean coincidence rate (9=90° to 6=270°) to the coincidence rate at = 180°, 
using the experimental figures uncorrected for finite angular resolution. _ Its 
value is .V »/N,(180)=1-13. A further correction was made to allow for scattering 
of y-rays into the y-counter at this setting. ‘The 40 kev y-counting rate is slightly 
increased at 6= 180° by this effect and the correction factor was derived from the 
measurement of this variation described in §5. Its value is 1/1:09=0-917. 
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In calculating the overall efficiency of the y-counter allowance was made for 
the ‘escape peak’ pulses and for absorption in the polythene cap. ‘The escape 
peak represents pulses in which the iodine x-ray (33 kev) escapes from the face 
of the crystal which thus only absorbs 7kev of the y-ray energy. West e¢ al. 
(1951) have measured the relative areas under the escape and normal photoelectric 
peaks for a 44 kev y-ray and find that 22%, of the iodine x-rays escape. Sterk and 
Wapstra (1953) have published calculated curves of the escape probability with 
a value of 20-6°%, at 40kev. The figure of 21°%, was adopted in the present 
calculations. Absorption in the polythene cap was measured in the same 
geometrical conditions and found to be 21%. Since the absorption is entirely 
photoelectric and is virtually complete in a few millimetres of sodium iodide, 
the nominal efficiency of detection is 100°, and the overall efficiency is therefore 
62°/, with an estimated error of +4%,. 

The above results together with the «-transition probability to the first 
excited state, which is 0-70 (Lewis and Bowden 1934), yield a total internal 
conversion coefficient of «=19-6+1-7. Using the Kinsey-Flammersfeld value 
of 0-80 for the ratio of L shell conversion to total conversion, the L shell internal 
conversion coefficient is #,=15:7+1-6. Relativistic calculations of L shell 
conversion coefficients have been published by Gellmann ef al. (1950, 1952). 
The results for Z=84 and E=42-6 key are 


Ly Ly Lin Liotat 
El 0-2910 0-2606 0:-3544 0-9060 
E2 5-300 195-4 195-9 396°6 
Mi 27°85 2:397 0:0298 30:28 


‘The 40 kev y-ray can therefore be confidently identified as M1 radiation in agree- 
ment with Graham and Bell (1953). Interpolation between the values calculated by 
Gellmann et al. (1950) yields a value of « (L total) = 22-8 for Z=81 and E=40 kev. 
Comparing this with the experimental result, the discrepancy between the two 
is seen to be in a direction opposite to that which would be expected for an admix- 
ture of E2 radiation. ‘The discrepancy may be accounted for by the displacement 
of the nucleus in the electronic configuration as a result of the ~-emission and the 
recoil of the nucleus. (The lifetime of the excited state is less than 10-!0sec 
(Graham and Bell 1953).) 


§ 4. THe ThC’D yx ANGULAR CORRELATION 


The half-life of ThC’ for «emission is 3 x 10-7 sec and, for resolving times of 
this order, y-rays leading to the ThC’ ground state are therefore in coincidence 
with the ThC’D «-rays (figure 1). Since ThC’ is an even-even nucleus, it is 
presumed to have zero ground state spin and all cascades having this as the 
intermediate level should therefore have isotropic angular correlations. This 
was checked experimentally by measuring the integrated yx angular correlation 
for all the transitions ThC’*>ThD. The ThCC’” «-rays were eliminated by 
inserting a mica absorber of 3-5 cm air equivalent in the «-ray path. The y-ray 
discriminator was set at 120kev, thus admitting most of the y-pulses (mainly 
Compton absorption) while rejecting the background of x-rays from Pb and Bi. 
The energy calibration was obtained from a measurement of the photoelectric 
spectrum from a source of I'm. Solid angles were 1-0 x 10-2 of 47 for the 
z-counter and 1:90 x 10-? of 47 for the y-counter. The coincidence resolving 
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time was set at 4x 10-*sec and was accurately measured at the start of each 
day’s run. he total coincidence rate and the «- and y-rates were recorded for 
periods of 30 minutes at 15° intervals from 6=90° to 6=270° with a 60-minute 
count at @=180° so that all points had equal weight (@ is the angle between the 
two counters). The chance coincidence rate was calculated and a correction 
for variation of source strength was made by dividing the true coincidence rate 
by the «-rate foreach reading. A correction was applied to allow for the measured 
variation of the y-rate with @ due to geometrical anisotropy of the experimental 
arrangement. ‘This amounted to 1-2°, at @=90° and 270°. 

The results were found to be symmetrical about @=180° and readings at 
# and 27 —@ were therefore combined. ‘The final results represent the mean of 
five separate experimental runs and are shown in figure 3. Each point on the 
graph represents about 2000 true coincidence counts. The correlation is isotropic 
to within + 1° in agreement with theoretical prediction. 
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Figure 3. ThC’D y« angular correlation. 


§5. THe ThCC” « (6:04 Mev) y (40 kev) ANGULAR CORRELATION 


For this measurement the experimental arrangement and the counter solid 
angles were the same as those in the internal conversion determination except 
that a resolving time of r=4x 10‘ sec was used. ‘Thirty-minute counts of the 
total coincidence rate, the «-rate N, and the y-rate N,, were recorded at 15° 
intervals from 6=90° to 270°. ‘The number of chance co:ncidences was calculated 
using an accurately measured value of r. ‘The variation of N,, with @ was found 
to depend on the y-energy, indicating that scattering was an important factor. 
To allow for this variation each experimental run included a measurement of 
the variation with @ of the y-rate in the discriminator range 35 kev to 45 kev and 
the results were combined into a mean correction factor. Variation in source 
strength was allowed for by dividing the true coincidence rate at each setting by 
the a-rate. The correlation was found to be symmetrical about 6=180° and 
readings at 6 and 27—6 were therefore combined. ‘The mean results and 
correction factors are shown in the table and the angular correlation curve is 
shown in figure 4. Each experimental point corresponds to about 1000 true 
coincidence counts. 

The 40 kev y-ray is established as magnetic dipole from internal conversion 
and lifetime measurements, so the correlation function should not contain higher 
powers than cos?6. The function W(0)=« +a P,.(cos@) was therefore fitted 
by a least squares procedure to the experimental points with the result: 


W(0) = 0-946 — (0-140 + 0-039) P,(cos 8). 
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Summarized Experimental Results: ThCC” «y Angular Correlation 
@ (deg.) 90 105 120 BS) 150 165 180 
Relative normalized 
coincidence rates 1-000 1:055 0-958 1-049 0-842 0-969 0-847 
Correction factor for 
y rate variation 1-09 1-07 1-05 1-02 1-01 DY 1-00 
Corrected vs 
coincidence rates 1-00 1:033 0-919 0-984 0-781 0-887 0-777 


This is shown by the full line in figure 4. The error in % is negligible compared 
with that in «, and the latter error was analysed by two methods as suggested 
by Rose (1953). A derivation solely in terms of the statistical errors of the 
individual readings yields a mean square error in «» of o?(a)=0-039". A deriva- 
tion in terms of the residuals between the experimental points and the least 
squares line, which should therefore include all types of error, yields a mean 
square error o7(%) =0-044?. A value considerably greater than unity for e, the 
ratio of the two errors, would indicate the presence of errors other than statistical 
anda value much greater than unity would indicate a choice of the wrong polynomial 
for W(@). The present ratio of «= 1-16 compares well with the values obtained 
by Klema and McGowan (1953), who used the same method to analyse their 
results on the yy correlation in Ni. The good fit thus obtained with a polynomial 
of the first degree in cos?@ confirms the dipole nature of the y-ray and the absence 
of electric quadrupole admixture. 
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Figure 4. ThCC” ay angular correlation. The full line is the least squares curve 
W(@)=a9+- dP (cos A) with a)=0-946+0-024 and a,=—0-140+ 0-039, ice. 
W(@)=1-016—0-209 cos? 0. 


A correction for the finite angular resolution of the counters was made by 
the method of Rose (1953). % remains unchanged and a, is multiplied by 
an attenuation factor Q,(«)Q.(y) where, in the present case, Q,(y)=0-946, 
Q(«)=0-972. This gives an attenuation of the theoretical a, of Q,=0-919, 
but it is more convenient to apply the inverse of this factor to the experimental 
result giving a final angular correlation function : 


W(@) = 1—(0-22 + 0-05) cos? 6. 

The possible effect of electric or magnetic fields on the correlation can only 
be assessed in rather qualitative terms. The lifetime of the intermediate state is 
less than 10~'°sec (Graham and Bell 1953), so crystalline or molecular inhomo- 
geneous electric fields, which do not produce precession periods smaller than about 
10° sec, are expected to have a negligible effect. The atomic shell of thallium 
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has a non-zero magnetic moment in its ground state but it is likely to be in a 
disturbed condition as a result of the «-emission and the recoil of the nucleus. 
Some attenuation of the correlation could be caused by magnetic interaction of 
nucleus and atomic shell since precession periods of the order of 10-'sec are 
possible. _ However, the effect is small when the intermediate nucleus has a 
large spin and when one of the radiations is dipole, both of which conditions are 
fulfilled here, so the disturbance has been assumed to be negligible. 

A simplified level scheme for the ThB, C, C”, D system is shown in figure 1. 
The even-even nuclei, ThB and ThD, are assumed to have zero spin and even 
parity in their ground states. Since an allowed f-transition leads to the first 
excited state of ThC, this state must have even parity and unit spin. Internal 
conversion measurements (Martin and Richardson 1950) show that the 238 kev 
y-ray to the ThC ground state is M1+E2 or pure M1, so ThC ground state has 
even parity and a spin of 0, 1 or 2. The angular correlation between the 2:6 Mev 
and 0:58 Mey y-rays in the transition ThC”-+ThD was first measured by Petch 
and Johns (1950) and resulted in the assignment of spin values 

A) 2 2) 2 =O.) 
for the 3-2 Mev, 2-6 Mev and ground states. ‘This was supported by the result of a 
directional-polarization angular correlation measurement by Kraushaar and 
Goldhaber (1953). However, the 0-58 Mev, 2-6 Mev cascade was not uniquely 
selected in these experiments and a recent measurement of the angular correlation 
using single channel pulse height discriminators to eliminate all other yy cascades 
resulted in a correlation which 1s closely fitted by the sequence 
5(—)-—E2-—3(—)-—E3-—0(+) 

(Elliott et al. 1954). The internal conversion coefficient of the 2:6Mev y-ray 
was measured and found to be in good agreement with the E3 assignment. Further 
yy angular correlation and internal conversion measurements by these authors 
determined the spins and parities of the 3-48 and 3-71 Mev states as 4(—) and 
5(—) respectively. Recent By coincidence measurements by Elliott and Wolfsont 
have detected a weak f-ray transition to the 2-6 Mev level, the ft value being in 
good agreement with the assignment A/=2, yes. ‘This determines the ground 
state of ThC” as J=5(+), all the £ transitions then being first forbidden. It 
follows that the first excited state of ThC” has J=4, 5 or 6(+) and the 6-04 and 
6-08 Mev x-rays must have even integer angular momenta since there is no parity 
change. On this basis and with the assumptions of single values for the orbital 
angular momenta of the «-transitions and negligible disturbance by magnetic 
interaction, the only spin assignments which agree with the present experimental 
result within the limits of error are 


W(@) ARNG ThC’ (40 kev) ih G4 L, (6:04 Mev) L,, (6:08 Mev) 
1—0-215 cos? @ 1 4 5 + 4 
1—0-200 cos? 6 2 4 5 2 + 


$ 6. DiIscUssION 


The lower levels of ThC” are expected to be combinations of those of AcC" 
(proton hole in the doubly closed shell), which has a ground state dy). and first 
excited state s,/. (Gorodetzky et al. 1953) and 2°°Pb (extra neutron) which has a 
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ground state i,,/5 OF gy (Pryce 1952). All of these give even parity combinations 
and the ground and first excited states of ThC’” could be interpreted for example 
as members of the (i,;/2)x(dg2)p quartet. The higher excited states reveal a 
remarkable energy regularity which is suggestive of rotational states of the 
collective nuclear model. Their energies may be written as follows: 


Level Energy (kev) Level Energy (kev) 
ground 8) 4 492 
1 40 5 616=40+4 x 144 
2 328 =40 +2 x 144 6 760 =40+5 « 144 
3 472 =40+3 « i144 


ThC has three neutrons and one proton outside the doubly closed *°*Pb shell. 
In terms of the independent particle model two of the neutrons should form a 
pair with resultant spin zero and the nuclear spin would be the resultant of the 
remaining neutron and the odd proton. here is then only one /=1(+) 
possibility, viz. (i,/2)x(i;32)p and this must be interpreted as the first excited 
state, so the ground state must be /=2(+). In collective model terms, however, 
the coupling between core and particles may be sufficiently strong to reduce 
this to J=1(+). Some evidence that ThC ground state is /=1(+) 1s provided 
by the measurements of Martin and Richardson (1949) on the shape of the 
ThCC’ f-spectrum. The extension of the «y angular correlation method to 
the study of another of the ‘ThCC” cascades would provide decisive evidence on 
this point. 
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Scattering of 14-3 Mev Neutrons by ‘He Nuclei 
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HE angular distribution of 14-15 Mev neutrons scattered by 4He nuclei 

has recently been investigated by Seagrave (1953) who measured the 

recoil pulse height distribution in an ionization chamber containing 
helium, and by Alston, Crewe et al. (1954) using a diffusion cloud chamber. 
Dodder and Gammel (1952) analysed the data on p—*He scattering up to 9-5 Mev 
and by comparing the mirror nuclei *Li and *He predicted values for the 
phase-shifts in n—'He scattering. Seagrave found good agreement with these 
predictions at 14-3 Mev in the backscattering region but obtained three divergent 
experimental curves from independent runs in the forward scattering hemisphere. 
He attributed the observed discrepancies to the effects of energy-degraded 
neutrons and stated in a footnote that a cloud chamber investigation over all 
angles by J. R. Smith (unpublished) gave good agreement with theory. Alston, 
Crewe et al, using 15-7 Mev neutrons were unable to make reliable measurements 
in the forward scattering region because of the small range of the recoils under 
their experimental conditions. 

Before these results were published we had commenced a similar investigation 
at 14-3 Mev in this laboratory by the cloud chamber method. We used gas 
fillings of much less stopping power than Alston et al. and so have been able to 
make measurements of the small angle scattering. The cloud chamber method 
enables both the direction and energy of the recoils to be determined and thus 
can discriminate against the presence of lower energy neutrons in the incident 
flux. Our results are in good agreement with the theoretical curve over the 
range 20°-90° for the scattered neutrons. Our data on the backscattering are 
not sufficient to give any further useful information, 

The experiment was carried out using a 9 in, diameter random expansion 
chamber and neutrons from the bombardment of a thick Zr—T target by a 
pulsed beam of 400 kev deuterons. The cloud chamber was arranged to receive 
neutrons from this target at 90° relative to the deuteron beam, ‘T'wo independent 
runs were made, one with a chamber filling of 60 cm Hg pressure of helium 
and the other with 11-5cm helium plus 53-5 cm argon. In each case the 
condensable vapour was a 40°%-60°%, by volume mixture of water and ethyl 
alcohol. The range and direction of the recoil nuclei were measured by 
projecting stereoscopic photographs of the tracks through the cameras on to 
a movable screen on which each scattering event could be reconstructed. The 
energy of each helium recoil ion observed was deduced from a range-energy 
curve based on the data tabulated by Allison and Warshaw (1953). The lengths 
of the tracks measured were ()-7—5-4 cm in the helium run and 0-3—4-4 cm in 
the helium plus argon mixture and could be determined to +0-1cm, ‘The 
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directions could be measured quite accurately and the tracks included in the 
analysis were all within +2° of the direction calculated from their observed 
range, ‘The majority of tracks rejected were well outside these limits and were 
probably due to neutrons of energy below 14 Mev. The chance of the observed 
background yielding recoils which would meet our criterion for acceptance is. 
calculated to be negligible. 

The results are given in the table. ¢ is the measured recoil direction 
relative to the incident neutron and 6 the corresponding neutron scattering angle 
in the centre of mass system. NV, and N, are the observed numbers of tracks 
in each angular interval in the helium and helium plus argon runs respectively. 
A track with ¢ an exact multiple of 5° was counted half in each adjacent interval. 
After correcting for the different effective volume of the chamber in the two 
runs the results were normalized and combined to give a weighted mean value 
for the differential cross section do/dQ in millibarns per steradian. ‘The errors. 
quoted are the standard deviations. 


db (°) 6 (°) N, No do/dQ. 

80-75 20-30 49 48 280+ 33 
75-70 30-40 294 43 184+ 22 
70-65 40-50 243 424 UGB ar 2 
65-60 50-60 11 314 2s DI 
60-55 60-70 33 140+ 25 
55-50 70-80 -- 164 81+ 20 
50-45 80-90 = 10 63+ 19 
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The figure depicts the results graphically, The vertical lines represent 
the standard deviations of the plotted points and the horizontal lines the included 
angular range. ‘The full line is the theoretical curve of Dodder and Gammel. 
he broken curve is the lower of the three experimental curves given by Seagrave 
extrapolated and normalized to the same partial cross section as that covered 
by our measurements, ‘The theoretical curve gives a better fit to our results. 
lhe root mean square deviation of the experimental points from the theoretical 
curve is 22% and from Seagrave’s curve 37%. The deviation from the other 
two steeper curves obtained by the latter author would be considerably greater. 
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A curve of lesser slope would present a better fit to our measurements but 
it would then be necessary to choose much larger values for the D-wave phase- 
shifts to maintain the good fit to Seagrave’s results for the backscattering 
hemisphere, Our statistical accuracy is not sufficient to support this. 
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Electron Scattering in Photographic Emulsions 


By A. HUSAIN 


Department of Physics, University College Londont 


Communicated by E. H. S. Burhop; MS. received 21st September 1954 


LF ORD G5 plates of dimensions 2 in. by 21n.and emulsion thickness 200 microns 
were exposed to electrons accelerated to high energies by the 20 Mev synchro- 
tron at University College, London. Electrons of energies 6-6, 11:5 and 

18-0 Mev respectively were incident on the plates at a grazing angle of approximately 
5° and the plates were processed using the temperature development method. 

Measurements of the plates were made using a Beck binocular microscope. 

A 2mm (80 x ) oil immersion objective was used in conjunction with 15 x com- 
pensating eyepieces fitted with a calibrated graticule and a protractor. 

Two types of scattering measurement were carried out with these plates. ‘The 

angle of ejection and range of electron recoils were measured in a study of electron— 
electron scattering. Multiple scattering measurements were also carried out ona 


number of the fast electron tracks. 


§ 1. ELECTRON-ELECTRON SCATTERING 


In these measurements about 90cm of electron track were scanned for each of 
the three incident energies and the total number of scattering events observed in 
the three cases were 726, 775 and 634 respectively. Measurements were made when 
possible of (i) the projected angle of recoil, (it) the projected length of recoil 
parallel to the surface of the emulsion, (iii) the projected length of recoil perpen- 
dicular to the emulsion surface. ‘To estimate (iii) the contraction factor of the 
emulsion was assumed to be 2:3. 


+ Now at National Research Council Laboratories, Ottawa, Canada. 
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For very low energy knock-on electrons the angle of ejection was difficult to 
measure and only the range of the knock-on electron was available. Many of the 
recoils of energy greater than 0-2 Mev left the emulsion so that in these cases only 
the angle of ejection was available. 

The knock-on electrons should be uniformly distributed in azimuth about the 
incident direction. ‘The actual distribution in azimuth showed a marked 
deficiency of recoils corresponding to ejection at a large angle to the plane of the 
surface of the emulsion, as might have been expected owing to the difficulty of 
observation under these conditions, so that it was necessary to make a loss 
correction. From the departure of the distribution in azimuthal angle from 
uniformity it was estimated that this loss correction was 11°, 12° and 16:5% for 
incident electron energies of 6-6, 11-5 and 18-0 Mev respectively. ‘The error in the 
estimate of the loss correction could have been as high as 25°, however. 

The corrected numbers of recoils in a range of energy intervals for the three 
incident energies investigated are shown in the table. 


Table 1 
Theoretical estimate of no. of events 
Ey Rutherford = 
(Mev) Ex (Mev) N Caen 8 eee 
6-6 0-03—0:-06 424+ 23 419 419 419 
0-06-0-10 158+ 13 164 164 164 
0:10-0:20 IZ se 1 122 W222 122 
0:20-0:50 WAGE &) 74 74 74 
0-50-1-0 Mpa 5 24:5 2D) 25 
1 -00-2-00 10+ 3-5 18 10 14 
2:00-3:25 652255 8 5 9 
11-5 0-03-0-06 448 + 27 408 408 408 
0-06-0:10 187+ 14 162 162 162 
0:10-0:20 Dilse tl 120 120 120 
0-20-0°50 64+ 8 GoD 72, We. 
0-50-1-00 Dae Se 24 24 24 
1 -00—2-00 NSee B35 12:5 11 13 
2:00-5:75 9+ 3 10 7 lil 
18-0 0-03-0-06 394+ 24 401 401 401 
0:06-0:10 1454+ 13 160 160 160 
0:10-0:20 102+ 10-5 INA WALZ! 117 
0:20-0:50 63+ 8 67 67 67 
0-50-1-00 22+ 45 24 24 24 
1 -00—2-00 se 3 12:5 iil 13 
2-00-5 -00 Set 25 6 4-8 e's 
500-9 °35 1+ 1 1-9 5 2:2 


E£\= incident energy; Ep—=recoil energy; 
N=number of observed events (including loss correction). 


In the table the observed number of recoils is compared with the number to be 
expected on the basis of the relativistic Rutherford formula, the Mott formula 
(Mott 1930) which takes account of the identity of the two particles, and the 
Moller (Méller 1932) formula which takes account also of retardation and spin 
effects. 

‘The observations are in general agreement with any of these three expressions 
since in the region of small energy transfer to the recoil there is no appreciable 
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difference between the results of the three theories. Unfortunately in the region 
where the theories differ appreciably in their predictions there are insufficient 
recoils to make a significant comparison between them, and a prohibitively long 
scanning time would be needed to accumulate sufficient observations for such a 
comparison. 


$2. MULTIPLE SCATTERING 


Multiple scattering measurements were carried out on the tracks of the incident 
electrons employing the coordinate method of Fowler (1950). Observations were 
made on 120 tracks of length greater than 700 microns of an energy of 6-6 Mev and 
on 70 tracks of length greater than 1400 microns at an energy of 11:5mev. The 
electron energies were determined by range measurements in aluminium and 
should be accurate to within approximately 5°. These electron energies corre- 
sponded to maximum magnet currents in the synchrotron of 30 and 50amp 
respectively. Further measurements were also carried out with electrons 
extracted under similar conditions from the synchrotron when the maximum 
magnet currents were 7)amp and 80amp respectively. 

If p and $c are respectively the momentum in units Mev Cc"! and velocity of the 
electron, the mean projected angle of multiple scattering « degrees in a length 
t microns of the emulsion can be written as 


iS a ee 
** pB \100 


where A is conventionally defined as the scattering constant for the emulsion. If 
D microns is the mean magnitude of the second differences measured in the 
coordinate method 


D? = (7K 1800p)? t3 + ¢e)? 


where the quantity (e«) represents the mean absolute second difference due to 
‘noise’ which contributes to the observed second difference. ‘The relation 
between D? and f° is not quite linear, however, since the scattering constant K 
increases slowly with cell length. Measurements of the second differences were 
carried out using cell lengths of 38, 76 and 114 microns respectively and the mean 
noise level determined by fitting a parabolic curve to the observed variation of D? 
with 7?. 

To reduce the influence of single scattering on the observed second differences 
an experimental ‘ cut-off’ criterion was adopted, all second differences greater in 
magnitude than four times the mean second difference for a given electron energy 
and cell length being ignored. 

In table 2 the observed scattering constant is compared with the theoretical 
constant (allowing for cut-off) calculated using the theories of Williams (1940) 


Table 2. Comparison of Observed and Theoretical Scattering Constants 


Cell length Experiment Theory 
(1) 6:6 Mev 11:5 Mev Williams Moliére 
38 oes (os) 21:94+1:3 21:8 21:6 
76 D3 35s ils 22:8+ 1-4 23-0 22:7 


114 ASI ae lhe; MACs 11% 23-6 Wey) 
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and of Moliére (1948) respectively. The results of the Williams theory were 
calculated using the expression given by Voyvodic and Pickup (1952) in which 
Moliere’s y-factor was incorporated into the theory of Williams. The results are 
generally in agreement with those of Bosley and Muirhead (1952). More than 
2500 second differences were used to derive the scattering constant for each 
energy and each cell length, and the uncertainty in the absolute value of the 
Scattering constant arose mainly from the uncertainty in the energy value obtained 
from absorption measurements. 

Using the theoretical Scattering constant, the multiple scattering measure- 
ments with electrons extracted from the synchrotron when the maximum magnet 
current was 7)amp and 80 amp respectively were used to estimate the kinetic 
energy of the electrons under these conditions. Values of 15-6 mev and 18-0 Mev 
were obtained for these two values of the magnet current. 
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Energy distribution of the electrons. The ordinates N show the number of electrons 
per 1 Mev energy interval. The dotted lines are the expected gaussian distributions 
for the statistical errors in the measurements. 


The distribution in energy estimated from multiple scattering for 120 tracks 
at 6-6 Mev, 70 at each of 11-5 Mev and 15-6 Mev and 39 at 18 mev is shown in the 
histograms of the figure. In each case the dotted line shows the gaussian distri- 


bution to be expected, the width of the gaussian curve corresponding to the 
standard error of each determination, 
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LETTERS TO THEVEDIEOR 


A Proposed Notation for Quantized Angular Momenta 


Calculations concerned with states of quantized angular momentum are often 
cumbersome because of the large number of symbols which occur in the formulae. 
The following ‘condensed’ notation is accordingly proposed : 

(i) Let the pair of quantum numbers (j,m) specifying states in which an 
angular momentum is quantized with respect to a given set of axes be denoted 
by a single bold-face symbol, thus j=(j,m). Also —j=(j, —™). 

(ii) When the same bold-face symbol occurs two or more times in an expression, 
let summation over the z-component (only) be automatic. 

(iii) Let states in which an angular momentum is quantized with respect to 
axes rotated from the original axes be distinguished by primes or numerical 
suffixes placed before the bold-face symbol, thus ‘j, "j, etc. Note that7="7="7..., 
ete: 

(iv) Phase factors}: Define w(j)=(—1)*”. Appearances as arguments of 
w(j) are not to count for the purpose of rule (ii) above. 

In virtue of (i) and (ii1) above, the notation of transformation theory (Dirac 
1947) can be used without being unduly cumbersome for vector-addition coeffi- 
cients (Condon and Shortley 1935) or insufficiently explicit for rotation coefficients. 
Thus for vector addition: : 


PU)=Ha dv deli, eee (1) 
Hint) =2.,¥O)Gliy iy ~ ge (2) 
(j | ji je) = (jx; jo| j) 
= (Joye la iy en) 
S127 1/2, + 2) $3 JJ) = fy): -+++++(3) 
For rotation of axes: 


BD=2DGD, ane (4) 
10 et AOU WIDE SER a8 (5) 


G=Gil)* =e) ie i)a0)) | re (6) 
GDC AD =4| 2) ——— ae eee (7) 

Relation between vector-addition coefficients and rotation coefficients : 
(lini ADds li) =G1 NC a, 1) eee (8) 


In transformation theory notation these are alternative expressions for 
the transformation (j|‘j,,‘j2). ‘Transposing a vector-addition coefficient (see 
equations (1) and (2) above): 

(ial G)Ge2l G2) = Dv be DG DCI iv ‘i), ee (9) 
i.e. an expression for the rotation (j,, jz|‘j,, ‘j2) of states in which two uncoupled 
angular momenta are quantized. 

t This convention was suggested to the author by U. Fano (private communication). 


It has certain advantages when the invariance of tensors under Hermitian conjugation is 
considered. 
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Racah recoupling coefficients (Racah 1942): 
(irs be IG, isl in) = > [2s + 1)(2 +1)? 


W(TiJotatss JS\Gx ists) Sis) se (10) 

Further relations follow by transposing one or both vector-addition coefficients 
(see equations (1) and (2) above), and by using (3). 

Where it is necessary to specify a particular numerical value of a z-component 
the relevant symbol must of course be written out in full: (j,m,,jomg| jm) or 
(jm|j‘m). 

As an example of the condensed notation consider the angular correlation 
W(A,, 42) of two successive nuclear radiations (Biedenharn and Rose 1953): 


W(A,, A2)= Citi, Av * Gili Ar) ilies 42)* <i’ ie, Ae) ++ (11) 
where <j,|j,4,), etc. are the probability amplitudes for the emission A,, etc. 
(specified in direction and polarization), with nuclear spin change j,—~j, etc. 
Making the transformation (‘L, z|4) to states of the radiation with parity 7 and 
total angular momentum ‘L quantized with the direction of emission A as axis, 
and using ‘reduced matrix elements’, 

Clie = > iE LI L)\CLja[A), =. (12) 
Gili be>=(illZ, 7 Gal) ee (13) 
Using equations (6) and (9), then a variant of (10), 
Gili, 4y* hi A= 2TLL VALE OGL LY) 
fa ( Ey —L, LE’ v)\(yv|"v)Cv| ="L, Le CLL |A)*CLa[ A), (14) 
=D MLL) -1) "alii, — i | - vy) WEL’; wv] 'v)C(v, LL) (15) 
where 
TLL Y=ANL, aL ly), ne (16) 
COveLE Vy) Le Ee (LCL, mA) Ch er A). ta, (17) 
The C coefficients depend only on the type of radiation emitted and can be 
summed over any unobserved properties, e.g. polarization. All other properties 
of the transition except spin values enter through the factor 7(LL’) only. ‘The 
summation & is over L, L’ and v. 
Finally, using equation (7), 
WALA) => DOCyF(9| ¥)D Cy). UP (18) 
DY) = Dry Tbh Y= WOW GL Lys Cy Lyty) vee (19) 
with a corresponding expression for D®("v). ‘The ” axis lies in the direction 
A,. The only angular dependence occurs in the coefficients (“v|‘v); there 
remains no reference to the original (unprimed) axes. 


The Clarendon Laboratory, J. A. SpIERs. 
Oxford. 
24th March 1954; and in final form 18th October 1954. 
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Letters to the Editor 


Absolute Calibration of Neutron Counters with Po—a—Be 


Po-x—Be sources are frequently used to calibrate neutron detectors, but 
because of the complex energy spectrum and the difficulty of standardizing the 
neutron source strength the method is of limited value. This letter describes 
a means of calibration without knowing the strength of the source, by detecting 
only those neutrons from Po-x—Be which are in coincidence with the well-known 
4-43 Mev y-rays. This has the further advantage that the spectrum of neutrons 
is considerably simplified. 

The greater part of the neutrons from Po-Be arise from the reaction 
°Be(x, n)!2C, which is shown schematically in the figure (Ajzenberg and Lauritsen 


Energy levels in the reaction °Be(«, n)!?C. 
(The !C level shown corresponds to the full «-particle energy of 5-3 Mev.) 


1952, Hoyle, Dunbar, Wenzel and Whaling 1953). If a y-ray counter which 
detects only y-rays of 4-43 Mev and over (such as a suitably biased scintillation 
counter) is connected in a coincidence circuit with the neutron detector to be 
calibrated, only those neutrons which excite one of the two upper levels will 
be recorded as coincidences. ‘The mean efficiency of the neutron counter 
for these neutrons will then be given by the ratio of the coincidence counting 
rate to the y-ray counting rate, since the 4-43 Mev y-ray is only emitted following 
neutron emission. 

This method would be invalidated if the 7-59 Mev level were de-excited by 
the emission of a single y-ray quantum; however, it has been shown by Beghian, 
Halban, Husain and Sanders (1953) that such a y-ray is not emitted with an 
intensity greater than 0-04% of that of the 4-43 Mev ray. There is some evidence 
that this level may be de-excited by internal pair production (Harries and Davies 
1952); these pairs will not be recorded either as y-ray counts or as coincidences 
and the validity of the neutron counter calibration will not be affected: Wee 
effect will be to reduce slightly the low-energy component of the neutron spectrum. 

It is not known for certain what the spectrum of neutrons detected is in 
practice; using monoenergetic «-particles and a thin beryllium target, three 
groups of neutrons corresponding to the three energy levels were found by Guier 
Bertini and Roberts (1952), but in the usual type of polonium + powdered 
beryllium source the neutron energy depends on (a) the amount of energy lost 
by the «-particle before striking a beryllium nucleus, (6) the angle at which it is 
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emitted relative to the «-particle, and (c) the moderating effect of the beryllium 
and container. ‘The total spectrum from such a source has been measured by 
Elliott, McGarry and Faust (1954), and by analogy with their results the spectrum 
of neutrons detected in the present measurement will probably contain all energies 
from zero up to 6-4 Mev, with maximum intensity at 3-4 mev. 

In making this calibration care must be exercised that errors are not 
introduced by: (i) Angular correlation between y-rays and neutrons: although 
there is at present no experimental evidence on this point, there is a strong 
possibility of correlation. (ii) Simultaneous detection of the 3-16 Mev and 
4-43 MeV y-rays, with higher efficiency than that for the 4-43 Mev quantum alone: 
since the relative intensity of the 3-16 Mev y-ray is only 3°% (Beghian et al. 1953), 
this effect will be small unless large solid angles are used. (ili) False coincidences 
due to neutrons scattered by the neutron detector and then captured, giving rise 
to y-rays which are detected in the y-ray counter. 

An experimental test of this system was made by using it to calibrate a recoil 
chamber having a 10 mg cm polythene radiator, the y-rays being detected 
in a Nal(Tl) crystal and EMI type 6260 photomultiplier. Assuming that the 
neutron spectrum was as described above, reasonable agreement was obtained 
with the calculated value of the efficiency. 


Atomic Energy Research Establishment, G. N. HarDInc. 
Harwell, Berks. 
9th September 1954. 
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Dislocations and the Biot-Savart Law 


The following notation, not particularly mentioned in the text, is given here 
for convenience :—7=|v—v'| distance between field point and source point, 
dL amount of the vector line element dL,. Let a dislocation line of Burgers 
vector b, take its course in an infinite elastic medium along a space curve L. 
The displacement field connected with such a dislocation line (L, 6,) can be 
described by a surface integral over a surface F which is bounded by L, but which 
is otherwise arbitrary (Burgers 1939). This surface integral can be transformed 
by means of the Stokes theorem to a line integral as first indicated by Peach and 
Koehler (1950). From this line integral for the displacements one obtains in 
the usual manner the stress field of the dislocation line, also as a line integral. 
Peach and Koehler have pointed out the analogy with the Biot—Savart law. 

It will be shown here that one can obtain the equations of Peach and Koehler 
for the stresses more directly by following the procedure generally used for 
deriving the Biot—Savart law. 
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The Burgers circuit $ du, round a dislocation line (L, b,) gives, as is well known, 


a vector b, different from zero, because the compatibility equations for the strain 
components are not validalong L. From the analogous relations with the magnetic 
field of stationary currents it follows that one can characterize the stress field of 
the disiocation by the measure of divergence 7,4 from the compatibility equations 
as well as by the displacement jump 6, on F. The quantities 7,; are appropriately 
to be defined by the equations 


Eapy€det Va cya iia OE (1) 


where €,,,...is the Levi-Civita tensor and e,, the strain tensor. For 7,,=0 
these are exactly the compatibility equations for the strain components. 
Substituting in equation (1) for the three-dimensional stress functions y,2 defined 
(Kroener 1954) by 

Vv 


Og. = 2G€q8,€ ae Va AX ya Tay XinPv0)s VoNep= 0) 0) BIE (2) 


one gets NAY 3= Te), ee eee (3) 


Here a is the stress tensor, G the shear modulus, v Poisson’s ratio and 6 the unit 
tensor. ‘The equilibrium equations V,o,;=0 are as well satisfied by equation (2) 
as is the equation V,B, = 0 in the analogous magnetic field theory by the equations 
B,=<,,,V;A,, V,A,=9, introducing the vector potential A,. In an infinite 
medium the equations 


1 ' pam , x : % 
x)= | ALI, ge", ap =Lim| nypdf este (4) 
87) 7, feo JF 


give as a particular solution of equation (3) the field of the stress functions resulting 
from a one-dimensional distribution of incompatibilities 7,; (f=cross section of 
the dislocation line). The analogous equation A,~J,,dL’'j,(v’)/r give the vector 
potential field produced by a linear current /. 

Now one substitutes 


ngdl?= 4 (dL be, ,Ven dl abe VE) we ae (5) 


in equation (4), differentiations being with respect tor. Introducing equation (4) 
into (2) and performing all differentiations, one obtains exactly the same stress 
field as from Burgers’ surface integral by means of the Stokes theorem and the 
Hooke law. Equation (5) shows that a dislocation line is described not by means 
of an ordinary distribution of incompatibilities along L, but by a certain double 
distribution of incompatibilities. This is implied by the differentiations in 
equation (5). In the equation (4) substituted by (5) one can put most quantities 
before the integral. ‘Then the stress function field of the dislocation (L, b,) 
becomes 


iI : 
Xaa(@) e Si SY {ep ,Vi¥(v)} L(2)=| iW adL,'r 


where SY=symmetrical part of the tensor. This formula shows the superiority 
of the method of stress functions over the previous method. Only the integral 
£,(v), which is extremely simple relative to the Peach—Koehler one, has to be 
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defined for this method. The stress field of the dislocation can then be obtained 
by ordinary differentiation.t 

In the theory of magnetic fields of stationary currents the application of 
the vector potential is preferred in certain problems. It can be presumed that 
the application of the stress function tensor y,, offers advantages in analogous 
problems in elastic theory. 

The author would like to thank Professor U. Dehlinger for his interest and 
encouragement. 
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11th October 1954. 
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+ The author has given a general statement of the theory of internal stresses in analogy 
to the theory of magnetic fields of stationary currents (Kroener 1955). There, also, the 
superiority of the method of stress functions will be shown bya numerical calculation 
(stress field of ‘ solenoidally’ arranged dislocations, important for the age hardening of 
Al—Cu alloys). 


Nuclear Spins and Ratio of Magnetic Moments of 
Europium 151 and 153 


Hyperfine structure has been observed in the paramagnetic resonance spectrum 
of the Eu?* ion, and the known spins of 5/2 for the two stable isotopes have been 
confirmed. ‘The anomalous ratio of the nuclear magnetic moments (151: 153), 
previously given as 2-2 (Schuler and Schmidt 1935) is found to be 2:23, + 0-03. 

Measurements were made at room temperature and 3cm wavelength on 
powdered samples of a phosphor of strontium sulphide containing a few parts 
in a thousand of europium and about one tenth this quantity of samarium. ‘Two 
groups of six (=2/+1) lines were clearly resolved, with nearly equal intensity 
corresponding to the relative abundances (47:8%, 52:2%, Hess 1948). The ratio 
of the nuclear moments is determined from the overall widths of the hyperfine 
structures. The half-width of the lines at half intensity was about two gauss, 
and the positions were measured with proton resonance. ‘The narrowness of 
these lines in a powder shows that the g-value and hyperfine structure must be 
isotropic; the spectrum is described by the formula 


A2 
hv=gBH+Am+ 3 (=) 11+ 1) =m} 


with g=1-991,+0-001, A,,,;=30-8,+0-2, Ajs3=13-7,+0-2 (A in units of 
£04 cr *): 
The ground state of the Eu®* ion is ‘Fo, giving no resonance absorption, 
while that of the Eu2+ ion is °S./, the same‘as that of Gd?+. The measured 
g-value is identical with that previously observed for salts of Gd**. Strontium 
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sulphide has a simple cubic structure, and a small electronic splitting of the §S 
state is to be expected. Presumably only the electronic +}<>—3 transition is 
observed in the powder, other transitions being smeared out by the random 
orientation of the crystallites. 

As in the case of the Mn?+ 3d, ®S ion, no hyperfine structure should be present 
except from unpaired s-electron states such as 4f75s6s which are mixed to 4f75s? by 
configurational interaction. In terms of the non-dimensional constant « 
introduced by Abragam and Pryce (1951), the hyperfine constant 


A=2y BBy (1/7). 

With (1/7?)~554-3 (Elliott and Stevens 1953), and a nuclear moment of 3-6n.m. 
for Eu 151 (Schmidt 1938, Klinkenberg 1952), this gives a value of the order of 
0-08 for «x, which is appreciably smaller than in the other transition groups. 
No effect due to a term of this type has previously been detected in the 4f group, 
and its magnitude is too small to affect appreciably the theory of Elhott and 
Stevens (1953). The upper limit of 40 gauss for any hyperfine structure in 
gadolinium ethyl sulphate given by Bleaney and Scovil (1950) would indicate 
that the nuclear moments of the odd neutron isotopes Gd 155 and Gd 157 are 
not greater than about 1:0 n.m., if the degree of configurational interaction is 
the same as in Eu?+. 

There is some evidence (Stockmann 1952) that in this (infra-red stimulated) 
phosphor the dominant activator (Eu) exists in the divalent state and the auxiliary 
activator (Sm) in the trivalent state. On excitation with ultra-violet light the 
following reaction is postulated: 


Eu?+ + hv->Eu3+ +e, 
Sm? +e->Sm?t. 

On stimulation with infra-red light the reverse process occurs and visible 
light is emitted as the ions revert to their original valencies. Our experiment 
proves the presence of divalent europium, but no diminution in intensity of the 
spectrum could be observed after activation by ultra-violet light, presumably 
because insufficient numbers of Eu ions were changed in valency. At most 
a 10°, effect would be expected, owing to the lower concentration of samarium; 
as anticipated, no spectrum due to the latter ion could be observed. 


Our thanks are due to Dr. L. Weidenfeld for providing the samples of 
phosphors. This work was carried out while one of us (W.L.) was on leave from 
the Hebrew University, Jerusalem; he is indebted to the Humanitarian Trust 
and the Friends of the Hebrew University of Jerusalem for a grant. 


Clarendon Laboratory, B. BLEANEY. 


Oxford. W. Low. 
20th September 1954. 
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Paramagnetism of Caesium Titanium Alum 


Paramagnetic resonance in a powdered sample of caesium titanium alum was. 
first observed by Bijl (1950). The shape of the absorption curve was interpreted 
as arising from a doublet ground state with anisotropic g-values. Resonance 
has now been observed in a single crystal at temperatures between 4:2 and 2:5°K. 
The spectrum indicates that the crystal has the usual alum structure, with four 
ions in unit cell, and yields the values g, = 1-25, g,=1-14 (accurate to + 0-02). 
The line width is constant over the temperature range given above at 250 + 50 gauss. 
‘This is considerably larger than that expected for pure magnetic dipole interaction 
between the ions, and indicates that there is considerable exchange interaction, 
in agreement with paramagnetic relaxation measurements of the specific heat 
(Benzie and Cooke 1951). 

In a cubic crystalline electric field, the 2D state of the Ti3* ion is split into a 
lower orbital triplet and upper orbital doublet. The triplet with its twofold spin 
degeneracy is split by a trigonal field and by the spin-orbit coupling, and the 
g-values can be expressed in terms of one independent variable (Bleaney 1950) 
if matrix elements with the upper doublet are neglected. The closest fit with the 
observed values that can be obtained is g,, = 1-40, g, =0-95, and the difference is 
well outside the experimental error. If matrix elements with the upper doublet 
are included, the g-values may be expressed in terms of two parameters, and these 
are both determined on fitting the observed g-values. Then the complete secular 
equation, with spin-orbit coupling and a trigonal field operating in a d-electron 
manifold, can be used to find the relative positions of the energy levels without 
any approximation. It is found that the state with the measured g-values is 
the ground state only if ¢>D, where ¢ is the spin-orbit coupling constant and 
D is the splitting produced by the cubic field. Since €=154 cm ™ in the free 
ion, while the absorption spectrum of the Ti°* ion both in the alum and in solution 
(Hartmann and Schlafer 1951) suggests that D~20000 cm“, this condition is 
very far from being fulfilled. ‘The lowest state is then one with g,=g,=0; 
it is thus evident that the simple crystalline field theory is inadequate in this case. 

Van Vleck (1935) has shown that for a d! ion in an octahedral complex the 
magnetic electron does not take part in any o-bonding. It may, however, take 
part in z-bonding, and though there is little evidence for such bonding in hydrated 
iron group compounds, it is most likely to occur with the Ti?* ion, which has 
a very spreading 3d radial wave function. One effect of this will be to introduce 
a factor k <1 in the matrix elements of the orbital angular momentum (Stevens 
1953). (Actually, with trigonal symmetry two constants occur, k, and k,, but 
these are unlikely to be very different and may be assumed equal.) The theory 
then shows that the observed g-values can be fitted with the right state lowest 
provided that k<0-95, and the separation from the next level increases as k is 
reduced further. 

The fact that the water molecules are not axially symmetric about the line 
joining them to the titanium ion suggests that the 7-bonding may take place in 
a preferred plane. In this case the value of k given by a particular degree of bond- 
ing would be smaller than if the attached molecules were axially symmetric. 
The g-values of some complex halides of the 4d and 5d groups have been fitted 
using k~0-85 (Griffiths, Owen and Ward 1953), so that for titanium alum k 
might be as low as 0-7, when the separation of the two lowest energy levels would. 
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be about 30 cm-!. In any case the theory leads to an excited state within a few 
tens of cm-! of the ground state; this would explain the anomalous behaviour 
of the susceptibility found by Van den Handel (1940), and verified by preliminary 
measurements in this laboratory. 


Clarendon Laboratory, B. BLEANEY. 
Oxford. G. S. BOGLE 
18th October 1954. A. H. Cooke. 
R. J. DUFFUs. 
M. C. M. O’BRIEN 
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ADDENDUM 


The Resolving Time of an Internal Counter Controlled Wilson Chamber, by 
P. J. Campron,t and W. T. Daviss. (Proc. Phys. Soc. A, 1954, 67, 944.) 


In connection with our note of the above title (1954) our attention has been 
drawn to a recent paper by de Laboulaye, Tzara and Olkowsky (1954) in which 
substantially the same resolving time is reported using the same method, and to 


earlier work (de Laboulaye et a/. 1952) which gave indications of the possibility 
of the method. 


Clarendon Laboratory, 
Oxford. 
8th November 1954, 


DE LapoutayeE, H., Tzara, C., and OLKowsky, J., 1954, ¥. Phys. Radium, 15, 470. 
DE LapouLaye, H., Tzara, C., and StuprnowskI, J., 1952, ¥. Phys. Radium, 13, 359. 
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REVIEWS OF BOOKS 


Structure Reports—Vols. 11 and 12 (1947-48, 1949). International Union of 
Crystallography, edited by A. J. C. Witson. Pp. x+779; viii+478 
(Utrecht : Oosthoek, 1951, 1952). 

It is often felt among x-ray crystallographers that their main concern is with 
the determination of structures by ever more ingenious and certain methods. 
Once the structure is determined they are apt to lose interest in it. If it were 
undertaken as an exercise in analytic methods this is understandable, if for the 
solution of some particular chemical problem once that problem is solved it is 
time to pass on to others. Nevertheless, it is particularly in structural crystallo- 
graphy that the full advantage of knowledge is lost if its units are isolated. It is 
only by bringing together the results of many analyses that we can hope to grasp 
the general principles underlying crystal structures. It was for this reason, as 
well as on account of the value of determined structures as an aid to the analyses 
of others, that the invaluable ‘ Strukturbericht’ of the Zeitschrift fiir Kristallo- 
graplie was started by Professor Ewald in 1931. The war interrupted its publi- 
cation but the rapidly resumed increase of structure determinations called ever 
more urgently for some form of record, especially as they were to be found in a 
bewildering variety of publications. It was for that reason that the newly 
formed International Union of Crystallography, in addition to its own journal 
Acta Crystallographica, decided at its first Congress in 1948 to take up the task 
where the Strukturbericht had laid it off, and by working backwards and forwards 
to fill the gap and bring the record up to date. So far three volumes have been 
published and another is about to appear. 

The treatment follows that of the Strukturbericht somewhat simplified. 
Where new structures appear published, a summary but adequate description is 
given, usually with a diagram. In new cases of already known structures it is 
usually sufficient to refer back. These accounts are more than abstracts and 
except when detailed further work is contemplated they are usually sufficient for 
reference purposes. The standard of presentation is exceptionally high as 
assured by the experience of the three sectional editors, C. S. Barrett (metals), 
J. M. Bijvoet (inorganic and mineral), and J. M. Robertson (organic), and of the 
general editor, A. J. C. Wilson. The coverage is very thorough; there must be 
few determined structures, | know of none myself, that slip through the net. 

Naturally the Structure Reports are indispensable to crystallographers; after 
them they are, or should be, of use to chemists. ‘Their direct value to physicists 
until recently was likely to be small. | Now, however, that the physics of solids 
has become, both theoretically and practically, one of the most important and 
live branches of physics, the Structure Reports will be found a most convenient 
reference work. The volumes covering specific years have in themselves only a 
limited interest, they must be taken as part of the larger whole of recorded 
information on structures. Nevertheless, one can note trends of interest in 
‘structure determination which reflect both external demands, for example of 
barium titanate for which there are seven references in Volume 10, 24 in Volume 
11, and 17 in Volume 12, or on account of intrinsic interest in analysis, such as 
oxalic acid dihydrate or sucrose, or both, as in penicillin or protein structures. 
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Overall the picture is one of a well distributed effort; roughly two fifths of the 
space is given to inorganic, one third to organic, and one quarter to metallic 
structures. The value of the Structure Reports will much increase when the 
gap of the war years is filled, when it may be possible for a critical comparison 
and the putting together of all established results in a more ordered way; till then 


they remain the only convenient reference source to the architecture of the solid 
state. J. D. BERNAL. 


Structure Reports for 1950 (Volume 13), General editor A. J. C. Wilson. Pp. 
viii+ 643. Published for the International Union of Crystallography by 
N. V. A. Oosthoek’s Uitgevers Mij., Utrecht. 80 Dutch florins. 


Structure Reports are an established institution. With the appearance of the 
fourth volume of the post-war series this institution now has a distinctive 
character, a uniform style and a tried format. The publication has not been 
going long enough to be showing signs of tiredness—although only the most 
dedicated editor could continue year after year—it has in fact not yet reached the 
steady state, as the accumulation of war-time papers has still to be reported. 
There are, therefore, very few criticisms to make of this addition to the series. 

The field of crystallography, thanks to the admirable publications of the 
International Union of Crystallography, is one of the most united and self- 
conscious in science, but one may wonder whether metallurgists, mineralogists, 
physicists and even chemists use Structure Reports as much as they might. 
Pepinsky suggests that there are no crystallographers, but only users of crystallo- 
graphic techniques. ‘The latter, and those working on solid state physics, alloys 
and all branches of chemistry, even if not direct users of the techniques, should 
have access to this publication as the work reported affects them. ‘To those 
preoccupied with crystals, the organized mass of data presented is an invitation to 
the generalization and theoretical synthesis which may lead to the easier and 
quicker digestion of future data on the structures of crystals. 

The measured and temperate comments by the editors are most valuable to 
readers in guiding them on the relative importance of different papers. The 
comparative tables of interatomic distances ‘ from paper’ and ‘as calculated by 
abstractor’, together with the astonishingly frequent corrected values of 
calculated densities should have a salutary effect on authors. One could 
imagine an author with a paper in the press breaking into a sweat and rechecking 
his calculations when he saw examples of the searching criticism to which it would 
be subjected. The assiduity of the editors in correcting errors and misprints is 
attested by the numerous references to ‘ private communication’. Their own 
misprints are remarkably few for a work of such complexity. 'To see a rising 
standard of published papers should be one of the editors’ rewards. Editorial 
encouragement to the measurement of the optical constants of crystals of the new 
compounds examined might usefully be applied. 

As there are many concessions to European usage, the systematic spelling 
‘ Aluminum,’ which seems so distinctively Transatlantic, and is, moreover, a 
departure from the practice of ending the names of metallic elements in ‘ium,’ 
may be overlooked. 

With every new volume of Structure Reports the user’s task in extracting all 
the information on a particular topic from the separate indexes becomes more 
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tedious. Perhaps when Volumes 8 and 9 (the war years) are published, a general 
index to the first thirteen volumes can be prepared. 

This volume covers only the papers published in 1950 and comprises 643 
pages. What is to be done when the annual quantity of new work becomes 
double this is a question which will soon have to be considered very seriously. 

A. L. MACKAY. 


Mathematics, Queen and Servant of Science, by E.T. BELL. Pp. 459. (London: 
pels looser 21s: 


The jaunty vigour of Professor Bell’s writings is so well known that it is 
scarcely necessary to remark on the healthy good spirits that abound in the 
present expanded compound of two of his earlier books. He is one of the few 
writers capable of employing academic slang in a convincing way. 

The first two chapters of the book under review might well have appeared 
as a separate essay on the object and nature of mathematics. Professor Belli 
takes the standpoint that the ‘ethos’ of mathematics is neither art for art’s 
sake nor mere practical application, but both. A lot of mathematics was created 
by a spirit of curiosity without thought of practical applications, and equally 
a great deal of pure mathematics—the theory of Fourier series for example— 
arose out of working on a practical problem. ‘To illustrate the futility of 
attempting to define what mathematics is, several such attempts are quoted. 
To describe the content of mathematics itself in its varied ramifications seems 
to be the only practical way of defining mathematics, and Professor Bell’s book 
sets about this task in a workmanlike fashion, covering an astonishing number 
of fields of both pure and applied mathematics. 

Chapters 3-6 deal with ordinary algebra, the continuum of numbers, 
mathematical logic, modern algebras, matrices and linear transformations. 
Not many applications are found in these chapters, although the application of 
Boolean algebra to electrical circuits could well have been cited. 

There follows an account of the more modern approaches to geometry, of 
which the following definition due to Klein is quoted: “ Given a manifold and 
a group of transformations of the same, to develop the theory of the invariants 
relating to that Group”. Of this, Professor Bell remarks: “It is a pity to 
spoil the beautiful simplicity of this by explanations...”’. Apparently 
this is a serious comment, but it is difficult not to suspect a bit of leg-pulling. 

The book continues to bound along, taking 1n its easy stride group theory— 
including Galois’ theorem and the impossibility of algebraic solutions of the 
general equation of any degree greater than the fourth, Riemannian geometry, 
the theory of numbers, electromagnetism, the theory of planetary motion, 
continuity, the calculuses, waves and Fourier analysis, and the theory of 
probability. In this last some very sobering observations on the ‘ theory’ of 
intelligence testing occur. The book ends with a discussion of convergence, 
and finally the nature of a mathematical proof—with an all too brief a comment 
on Godel’s work. 

For those with more mathematics than the author assumes in his readers 


this is an exciting book. Few will want to miss the pleasure of reading it. 
H. H. HOPKINS. 
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Molecular Structure and Related Problems, edited by Y. ASAMI and K. Hicast. 
Pp. 139 (Sapparo, Japan: The Research Institute of Applied Electricity, 
Hokkaido University. Monograph Series No. 4, 1954.) 


It is a remarkable sign of the vitality of Japanese science that a university such 
as Hokkaido in northern Japan should be able to issue this collection of nine 
papers, more than half of which are the work of its own scientists. These articles 
are similar to the type of article found in Discussions of the Faraday Society. 
Some of them are of the nature of reviews, e.g. the structure of tropolone, the 
original derivative of which, hinokitiol, was discovered in Japan in 1936 and of 
which no less than 700 other derivatives have now been prepared in Japan. 
Others, such as the discussion of anomalous dispersion of ultrasonic waves in the 
gas-liquid critical region, represent original contributions. It will come as a 
surprise to most Europeans to discover how much and how varied is the work on 
molecular structure in just one of the many Japanese universities. A list of the 
topics covered includes (in addition to those previously mentioned) z-electron 
calculations in Japan (a review article), the structure of the activated complex 
in organic reactions, dipole moment calculation, H-bonding, electrical conduc- 
tivity in solid alcohols, paramagnetic resonance in copper fluorosilicates, and 
intermolecular potentials derived from thermal diffusion. 

Not all the articles are equally valuable. Some of them would appear to have 
been better placed in a normal scientific journal. But this is a useful little book, 
in impeccable English, which we welcome as showing the healthy condition of 
theoretical and experimental science in Japan. C. A. COULSON. 


The Theory of Metals, by A. H. Witson. Pp. viii+346. 2nd Edn. (Cam- 
bridge: University Press, 1953.) 45s. 


The first edition of this book was published in 1936, and it soon gained 
recognition as one of the standard works on the electron theory of metals. It 
was, however, difficult to read, since the treatments of many of the topics considered 
were presented in a very abbreviated form. ‘The book has now been re-written 
and enlarged; there are many more diagrams, a fuller discussion of experimental 
results and numerous references to original papers, and the whole is published 
in a much more attractive format. 

One of the most valuable features of the earlier edition was the detailed and 
critical account of the theory of electrical conduction and other transport effects 
which it contained. There is again a strong emphasis on these topics in the new 
edition, approximately one third of the book being devoted to them. A chapter 
on the historical development of the theory of conduction serves to introduce, 
inter alia, the concepts of the ‘transport equation’ and the ‘time of relaxation’. 
Later, these themes are developed in a masterly account of the modern theory of 
transport effects, contained in three chapters on the formal theory of conduction, 
the mechanism of conductivity and the application of the variation principle to 
the solution of the transport equation. The topics treated include electrical 
and thermal conduction, thermoelectric, galvanomagnetic and thermomagnetic 
effects in metals; and conduction in semi-conductors and thin films. The 
theory is intrinsically complex and the mathematics correspondingly formidable, 
but no attempt is made to evade or gloss over the difficulties. A number of 
important points which are often not considered explicitly are discussed here, for 
example, the precise significance of a time of relaxation. 
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The other parts of the book cover a wider range of subjects, and, consequently, 
not all of these are treated at such great length, although again, in many places. 
details of the theory which are sometimes merely hinted at are here given explicitly. 
There are chapters dealing with the motion of an electron in a perfect lattice, 
the crystal structures and electronic structures of metals and alloys, and the 
properties of semi-conductors. Chapters on thermal and magnetic properties 
include accounts of the theories of lattice and electronic specific heats, electron 
spin paramagnetism, diamagnetism and the collective electron theory of ferro- 
magnetism. 

All these chapters precede the three on transport effects, but it has seemed 
proper to mention the latter first, since it is they which are concerned with the 
dominant theme of the book. Indeed, in one sense, they may be said to cast a 
shadow before them on to the preceding chapters. The complexity of the theory 
of transport effects is such that, in order to make any progress, it is necessary to 
adopt the ‘one-electron approximation’, but this is not necessarily so in all the 
other branches of the theory of metals; and yet throughout the book the approxi- 
| mation is used with little more than passing references to the quantum mechanical 

treatment of many-electron systems. Although the problems raised by that 
subject are some of the most intractable in the theory of metals, it may, perhaps, 
be regretted that they are not discussed at some greater length. 

As has already been implied, this second edition is in effect a new book by an 
author who has himself made important original contributions to the theory of 
metals, and as such it will need no additional recommendation to anyone who has 
any familiarity with the field; to others, it may be strongly recommended as a 
means of obtaining a thorough understanding of many aspects of a difficult and 
important branch of physics. P. RHODES. 
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The [110] Magnetostriction of some Single Crystals of 
Iron and Silicon-Iron 


By. W. LER 


Department of Physics, University of Nottingham 


Communicated by L. F. Bates; MS. received 10th August 1954 


Abstract. Using the results of a previous paper by the author on the shape of 
magnetization curves, the magnetostriction of single crystals of iron parallel to the 
[110] direction have been calculated as functions of intensity of magnetization 
and field strength, using the Néel model of domain structure. It is found that 
the magnetostriction is dependent on crystal width in a manner analogous to that 
found for the magnetization curves. Measurements on three crystals of Si-Fe 
show good agreement with their calculated behaviour. It is shown that in 
general the domain vectors in the demagnetized state are not uniformly distri- 
buted along all the easy axes and the distribution varies from one crystal to 
another. ‘The actual distribution is evaluated in the two cases where it is found 
possible. 


$1. INTRODUCTION 


were calculated for single crystals of iron along the [110] direction taking into 

account the detailed domain structure of the crystal. ‘The model used for the 
calculation was that proposed by Neel (1944) and subsequently verified in 
essentials by the powder pattern technique (Williams, Bozorth and Shockley 
1949, Bates and Mee 1952 a, b). It was shown that in low fields the steepness 
of the (/, H) curve, i.e., the susceptibility, decreases with decreasing crystal 
width. In the present paper the magnetostrictive behaviour of such crystals is 
investigated both theoretically and experimentally. 


|: a previous paper (Lee 1953, hereafter referred to as I), magnetization curves 


$2. THEORETICAL TREATMENT 


As in I, it is necessary to know the domain structure as a function of field 
strength, and therefore the present calculations are confined to the particular 
case in which this is fairly well known. ‘This is a single crystal of iron of 
(strictly speaking) infinite length and of rectangular cross section cut with its 
long axis parallel to the [110] direction in a (100) plane. In a small applied field 
the primary domains are leaf-like sections with their planes perpendicular to the 
[011] axis and with their magnetization vectors alternately along [001] and [010] 
directions (see I, figure 1). In addition, there are two types of closure domains 
on the (011) planes whose purpose is to reduce the large magnetostatic energy 
that would otherwise exist due to the component of magnetization normal to the 
(011) plane. These are the q domains whose magnetization vectors are directed 
along the [100] and [100] directions, perpendicular to the plane of the crystal, 
and the p domains with magnetization vectors along the long axis of the crystal 
parallel to the applied field. 
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The magnetostriction of any domain in the crystal is given by the general 
equation 


l/l = $Aj00 (478? + %o"Bo? + %3"Bs” — 4) + 3Aqay (41% 28 1B. + 09% 38 083 + %3%83P1) 
fruits (1) 


where «,, %, «3 and B,, By, By are the direction cosines of the magnetization vector 
and the direction of observation respectively, with respect to the cubic crystal 
axes. ‘The direction of observation here coincides with the long axis of the crystal 
and the direction of the applied field, and therefore 8, =B.=1/1/2, B3=0. In 
the crystal under consideration there are three different sets of domains to which 
equation (1) must be applied separately, neglecting certain complications 
discussed by Bates and Mee. 

For the primary domains «, =«,=cos 0, @ being the angle between /, and the 
applied field, «,=0, whence from (1) di/l=4Ajo9+2A,,, cos 20. For the p 
domains «, =%,=1/+/2, «,=0, and dl/l=42j99 + 2A,1,. For the q domains 
G=o0,=0, ag—1 and diji=—4A, 75. 

In order to calculate the magnetostriction of the whole crystal the assumption 
is made that the magnetostrictive strains of the individual domains may be added 
algebraically after being multiplied by a suitable weighting factor. ‘The assump- 
tion is rather different from that used in calculating the magnetostrictive energies 
of closure domains where it is usually assumed that these are held in place by the 
primary domains. ‘The correct situation, no doubt lies somewhere between 
these two extremes, but it seems likely that the latter assumption will be nearer 
the truth when the closure domains are very much smaller than the primary 
domains, a state of affairs which exists in wide crystals. For narrow crystals the 
former assumption seems preferable and since the effects of closure domains 
are really only apparent with narrow crystals the former assumption is made here. 
The total magnetostriction of the crystal is thus 


1 V, 
] a +Aj00 + #0 COS 26) 


where V,, V, and V,, are the volumes of the primary and p and q domains and 
Vot+tV,+V,=V: V, and V, are given by 
id; W, \?) sine pecs W, \? 
4 Ge 7) 1—cos@’ a 7(W 7) a 

where d is the distance between successive q domains and W, and W, are the 
energies of formation per cm* of the p and q domainsasinI. These expressions 
differ from those given in I in which the exponent of the term in brackets was 
incorrectly omitted. The (V,, H) and (V,, H) curves given in I thus require 
correction, but the magnetization curves obtained remain sensibly unchanged 
since the only significant contribution of the closure domains to the mean 
magnetization comes from the q domains in very low fields and in the fields 
considered in I the quantity W,,/(W,,+ W,) is not sensibly different from unity. 
V is equal to 3Ld where L is the width of the crystal and d* W,W,=yL(W,+ W,) 
y being the wall energy per cm? between adjacent primary domains. 

Magnetostriction curves for iron crystals of various widths have been 
calculated from (2) taking Aj,9)=20-5x10-%, A,,,=—21~x 10-8 (Carr and 
Smoluchowski 1952), and these are reproduced in figures 1 and 2. It is evident 
that the form of the curves depends on the crystal width in a manner analogous 


: V, V. 
a + (tAtoo+ dana) F ae 2A100 Fr CEH) 9) OC (2) 


, 


[110] Magnetostriction of Fe and Si-Fe Crystals 67 


to the (/, H) curves. dl//=0 corresponds to a hypothetical demagnetized state 
in which the domain magnetization vectors are distributed uniformly among the 
six easy directions. With the model used here this presumably means that the 
q domains occupy one third of the total volume and the primary domains two. 
thirds. The latter is, however, separated into two equal volumes magnetized 
in opposite directions, separated by one or more 180° walls. There is some 
evidence for a break up of the primary domains in this manner from the powder 
pattern experiments of Williams, Bozorth and Shockley (1949), 
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Figure 1. Calculated magnetostriction Figure 2. As in figure 1, as a function of the 
curves for single crystals of iron, of intensity of magnetization. 


various widths in the [110] direction. 


§ 3. EXPERIMENTAL MEASUREMENTS AND RESULTS 


No magnetostriction data for crystals of the prescribed form appear to exist 
in the literature, all previous measurements having been made on rods or oblate 
spheroids for which the domain model used here is not applicable. Experiments 

were therefore made on three crystals of silicon-iron of the required shape. 
The relevant data for these crystals are given in the table. 


Composition Dimensions (cm) D 
length breadth thickness 
A 30°75 51—He Mails) 0-615 _ 
B 2-8%, Si-Fe 4-5 0-404 0-019 0-017 
c 2:8% Si-Fe 2°8 1:28 0-254 0-067 


‘Crystal A had been previously investigated by Bates and Mee (1952 a, b), and 
B and C by Bates and Neale (1949, 1950), using the powder pattern technique. 
The demagnetization factor D given in the table 1s approximate only and was 
obtained by assuming that the initial susceptibility of such a crystal with zero 
demagnetizing factor is infinite, i.e., that the observed initial susceptibility of the 
actual crystal is limited solely by the demagnetizing factor. ‘The magneto- 
striction was measured using Tinsley Type 6 J strain gauges and a sensitive 
galvanometer, while the magnetization was measured ballistically in the usual 
way. As each of the crystals was required to serve a different purpose, each will be 
discussed separately. 

Crystal A was the best of the available crystals, its sides having been cut to an 


accuracy of better than 0-5°, and this was used for a quantitative comparison of 
2s 
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the observed and calculated behaviours. On account of its very large demag- 
netizing factor the magnetic field applied by the solenoid used was not great 
enough to ensure saturation, so that to overcome this and also to avoid magneto- 
striction due to the form effect, the crystal was lightly clamped in a yoke made of 
two soft iron rods tapered and flattened to be continuous with the crystal under 
investigation. The effective demagnetizing factor of this arrangement was 0-012, 
and the magnetostriction caused by the form effect was reduced to a negligible 
quantity. Owing to the very small width of the crystal the gauges were placed on 
the wide (110) faces parallel to the axis of the crystal, i.e., on the faces on which 
the main surfaces of the closure domains are formed. In order that the compari- 
son should not be affected by systematic errors of measurement, the gauges were 
calibrated in the following manner. When the magnetization is SO large 
(>0-8 J.) that the effect of closure domains is negligible the magnetostriction 1s 
given by the first term of equation (2), and this may be written in the form 


dl [2 
eh = $At00 + $n (Ca a 1) 


I being the mean magnetization. If d/// is plotted against /°//,° the resulting 
straight line has a slope of 3A,,,/2. Using the results of Carr and Smoluchowski 
(1952), A,,, for 3% Si-Fe is —5-3 x 10-®, and so the gauges could be calibrated 
reliably. By extrapolating the straight line to /=/, the measured saturation 
magnetostriction was found to be 1-73 x 10-®. ‘This is obtained with the actual 
demagnetized state as a reference state. From equation (2) the calculated 
saturation magnetostriction is + (Aygo +3A,1,). Using Aygp= 25:6 x 10-* from 
Carr and Smoluchowski the last expression gives 2:40 x 10-®. But this value, 
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Figure 3. Calculated and observed magneto- Figure 4. As in figure 3, as a function 
striction of single crystal A along the of the field strength (corrected for 
[110] direction. demagnetization). 


however, is based on the hypothetical demagnetized state defined in $2. The 
large difference between these two values can only mean that the distribution of 
domain vectors in the actual demagnetized state is not isotropic, there being a 
slight preponderance of domain vectors in the (100) plane. In comparing the 
experimental curves with the calculated ones the former were therefore normalized 
by adding 0-63 x 10-® to each of the experimental points obtained. The com- 
parison is shown in figures 3 and 4. The agreement between the calculated 
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curves and the experimental points is very good, in particular the calculated 
maximum magnetostriction of 6-1 x 10-6 (to be compared with 6-4 x 10-6 for an 
infinite crystal) coincides exactly with the experimental value and the values of the 
intensity of magnetization and field strength at which this occurs also agrees 
with the calculated values within the limits of experimental error. Below about 
1100 gauss the agreement is not so good and this may be attributed to the fact 
that the domain structure is probably more complicated than the simple model 
used. In particular the formation of 180 walls within the primary domains as 
has been observed in powder pattern experiments will reduce the value of / 
without affecting the magnetostriction. Such a formation is therefore consistent 
with the fact that below 1000 gauss the experimental points are displaced to the 
left of the theoretical curve. 

It follows from what has been said above that for the actual demagnetized 
state of the crystal d//=(0-63 x 10-® with respect to the isotropic demagnetized 
state defined in § 2. Hence we may substitute this value of d/// in equation (2) 
and, remembering that V,=0, cos 6=1/\/2, obtain a value for V,, in the demag- 
netized condition. It is found in this way that V,,=0°3V. ; 
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Figure 5. Magnetostriction of crystal B. 


The q domains are magnetized perpendicular to the main plane of the crystal. 
One would expect a considerable magnetostatic energy to be associated with these 
and that for very thin strips they may be suppressed in order to reduce this energy. 
The magnetostriction of the very thin crystal B was measured to see to what 
extent this actually occurs. Owing to the very small thickness of this crystal these 
measurements, particularly of the magnetization, are not as reliable as the previous 
ones. The results obtained are shown in figure 5. In the previous discussion 
of magnetostriction in the [110] direction of iron (e.g. by Akulov 1931) it is shown 
that initial expansion is caused by 90° boundary movements between domains 
perpendicular to the field and those making an angle of 45° with it. It is natural 
to associate this expansion therefore with a reduction in the volume of q domains 
accompanied by an increase in the volume of the primary and p domains. ‘Thus 
the magnitude of the initial expansion is a direct measure of the volume of q 
domains present in the demagnetized condition. The measured saturation 
magnetostriction is —0-4x10-®. The calculated value using Aj4o9 = 26-0 x 10°° 
Ain = —6°4x 10-* for 2:8% Si-Fe (Carr and Smoluchowski) is 1-70 10~°. 
Interpreting this difference in the same way as for crystal A it is found that 
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V,=0-22V in the demagnetized state. It thus appears that even for this very 
thin crystal a considerable volume is magnetized perpendicular to its plane and 
that the suppression of easy axes due to shape anisotropy is much less than has 
hitherto been supposed. 

Crystal C was 1-2 cm wide and it seems unlikely that the assumptions made in 
§ 2 to calculate the magnetostriction curves are applicable here. In fact for a 
crystal of this size it seems unlikely that the strain is uniform but may vary in 
magnitude throughout the crystal. An attempt was made to investigate this by 
fixing two strain gauges on the same side of the crystal, one at the centre parallel 
to the axis of the crystal and the other off the axis but parallel to it along one of the 
crystal edges. ‘The results obtained are shown in figure 6 where the magneto- 
striction observed at two different places is plotted against the mean 
magnetization. The two curves obtained may not be strictly comparable since 
the gauge placed at the edge of the crystal is not operating under quite the same 
conditions as that at the centre, but differences between the two are too great 
to be completely accounted for in this way. 


Figure 6. Magnetostriction in the [110] direction of crystal C measured at two places in 
the plane of the crystal. 
A, measured at the centre ; B, measured at one edge. 


$4. CONCLUSIONS AND DISCUSSION 


The main conclusions to be drawn from this work are that the magneto- 
strictive behaviour of a single crystal in low fields depends to a large extent on its 
shape and size, and that as far as may be inferred from the three crystals studied 
here the domain magnetization vectors are not equally divided amongst the easy 
directions in the demagnetized state and, moreover, that the actual distribution 
varies from one crystal to another. ‘The distribution does not seem to be as 
much affected by a large reduction in one dimension of the crystal as might be 
expected. It follows that no reliance can be placed on the values of the magneto- 
striction constants Ayo and A,,, obtained by measurements using the demag- 
netized state as a reference state. Kaya and Takaki (1936) sought to overcome 
this difficulty by using the remanent state as a reference state. In order to 
assess the reliability of this procedure it is necessary to know to what extent 
the magnetization is reversible. It is known that as the magnetization of a 
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crystal of the form used here is increased to approach saturation the domain width 
d decreases and so new domain walls have to be formed. The formation of 
domain walls is however an irreversible process and it is not certain that, when the 
applied field is decreased to zero, the same domain processes will occur in the 
reverse order. Bates and Martin (1953) have observed the changes in domain 
structure when a magnetically saturated crystal is demagnetized and have observed 
the growth of closure domains at imperfections as the field acting is reduced to 
zero. ‘Ihe domains were always magnetized perpendicular to the original 
direction of saturation until a reverse field was applied. It seems likely that 
closure domains of the q type will appear on the (110) surfaces as well, although 
these may not be of the same size as before since this is determined by d. In 
any case it seems reasonable to suppose that the domain structure at remanence 
will depend on the number of imperfections in the surface and possibly on the 
width of the crystal. Thus the remanent state is not likely to be a unique one, 
and measurements using it as a reference state cannot really be preferred to those 
using the demagnetized state. 

If the crystallites existing in a polycrystalline ferromagnetic retain any of their 
single crystal characteristics, then it may be expected that the magnetostrictive 
behaviour of a polycrystal will depend on the grain size. In particular for iron, 
the initial expansion will be smaller the smaller the grain size although the final 
saturation value will remain unchanged. In addition, using the conclusions 
reached in I a correlation may be expected between the permeability and the 
maximum expansion of polycrystalline iron if the reduction in permeability with 
decreasing grain size is a closure domain effect. Unfortunately the existing 
theories in terms of stresses at grain boundaries also appear to lead to the same 
conclusion so that it is not possible to decide between the two explanations by 
these means. 
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Abstract. The usual Lcao MO method for obtaining wave functions of organic 
molecules with double bonds uses only 2pz atomic orbitals. As a refinement we 
include 3pz atomic functions in the basic molecular orbitals. Detailed calcu- 
lations are made for ethylene, taking into account the interaction of configurations 
of like symmetry. ‘The first excitation energy is calculated to be 8-7 ev, a much 
improved value compared with that obtained with only 2pz orbitals. The 
implication for Mo theory is that in any refined treatment the higher energy atomic 
orbitals can no longer be ignored. A list of newly computed atomic integrals is 
given. 


$1. INTRODUCTION 


N recent years several improvements have been proposed in both the principal 
methods available for the theoretical investigation of molecular properties, the 
mo and the vB methods. Both treatments were adequate for ground state 

phenomena but not for the interpretation of ultra-violet spectra. ‘The aim has 
therefore been towards approximations which provide more reliable evaluations of 
excited levels, while retaining some of the simplicity of the initial theories. In 
both cases any logical extension or relaxation of approximations has, however, led 
to considerably more labour in computing; hence detailed applications have often 
been made only to simple molecules. It is for this reason that we also restrict 
our calculations to the simplest of organic molecules containing a double bond, 
ethylene. 

One of the usual approximations made in applying the Mo method to molecules 
with double bonds is to represent the wave functions of eigenstates by contributions 
from atomic orbitals of 2p7 type only. Now even within the framework of the 
MO theory there are several objections to this limitation. 

Firstiy, the 2pz orbitals do not form a complete basis, so that for a better 
representation of the molecular wave function other atomic orbitals, such as 3pz, 
3dz... with the same symmetry relative to the molecule, should be introduced. 

Secondly, the overlap in ethylene between adjacent 2pz and 3pz atomic 
orbitals is 0-17, which is by no means negligible compared with 0-28 for the 
2p7—2pz7 case. 

Thirdly, the difference in energy in a free carbon atom between a 2p and a 3p 
orbital is of the same order of magnitude (8 ev) as are some molecular energy 
differences. Hence configurations which include 3pz orbitals may well fall within 
some 8 ev of the corresponding ones constructed out of 2pz orbitals only. And it 
has been shown that configurations separated by more than 10 ey interact 
significantly. 

For these reasons it is considered necessary to include 3pz configurations, our 
aim indeed being two-fold: to investigate whether the neglect of 3pz atomic 
orbitals in the usual Mo method is justified, and, by reference to ethylene, to 
examine the energy changes brought about by inclusion of 3pz orbitals. 


The Effect of 3p7 Electrons : Energy Levels of Ethylene aS) 


The two-electron problem (two electrons of 2pz-type) of ethylene was first 
studied by Penney (1934) and Mulliken (1942). Recently a number of authors 
have diverged from the simple Mo method in an effort to determine more accurately 
the excitation energy values of ethylene. Hitherto, however, these have differed 
widely from the experimental values, if Mulliken’s interpretation of the 1630A 
absorption band as the first allowed transition is correct. The following 
corrections of the mo theory have been applied to the case of planar ethylene: 
Configuration interaction (Parr and Crawford 1948), variation of effective nuclear 
charge (Murai 1952, Craig 1950) and internuclear distance between ground and 
excited states (Craig 1950), semilocalized orbitals (Miiller 1954); the use of 
different values for some atomic integrals (Moser 1953) and the semi-empirical 
approach (Pariser and Parr 1953) should also be mentioned. Some allowance 
for o-electrons has been made (Altmann 1952) and in the most recent ethylene 
paper the Is-electrons of the H and C atoms have been taken into some account ; 
also scF wave functions were used (Sponer and Lowdin 1954). The effect of 3p 
electronic orbitals has so far been ignored, although Dooling (1953) investigated 
their influence on bond energy. His conclusion that the contributions of 3pz 
orbitals to the wave function is insignificant is perhaps too general, as he dealt with 
one-electron wave functions only. 

Merely in order to ease computation we have abandoned again some of the 
refinements introduced by these authors, retaining only the interaction of 
configurations in ourtreatment. We follow the approach developed by Goeppert- 
Mayer and Sklar (1938) in which the z-electrons move in a field provided by all 
other electrons. In so far as ethylene is concerned our results are therefore most 
comparable with those of Parr and Crawford. But we believe that a more 
valuable result of this work is the general implication that the inclusion of atomic 
wave functions of higher order is essential in any refined Mo treatment. 


§2. METHOD AND APPLICATION TO ETHYLENE 
The model chosen for ethylene is the planar molecule with the C—C link 
1-353 Along (Gallaway and Barker 1942). The presence of the H atoms is ignored. 
There are two mobile electrons, and we make available to them the 2pm and 
3pz atomic orbitals. ‘Then, according to the mo theory, there exist four molecular 
orbitals, of which the first and third are bonding, as follows: 
d=, (ys, + xy), $3=N5(Xat Xp); 
b2= No (}.— Yr); aN \Na = Xb) 
Here ¢,, ys, are 2pz atomic orbitals centred on a, b respectively, and xa) Xp are 
3pz atomic orbitals centred on a, b respectively, and N,, N2, N3, Ny are normali- 
zing factors involving the overlap integrals 


S(2pa, 2pb)= Yalv(v) dr.=S1, —-S(3pa, 3pb)= | xa(v)xn(v) dr = Se. 
The non-orthogonality of these basic ¢’s is expressed in terms of two further 
integrals 

S(2pa, 3pa)=| Palv)xa(v) dr, = Sy S(2pa, 3pb)= | Yalr)xv(v) dro= Se 
On the basis of the simplest Mo picture these molecular orbitals are assumed to 
correspond to the ascending order of energy $1, $2, $3, $4. ‘In what follows we 


restrict ourselves to some of the configurations which can be constructed from 
these wave functions, namely those which seem energetically the lowest. 


74 F. Jacobs 


We use ’E,,"' to denote an energy level of multiplicity 7, for which electrons 
have been raised and the molecular orbitals concerned with the excitation are 
p>q; then "’,?4 denotes the corresponding configurational wave function. 
The five normalized configurational wave functions considered are : 


1 | bial) $1) 8) 
V2! | $,(2)(2)  $4(2)B(2) 


Ly 


(i) — 


M’,! similarly, replacing 4, by 45, 


ge ee) A eR BAe (1B) b2(1)x(1) } 
Sr Af2) 4/2 \ | di(2)a(2)— Gal (+) NA) bo(2)x(2) 

gy P38, 4 similarly, replacing ¢, < ie A bein as! If # is the Hamil- 

tonian of the two-electron system, including an electron repulsion term (for 


details see Jacobs 1949) then the configuration energies become 


a ea Aa 47 = 264, +) 1 Fil? = Zeoo + Vee, 


(3) of Oras =€44 + 99 t Vi9g— 0125 
Ow ris w= €44 1 S33 1 V1.3 Oia 2N,Na(S3 ar Sy)(€13 = €31)> 


17 14 Tr 
(3) EB, =) + egg t+ Yr Ona 


Here crp.st= | 4,60) 60) — blu) u) dr dr, 


and?) C7v=),s=t)=55 Gt —s, D1) = eee | $,(v)| H(v) + T(r) |b,(¥) @r,. 


Let W,,, W3,, be the energies of a 2pz and a 3pz electron ina neutral C atom. In 
the usual way the molecular integrals ¢, ¢ are reduced to integrals over atomic wave 
functions by expanding the 4 in terms of ¢, x. 


€41.= Wa, —2N,7(R+C+Q0+4+B) 

Ex = Wy, + 2N.7(R+C-QO-B) 

Coo Ws, ae 2N3°(Ry 3 Cy a QO, ai B,) 

€ya= W3, + 2N,7(R, + C,—O,—B,) 

€13 = 2N,N3(S3 + S4)W5, —(R3 + C3 + Q.+ Bs) 

Sei 2N,N3(S3 a S;) i (Ry a Cy si QO, +B. 3) 

€o4 — 2N,N,(S3 a S4) W3, ay (R; i G;= =03;= Bs) 

ego = 2NgN,(S3 — S4)W,, + (Ro + C, — Q,— Bs) 
u=2N,(4+B+4C+2D) 

Yoo = 2N,(4+ B-4C+4+2D) 

Yw=2N7N.7(4A+B —2D) 

¥13 = 2NN3(A, + By + 2C,+2C,+2D,) 

¥u=2N,?N (4, + B,—2C,+2C,—2D,) 

842 =2N,2N,7(A — B) 

og = ZN GN, a(4e+ Bat 2C3 +20, + Di+Ds) 

0y4=2N,7N (A, — B,+2C;,—2C,+ D.— — Ds) 


Cis =2N,3N3( Az + Bs + Cy +C,+2C,+2D,) 
Cia = 2NY?N2N,(A3 + By — C;—C.+2C,— 2D,) 
Cie. =2N,?N,N,(A3— Bs — C+ Cy) 

S12,23 = 2, N2?N2( A; — Bs + C;— Cy) 
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In defining below the integrands of integrals over atomic orbitals the following 
abbreviations are used: d denotes an atomic wave function y or x; each integrand 
is then of the form 

1 
d,(v) da(v) ai s(t) dy(te) 
ve 
and the d’s are centred on nucleus aor b. This is shown by the sequence of 
a’s and b’s, thus ab.ba means d, on a, d,onb, d3onb, d, ona, and these 
sequences are constant within each type of integrand. 


aa. aa As abd Ay: deb. xx Agi by.py Ag: dp. 

aa. bb Bi dbdb By: deb. xx Bat bx.x Bg: fob -rby 

aa. ab Cr ded Cy: pb. xx Cot deb. xp Cy: bx. xp 
Cyr xx-ob Cs: dep .by Cy: bx.px Cz: bx by 

ab . ab D: deb. Dy: oh. xx De: bx x Ds: ox. xp 
Dy: ob x 


With a similar notation the exchange-penetration integrals are 


— ally R: fb. Rix-x Ret x. Rg hex 

Sells & QO: po Onn Oo: x. 
The following further approximations and assumptions are made: In the 2px, 
3px Slater functions Z is taken as 3-18, 1:45 respectively throughout. The 
additional amount of labour required for the D type integrals is large, and as they 
are probably small like the purely 2p ones, these integrals are ignored with the 
exception of D itself. For numerical values of excitation energies the difference 
between W,, and W,,, is required; we use the approximate relation for a free 
atom W,;, = W,, + 8 ev. 

It is necessary first of all to evaluate most of the atomic integrals listed above. 
These integrals are derived from existing formulae (Barnett 1951), after computa- 
tion of the necessary Bessel functions. ‘The numerical integrations are straight- 
forward. 


Table. Configuration (C) and State (S) Energies (ev) Zero at E=2W,, 


BAC tAgS *ByS 'ByC *AgC "ByC 
13 -5— 
12-4—*#14 
11-3-—18 14 
2:2— 
0-7— EB, 
—1-6—1E,}2 
ey, ee 
—4_3f 38 
ay See 
ayia 
—10 —*H,'? 
—11-8—E, 


ar eh 
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Once the atomic integrals are available the procedure is now quite standard: 
one derives configuration energies, configuration interaction, and finally state 
wave functions and energies (see table and appendix). We shall not describe 
the method here in detail (see Jacobs 1949). 


§ 3. DiscussioN-—THE ETHYLENE SPECTRUM 


The ultra-violet absorption spectrum of ethylene shows a strong band with a 
maximum at about 16304 and a less strong band near 2000A (Wilkinson and 
Johnston 1950). Various interpretations have been given; it is usually agreed 
that the 1630 A band corresponds to the first allowed transition, probably 'a,—'B,. 
Theoretical calculations hitherto have, however, predicted the lowest allowed 
transition at a much higher energy, thus Parr and Crawford found 11-5 ev (but see 
Moser 1953). Our value of 8-7 ev falls very much nearer to the experimental 
value of 7-6ev, so that the computed first excitation energy is quite satisfactory. 

As regards the next band the situation is less well defined. It is not even 
agreed whether this represents the tail end of the 16304 band (Mulliken 1942) or 
whether it corresponds to a separate transition (Craig 1950), and, if the latter is 
correct, the symmetry is still uncertain. Craig has suggested that this is a 
forbidden !a,—1a, transition, made apparent by nuclear vibrations of the appro- 
priate symmetry. ‘The band might, however, belong to an excitation to a 
forbidden triplet level. . 

It is not possible, on the basis of the results reported here, to decide definitely 
between the various assignments that have been proposed. According to our 
work, where no configuration interaction in the triplet class is evaluated, the first 
‘a,—%B,, forbidden transition certainly lies nearer to 3400 A than 20004. A triplet 
band in this region was predicted by Lewis and Kasha (1944). On the other hand, 
our lowest 'a,—'a, transition corresponds to 1200 A, and this energy gap would 
probably be lessened by interaction of further ‘a, configurations, though this is 
difficult to assert without further calculation. 

Our conclusion is that while no exact interpretation of the whole ultra-violet 
absorption spectrum of ethylene can yet be given, certainly the inclusion of 3pz 
wave functions has helped to determine the energy of the first allowed transition 
in a very satisfactory way. Indeed, the inclusion of 3pz orbitals makes a strong 
contribution to the stabilization of configurations into states. Thus in the LAS 
class, the 3pz orbitals effect a further lowering of the ground state by 0-5 ev 
(1-28 ev, Parr and Crawford; 1-78 ev, author), a considerable proportion of the 
whole stabilization. Again in the 's, class Parr and Crawford had only a single 
configuration to consider, and no configuration interaction; whereas the inter- 
action with the '£," level stabilizes the lowest !B,, level by 3-3 ev. 

It has long been realized that the Mo method determines excited states less 
well than the ground state. ‘This is reflected in our work where the refinement of 
considering 3pz orbitals has a more drastic effect on the first excited level than on 
the ground state, as is shown by the stabilization energies 3-3 and 1-8 ev respectively. 

The weights with which the various configurations of suitable symmetry 
enter the lowest state wave functions are also reported, both for Ta, and 1B,. 

Now our basic ¢ are not orthogonal, owing to overlap and to non-orthogonality 
of the Slater 2p and 3p functions used. We therefore introduce the configuration 
wave functions 1@,1° and 10,!4 (linear combinations of functions), which are 
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orthogonal to '¥) and 1¥’|!? respectively. In terms of these mutually orthogonal 
functions the state wave functions of the lowest state in each symmetry are 


X (tA,) = 0-942'P5 —0-271¥,12 + 0-23 10,18 


c,2: 0:88 0:07 0-05 
X (1B,,)=0-91 DP 124 0-42 Opes 
c,2: 0:83 0-17 


The weights (c,”) now indicate clearly the extent to which 3pz admixture plays 
apart. And we have shown the 3pz functions to be of considerable importance— 
at least within the present approach. It may be argued that the Slater 2p functions 
are not the most suitable ones to use anyway, so that the 3p addition is mainly a 
compensation for the bad initial 2p functions. This may well be the case. 
Calculations are now in progress to assess the extent to which we are merely 
improving the Slater 2p orbitals; results of this investigation will be published 
shortly. 

However, we may at this stage comment on the state wave functions here 
determined: A comparison of the weights shows that in the 'B, class the wave 
function containing 3pz orbitals represents as much as 20% of the purely 2pz one. 
In the ta, class the proportions are somewhat smaller: 8° '’,!? and 6% 10,". 
In both symmetry types therefore the 3pz wave functions contribute a not 
insignificant proportion. Furthermore, it may be noticed that in the ground state 
wave function the functions !F’,!* and 1©,!3 are of comparable importance. ‘This 
would suggest that higher energy orbitals are almost as decisive as is the mixing 
of 2pz configurations. We ought to stress, however, that not too much meaning 
should be attached to the exact numerical coefficients of the wave functions, for 
two reasons. It is well known that wave functions are very sensitive to variations 
and so are, in any approximation, less good than energy values. Furthermore, 
previous experience has shown that it is not necessarily the least energetic con- 
figurations which contribute most to the lowest state, in any symmetry type. 
It should therefore be borne in mind that configurations which we have ignored 
will affect the state wave functions, perhaps as much as those which we have 
included. 
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A =16-93 
A,= 4-46 
A,= 0°31 
A,= 2°34 


APPENDIX 


All values except for S-type integrals are 1n ev 


D=1-08 

1—0-99 
Q,=0-10 
O;—0-25 


Vy = 13-07 
Yo2—= 13-44 
Yi2= 13-01 
Yis= 3:84 


Be-9'26 

B,=4-02 

B,=0°22 

Be—e3s 
RI—=2-06 
R,—0-10 
Re=025 
Ret82 
Yu= 16-08 
Ore 10 
$= 0 
S053 


€1= Way 12-44 
€x2=Wep— 6°37 
€s3=Wept 3°72 
= Went 8-20 


C =3-58 C,=1-20 
C,=4-04 C,=1-81 
(Coes ihailZe €,—0-28 
Me 0e19 C,=0-50 
S,=0:277 
Ss—0-932 
S;,—=0-184 
iS 0-1166 
C1113 =0-20 
Cu.28=3 Sitil 
Ci21a—0 yl 
C12.23=0-72 


€13=0-22Wp)— 1-58 
€; = 0-22 Wop —1-93 
€1 = 0-08 Woy + 9-66 
€42 0-08 Wo, —1-10 
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An Extension of the Analysis of the Yttrium Spectrum 


By i. 7h. BOVEY. 


Atomic Energy Research Establishment, Harwell, Didcot, Berks. 
MS. received 30th September 1954 
Abstract. Nineteen lines of the yttrium spectrum have been found in the region 


9400-11500A and have been assigned to term combinations in the Yt 1 and 
Yt I spectra. 


$1. INTRODUCTION 


experiments have been carried out to assess the sensitivity of Kodak Z 

photographic plates in the region 10000-12000A. These plates have 
recently become available again in this country. During the course of the 
preliminary trial runs, yttrium was examined and eighteen lines additional to those 
reported by Meggers (1928) found. The wavelengths of these and their assigned 
positions in the term scheme are given here. 


lp order to try to extend the spectrum of lutetium to longer wavelengths, 


§ 2. EXPERIMENTAL DETAILS 


The Hilger compact 3-metre spectrograph (Model E.661) instrument was 
used in the first order with Z I plates previously sensitized by immersion in 4%, 
ammonia solution for three minutes and a one-minute dip in methyl alcohol with 
subsequent rapid drying in a stream of dust free air. Conventional arcing from 
copper or silver electrodes proved unsatisfactory and graphite electrodes were used. 
The yttrium oxide was mixed with graphite powder and the mixture compressed 
into a small hole in the graphite anode. Exposure times of approximately 
30 minutes were required to record the spectrum up to 115004 although only a 
few seconds sufficed for the comparison iron arc (in the third order). A 6-amp d.c. 
arc operating off the 230-volt supply was used. ‘The wavelengths of the 
lines were measured on a comparator against the superimposed iron arc and the 
vacuum conversion factor determined from Edlen’s Tables. Wavelengths 
quoted in the table have been measured on at least two plates. 


§ 3. ASSIGNMENT OF TERMS 


With the aid of the comprehensive analysis made by Meggers and Russell 
(1929), the determination of the combining levels was not very difficult. 
Considerable help was given by the use of tables of differences computed by the 
Mathematics Division of the National Physical Laboratory. ‘The agreement 
between experimental and calculated values seems remarkably good particularly 
when it is realized that the lines are measured against a strong background of 
lines arising from the graphite electrodes themselves. This agreement, the 
intensity relationships and consideration of selection rules are taken as evidence 


for the correctness of the assignment. 
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Table of Classified Lines 


Aa (A) Van (Cm) Hens (CAalC:) Termst Spectrum 
9405-8 VS 10628 -9 10628-9 a®P, —z°P,° II 
9476:9 VS 10549-1 10549-0 a®P,—z*P,° II 

$9494-9 VS 10529-1 10529-2 a2D,.—z*P, I 
10105°5 S 9892-9 9892-8 a®P)—z*P,° II 
10186:4 M 9814-3 9814-2 b!D,—z°*P.° II 
10245:2 M 9758-0 9758-1 a®P, —z?P,° II 
10293:0 M 9712-7 9712-8 y?F,°—e*D, I 
10329-8 VS 9678-1 9678-2 a®P,—z°P,° II 
103737 VW 9637-2 9637-1 y2F,°—e!P, I 
10390:-4 VW 9621-6 9621:8 y?F,°—e*Ps I 
10511:-5 W 9510-8 9510-8 y?D,°—e?Ds I 
10540-2 VW 9484-9 9485-0 y?D,°—e2D, I 
10605:2 VS 9426°8 9426-9 a®P, —z°P,° I] 
10683:4 VS 9357°8 9357-9 y*F,°—e?D; I 
107226 W 9323-5 9323-4 v?F,°—e2P, I 
107845 VW 9270-0 9269-9 a'P,—y"D,° [ 
108760 VW 9192-0 9192-0 a°F,—y°F,° I 
10921:3 M 9153-9 9153-8 a°F,—y"P,? I 
11484:8 W 8704-8 8704-7 b?D,—y’P,® I 


VS very strong; S strong; M medium; W weak; VW very weak. 


+ Nomenclature follows that of Moore (1952) except that whole numbers a half unit 


larger than the true j values for levels of even multiplicities are used. 
{ Previously observed (Meggers 1928). 


§ 4. DiscussIon 


The stronger lines in this region belong to the 2?P — z3P® levels of the ionized 
atom and of the nine possible combinations, six have been observed. It isa little 
surprising that the a?P)—z?P,° combination at 10 457A is not seen on the plates. 

The lines arising from the Yt 1 spectrum are nearly all accounted for by 
a series of combinations between doublet levels. Missing members which might 
have been expected in this region have been looked for but since they would 
probably be weak and possibly masked by the background lines, their absence 
is not significant. 

The opportunity was also taken of examining whether the 69 lines unassigned 
by Meggers could be fitted into the term system. This did not prove possible 
and further work is being done on the assumption that fresh levels are concerned. 
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The Electronic Spectra of Aromatic Molecules 


Il : A Theoretical Treatment of Excited States of Alternant 
Hydrocarbon Molecules based on Self-Consistent Molecular Orbitals 


By J. A. POPLE 


Department of Theoretical Chemistry, University of Cambridge 
MS. received 13th Augusi 1954 


Abstract. ‘The theoretical treatment of the electronic spectrum of benzenoid 
hydrocarbons recently given by Dewar and Longuet-Higgins (Part I) is general- 
ized so that full account is taken of electron interaction. The method is based on 
the use of a self-consistent molecular orbital function for the ground state and 
corresponding functions for excited states. It is found that all the general features 
of the method of Part I carry over, although certain accidental degeneracies 
are removed. Approximate numerical calculations based on the new method 
give support to the assignments made by Dewar and Longuet-Higgins. 


$1. INTRODUCTION 

Na previous paper, Dewar and Longuet-Higgins (1954) have given a theoretical 

interpretation of the singlet electronic spectra associated with the mobile 

electrons of benzenoid hydrocarbons. ‘Their procedure, in outline, is as 
tollows: 

(1) A set of orbital energies is obtained from the Htickel Lcao molecular 
orbital theory (based on an effective one-electron Hamiltonian and neglecting 
overlap). If the mobile electrons were really independent and non-interacting, 
the excitation levels would be the differences between these energies. 

(2) It is well known that the Hiickel theory by itself leads to an oversimplified 
picture of the spectra. The mutual repulsion of the electrons leads to interaction 
between the various excited configurations and modifies the energy levels. ‘To 
allow for this in a simple way, interaction is permitted between configurations 
which the Hiickel theory predicts to be degenerate. Such levels are then split 
by amounts which are related to the matrix elements of the complete many- 
electron Hamiltonian between the corresponding antisymmetrized configurational 
wave functions. By applying this method to the lowest levels, Dewar and 
Longuet-Higgins are able to interpret the general features of the p, «, B and f’ 
bands classified by Clar. 

Although this is undoubtedly an improvement over the Hiickel theory by 
itself, the use of the incompletely defined one-electron Hamiltonian in step (1) 
is still rather unsatisfactory. It would be better if the whole treatment could be 
based on the many-electron Hamiltonian with electron interaction. ‘That some 
such further development is needed is suggested by the fact that the Dewar- 
Longuet-Higgins method still oversimplifies the spectra in some respects. For 


example, it predicts that the B,, and B,, levels of benzene should be degenerate, 
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whereas in fact they are distinct. A second reason for improving the theory is 
that a treatment including electron interaction at all stages should show the 
relation between singlet and triplet levels. 

Recently the work of Pariser and Parr (1953) on the spectra of ethylene and 
benzene has suggested that useful conclusions about the effect of electron inter- 
action can be drawn without detailed calculation of complicated integrals 
characteristic of earlier work. Using a similar series of approximations, the 
present author (Pople 1953) has discussed the determination of self-consistent 
orbitals for the ground states of alternant hydrocarbons and has shown how many 
of the features of the Hiickel theory (uniform charge-density, pairing of orbitals, 
etc.) hold also when electron interaction is taken into account explicitly. The 
present paper introduces a generalization of the work of Dewar and Longuet- 
Higgins which is based on the self-consistent molecular orbital function and 
which allows for electron interaction at all stages. The principal features of 
their work carry over almost without change to this more rigorous method, 
although certain accidental degeneracies are removed. It is possible to get 
explicit expressions for the lowest energy levels in terms of the self-consistent 
orbital coefficients, so that the integrals of Pariser and Parr can be used to make 
a more quantitative test of the assignments. 


§2. ExcITED STATES OF ALTERNANT HYDROCARBONS 


The wave function x, for the z-electrons in the ground state of an alternant 
hydrocarbon will be taken as a Slater determinant built up from orthogonal 
molecular orbitals ¥%,,....%,, which are themselves linear combinations of 
carbon 2pz atomic orbitals 4, ... . dam 


b= Libr ee (2.1) 


In the self-consistent treatment, the coefficients c,, are chosen to minimize the 
electronic energy 


62 | sas) Ree xd 1 em oll eee (2.2) 


where # is the complete electronic Hamiltonian 


2 


a > je bees > (Uru): ier Aio (2.3) 
7 <a) 


HH’ represents the kinetic energy and the potential energy of the o-core. 

A general set of equations for c,, has been given by Roothaan (1951). Making 
certain simplifying approximations about the integrals that arise (Pople 1953), 
these can be reduced to the eigenvalue equations 


2 tga lcs. | i ere (2.4) 
where 
Fu = Opn t $PaYapt a ( Da in eee (2.5) 
Olu 
ey = leon re 3 PN kaag et Phe (2.6) 
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In these expressions y,,, has been written for the coulomb electrostatic repulsion 
integral eros 9 
Vu a | hurl 1 )d 12) ¢,7(2) dv, dv5. iy Ca (2.8) 


U,,,, 18 a core matrix element which may reasonably be taken as the same for all 
Reet - ae ce Your ie é ¥ 5 : 5 
carpon centres and /7,, is the off-diagonal matrix element of the core Hamiltonian 


Eig =| SEO dog re TEE Oe (2.9) 


‘This is taken to be equal to a constant £ for all pairs of neighbours and zero other- 
wise. £; are the eigenvalues of the matrix F,,. 

Since there are 2m atomic orbitals, equations (2.2) determine 2m molecular 
orbitals. Of these only m corresponding to the lower E; are occupied in the 
ground state. ‘The other unoccupied orbitals will be used in formulating wave 
functions for excited states. 

From the form of the self-consistent equations (2.4) certain general results 
can be derived which are applicable to all alternant hydrocarbons (Pople 1953). 
In particular, 

(i) p,,=1 for all p. 

(ii) ‘The eigenvalues £; are symmetrically arranged about the value U+ 4944. 
That is, if U+4y,, —e is an eigenvalue, so is U+ 4y,, +e. 

(ui) The coefficients of the orbitals are paired. ‘This means that, if the 
atoms are divided into starred and unstarred sets in the usual way, then the pair 
of molecular orbitals with energies U+ $y,, + can be written 


bs; = ye 5 + > Gt, 
teh = > * cath, _ at) ; fe! (2.10) 


Hf J 
where the molecular orbitals are numbered 1, 2.... 2m with increasing eigen- 
values £,; * and Y° are written for sums over starred and unstarred atoms 
respectively. 

Once the self-consistent problem for the ground state has been solved, the 
unoccupied molecular orbitals %,,.,....%,, can be used to construct configura- 
tional wave functions for excited states. We shall write 'y,., for the singlet 
configurational wave function in which one electron is excited from an occupied 
orbital ys, to an unoccupied one #,. !y;., will be a sum of two Slater deter- 
minants (Roothaan 1951). The corresponding triplet wave function will be 
written #y,.;. (There are in fact three triplet functions with three different spin 
component eigenvalues. It is immaterial which component is selected as long as 
the same one is used for all configurations.) Other functions for two-electron 
excitations could be developed, but for a discussion of the lower absorption levels 
they will not be taken into account. 

The matrix elements of the total Hamiltonian 4% between the x, ., and xo 
can be reduced to integrals over one or two electrons utilizing the orthogonality 
property of molecular orbitals. ‘The results are (sce Appendix) 


(Ay) n]| | xi+n) — (Xol4 1x0) = Ex — £i— @R|G[ek) + 2tk|G|Rz) ...... (2s 1) 

Be eal hme Conca ee (2.12) 
Gye leG vo) me ee ease (2:13) 

Cy, | Hx) 2) = 2Gk|G|2) — GR|G |) (unless 7=j and k=/) ...... (2.14) 
3x; 114 Px; 0) = —(Gk|G|el) (unless t=j andk=1) es ee (2.15) 
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the two-electron matrix elements being defined by 


(palGlrs)= | [F,AVF. (2) raed yb(2) de dey. eves. (2.16) 
All matrix elements between singlet and triplet functions are zero by integration 
over spin. 

Equations (2.11) and (2.12) show that (1y,;.4|%['xi20)—-(xol# |xo) and 
(2x; 11% Px:+1) —(Xol4|xo), which may be described as configurational excita- 
tion energies, are not equal to the difference between the two eigenvalues if 
electron interaction is included. In fact £;,— £, is generally larger. 

In spite of this, it is still possible to generalize the method of Dewar and 
Longuet-Higgins, using the pairing properties described above. As explained 
in the introduction, their procedure is to include interaction only between con- 
figurations which are degenerate according to the one-electron Hamiltonian 
theory. The obvious generalization of this is to include interaction between 
configurations whose excitation energies are equal according to (2.11) and (2.12). 

The most important degeneracy predicted by the Hiickel theory for the 
general alternant hydrocarbon is that between the configurational excitations 
m—1+m+1 and m>+m+2. An interaction element of the type (2.14) splits 
the singlets into two levels which Dewar and Longuet-Higgins identify with 
Clar’s x and 8 bands. We shall now show that the same degeneracy occurs for 
both singlets and triplets in the self-consistent theory, that is 


Gea: |4% eye =m 41) . Cx, |Z | Nee) pied ees (2. 17) 
Cx ul Xe +1) = Cree -m Ale eee +2): pore eS ae (2.18) 


Em+i—Em—1 is clearly equal to E,,,.—E,, on account of the pairing property 
noted above, so it only remains to demonstrate equality of the two-electron 
integrals. ‘This is easily done by expanding the molecular orbitals in terms of 
atomic orbitals and neglecting all integrals except those of the Coulomb type 
(2.8). If, following Dewar and Longuet-Higgins, we write the highest occupied 
and lowest unoccupied orbitals in the form 


Pina = > *b,d,, mi >°b,4,, 
Bry, = > *ady, ae ad, 


| 
| 
ee eh) eee (2.19) 
Bin 45) > *a,¢, am Sao: 
Bin 1) = > *h dD, - > bb, J 
then 
(m—1,m+1|G|m—1,m+1)=(m, m+ 2|G|m, m+ 2)=>.42b,2 74... (2.20) 
(m—1,m+1|G|m+1,m—1)=(m, m+ 2|G|m + 2, m) = oo +>°>5°- 2 
m o ie me 
Gib AD sy) cg erage (2.21) 


For the interaction elements 


(gmap oll |. 4 eae +2) a pase “ Sse = ODD abbr, yy OhmD ac (2.22) 
v i v ft v 


ue 
Xa =m soa |ZEc | Xan oes) =a ame Ts Doe ta 222 isbn: See (2.23) 
fe v “ v ue v 


Equation (2.22) has already been given by Dewar and Longuet-Higgins. Other 
integrals are easily evaluated by the same method. 


WN 
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In the absence of further degeneracy, Dewar and Longuet- Higgins assign 
wave-functions to the excited states as follows 


Pp: Grn +1 Xx: ee =i 1 <b ipa sm+2)/ V2 
p : Donat hy +2 p : (Xe iar (aaa! te pene V2. he tO SG (2.24) 
By analogy, we may classify a corresponding set of triplet states 
3p : =X sm +1 Fo, : xn =n oa oo are +2)/ V2 
Ee : aon —1—>m +2 ee : (Nie l>m-+1 te ere as))) V2. ie (2.25) 


‘The excitation energies can be found from the matrix elements. For the singlet 
bands they are 


é(p) FF &o am Ee +17 Ey, a> g A De ae a] aa," Yur SQaCbS (2.26) 
6 (a) = Eo = EB, = 5 aes Fone 5 a 24, 0, Mann Pass ar Pas =F Bee ee Wy Dyes 


6 (B) ie &o aa sae eR 2.4). by? + be Ja + le a ys Jub ey Dy Yaw 


SPV Sa Pata Pact | 2D + BID OD PPP Yay oe ces ee) 


and for the triplets 


ee be = F4,24,7,, eer (2.30) 
rr 

GCa)\—6,—Eo.7—-E. x, PO Yay pa ay + Pas! + Daa \a Oy? Yur 

ees (2.31) 

eae ee eee hae fh peo re ya ie 23*2)° 4,0 ,A DY 

eee (2.32) 

Ae er ESP ee ae (2.33) 


py 


Even without detailed calculations, certain general features of the spectra 
can be deduced from these formulae. Dewar and Longuet-Higgins have indi- 
cated that the interaction element (2.22) leading to the separation of the « and f 
levels will be positive so that &(8)~>@(«). ‘They also showed that the transition 
moment between the ground state and the z-state is theoretically zero. This 
depends only on the pairing of orbitals and is still valid in the present theory. 
In a similar way we now predict the existence of a pair of associated triplet states 
3¢- and %8. The matrix element (2.23) is negative, so that &(?a)>é (38). One 
interesting point is that the theory leads to degeneracy between the a and %% 
states. This, no doubt, is partly a fortuitous result of the approximations made 
and would not hold accurately in a more refined calculation. ‘There are not yet 
sufficient experimental data to test predictions about triplet states other than 
the lowest. The general effect of configuration interaction on the singlet and 


triplet levels is illustrated diagrammatically in the figure. 
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Singlets Triplets 
Before After After Before 

m-1—>m+2—_——__- --- ——’ 

{3 
mc-1 me as 
CO ~~ y age ree — —— _ 772-1>7+2 

> Y 

‘a = a ees 

(2A SS 5 es m—srim+2 
ef ee cae -- ———— m>mt1 


Effect of configuration interaction between degenerate configurational excitations. 


§3. APPLICATION TO PARTICULAR HYDROCARBONS 


When applied to benzene, the present treatment is equivalent to that of 
Pariser and Parr (1953). . The molecular orbitals %,,_,...-%,49 are determined 
by symmetry and, in their real form, are 


be cs (5 aF bs cig bs ie 6) 
L | 

bs = 73(b1 + a2 sh fa >P5 y >Pe) 

ha at Fa(P1 a doy - 5P3 AG fa = Ps = 5Pe) 

bs = 3(— 2+ 63—¢5 + $6) 
Since ws, %; and 4, y%; are degenerate pairs of orbitals, there will be degeneracy 
between the configurational excitations 3+4 and 25 as well as that between 
3-5 and 2-4. But since the configurational excitation energies are no longer 


differences between one-electron energies, all four need not be degenerate. In 
fact they are not. ‘The method of the previous section gives 


Ne ee ae ne 
— 
w 
= 
Se 


X34 Hl x3.4) — (Xo|% Ixo) = —28+ 471 D1 + iV 13 bY 14 ooo poe (3.2) 


Xe--4|% ['x2+4) — (Xol HM Ixo) = — 28 + y+ Bye Vist BY +e (3.3) 


For this molecule, additional configuration interaction must be taken into account 
between y3_,, and yz _,5. 

The appropriate values for the 8 and y integrals have been thoroughly dis- 
cussed by Pariser and Parr (1953) (they use the symbol (yy: |vv) for y,,). Ona 
partly empirical basis they select B= —2-39 ev, y,,=10-53ev. y,.=7-30ev, 
¥13=5-46ev and y,,4=4-90ev. Using these values and including configuration 
interaction, they calculate the energy levels of excited states as shown in table 1. 
It is clear that the difference between (3.2) and (3.3) removes the degeneracy 
between the 16,,, and 1,, levels predicted by the method of Dewar and. Longuet- 
Higgins. : 

The numerical parameters quoted above can be used to apply the method of 
this paper to other less symmetrical hydrocarbons. Since the application to 
benzene is comparatively successful, this should provide a quantitative test of 
the general assignments made by Dewar and Longuet-Higgins. It should also 
lead to energy-level predictions for as yet unobserved triplets. 
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Detailed calculations have been carried out for napthalene and anthracene. 
It has been assumed that all bond lengths can be taken as equal to that in benzene, 
each ring forming a perfect hexagon. The inverse distance approximation 
(Pople 1953) has been used for y,, for atoms further apart than the opposite 
pair in benzene. The self-consistent equations (2.4) were solved by a cyclic 
process and the coefiicients then used in the energy level expressions (2.26)— 
(2.33). The results are given in tables 2 and 3. 


Table 1. . Spectrum of Benzene 


ial a 
Band . W CNIS Symmetry Frequency (cm!) 
function calc expt 
x X234— X35 "Bou 39500 38000 (a) 
Nasa + Nass DB iy 43000 | 48000 (a) 
B, B’ de oes i Eu 56500 54500 (a) 
X3s—4 — X25 
°p "Neosat Xess od BY 32000 29500 (bd) 
°B, °B’ Xe Xs 31 DE 36000 = 
X84 >, X955 
Soe ee Bay 39500 = 
(a) Klevens and Platt (1949). (6b) McClure (1949). 
Table 2. Spectrum of Naphthalene 
Wave Frequency (cm~+) 
Sia function ey cale expt 
fo Gm oa, Bea 35500 32000 (a) 
p Xe 36 Ben 37500 34500 (a) 
B X46 1 X57 "Bau 49500 45500 (a) 
fed Vas Bi 50000 60000 (a) 
*p *X5>6 Bou 25000 21300 (6) 
=p Ye s0 + *X5s7 Baa 33000 = 
Fou Xie Kor Bru 35500 5 
2p’ 84 on *Bou 39000 — 
(a) Klevens and Platt (1949). (6) McClure (1949), 
Table 3. Spectrum of Anthracene 
Wave Frequency (cm) 
Band function Symmerty calc expt 
p ge iB 30000 26500 (a) 
ou Veuve — Xivox0 {Brn 33500 [28000] 
p Xe>et X70 1B ay 45500 39000 (a) 
p Xe IBou 52000 45500 (a) 
8p Ones "Bou 18000 he (b) 
des Be: ok Sen Bin 32000 
3a BV 6 =, Sam 33500 = 
6—>8 i—9 : ad 
3B” ee ASV 43500 
(a) Klevens and Platt (1949). (b) Lewis and Kasha (1944). 


There is satisfactory general agreement between the calculated and observed 
frequencies listed in these tables. The calculated values are mostly too high, 
but the relative arrangement tallies very well with the experimental assignments. 
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It is probable that further configuration interaction with other singly excited 
configurations would improve the detailed agreement, but these calculations do 
show that the general features of the low-frequency electronic spectra can be 
understood in terms of the simple relations derived in this paper.f 

The assignment in anthracene differs slightly from that of Dewar and Longuet- 
Higgins and deserves comment. They note that according to the Hiickel theory 
the transitions 6+9 and 5+10 are degenerate, so they assign wave functions 
eset Xs10 ANd Yese— Xvi to two bands at 45500 cm! and 53 500 cm}. 
This accidental degeneracy disappears when electron interaction is included, 
however, the energy of y,., being lower. As a result, the f’ state is assigned a 
wave function y¢.9. In a complete calculation there will probably be partial 
mixing between these two. 
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REDUCTION OF Matrix ELEMENTS FOR SELF-CONSISTENT 
DETERMINANTAL FUNCTIONS 


Equations (2.11) and (2.12) for the diagonal matrix elements of the many- 
electron Hamiltonian between determinantal functions are well known (Roothaan 
1951). The off-diagonal elements (2.13)—(2.15) are also of considerable interest, 
so a brief outline of their derivation is given here. 

The molecular orbital wave function for the ground state y, can be written 
as an antisymmetrized product 


Xo = (2m) eX — VP PE (pr )1B)( Por) «+ (PmB)Y}e vee (Al) 


Here Xp(— 1 is the usual antisymmetrizing summation over all permutations 
of the electrons. ‘The corresponding expressions for 1y, ,, and one component 
of 3, ., are 


Xion =12(2m) ae — TE PU) He ABB) «+» mB) 
+ (Yar) 6+ (Hi aB) bri) ++ (YmB)} see (A2) 


the positive and negative signs being taken for singlet and triplet respectively. 
The reduction of the many-electrons integrals between the determinantal 
functions can be performed by the usual method (Condon and Shortley 1935). 


} Dr. R. G. Parr informs the author that Dr. Pariser has recently completed a more 


extensive treatment of the polyacene spectra using an electronic calculating machine and 
does, in fact, get better results. 


\ 
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‘This leads to 
(1x; nl IXo) = a\\ LE ies | 


(xinal Pre) = Fou 2GR()— GRC) 

(3x; +414 Fx; 0) = Fy, (tk|G|:/) i ia 

CxXnl4 Pxs sn) = — Bit 2(A7|G]ek) — (2j |G) Gey | (A3) 
¢ . 3 ; 1 

(bx; | 4% Px: +x) = = F;,— (Aj|G|kr) pi e 

Ly, el] xy 0p) = 2C7R|G|Li) — (7RIG Hil 

Cx al x Ue Oe) Secu) ae een 

8x: 11 P xs.) = — GREG) J 


J 


where 


Fig (ust D> (2GRIG |) GRAIG}. sass (A4) 
Je 


But tf we are using self-consistent orbitals, the matrix F’,; is diagonal. Nesbet 
(1955) has emphasised the importance of this property in the reduction of similar 
matrix elements. Equations (A3) can then be written in the compact form 
(2.13)}-(2.15). 
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Inelastic Collisions between Heavy Particles 


IV : Contribution of Double Transitions to certain Cross Sections 
including that associated with the Ionization of Hydrogen Atoms in 
Fast Encounters with other Hydrogen Atoms 


By D. R. BATES anp G. W. GRIFFINGT 
Department of Applied Mathematics, The Queen’s University of Belfast 


MS. received 5th August 1954 


Abstract. Born’s approximation is used to calculate the cross _ sections 
associated with the processes H(1s)+H(1s) > H(3s, p or d) + H(3s, p or d) and 
H(1s)+ H(1s) + H+ +e+ H(3s, p or d; or C) where C represents the continuum. 
These cross sections and others calculated in papers I and II are combined to 
yield the cross section for excitation to the third quantum level, the cross sections 
for ionization and the total cross section for all inelastic collisions. Both single 
and double transitions are taken in account. ‘The ratio of the electron loss cross 
section to the electron capture cross section is computed. 


§1. INTRODUCTION 


MONGST the processes investigated in paper I of this series (Bates and 
PX Griffing 1953) were the single-transition collisions 
H(1s|A)+H(1s|B)>H(@#l|A)+H(is|B)  —...... (1) 
and H(1s|.A)+H(1is|B)>H+(|A)+e(«)+H(is|B): | ...... (2) 
in the first of these the hydrogen atom A is excited to the state m/; in the second it is 
ionized, the magnitude of the propagation vector of the ejected electron relative to 
the parent nucleus being between « and « +d; in neither does the other hydrogen 


atom B suffer any change of configuration. Attention was, however, drawn to the 
possibility that the double-transition collisions 


H(1s]A)+ H(1s |B) H(nl | A) + H(n'l’ | B) (a) } (3) 
(or H*(|B)+e(’)) (6) Jo 
and H(1s | A) + H(1s|B)-> H+({A)+e(x)+ H(n'l’ |B) (a) \ (4) 
(or B*([B)- ee)" (0) a 


might be important. In papers II and III (Bates and Griffing 1954, Moiseiwitsch 
and Stewart 1954) it was shown that at high impact energies such double-transition 
collisions give a far greater contribution to certain excitations than do the single- 
transition collisions. ‘This makes it of interest to undertake the much more 
laborious task of making a corresponding study of ionization. 

The present paper is mainly devoted to the calculation of Q(is—C; 1s—d), 
the cross section describing the ionization of a specified one of a pair of colliding 
hydrogen atoms, the other being left in amy state. Denoting the cross sections for 


+ Affiliated to the Cambridge Geophysics Research Directorate of the United States 
Air Force. 
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processes (4a) and (4b) by Q(1s—« ; 1s—n'l') de and Q(1s-«; 1s—«’) dic dx’ respectively 
and introducing 


Q(s-C; Is-n'l)= | Olle; Is-n'l')de a (5) 


ecteeretec mn 


JKJ« 


O(ls-«; Is-e}dede’ sg... (6) 
it is apparent that 
Q(is-C; 1s-Z)= > O(1s—C; 1s—n'l’). 
nv 
Computations need only be carried out on Q(1s—C; 1s—C) and on 
O(1s—C; 1s 3spd) = O(1s C; 1s—3s)+Q(1s—C; 1s—3p)+ Q(1s-C; 1s-3d) 

Ss Sei eee OR ee Lee ron (8) 
since Q(Is-C; Is-ls) and Q(1s—C; 1s—2sp) have already been evaluated (cf. 
papers I and II) and since the states with principal quantum number 4 or higher 
may be neglected without causing a significant error. 

In addition to their main use the partial cross sections are combined together to 
yield O(1s-3spd; 1s—%), the cross section for the excitation of a specified atom to 
the third quantum level. A further combination is taken to obtain the cross 
section associated with collisions in which ezther or both of the atoms are excited or 
ionized, that is the total inelastic cross section 

9((1s)? — (%, &’))= O(1s-1s; 1s—d’) + SS OMs=nls 1s425). ess (OMe 
nl~ls 
The inelastic cross section due to single transitions only 


9((1s)?— (1s, ¥’))=2 S Osa; Iss) see. (10) 


is also computed. 


§2. ‘THEORY 
It was shown in paper II that according to the simple Born approximation the 
cross sections for double-transition collisions between hydrogen atoms are given 
by 
8 
Q(1s-al; 1s—n'l’)= B 


“tmax 
| ¥(1s—nl)|?|-4(1s—n'l’) |? t-8 at | Ty A eee) 
tmin 
r 8 dk fmax ( ast TV 12 4-3 2 
O(1s-«; 1s-n'l’) de = al | A(1s—)|2|A(1s—n'l’)|2t-3 dt | mag? .... (12) 


‘min 


8d d. ’ elmax 
O(1s-« ; Is-') ded’ = | — J, 


where s?=4m0;7/1y, t=27rM (vp—Vi)ap/h; we ee (14) 

the /’s are certain functions of ¢ (which are displayed in paper I for the transitions 
with which we are concerned) ; v, and v;are the initial and final velocities of relative 
motion of the nuclei; mis the mass of the electron and M the reduced mass of the 
system; dy, is the radius of the first Bohr orbit; and Jy is the binding energy of a 
normal atom (that is one rydberg). Formulae (11) and (12) require no comment. 


| J1s-«) 2 |I1s-«’) Pe? at | may ..(13) 


min 


+ Here and throughout the paper the continuum is included in the summation. 
+ As in the earlier papers 1s—’ signifies ls— L’ nl. 
nlA~ls 
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It should be mentioned, however, that formula (13) depends on the assumption 
that each of the ejected electrons may be regarded as moving solely under the 
influence of the field of its parent nucleus. This assumption is justified by the fact 
that the velocity of ejection is usually very much smaller than the velocity of one 
nucleus relative to the other (cf. §3.1). The situation is thus essentially the same 
as that which arises in ionization by electron impact (cf. Bates, Fundaminsky and 
Massey 1950). 

An account of the procedure followed in evaluating the cross sections for double 
excitation and excitation—ionization collisions has been given in the earlier papers 
of the series and need not be repeated. Little, too, need be said on double 
ionization for the computational problem presented, though formidable in 
practice, is trivial in principle. From formulae (6) and (13) of the present paper 
and formula (27) of paper I it may be seen that 


O(Is-C; 1s-C)= aes 
s fa ‘ (3 5 ike » (Ke BL — exp emi exp (— 27)x’)} elec Saco 
salveredal Dutta tue ees as eee meses TT Po (16) 
and wis determined by the equation 

= ee WOT} cae (17) 


A rather troublesome triple numerical integration must thus be carried out for 
each chosen value of the impact energy. 

Several useful asymptotic formulae may readily be derived. It has previously 
been established that in the high energy limit 


(1s)? (3) 89). (209-5) 6 rage ao ee (18) 
O(1s)? (lsd \) (82816 )ra,2 (19) 


© being the impact energy}+ measured in kev (paper II). By the same method 
it follows that 


16za,? 


: er f(x, «){1 — 256/(4 + x)4} 
ts Oe fo avi i Mee Te UN 
Ce o> os aa ores xn*{1 — exp (—27/k)} ae as 
+:O(1s-C; Is=1s) —(92:0/6)ma,? + Ols-Cu1s-1s) ee (20) 


$3. RESULTS 


3.1. Figure 1 shows the derived cross sections Q(1s—C ; 1s—2sp), Q(is—C; 
Is-3spd) and Q(1s—C; 1s—C) as functions of the impact energy & a log-log 
scale being used. In harmony with the trend found earlier, collisions in which 
only one atom is ionized have the larger cross section at low impact energies and 
collisions in which both atoms are ionized have the larger cross sections at high 
impact energies. 


+ The impact energy is the kinetic energy of one of the colliding atoms, the other being 
taken to be at rest. 
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Since Q(1s—3spd; 1s—Is) and Q(1s—3spd; Is—2sp) are known from papers I 
and I] the calculations on Q(1s—3spd; 1s—C) just reported together with bittiilat 
calculations on Q(1s—3spd; 1s—3spd) enable O(1s—3spd; 1s—S) to be determined 
the contribution to the sum of transitions to the discrete states with n >4 bein 
insignificant. The [log (cross section), log (impact energy)| SEES for Re 
collision” processes (1s-3spd; 1s-X) and (1s-3spd; Is-Is) are displayed in 
figure 2 in which are included for comparison the corresponding curves for the 


=05 T 


Is-25p, Is-X 
0 -1-0}- Bs} = 
= Is-2sp, 1s-Is) 
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a 2 ({s-3spd, I-15 
8 19 Sy oyale 
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So 
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= 
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Log [Impact Energy (kev)] Log [Impact Energy (kev)] 
Figure 1. Figure 2. 


Figure 1. Cross sections Q(1s—C; 1s—2sp), O(1s—C; 1s—3spd) and Q(1s-C; 1s—C). 
Figure 2. Cross sections Q(1s—2sp; 1s—L), Q(1s—2sp; 1s—1s), O(1s—3spd; 1s—») 
and Q(1s—3spd; 1s-1s). 


collision processes (1s—2sp; 1s—X) and (1s—2sp; 1s—1s) these last being obtained 
from results presented in paper II. Double-transition collisions are relatively 
slightly less important for the excitation of the third quantum level than they 
are for the excitation of the second quantum level. 

During the course of the basic computation work Q(1s-«; 1s—2sp), 
O(1s-«; 1s-3spd) and Q(1s-«; 1s—C) were naturally obtained. ‘Their sum is a 
close approximation to 


O(1s-x; 1s-’)=2eO(Is-?; 1s-D"). eee (21) 


For fixed & the function Q(1s-x?; 1s—-X’) gives the energy distribution of the 
electrons ejected from the stationary hydrogen atom in double-transition collisions. 
In figure 3 the distribution when G is 1000kevf is compared with the corres- 
ponding distributions for the electrons ejected in single-transition collisions and 
for those ejected in collisions with protons (cf. paper I). As would be expected 
the distribution associated with double-transition collisions lies between the other 


two distributions. 


+ Provided it is high the impact energy has little influence on the distribution. 
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Figure 4 depicts the variations of Q(1s—C; 1s-%) and Q(1s-C; 1s—ls) with 
© onalog-log scale. In carrying out the summation required for the first of these 
cross sections, transitions to the higher discrete states were once again ignored. 
To demonstrate that this causes little error the asymptote to the true curve, 
given by formula (20), is also represented. As was predicted in paper II the 
influence of double-transition collisions in the case of ionization is much less 
than in the case of excitation. Moreover the location of the maximum cross 
section due to such collisions lies much closer, on the log (impact energy) scale, 
to the location of the maximum cross section due to single-transition collisions. 
Because of these factors the ionization curve does not by its form exhibit its 
composite character as clearly as do the excitation curves. 
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Figure 3. Energy distribution of electrons ejected from a stationary hydrogen atom. 
Curves a and 6 respectively refer to single- and double-transition collisions with 
other hydrogen atoms; curve c refers to collisions with protons. In all cases the 
impact energy 1s 1000 kev. ‘The units of « are such that «? is the kinetic energy of 
the ejected electron in rydbergs. 

Figure 4. Cross sections Q(1s—C; 1s—X) and Q(1s—C; 1s—1s). The broken line represents 
the asymptotic behaviour of the former as given by formula (20) of the text. 


Since the process 
H(1s] A)+ H(1s| B) + H*+(| A)+ H-((1s)?| B) 


is certainly very inefficient it is permissible to regard O(1s—C; 1s—X) as equivalent 
to a, the electron loss cross section. Now o,, the electron capture cross section, 
that is the cross section associated with 


H+(|A)+H(1s|B)—+H(alln/|A)+H+(|B), —...... (23) 


has been calculated, the Born approximation} being used as in the present paper 
(Bates and Dalgarno, 1952, 1953, Jackson and Schiff 1953). It is therefore 


possible to evaluate the Born approximation to o,/o, which is a ratio of consider- 
able interest (figure 5). 


t It has recently been asserted that the Born approximation grossly overestimates the 
capture cross section. ‘This is incorrect. Such an overestimation is however caused by 
the erroneous Brinkman—Kramers approximation. 
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Finally the inelastic cross sections Q((1s)?-(X, X’)) and 9((1s)?-(1s, 2’) 
detined in equations (9) and (10) respectively, were computed. ieeariien: £6 
the higher discrete states were as usual neglected.t ‘The results are precentcd in 
the customary way in figure 6, formulae (18) and (19) being used to obtain the 
asymptotes. Clearly the relative importance of double-transition collisions is 
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Figure 5. Ratio of o, the electron loss cross section (for H(1s)+H(1s) collisions) to o, the 
electron capture cross section (for H*++-H(1s) collisions). 


Figure 6. Cross sections 4((1s)?-(X, &’)) and ((1s)?-(1s, &’)). The broken lines represent 
the asymptotic behaviour as given by formulae (18) and (19) of the text. 


here not as great as it is for either excitation or ionization (cf. figures 2 and 4). 
The reason for this is that the contribution from certain of these (including 
(1s-C; 1s—C) which is the most effective double-transition collision at high impact 
energies) has a weighting of only unity in the summation involved whereas the 
contribution from all single-transition collisions has a weighting of two. 


3.2. Unfortunately laboratory studies have not yet been carried out on any 
of the processes we have studed. However, it is reasonable to suppose that a 
hydrogen molecule is approximately equivalent to two hydrogen atoms. 
Consequently at least some comparision data are available from the experiments 
of Bartels (1932), Montague (1951) and Ribe (1951) who have investigated the 
passage of H atoms and H* ions through ordinary gaseous hydrogen and have 
measured a,’, the electron loss cross section, o,’ the electron capture cross section 
and o,’/o,’ the ratio of these cross sections (cf. the review by Allison and Warshaw 


1953). 


The fractional error caused by this neglect, though still small, is naturally larger for 
((1s)?-(Z’)) than for the other cross sections. 
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Jackson and Schiff (1953) have shown that the calculated o, and measured 
co,’ are almost equal for & between 50kev and 150kev (the upper limit of the 
impact energy range covered in the work on capture). The position regarding 
loss is rather different as can be seen from the table, in which the ratio of the 


Electron loss 
Impact energy (kev) 50 100 150 200 250 300 
Calculated o;/Measured oj 1-0 it 333 13 fi ihe} 


calculated o, to the measured o;,' at various values of & is given. Since a hydrogen 
molecule is not exactly equivalent to two hydrogen atoms it cannot, of course, be 
concluded from the entries in this table that the theoretical treatment is inadequate. 
‘lo provide a better test of the theory calculations are in progress on the cross 
section for loss due to collisions with helium atoms. 
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Excitation Functions for the Scattering of Protons and Deuterons 
by Be and Mg 
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Abstract. Absolute differential cross sections are given for the elastic and 
inelastic scattering by Mg of protons with energies between 3-0 and 6-5 Mev and 
of deuterons with energies between 4:0 and 7-8 Mev. ‘These were taken at an 
angle of 70° in the laboratory coordinates. Similar cross sections are given for 
protons scattered elastically and inelastically by beryllium at 90°. The levels 
giving rise to inelastic scattering have O values of —1-37+0-04 Mev and 
—2-43+0-05 Mev for magnesium and beryllium respectively. The marked 
difference of excitation function for protons and deuterons is noted and a dis- 
cussion of possible mechanisms involved 1s given. 


$1. INTRODUCTION 


f HE inelastic scattering of protons is well known and has been investigated 
by several workers. It is generally assumed that the process involves the 
formation of a compound nucleus between the incident proton and the 

target nucleus with the subsequent emission of a proton of reduced energy from 

this compound state. 

The inelastic scattering of deuterons is also well established (Greenlees, 
Kempton and Rhoderick 1949, Greenlees 1951, Holt and Young 1949, and others). 
Such a reaction is difficult to explain if the only mechanism involved in the 
inelastic scattering process requires the formation of a compound nucleus. 

This paper describes experiments performed to measure the excitation 
functions for the inelastic and elastic scattering of both protons and deuterons. 
A comparison of the excitation functions for the (p, p’) and (d, d’) reaction is 
made in an effort to throw light on the mechanisms involved. 


$2. APPARATUS 


The source of particles used was the Cavendish cyclotron giving a maximum 
energy of 8 Mev deuterons and 6:5 Mev protons. 

The extracted beam from the cyclotron passes through a focusing magnet 
and then into a scattering chamber (figure 1). Curved plates, carrying windows 
at intervals of 10°, can be fixed into two recessed slots running from 20° to 90°. 
One such plate is shown in position in figure 1. ‘The chamber is also fitted with 
an absorber wheel to vary the energy of the incident beam. Using this, different 
thicknesses of aluminium foil can be introduced into the path of the incident 
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beam at a position between two sets of collimating stops. In the worst case 
(using the thickest absorbing foils) the angular spread of the incident beam on the 
target is +5°. Proportional counters, of the end window type, together with 
aluminium absorbing foils, are used to detect the scattered particles. 


Inches 


Figure 1. Scattering chamber. A, defining stops; B, foil wheel for incident energy 
variation; C, scattering foil; D, curved plate carrying observation windows. 


§ 3. PROCEDURE 


To determine the energy spectra of the scattered particles the counter was 
biased to give a differential curve so that only those particles having passed through 
the counter near the end of their range were recorded. ‘The counting rate was 
observed as a function of thickness of aluminium foil placed in front of the counter. 
The beam was monitored using a second counter operated at low bias. ‘The 
arrangement was such that the monitor could be calibrated to give absolute 
cross sections and it was found possible to do this quite consistently. However, 
for a large majority of the measurements, a more satisfactory method was used. 
The scattering foil of Mg or Be was backed with a piece of gold foil. Owing to 
the large difference in the atomic mass of gold and Mg, the recoil energy taken by 
the scattering nuclei is different and hence the energy and range of the elastically 
scattered particle varies. ‘The two groups could be resolved with the present 
arrangement except for the experiments with low energy protons (less than 
5 Mev). With low energy protons the calibrated monitor mentioned above was 
used. At the energies used in these experiments gold is assumed to give only 
elastic coulomb scattering. Since the variation of this scattering with energy and 
angle is accurately known, comparison of the two elastic groups and of other 
scattered groups gives an accurate estimate of relative intensities at different 
energies and angles. It also gives a reasonably accurate estimate of the absolute 
cross sections based on the assumption of coulomb scattering for gold. In the 
present experiments the ratio of peak heights of groups was taken as a measure 
of the ratio of the numbers of particles in each group. This procedure assumes 
the resolution to be independent of energy. Corrections to allow for this can be 
shown to be small in the present experiments. 

Owing to the variation of gold scattering cross section with angle, precautions 
were taken to avoid movement of the beam on the target which involves a change 
of scattering angle. ‘To avoid errors due to this effect, the beam was swung to 
and fro across the defining telescope giving uniform illumination of the target 
for all components of the beam. Oscillation of the beam was effected using two 
parallel plates fed with 50 c/s a.c. at 4 kv. 
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Final tests on the consistency of the whole arrangement showed it to be 
satisfactory to within the statistical errors of counting (1° in these tests). 


$4. EXPERIMENTAL RESULTS 
4.1. Deuterons on Me 


The target used in these experiments was a piece of pure Mg foil weighing 
1-94 mg cm *, together with a piece of gold leaf weighing 0-18 mg cm. This 
combination was found to give elastic peaks from Mg and gold of approximately 
the same size in the range of energies used. All results were taken at an angle of 
70° for a range of incident energies between 3-8 and 7:5 Mev. A typical range 
curve obtained in these experiments is given in figure 2. The group marked 
C is due to elastic scattering from gold, the group marked B is due to elastic 
scattering trom Mg and the group marked A is due to inelastic scattering from a 
level in Mg. The O value for this (d,d’) reaction was found to be 


—1-:37+0-04 Mev. Group A was only observable down to incident energies of 
4-65 Mev due to its shorter range. 


40 
Range (mg cm? Al) 
Figure 2. Range curve for the scattering of 7-5 Mev deuterons by Mg and gold. Foil: 
: 1-94 mg cm~? Mg and 0:18 mg cm~ gold. Group A, inelastic scattering from 
Mg by a level of 1:37+0-04 Mey excitation; Group B, elastic scattering from Mg; 
Group C, elastic scattering from gold. 


The incident energy with no absorber in the path of the incident beam was 
determined by a magnetic deflection method. ‘The incident energy for other 
cases was computed from the shift in position of the elastic peaks. 
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Figure 3. Variation of Mg differential Figure 4. Variation of Mg differential cross 
cross section with incident energy section with incident energy for the 
for the inelastic scattering of elastic scattering of deuterons. : Obser- 
deuterons by a level of 1:37 Mev -vations taken at an angle of 70° in the 
excitation. Observations taken at an lakoratory coordinates. 
angle of 70° in the laboratory 
coordinates. 
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The ratios of the Mg to gold peak heights of the curves gives the ratio of Mg 
to gold scattering. ‘These ratios can be used to obtain the absolute differential 
cross sections for inelastic and elastic scattering from Mg by using the Rutherford 
formula and the known weights of the targets. These cross sections are given in 
figures 3 and 4. In these calculations it was assumed that the whole of the Mg 
target gave rise to the observed scattering. For the inelastic scattering only one 
isotope will be responsible and this is almost certainly **Mg. This has an abun- 
dance of 78:6%, so that the inelastic cross sections should be increased 
accordingly. 

These results are for an angle of 70° in the laboratory system. ‘The angle in 
the centre-of-mass system varies slightly with the incident energy but this 
variation is small compared with the angular definition of the apparatus 
(approximately +3°) and can be neglected. 


4.2. Protons on Mg 


A set of range curves similar to those described above was taken using 
protons as the incident particles. Observations were made at an angle of 70° to 
the incident beam. Measurements on the Mg inelastic group extended from 
4-0 to 6-5 Mev incident energy and on the elastic group from 3-0 to 6:5 Mey. 

Figure 5 gives the variation of elastic cross section with incident energy. 
Curve A was obtained using a Mg foil of 6-1 mg cm and curve B using one of 
20) meg cm. 
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Figure 5. Variation of Mg differential Figure 6. Variation of Mg differential 
cross section with incident energy cross section with incident energy 
for the elastic scattering of protons. for the inelastic scattering of 
Observations taken at an angle of protons by a level of 1:37+0-04 
70° in the laboratory coordinates. Mev excitation. Observations 
Curve A, with 6:1 mg cm-? Mg taken at an angle of 70° in the 
foil; Curve B with 2:0 mg cm~? Mg laboratory coordinates with 2-0 
foil. mg cm~? Mg foil. 


Figure 6 gives the variation of inelastic cross section with energy using a 
2-0 mg cm foil of Mg. 

As in the deuteron case it was assumed in the calculations that the whole of 
the Mg target gave rise to the elastic and inelastic scattering, no correction being 
made for isotopic abundance. 

The observations were made at 70° in the laboratory system. The variation 
with energy of the centre-of-mass angle is small compared with the angular 
definition and sufficiently close to the value for deuterons to allow of a comparison. 
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4.3. Protons on Be 


A Be and gold target was prepared by evaporating Be on to gold leaf in vacuo 
and the emitted range spectrum examined under proton bombardment. 'The 
exact weight of Be on the target was uncertain because of oxidation occurring in 
air. Neglecting this the foil used contained 1:85 mgcm of Be and 
0-54 mg cm of gold. 

The range curves obtained in these experiments were similar to those of 
figure 2 but exhibited five groups of particles. Three of these were due to elastic 
scattering from gold, oxygen and Be. ‘The fourth group was due to deuterons 
from the Be (p, d) reaction and the fifth group was attributed to protons inelastic- 
ally scattered from Be. 

For group + the mean O value of ten determinations was 0:54 +0-05 Mev; 
for group 5 the mean O value of fifteen determinations was — 2-43 + 0-05 Mev. 
These values are in good agreement with those of other workers (cf. Ajzenberg 
and Lauritsen 1952). 

As before, these results were used to give the differential cross sections for the 
elastic and inelastic scattering of protons from Be at various incident energies. 
The results are given in figures 7 (a) and 7 (b). These curves will be subject to a 
systematic error because of the uncertain oxygen content of the foil. All these 
results are for scattering at 90° in the laboratory system. 
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Figure 7. Variation of Be differential cross section with incident energy. Observations 
taken at an angle of 90° in the laboratory coordinates. (a) Elastic scattering of 
protons. (6) Inelastic scattering of protons by a level of 2-43 + 0-05 Mev excitation. 


$5. DiIscussIoNn 


Published results on the inelastic scattering of protons are readily interpreted 
as requiring the formation of a compound nucleus (cf. Shoemaker e¢ al. 1954; 
Rhoderick 1950, Gove and Stoddard 1952). The present results on proton 
inelastic scattering (figure 6) show an increasing cross section with increasing 
incident energy which can be readily explained on the basis of barrier penetration 
of the ingoing and outgoing protons assuming only low values for the angular 
momenta of the ingoing and outgoing wave. 

In contrast to this the evidence concerning the inelastic scattering of deuterons 
is difficult to fit into a compound nucleus theory. The angular distribution for 
the inelastic scattering of 8 Mev deuterons by-the 1-37 Mev (2 +) level of **Mg was 
measured by Holt and Young (1949). ‘These results showed a marked forward 
peaking normally associated with high incident deuteron angular momenta. 
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These would not be expected to play any part in the compound nucleus formation 
The present results on the excitation function from the same level (figure 3) 
shows a decreasing cross section with increasing incident energy in contrast to the 
proton case (figure 6). ‘These results are difficult to explain in terms of compound 
nucleus formation. 

Two possible alternative mechanisms have been suggested to explain the 
inelastic scattering of deuterons. In the first the excitation is supposed due to the 
electric (coulomb) interaction of the two charged particles. The second type of 
interaction is analogous to the stripping theory for (d, p) and (d, n) reactions 
with only one of the constituents of the deuteron interacting with the nucleus. 

Excitation by coulomb forces has been investigated by several authors 
(Weisskopf 1938, Mullin and Guth 1951, Huby and Newns 1951 a, Ter- 
Martirosyan 1952, and others). ‘The treatment given by Ter-Martirosyan only 
applies when the incident energy is well below the barrier height and the energy 
transfer is small. ‘These conditions are not fulfilled in the present experiments. 

The transition from the ground state to the 1-37 Mev excited state of Mg is 
known to be electric quadrupole. ‘lhe treatment of Mullin and Guth for electric 
quadrupole transitions is known to be in error (Bohr and Mottelson 1953). As 
published, it predicts cross sections too small by a factor of 10° to explain the 
present results. Modification of the theory seems unlikely to increase the cross 
section sufficiently to predict the measured cross sections. ‘The treatment given 
by Huby and Newns also predicts much smaller cross sections than are observed. 

The second type of interaction suggested to explain the inelastic scattering of 
deuterons is analogous to the stripping theory of (d, p) and (d, n) reactions in 
which only one constituent of the deuteron interacts with the nucleus, raising it to 
an excited state, and recombines with the other constituent on re-emission. ‘The 
first attempt along these lines was made by Guth (1945). A later paper by Huby 
and Newns (1951 b) compared the theory with the angular distribution of Holt 
and Young (1949) and predicted the 1-37 Mev excited state of *4Mg to have a 
spin of 1, 2 or 3 with even parity. ‘This is in agreement with the known pro- 
perties of the state(2+). ‘The excitation function predicted on this model gives a 
reasonable fit with the present results. ‘The expression for the cross section 
contains a Bessel function giving rise to a set of maxima and minima in the 
excitation curve. ‘These maxima and minima can be fitted to the corresponding 
variations in the experimental curve (figure 3). Whilst the theory gives a 
precise value for the cross section difficulty is encountered in assigning values to 
the physical quantities involved in the expression. If reasonable values are given 
to these quantities an estimate of the cross section can be made. Such estimates 
are of the correct order of magnitude to explain the observed cross sections. 
The evidence at present is in favour of a stripping type theory to explain the 
inelastic scattering of deuterons. 

The results on elastic scattering here presented only apply to one angle of 
observation (70° laboratory coordinates). It is nevertheless interesting to com- 
pare the proton and deuteron results (figures 5 and 4). At high energies (above 
5 Mev) the deuteron cross section falls steadily with increasing energy, approxi- 
mately according to a coulomb law, whereas the proton cross section increases 
appreciably. In the proton case this is interpreted as scattering via a compound 
nucleus for incident proton energies above the barrier. The corresponding 
nuclear scattering does not occur appreciably with deuterons. 
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The excitation function for the elastic scattering of protons from *4Mg has 
been measured by Mooring et ai. (1951) using proton energies between 0-5 and 
4-0 Mev. ‘These results were taken at an angle of 164° (laboratory coordinates). 
This excitation function overlaps the present one (figure 5) in the region 3—4 Mey. 
Both sets of results show a broad peak in the cross section in this region and the 
magnitude of cross section observed is the same (110 mbn sterad-'). ‘The sharp 
discontinuities observed by Mooring et a/. would not be noticed in the present 
results because of poorer resolution. 

The beryllium elastic scattering results show appreciably greater cross 
sections than expected on a coulomb law (figure 7) over the whole observed energy 
range. Resonances observed in other work (cf. Ajzenberg and Lauritsen 1952) 
would not be resolved in the present experiment. 
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Abstract. ‘The neutron total cross section of scandium oxide has been measured 
from 0-0015 ev to 5000 ev. A resonance in scandium was observed at 
(3600 + 200) ev, with 1~180 ev, and at lower energies the cross section varied in 
a way which could be explained by the existence of a level with parameters 
E.= — (130+ 30) ev, T,°=(0-84+0-25) ev and FP, =(0-25 + 0-1) ev. 


$1. INTRODUCTION 


with slow neutron energy have yet been reported. However, several 

partial cross section measurements have been made. Seren, Friedlander 
and 'Turkel (1947) measured the activation cross section, and found it to be 
22 barns + 20%. Goldhaber and Muehlhause (1948) observed two activities in 
*6Sc, of 20 second and 85 day half lives, and measured the activation cross section 
of the 20 second activity to be about 10 barns. ‘They also measured cadmium 
ratios for both activities, and found them to be greater than the cadmium ratio 
of a 1/v absorber. ‘They considered that this strong thermal absorption indicated 
the existence of a negative energy level in scandium. Harris, Muehlhause and 
Thomas (1950) measured the scandium cadmium ratio, and found that it 
corresponded to that of a 1/v absorber. Pile neutron cross section measurements 
using pile oscillators have been made by Harris, Muehlhause, Rasmussen, 
Schroeder, and ‘Thomas (1950), Pomerance (1951), and Lockett and Bowell 
(1953). ‘The latter also made a rough measurement of cadmium ratio, which 
showed scandium to be approximately a 1/v absorber. Hibdon (1952) measured 
the scattering cross section for thermal and cadmium filtered neutrons, and also 
the total cross section at certain energies corresponding to scattering resonances 
in his detector. From his results he concluded that there was a negative energy 
level in scandium, and also other levels in the thousand electron volts region. 
Milligan, Vernon, Levy and Peterson (1953) have measured the total and coherent 
scattering Cross section at a neutron wavelength of 1-15. 

When the experiments reported in this paper were started, there were two 
discrepancies in the published data. One was the value of the pile neutron 
absorption cross section; this has now been resolved (Lockett and Bowell 
1953). ‘The other was whether scandium is a 1/v absorber. This question is 
resolved in this work, where the existence of a negative energy level is confirmed. 
Using the level parameters obtained here, it can be shown that a plot of the 
absorption cross section against energy drops slightly below the 1/z curve, but at 
1 ev, it is only about 2%, less. Hence Harris, Muehlhause and Thomas (1950) 
were not so likely to observe this departure as Goldhaber and Muehlhause 
(1948), who used a neutron beam containing more fast neutrons. 


ahs measurements of the variation of the total cross section of scandium 
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§2. EXPERIMENTAL METHODS 
2.1. Spectrometers 


The measurements were made with three spectrometers, using neutron 
beams from the Harwell pile, Bepo. Over the energy range 0)-0015 ev to 0-10 ev, 
the measurements were taken with the slow chopper, previously described by 
Egelstaft (1954). Over the energy range 0-08 ev to 40 ev, the measurements 
were taken with the crystal spectrometer, previously described by Taylor (1952). 
Over the energy range 10 ev to 5000 ev, the measurements were taken with the 
fast chopper, previously described by Egelstaff (1953 a). 


2.2. Samples 


The samples for these measurements were prepared from ‘ specpure’ brand 
scandium oxide powder, supplied by Messrs. Johnson, Matthey and Co. Ltd. 
This powder was the same as that used for the Harwell pile oscillator experiment 
(Lockett and Bowell 1953), on which a chemical analysis had already been made. 
A further analysis for certain rare earth elements by an activation method showed 
that the contribution of impurities to the thermal absorption cross section was 
less than 0-5 barn. Before each sample for the transmission measurements was 
made, the powder to be used was heated in a vacuum furnace for about 10 hours 
at +00°c, to ensure that all water vapour was removed. 

The containers for the samples used on the slow chopper and crystal spectro- 
meter were hollow brass cylinders with a thin-walled Dural end, into which the 
powder was spread uniformly, and then compressed by a close fitting brass 
piston with a thin-walled Dural head. ‘Thus the powder was formed into a 
disc whose dimensions were known accurately. ‘lhe container used for the fast 
chopper sample was a rectangular aluminium tube, filled with powder and plugged 
at both ends. Before the samples were used, they were radiographed, to ensure 
that the powder was uniformly distributed. ‘The three samples had thicknesses 
Pmoxideot 0/9 cor”, 2:23 9 cm“, and 4:90 ¢ em. 


2.3. Counting Schedule 


For each spectrometer setting, whether time of flight or Bragg angle, the 
sample transmission was taken by counting the neutron beam intensity, first with 
the sample inserted in it, and then with the sample replaced by an identical 
empty container. In the cases of the slow and fast choppers, the beam intensity 
was monitored continuously with the same counter that was feeding into the 
timed channels. From the monitor counts, a correction for the difference in the 
mean beam intensity between the sample-in and the sample-out counts was 
obtained, and applied to the transmission. In the case of the slow chopper, 
background readings were taken at approximately every hour during counting; 
with the fast chopper, the background was taken continuously from a timed 
channel arranged to operate before the neutron pulse emerged from the rotor, 
but after all the neutrons from the previous pulse had passed the detector. In 
the case of the crystal spectrometer, the beam intensity was not monitored, but 
the total counts at each setting were split up into a series of short in and out runs, 
and background readings were taken between each run. [rom the transmission 
T the total cross section o, was obtained, from the relation T=exp (—n0;) 
where n is the number of molecules per square centimetre of the sample in the 
direction of the neutron beam. 
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3. Resunys 


The total cross section of scandium oxide has been measured from 0-0015 ev 
to 5000 ev. For the slow chopper points, a sufficient number of counts was taken 
for the statistical errors on the oxide cross sections to be less than 2% in all cases. 
The same limit applies to the crystal spectrometer points up to 5 ev. Above 

5 ev, due to the counts to background ratio becoming less, the statistical errors 
endily increase to 12% on the 39 ev point. For the fast chopper points, the 
statistical errors are about 7%, for the points below 700 ev, and about 10% for the 
points above. ‘The eevee tena points for scandium above 1 ev are plotted 
in figure 1, taking the oxygen cross section to be 3-73 barns (Melkonian 1949). 
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Figure 1. Total cross section of scandium. 


It was thought that, at the low energy end, small-angle scattering (Krueger, 
Meneghetti, Ringo and Winsberg 1950, Weiss 1951) might be affecting the 
observed cross section. ‘This was confirmed by repeating some of the slow 
chopper points with a different distance between sample and counter. When this 
distance was changed from 69 cm to 230 cm the observed cross section increased 
by 19% at 1500usecm™, 10% at 1200ysecm™? and was unchanged at 
770 usecm!. As it was inconvenient to reduce the sample-to-counter distance 
to less than 69 cm with the experimental arrangement used, there may be a 
systematic error in the results at times of flight greater than 1000 psec m~!, which 
makes the observed cross section greater than the true cross section. It is 
unlikely that this error is greater than 10°, in the worst case, evaluated from the 
angle subtended by the counter at the sample, and the previous data on small 
angle scattering. 


$4, ANALYSIS OF RESULTS 


A complete analysis of the total cross section of the sample over the thermal 
range into its component absorption and scattering cross sections, in the manner 
described by Egelstatf (1953 b) is not possible, because the crystal diffraction 
breaks are not at all well marked. ‘This is presumably due to the resolution of the 
spectrometer, and to the relatively large absorption and incoherent scattering 
components of the total cross section. Hence the coherent scattering cross 
section cannot be calculated. However, to show the magnitude of the diffraction 
breaks, the cross section is plotted on a time of flight scale in figure 2, and the cut- 
off positions of some of the more important planes put in, 
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tes Harwell pile oscillator value for the pile neutron absorption cross section 
is (23 + 1 or —3) barns (Lockett and Bowell 1953) related to a boron cross section 
of 710 barns. Although scandium is not a perfect 1/v absorber, at low energies it 
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Figure 2. Total cross section of scandium oxide. At times of flight of more than 
1000 jzsec m~, there may be a negative systematic error of up to 10°%, due to small 
angle scattering. 


approaches this very closely, and at higher energies its absorption becomes 
small, so that it is a good approximation to assume that it obeys a 1/v law. 
A more recent value for the boron cross section at 2200 m sec"! is 783 barns 
(Green, Littler, Lockett, Small, Spurway and Bowell 1954). Using this, and the 
improved chemical analysis of the material, we find for the absorption cross 
section o, = 4-05, E barns + 4°% where FE is the neutron energy in electron volts. 
Figure 3 shows the total scattering cross section, obtained by subtracting the 
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Figure 3. Scattering cross section of scandium. 


absorption cross section from the measured total cross section, plotted on a time 
of flight scale. It is substantially constant down to about 30sec m™, at 
23-6 barns + 5%, which represents the free atom total scattering cross section. 
Multiplication by {(4+1)/A}* to obtain the bound atom cross section gives 
(24:7+1-2) barns. The coherent scattering cross section of scandium has been 
measured by Milligan, Vernon, Levy and Peterson (1953), to be (17:5 + 1-5) 
barns (positive amplitude), hence the incoherent scattering cross section is 
(eZ 9) barns: 

Scandium is a mono-isotopic element whose nuclear spin is 7/2 (Mattauch 
1949), hence the scattering lengths of each compound nuclear spin state can be 
calculated from the total and coherent scattering cross sections o, and oy), 
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using the usual relations (Hughes 1953). We find for the two scattering lengths, 
a, and a_, the values a,= +(0-52 + 0-18) x 10-% cm and a_= +(2-04+0-05) 
x 10-2 em or a, = +(1-85 + 0-06) x 10-” cmand a_ = +(0-32 + 0-28) x 10°” cm. 
These may be compared to the nuclear radius of scandium, 0:53 x 10~™ cm. 
Thus, for one spin state of the compound nucleus, the scattering length is signi- 
ficantly different from the nuclear radius, and for the other state it is not. From 
this it can be argued that, at thermal energy, the scattering cross section due to one 
state is strongly affected by a nearby resonance, while the scattering cross section 
for the other state is not. 

It will be assumed that no interference exists between levels, and hence we may 
use the one-level Breit-Wigner relation for resonance scattering. From this 
relation, for thermal neutrons, if we make the approximations that # and I’ are 
small compared with E,, we have a, or a.=R—T),/2kE,, where k is the neutron 
wave number, E the neutron energy, £, the resonance energy, R the nuclear 
radius and I’, and I’ the scattering and total widths respectively. Let us use for 
a_ the value +2:04x10-2% cm. Then I',/2RE,=—1-50x10-! cm and hence 
E, is negative. Assuming that the resonance is entirely scattering (i.e., [,=T), 
let us put this value into the Breit-Wigner relation, together with the measured 
scattering cross section at some energy other than thermal (say 100 ev). ‘Then 
we obtain for EF, a value of —(141+ 20) ev, which in turn gives a vaiue for [,° 
of (0-94 + 0-17) ev, where [’,° is the scattering width at lev. Alternatively, if we 
use for a, the value + 1-85 x 10° cm in the same way, we obtain values for the 
resonance parameters of —(127 + 25) ev for E,, and (0-744 0-18) ev for T°.» As 
there is no way of knowing from this information which spin state is producing 
the level, all we can say is that the parameters are E,= —(130+ 30) ev, and 
,°=(0-84+4 0-25) ev. Using these values and the thermal absorption cross 
section in the Breit-Wigner resonance absorption relation gives a value for the 
absorption width I’, of (0:25+0-1) ev, which confirms the assumption that 
[,2T. <A Breit-Wigner resonance scattering curve between 1 ev and 500 ev is 
drawn as a full line in figure 1, using the parameters E,= —137 ev, and 
I,°=0-83 ev, as these were found to give the most satisfactory fit with the 
experimental points. ‘The broken line in figure 1 is drawn through the experi- 
mental points. 

At (3600 + 200) ev (the limits are due to uncertainties in the inherent delays 
in the timing system), another resonance is observed, and from the apparent 
asymmetry of this resonance, there is some indication of the existence of a third 
resonance at a few thousand electron volts higher energy. For the conditions 
under which the spectrometer was operating at the time of this measurement, the 
full width at half height of the resolution function at 3600 ev was about 600 ev, 
and therefore a resonance at this energy is poorly resolved. From a measurement 
of the area in the dip in the transmission curve at this energy, a value for opl2 of 
(3-4 + 1-6) x 10% barn (ev)? is obtained in the manner described by Melkonian, 
Havens and Rainwater (1953), where op is the true peak cross section of the 
resonance. If this resonance is assumed to be entirely scattering, its peak 
cross section is given by the Breit-Wigner relation to be 370 barns, and this is the 
maximum possible value for a). With the above value of oI, this implies a 
minimum value for I’ of (300+ 140) ev. It is very unlikely that the absorption 
width could contribute significantly to a total width of this magnitude, since 
absorption widths of that size are not known. Hence the assumption that 
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the resonance is entirely scattering is reasonable. However, the peak cross section 
and width which this implies does not correspond with the known resolution 
width of the instrument and the observed peak cross section, which is only 31 
barns. ‘These favour the lower limit of [. Hence we may say that I is about 
180 ev. The value of o,f? is necessarily very approximate, because of the 
difficulty in judging the area, due to the apparent asymmetry of the resonance. 
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Abstract. A nuclear emulsion method has been used to obtain the absolute 
intensity of the conversion electron spectrum following the radioactive decay of 
AcX. The results have been used in conjunction with the other available know- 
ledge about the decay to show that in the level scheme of An there are three strong 
transitions having energies of 144, 154 and 268 kev and probably a fourth of 
122 kev, all of which are either pure M1 or M1 with only a small admixture 
of E2. All four of these transitions probably go directly to the ground state of An. 
Estimates of the absolute intensities of these transitions and of several other less 
strong transitions have been made, and it is shown that the absolute intensity of 
K x-ray fluorescence is at least 0-3 and probably 0-5 quanta per disintegration. 


§ 1. INTRODUCTION 


HE investigation of the radiations emitted in the disintegration of the 
X-body of the actinium series, 
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is rendered difficult by the short half-lives characteristic of the whole series. 
A further complication is the extreme richness of the internal conversion spectra 
of RdAc, AcX and An. ‘These have been studied in magnetic deflection spectro- 
meters by Hahn and Meitner (1925), Surugue (1937) and Ouang and Surugue 
(1944), and the first results of a new examination of the conversion spectrum of 
RdAc have been given by Frilley, Rosenblum, Valadares and Bouissiéres (1954). 
The conversion electrons of the An decay were examined in a cloud chamber 
by Bennett(1938). ‘The result of this work is that with a few significant exceptions 
the attribution of the conversion lines to their element of origin is fairly certain. 
‘The relative intensities of the conversion lines have been obtained by visual esti- 
mation (Hahn and Meitner 1925) and by microphotometry (Surugue 1937). 
Using a rotating crystal spectrograph, Frilley (1940) has studied the y-rays emitted 
by RdAc and by AcX, derivatives. The «-spectrum of AcX has been obtained 
from RdAc and AcX sources by Curie, Rosenblum and co-workers (193251953 

1936, 1937, 1952) and from an AcX source by Asaro and Perlman (1952). The 
latter authors found this spectrum difficult to measure because of the presence 


of a random background of tracks arising from the liberation of An by their 
source. 
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Consideration of this body of data reveals a number of anomalies concerning 
the decay of AcX. It appears that some transitions attributed to this decay and 
found to be strong both in emission and conversion cannot be fitted into the level 
scheme for An deduced from the fine structure of the «-particles of AcX. More- 
over, the intensity of the accompanying K-fluorescence, which is ten times as 
great as that of any other element in the chain (Frilley 1940), is anomalously high. 
These observations suggest that, in the decay of AcX, «emission leading directly 
to the ground state of Anis feeble or non-existent and that y- or electron-conversion 
transitions to the ground state occur in about 100%, of all disintegrations. The 
object of the present work has been to elucidate this situation which is suitable 
for study by nuclear emulsion methods. 


§ 2. EXPERIMENTAL METHOD 


Advantage is taken of a diffusion effect occurring in nuclear emulsions (Demers 
1947, Eichholz and Flack 1951) which makes it possible to separate the track 
produced by the z-particle of AcX from the tracks produced by the a- and {- 
particles of subsequent products. The emulsion is impregnated with a 
neutralized solution of the citrate of AcX , barium carrier, and is then dried and 
stored under controlled relative humidity for four days before processing. The 
immediate product of the AcX decay, An, is a rare gas which does not make 
a chemical bond with the gelatine and so diffuses away from the seat of the AcX 
decay. The products of subsequent disintegrations are normally chemically 
active and remain fixed in the gelatine, giving rise to the familiar ‘radioactive star’. 
The higher the relative humidity during storage, the greater the diffusion, but high 
relative humidity introduces uncertainties regarding the stopping power and 
shrinkage factor of the emulsion. In order to ensure reliability of range measure- 
ments, the relative humidity normally used for nuclear emulsion work in this 
laboratory, namely 44°, was employed. ‘The diffusion was then small. 

A photograph of a typical good separation in Ilford G5 emulsion, 200 in 
thickness, is shown in figure 1 (Plate). The single «-track formed by the decay 
of AcX is here accompanied by two conversion electron tracks. ‘The star includes 
two long electron tracks produced by the f-disintegration of AcB and AcC’. 
The smallness of the separations obtained at 44°, relative humidity made the 
events rather difficult to study, and it was therefore necessary to adopt a rigid 
criterion for the acceptance of an event, namely that the An nucleus had diffused 
outside a cylinder of unlimited length, having a radius of 1 micron and the AcX 
u-track as axis. By ensuring that the track of the AcX «-particle did not lie in 
line with the star centre, this criterion eliminated spurious separations arising 
from the occurrence of a gap in the track near its origin. It also prevented bias 
in favour of events with larger An recoil energies. ‘The remaining difficulties 
of interpretation were greatest when the track of a conversion electron associated 
with the «-particle of AcX became entangled with tracks belonging to the star. 

Approximately 10 000 events were inspected. Of these, 809 satisfied the 
criterion of acceptance. If an electron track was certainly associated with the 
AcX a-track, it was recorded as a ‘certain’ electron. The number of grains 
forming its track was noted and the three-dimensional range of the track was 
measured. In a few cases the electron track passed out of the emulsion or was 
otherwise not sufficiently well defined to give a definite grain count or range 
measurement. If an electron track had a possible but not certain association 
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with the AcX a-track, it was recorded as a ‘ doubtful’ electron. ‘The number of 
grains in such tracks was noted but range measurements were not made. The 
three-dimensional range of the separated «-track was measured to check its attri- 
bution to the AcX decay. Out of the 809 events, 367 show ‘certain’ electrons, 
172 may or may not have electrons and 270 are certainly unaccompanied by 
electrons. 

According to Zajac and Ross (1949), the standard deviation of either the grain 
counts or the ranges of the tracks of electrons of a monoenergetic group in nuclear 
emulsion is of the order of 20°, of the mean grain count or mean range. When 
dealing with an extensive spectrum it is therefore convenient to display the 
spectrum as a function of the logarithm of grain count or range. ‘This procedure 
gives all lines an approximately equal width; its effect on the line shape is 
unimportant. 

A histogram of the 343 measured values of the range R of ‘certain’ electrons 
is shown in figure 2 as a function of log R, the interval of log R being 3 log (25/24). 
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Figure 2. Range histogram of ‘ certain’ electrons. 


‘The accompanying smooth curve was calculated by Spencer’s 21-term formula, 
the data being grouped in intervals of log (25/24). A logarithmic treatment of 
grain counts is less elegant since the grain count is not continuously variable. 
For comparison, however, the grain count histogram for the 354 ‘certain’ 
electrons having definite grain counts is shown in figure 3. The logarithmic 
intervals are the same as those in figure 2. It is evident that the spectra shown in 
figures 2 and 3 are substantially the same, and that the grain counts give slightly 
higher resolution than the range measurements. 
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Figure 3. Grain number histogram of ‘ certain’ electrons. 
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The group of ‘certain’ electrons, for each of which both grain count and range 
were available, was used to plota dot diagram with log R as abscissa and log of 
grain count as ordinate. From this diagram the regression of log of grain count 
on log R was obtained. The relationship between mean range and energy was 
taken from Zajac and Ross (1949). 

Of the electrons recorded as ‘ doubtful’, 195 had a definite grain count. ‘The 
histogram for this group, shown in figure 4, is clearly consistent with the assumption 
that these electrons have the same energy spectrum as the ‘certain’ electrons, 
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Figure +. Grain number histogram of ‘ doubtful’ electrons. 


although in figure 4 there is a relatively much lower intensity of tracks having 
grain counts between 12 and 58 than in the spectrum of ‘certain’ electrons. 
This is, however, to be expected, since electrons with such grain counts are less 
subject to difficulties of interpretation than those having either larger or smaller 
grain count. It is considered that while some ‘doubtful’ electrons may not be 
genuine, most of them do, in fact, belong to the spectrum of AcX. 

The spectrum shown in figures 2-4 resolves itself into four main regions. 
Definite limits for these regions were obtained from the dot diagram, and the total 
number of electrons in each region was counted for both ‘certain’ and ‘ doubtful’ 
electrons. Results are shown in table 1. Electrons having neither definite 
range nor definite grain count are entered as ‘ unallocated’. 


Table 1. ‘The Number of Electrons in 809 Events 


Group No. I II II] IV Unallocated 

Approx. energy limits 

(kev) <20 20-27 27-92 >92 
Range limits (2) a3 3- 6 6-42 >42 
Grain count limits eas 5-11 12-58 >58 
No. of ‘ certain’ 

electrons 21 38 212 109 10 
No. of ‘ doubtful ’ 

electrons 56 47 66 79 12 


The electrons which fall in group I include the L-Auger electrons, a small 
proportion of which can normally be seen in such nuclear emulsion events. In 
seeking evidence of cascade de-excitation from electron-electron coincidences 
we therefore exclude all cases in which one of the electrons belongs to group I. 
We are then left with 12 events having two ‘certain’ electrons, 18 events having 
one certain and one ‘doubtful’ electron, and some 30 events having two 
‘doubtful’ electrons. A discussion of the details of cascade events will be given 


in the next section. 
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§ 3. DiscussION OF THE DECAY SCHEME OF AcX 
The evidence available for the discussion of the decay scheme of AcX includes 


(i) The energies and intensities of the lines in the a-particle spectrum of 
AcX shown in table 2. 


Table 2. Energy Levels of An from the «-particle fine Structure of AcX assuming 
for the 53°, Group an Absolute Energy of 5-704 Mev 


Rosenblum ef al. (1952) Asaro and Perlman (1952) 
a-particle Intensity ee a-particle HOSES con 

lines We ko) lines We (a) 
One weak —132 
Qe 9 0) Xo 11 0 
One 53 YT) Chi 56) SZ 
Chey 24 137 O49 25 147 
Xoo 9 206 Oox19 9 214 
X243 zy 248 
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(ii) The energies of the y-rays from AcX and derivatives obtained by Frilley 
(1940) with attributions due to Surugue (1937), namely 144, 155, 180, 270 and 
340 kev attributed to AcX, 123 kev attributed to An and 44, 52, 62 and 90-5 kev, 
unattributed. The relative intensities of some of these y-rays are listed in table 4. 

(iii) The energies and relative intensities of the lines in the magnetic spectrum 
of conversion electrons. ‘The data are shown in table 3. Columns (2) and (3) 
of this table give the results of Hahn and Meitner (1925), columns (5) and (6) are 
taken from Surugue (1937). All lines attributed in whole or in part to AcX by 
Surugue are entered and in addition some to which he gave a different attribution. 
Column (8) gives Surugue’s attribution and column (9) the interpretation of 
those lines which are attributed to AcX in the present paper. Some of these 
interpretations are discussed below. ‘The factor given by Arnoult (1939) for 
converting photographic blackening to electron intensity is used to give the 
corrected intensities in columns (4) and (7). 

(iv) The absolute intensities of conversion electrons in the four regions shown 
in table 1. The ‘certain’ and the ‘ certain’+ ‘doubtful’ intensities give the 
minimum and approximate maximum values for each band. These limits, 
expressed as a percentage of the total number of acceptable events, are entered in 
column (10) of table 3. The counted number of electrons in each group is of 
course subject to statistical fluctuation. Reference to table 1 will show that 
statistical errors of 16%, 7% and 10°% are applicable to groups II, III and IV 
respectively. ‘hese errors are small compared with the variation introduced 
by the ‘ doubtful’ electrons. 

By distributing each absolute band intensity in proportion to the relative 
intensities of the lines in the band as observed by Hahn and Meitner and by 
Surugue, two different estimates are obtained of minimum and approximate 
maximum absolute intensities of all the conversion lines. These calculations 
provide the data shown in columns (3) and (4) of table 4. 

The 144 kev transition. Hahn and Meitner (1925) and Surugue (1937) 
agree that the conversion line at 45-6 kev arises partly from RdAc decay and 
partly from AcX decay. The work of Frilley et al. (1954) shows in agreement with 
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Vable 3. Magnetic Spectrum of Conversion Electrons of AcX Decay 
102). 1-H, 6) (6) (7) (8) (9) (10) 
: 8-02 0-3 3:5 RdAc, AcX L Auger 
2 P10 BOOT 1.1076 AcX Anco 
3 igs 1 76 AcX = ed 
4 — — = 21:70 <005 <0-25 AcX ae 2/8 
0: /O 
6 45-4 80 121 45-64 60 91 RdAc, AcX 144K 
7 48-3 10 3 — oa = a > 
8 55-9 100 100 55-70) 100 100 RdAc, AcX 154 Kk 
9 59-20 0-07 0-06 RdAc, AcX — 
10 59°5 40 BS) 60°33 4°55 3°9 RdAc ? 
11 62-89 0-3 0-24 AcX Kk Auger 2672 
Oe 64-07 0-08 0-06 RdAc, AcX IX Auger to 
3 66-0 15 ike! 65:92 OFZ 0-15 RdAc, AcX K Auger 34:4°, 
14 76:30 = 0-05 0-03 AcX K Auger 
ey 78°49 Ay  —=OX0S} a K Auger 
16 79-2 10 6 81-04 0-4 ():22 RdAc, AcX 179 K 
187 82-3 10 6 84-54 0:2 0-11 RdAc, AcX 182 K 
18 98-32 1-5 0:78 AcX ? 
19 104-2 10 > 10388 2 1-05 An 122 Ly 
20 104°3 =0-05" 70:03 An 122 Ly; 
21 13 10 6 — — — — PANG TS 
D2 5-9 50 31 129-9 6 3°8 RdAc 144 Ly 
23 - 130-9 sg 0-45 RdAc 144 Liy 
24 133-7 0-1 0-06 AcX (44 
2 S55 50 33, 184°3 8 5-4 AcX 154 0; 
26 136-0 1 0-7 AcX 154 Ly, 
27 138:5 25 i IA 1132) | 0-07 0-05 AcX — 
28 146°5 0-05 0-04 AcX 2 
29 48-2 15 11 149-2 0-7 0:5 RdAc, AcX 154 Mi SES 
S0m Mote? tS) eS lies 0-6 0-44 a 154 N to 
Sit 161°8 0-05 0-036 AcX LAS IT DS n 
Soe eto LOU) 77 ~=169°8 20 Usy25 RdAc, AcX 268 K 
SS Mieicts: 7S 20 a — = = ? 
34 179°8 LS 12 AS 15 0-8 0-6 AcX, An An 
35 213-4 AN (HAD) AcX ? 
36 222-8 30 P52 235-6 y, 1-7 AcX SPD AK 
SiS O74 30 26 238-2 0-05 0-05 — Sisis) Lee 
S52 025 30 26 249-0 BS 22 RdAc, AcX, An 268 L 
39 261-4 0-4 0-36 RdAc, AcX ? 
40 304-1 Q-1 0-1 AcX S22) IL, 
41 329-6 <—()-05 <<0-05 AcX ? 
42 346 0-05 0-05 AcX 444 Ic 
active dep, 
45 426 ea) () See OO) 5 AcX 444 L 


(1) Line number, (2), (3), (4) energy (kev), relative blackening and corrected relative 
intensity in the AcX spectrum of Hahn and Meitner, (5), (6), (7) energy (kev), relative 
blackening and corrected relative intensity in Surugue’s spectrum, (8) Surugue’s attribution, 
(9) present interpretation (AcX lines), (10) total intensity per 100 disintegrations in the group 


of lines. 


Lines 3, 5, 6, 8, 19, 20, 22, 23, 24. See discussion below. 
Line 10. From Frilley et al. (1954) we deduce that 4:0 of the intensity 4:5 (Surugue) 


comes from AcX : corrected rel. intensity is 3:5." 
From Hahn and Meitner we deduce that 2:0 of the intensity 2:5 (Surugue) 


comes from AcX : corrected rel. intensity is 1°8. 


Line 38. 
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‘Table 4. Intensities of Transitions in the An Nucleus Following AcX Decay 


(1) (2) (3) (4) ()~ ©) Ot (8) 
5s 122 1 4-7 -10°5 4-7 -10°5 
19° 122.1, 0-2 — 0-4 0-43— 0-74 ye 13 4 5-5-12-5 
20. 122-Ly; 0-02 
6 144K 10-9 -14-2 10-9 -14:3 
22 144 L, 1-4 - 2-4 1:5 — 2-7 7 5 6 14:3-19-9 
23. «144 Ly 0-18— 0-32 
8 154K 9-0 -11-8 14-7 -19-3 
25 1541, 1:5 — 26 2:2 - 3-8 5 5 12 13-8-28-6 
26. 15414; 0-29— 0-49 
Oe, 154 Ly 0-02— 0-03 
29. 154M 0:55 —- 0-9 0-20— 0:35 
30 154N 0-18— 0-31 
16 179K 0:5 — 0-7 0-03— 0-04 
31) 81790 0-01— 0-03 1 
[7 el S21 0:5 - 0-7 
oye eas 0-3 — 0:5 
32 268K 3-5 - 60 6-3 -10-9 g 9 20 83-23-77 
38 = 268 L 1:2 - 2-0 0:73- 1-27 
36. «322K 1:1 - 1-9 0-7 — 1:2 
40 322 L 0-04— 0-07 
37a oe ors 1:2 — 2-0 0-02— 0-03 15 
42 444K 0-02— 0-03 
43. 444 L 0-03 


(1) line number, (2) transition energy (kev) and shell of conversion, (3) and (4) intensity 
per 100 disintegrations according to Hahn and Meitner, and Surugue, respectively, (5) 
K/L ratio from column (3), (6) K/L ratio from column (4), (7) approximate relative intensity 
of y-radiation, (8) calculated total intensity of the transition per 100 disintegrations. 

+ Approximate values kindly provided by M. Frilley. 


Hahn and Meitner that in the electron spectrum of pure RdAc the lines at 43 and 
46 kev have an intensity ratio of 9: 10. Surugue’s spectrum of RdAc in equili- 
brium with its products shows an intensity ratio for these lines of 10 : 60. We 
conclude that for the line at 46 kev, 49 out of the 60 parts on Surugue’s intensity 
scale come from AcX ora derivative. Meitner’s (1925) assignment of the stronger 
part of this line to K-conversion of a y-ray of 144 kev in the AcX decay is supported 
by the observation of a y-ray of this energy (Frilley 1940) and by Hahn and 
Meitner’s observation of relatively strong lines at energies appropriate for L; and 
M, conversion (Meitner’s assignments). The energy tabulated by Surugue for 
the L, line appears to be about 4 kev too high. 

The 122, 154 and 268 keV transitions. Both Hahn and Meitner and Surugue 
find a moderately strong line at 23-7 kev. Hahn and Meitner attribute it to AcX 
decay, Surugue attributes it to RdAc.  Frilley et al. (1954) say it is not a RdAc 
line. Our spectrum shows an appreciable intensity in the band 20-27 kev and 
supports the attribution of the 23-7 kev line to AcX. In figure 1 the shorter elec- 
tron track associated with the separated «-particle track belongs to the line. We 
propose to assign this line to K-conversion of a transition of 122 kev. In support 
of this assignment Frilley (1940) finds a y-ray of 123 kev from AcX and derivatives. 
Further, there is a line in Hahn and Meitner’s AcX spectrum at 104-2 kev and two 
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lines in Surugue’s spectrum at 103-8 and 104-3 kev. Surugue’s attribution of 
these lines to An is not confirmed by Bennett (1938). We assign the lines at 
104 kev to L-conversion of the transition of 122 kev. However, we must emphasize 
that further work is required to substantiate the existence of this proposed 
transition. ‘There is a further difficulty in the low-energy region, the occurrence 
of a very strong line in the spectrum of Surugue at 17-75 kev attributed to AcX. 
‘There is no visible counterpart in the apparently amply sensitive recordings of 
Hahn and Meitner and we therefore disregard this line. Inconsistencies do not 
arise in connection with the transitions of 154 and 268 kev. ‘These are found to 
be strong both in emission and conversion and their attribution to AcX appears 
to be quite certain. 

Level scheme of Asaro and Perlman. ‘Vurning now to the level scheme of An 
given by the «-particle spectrum of AcX (table 2, data of Asaro and Perlman 1952) 
it appears that none of the transitions 122, 154 and 268 kev corresponds to an energy 
difference between levels excited by x-emission. It is also clear that the 268 kev 
transition, having a conversion intensity of at least 4-7°%, cannot on intensity 
grounds be fitted into this scheme unless a level is introduced below the lowest 
level found by Asaro and Perlman. If, however, it is assumed that the ground 
state of An lies 122 kev below the lowest level found by Asaro and Perlman, it 
becomes possible to accommodate not only the 154 and 268 kev transitions, but 
also the much weaker transitions of 335 and 444 kev for which there is evidence 
in table 3, all these transitions then going to the assumed ground state (see 
figure 5(a)). It may be noted that Rosenblum e¢ al. (1952) found evidence of a 
weak «-line which he attributed to AcX and which lies within 10 kev of the 
energy proposed here for the ground state. 


Figure 5. Proposed level scheme of An based on the data of Asaro and Perlman (1952). 


It will now be shown that, assuming this decay scheme and using the intensities 
in table 4, the transitions of 122, 144, 154 and 268 kev are either pure M1 or 
predominantly M1 with a small admixture of E2. The K/L Tatios shown in 
table 4 are too large for predominant E2 or higher electric polarities. From the 
approximate constancy (within a factor of 5) of the ratio of K-conversion intensity 
to y-ray relative intensity, it follows that if one of these transitions 1s El all must be 
El. The resulting total intensities of the 144, 154 and 268 kev transitions would 
in this case be too large to be accommodated otherwise than in series 1n a cascade 
descending from a level not higher than the 154 kev level. Such a cascade would 
imply a total disintegration energy not less than 6:38 Mev or at least 0:3 Mev 
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greater than that required by Feather (1953). E1 transitions are therefore ex- 
cluded. The K/L ratios are too large for high magnetic polarities and suggest 
M1 but do not in all cases exclude M2. M2 can be ruled out however by the ratios 
of conversion in the (L,+L,,;) and Lj,; shells using Surugue’s data. 

In column (8) of table 4 the total intensity is entered for the four strong 
transitions, assuming these to be pure M1. The intensity is found by calculating 
the y-radiation intensity from the observed K-conversion intensity using the 
internal conversion coefficients of Rose ef al. (1951 and private communication) 
and adding to the total observed conversion intensity. The values should be 
slightly raised above those shown in the table to take account of weak conversion 
lines. Still higher intensities would result if a small admixture of E2 were 
assumed. ‘The following argument is however independent of such minor 
intensity changes. 

The main problem presented by the modified Asaro and Perlman scheme 
concerns the total intensity of transitions exciting and de-exciting the first (122 kev) 
level. This is directly fed (11%) by «emission and appears to be fed also 
by the strong 144 kevtransition. It is clear, however, that the maximum intensity 
allowed by our measurements is only sufficient to de-excite a small feed to the level 
in addition to its primary excitation. There is as yet no definite evidence of 
electron or y-ray lines which could form a cascade in parallel with the 122 kev 
transition. But even if such a cascade exists a difficulty remains, for the 154 kev 
transition to ground does not seem strong enough to carry all de-excitation of the 
second level even if some admixture of E2 polarity is taken into account. If, 
however, the 144 and 154 kev transitions both pass to ground, both difficulties 
are overcome. It is of course necessary to postulate a level splitting of 10 kev 
either at the second level or at the assumed ground level. ‘The 268 kev transition 
is now the only strong transition de-exciting the third level and its intensity is 
sufficient for this provided this level is not fed from higher levels to any great 
extent. 

The maximum intensities of the 335 and 322 kev transitions in K-conversion 
are respectively about 2-0 and 1-9°% and there are also K-conversion intensities of 
not greater than 0-7, 0-7 and 0-5%% in the transitions 179, 182 and 211 kev respec- 
tively, and a small intensity of 444 kev conversion. ‘These intensities appear 
adequate for the de-excitation of the 335 and 444 kev levels and should not disturb 
the intensity balance already discussed for the lower levels. 

However, the distribution of intensities as between the 335 and 444 kev 
levels does not seem satisfactory if, as in figure 5 (a), the 444, 322 and 182 kev 
transitions all de-excite the highest level. It may be necessary to postulate a 
splitting of the 335 kev level and the de-excitation of the resulting doublet by 
all four of the transitions 335, 322, 182 and 179 kev with 322=144+179 and 
335 = 154+ 182 (figure 5 (5)). 

Level scheme of Rosenblum et al. The level scheme of Rosenblum is in its 
principal features consistent with the level scheme of Asaro and Perlman, the main 
difference between the two schemes being the finding by Rosenblum of a level of 
2% excitation at about 380 kev above the ground level. his introduces the 
possibility of transitions between neighbouring levels into which y-rays of 44 
and 62 key energy might be fitted. The existence of a 322 kev level as shown in 
figure 5 (b) permits of a transition between this level and the 268 kev level of about 
the same energy as the 52 kev y-ray. However, the absolute intensity of such 
transitions would be low and they should tend to occur in cascades. 
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_ Cascade evidence. ‘The discussion of the cascade evidence is confined to the 
30 cases of electron-electron coincidence in which at least one of the electrons is 
F certain ’. ‘There are seven or eight examples in the cascades of the occurrence 
of conversion electrons having 14-18 grains, or an energy of about 35 kev. This 
electron line is also suggested by small bulges in the smooth curves of figures 2 
and3. Some confirmation of the existence of sucha line is also found in Surugue’s 
spectrum, for there is a line in his spectrum (not shown in table 3) at 33-92 kev 
which appears too strong to be entirely accounted for as L,,; conversion of the 
50 kev transition following the decay of RdAc (Frilley et al. 1954). The line may 
be assigned either to L-conversion of a transition of 52 kev, for which there is 
y-ray evidence (Frilley 1940), or to K-conversion of a transition of 132 kev, in 
which case the y-ray would coincide with the second-order spectrum of 268 kev. 

The detailed information provided by the electron-electron coincidences 
includes the following events : 

(a) Conversion of 268 key with an electron of ~35 kev: 2 cases. 

(6) Conversion of ~144 (or ~62) kev with an electron of ~35 kev: 4 cases. 

(c) Conversion of ~144 (or ~62) kev with conversion of 122 kev: 5 cases. 

(d) Conversion of 154 or 144 (or 62) kev with conversion of 179 or 182 kev: 

5 to 7 cases. 
(e) There are 5 or 6 events which could be K-conversions followed by K-Auger 
electrons 

‘The events (a) indicate that the ~35 kev conversion electron arises in a level higher 
than the 268 kev level. (c) suggests the existence of a weak transition of 148 kev 
between the 268 and 122 kev levels. (6) is most easily interpreted as a cascade of 
~62+44 kev between the 444 and 335 kev levels. ‘The occurrence of (d) is 
implied by the decay scheme. It is clear, however, that more evidence is required 
on the details of the disintegration of AcX, and that in particular a high resolution 
coincidence experiment must be undertaken. 

Intensity of K-fluorescence. It is of interest to assess the total intensity of 
K x-radiation excited by the decay of AcX. From table 3 it appears that the total 
intensity of K-shell ionization lies between 30 and 56 ionizations per 100 dis- 
integrations. Since the decay scheme requires almost all the doubtful electrons 
to be included in order to obtain sufficient intensity in the transitions, the probable 
intensity is certainly nearer 56 than 30 ionizations. ‘The number of K-Auger 
electrons seen in the electron—electron coincidence events is 5 to 6, considering 
only those coincidences in which one at least of the two electrons is ‘certain’, 
The total number of K-Auger electrons may be nearer to 10 out of the 809 
acceptable events. ‘This indicates a fluorescence yield of about 98+ 1% and a 
K-fluorescence intensity of between 30 and 55 quanta per 100 disintegrations. 
This is certainly an abnormally high intensity and is entirely consistent with 
Frilley’s (1940) statement that the K-fluorescence of element 86 is ten times that 
of any other element in the chain. If our intensities are accurate it follows that 
the other elements of the chain show intensities of K-fluorescence of the order of 


5 quanta per 100 disintegrations. 
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Abstract. ‘Vhe reflectivity of an ideal metal is calculated for infra-red light by a 
qguantum-mechanical method. It is assumed that the conduction electrons in 
the metal absorb light by a photoelectric process which takes place near the 
surface, that these electrons behave as if they are free and that the light within 
the metal decays according to the formula given by the classical skin effect. 
‘Two types of wave functions are assumed for the electrons, corresponding to 
the assumptions of specular and diffuse reflection of the electrons at the surface 
of the metal. The absorptivity (1—R, where R is the reflectivity) in the case 
of specular electron reflection is found to be A,=(Ne?/27mv?)v,?/c?; for diffuse 
reflection, 4}, = #v)/c. ‘These results are the same as those obtained by Holstein 
and by Dingle using different methods which are essentially classical. Since 
A), gives the better agreement with experiment, it is concluded that the ‘ diffuse 
reflection > wave functions are a better approximation to the exact electronic 
wave functions than the ‘ specular reflection ’ wave functions which have been 
used in previous work on the photoelectric effect and reflectivity. 


§ 1. INTRODUCTION 


N the theories which do not consider explicitly the reflection of electrons at 
the surface, the reflectivity of a metal is found to tend to unity as the con- 
ductivity increases (cf. Mott and Jones 1936). Recent experiments have 

shown that the reflectivity of metallic surfaces, however prepared, is lower than 
that predicted by these theories and that it tends to a limit which is less than 
unity as the temperature is lowered (Ramanathan 1952, Schultz 1954). The 
theory derived by Dingle (1953) which is an extension of the theory of the 
anomalous skin effect (Reuter and Sondheimer 1948, Sondheimer 1952) gives 
results which are in much better agreement with experiment. For the limiting 
case of infinite electron free paths and infra-red light, Holstein (1952) found the 
same results by a much simpler physical argument. Both authors found that 
the reflectivity depends very markedly on the behaviour of the electrons at the 
surface of the metal. The close agreement with experiment was found using the 
assumption of diffuse electron reflection at the surface rather than specular 
reflection. 

In the calculations based on the theory of the anomalous skin effect, the 
change in the electronic distribution function due to the light 1s found, and the 
surface impedance which is determined by this electron distribution 1s used to 
calculate the absorptivity. In Holstein’s treatment, the energy absorbed by 
the electrons as they oscillate in the alternating electric field of the light, which 
decays exponentially within the metal as in the normal skin effect, gives the 

+ Now at the Research Laboratories of the General Electric Co. Ltd., Wembley, 
Middlesex. 
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absorptivity directly. In both methods the interaction between the electrons 
and the light is assumed to be given by the classical electromagnetic equations. 

In this paper the problem is treated quantum-mechanically. ‘The conduction 
electrons are assumed to absorb energy from the light by a photoelectric process. 
The approximations are the same as those used by Holstein. By considering an 
ideal metal at 0°K the effects of thermal vibrations and impurities in restricting 
the free path of the electrons are eliminated. The variation of the light in the 
metal is assumed to be given by the normal skin effect calculations. ‘lo obtain 
simple expressions for the absorptivity, only the infra-red region of the spectrum 
is considered. ‘The transition probabilities due to the light are calculated for 
two different types of electronic wave functions corresponding to the two types 
of electron reflection in the previous theories. From these the total energy 
absorbed is calculated and then the absorptivities are found. 


§ 2. ASSUMPTIONS 


We assume that the electrons in the conduction band of the metal behave like 
free electrons of effective mass m except that they are confined to a rectangular 
box which extends distances L,, Ly and L, from the origin in the positive x, y 
and z directions respectively. "There are no imperfections or thermal oscillations 
to scatter the electrons, so that their free path is infinite. We make two different 
assumptions about the behaviour of the electrons at the surface of the metal, the 
plane x=0: 

Assumption S (5S for specular). If the surface is perfectly smooth the electron 
density is uniform throughout the metal and vanishes at the surface and outside 
the metal. ‘The electronic wave functions in the metal are of the form: 

p= (2V)-1? fexp (zk x) — exp (—2k,x)} exp (tkoy) exp (tkg2).  .-..-- (1) 
V=L, L, L, is the volume of the metal, k?=k,?+k,? +k? = 2mE/h? where E is 
the energy of the electron measured from the bottom of the conduction band, 
and k, <0. ‘This assumption corresponds to specular reflection of the electrons 
at the surface in the classical calculations. 

Assumption D (D for diffuse). If the surface of the metal is rough on an 
electronic scale though the departures from a plane are small compared with the 
wavelength of the light, or if impurities in the surface layer scatter the electrons, 
the wave functions are of the more general form 


b=(2V) "2 texp(zk.r)—a,exp(—ik’.r)} —...... (2) 
where @,, is a phase factor such that | a,,|=1 and k’? =k? = 2mE/h? (k, <0, ky’ <0). 
‘This form corresponds to the classical picture of an electron wave approaching 
the surface with the wave vector k and being reflected back from the surface in 
a direction given by the vector k’ and with an arbitrary phase a,,.. The energy is 
conserved in the reflection process. Corresponding to any specific model 
which might be chosen for the form of the surface or for the arrangement of 
scattering centres at the surface, a particular linear combination of these wave 
functions would be found which would satisfy the boundary conditions. In the 
absence of such a model we assume that, for any k, all wave vectors k’ which 
obey the above conditions occur with equal probability and with arbitrary phases. 
These wave functions do not satisfy any boundary conditions but we assume 


that they are valid throughout the metal and that outside the metal the wave 
functions are zero. 
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We assume that the light is incident normally on the plane x=0 and is plane- 
polarized in the y-direction. The vector potential therefore has only a y- 
‘component and its amplitude outside the metal is 4). If 5 is the skin depth 
characteristic of a free-electron gas, the vector potential just inside the metal is 
found by classical electromagnetic theory to be 


A(0)=(2iwlec)Ay ee (3) 


where x= 16 and w is the angular frequency of the light. 
Ata distance » inside the metal the vector potential is 


A(w)=exp(—ax)(2iw/ac)Ay. 9 ...e. (4) 


For high frequencies it is found that 
qae(4riVetlmey a (5) 


where .\ is the number of electrons per unit volume. 

The mechanism of absorption of light is assumed to be as follows: A metallic 
electron in an occupied energy level (below the Fermi level) absorbs a photon 
of energy hv from the light.in the metal and jumps to a vacant level (above the 
Fermi energy). With our free electron model this upper level is of course in 
the same band. No inter-band transitions are considered. ‘The total energy 
absorbed 1s given by the total probability P of all such allowed transitions multi- 
plied by the energy per photon hv. ‘The absorptivity (1— reflectivity) is then 
obtained by dividing the energy absorbed by the incident flux. We shall now 
carry out the calculations of P and hence of the absorptivity for the two cases 
S and D corresponding to the two types of wave functions. 


§ 3. CALCULATION OF ABSORPTIVITY: ASSUMPTION 5 


The probability per unit time of transitions due to the incident light from a 
state 7, with energy EF, to a state ss, with energy near F, is (Heitler 1944) 


Wig (rH A) | ane ee O0N)  ) e eeiaee (6) 
where H,, is the matrix element 
teh 
Hy»= 7 | #o*A . grad ps, dr 


which, with the expression for A given by equation (4), reduces to 


BGs) 
where [= | Une ay yp, dr. 


n(E,) is the density of states with energy £, per unit solid angle in the hemisphere 

of k-space (since k, <0). For a free-electron gas this density of states is (Seitz 

1940) | 
n(E)=2V (2m)? EY2/h8=4mVAR/RP. wee ee (3) 


In the derivation of equation (7), the wave vector of the light is neglected since 
it is very small compared with the wave vectors of the electrons. 
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Using wave functions given by equation (1), the integral J is 


lig pln pL me 
l= (Aig ip ie [{exp (—71K,x) —exp (iK,x)} exp (—iK,y) exp (—7K3z)] e 


x : [ {exp (ik, x) — exp (—7k,x)} exp (7kyy) exp (2kg2)] dx dy dee (9) 


Since the depth L, of the box is large, exp(—«L,) may be neglected. The 
result of this integration is then 


7 thee 4k, Ky  — =D svete 
~ VL @2+kh2+ Ky) —4k2K? 


x |= beets ee uc a sete (10) 
Ks = ky 

W,», the probability per unit time of transitions between all states of energy 

near EB, =h?k?/2m and all states of energy near E,=/2K?/2m= E, + hy, is obtained 

by multiplying w,, by n(£,), the appropriate density of states with energy 4, 

and then integrating over all directions of the electron wave vectors k and K. 

To take into account the conservation of electronic spin in these transitions this. 
results must be divided by 2. Thus 


W,.=4 | | | | n(B,)eoyy sin 6d0 db sin OdOdd —...... (11) 


where @ and ¢ are the polar angles in the k-hemisphere and © and ® are the 
polar angles in the K-hemisphere. Changing the variables of integration in 
K-space to K, and K, instead of © and ®, and pe for w,, we find 


Wia=4 | We Ts (E,) n(E5) )| FieP ze 


ZdKsdK; sin 640 dd 


4mVh ehwAy 
== 7 “(omy K( ate \'F 2 oles a eta (12) 
where Fetal ie 16k AKA 2{1 —cos (Kg. — Re) Le} | 
ah | | | K,K [(a? +k,2+ K,2)? — 4k2K,2)? (Kok) 


. ke —cos (K,;~—k,)L} 
(Ky — ks)? 
The function of K, in the integrand has a sharp peak at K,—k,=0 and is close 
to zero elsewhere. Similarly the function of K, has a peak at K,—k,=0. Since 
the remaining function of K, varies slowly in the region of this double peak, it 
can be taken outside the integration with K, replaced by the value corresponding 
to K,=k, and K3=hy, ie. Ky2=k,2+2mhv/h?2. The range of integration over 
K, and K, can be taken to be from — 00 to «, since only the peaks contribute to 
the integrals (see Heitler 1944, p. 90). Since 
pn | 241= Coste aE 
WK) (Ky—k,)? 


| ¢Keak, sinOd0db. —... (13) 


2} | dK = 2a la Rat Kn = hoe (14) 
the result is 
(472 L. 16k,2k 2(k 24 n2)ue 
ye 24g 2a \Ry = 
Se (Ce sin 0d0db ...... (15) 
where K,” has been replaced by k,?+-? and n? has been written for 2mhv/h?. 


In the infra-red region, the skin depth is large compared with the distance 
travelled by even the fastest electrons in one oscillation of the electromagnetic 
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field, i.e. 1/a >v»/w where v, is the velocity of an electron with energy equal 
to the Fermi energy F(4mv,2=F). Therefore, expressing w in terms of and 
Vp in terms of Ryax, 20Rnax<n®. Therefore, a fortiori, 2ak,<n?. Also for 
infra-red light hv< F, i.e. n2<k? and therefore «2<n?. Making use of these 
inequalities we find that the denominator in equation (15) is approximately equal 
to n*. In the numerator, (k,?+7)!? is approximately equal to k, over most of 
the range of the integrations over @ and ¢ except where , is very small. ‘There- 
fore only a small error is introduced by replacing (k,2+n2)!? by k,. Therefore 


4n? DoD, ( (16k 2h,3 . 
i | | =~ sin 0 db dd 
647°LLs are ee ° < 
Serr | sin’ @ sin? 6 cos? $d0d$. we (16) 


The limits of integration are, for @, 0 to z, and for 4, $7 to 37/2 (since k, <0). 
‘The result of the integration is 
647?LLk* a 
J Kank jae, Gree: (17) 
This may now be substituted in equation (12) to give W4,. 
The total probability per unit time of all transitions in which energy hy is 
absorbed is obtained by integrating over all possible values of the initial energy : 
-F . h2 

eS ein de— \e ede (18) 

/ F—hv : m 


With the value of W,, given by equations (12) and (17), this final integration is 
elementary. If we neglect terms of the order of hv/F and smaller, we find 


a: ee) Et a® 16n3 LoL, h? 1 ey fi bee (19) 


h he ame V2 3 ns m2\ h? 


Since the energy incident on the surface of the metal per unit time is 
(zv?A,?/2c) L, L;, the absorptivity is 


A.= 


Phy 
(7v?A,?/2c) Ly Lg Yn hr ee Ose Oro orc 
Substituting 2mhv/h? for n*, and making use of the relations 
F=4mv,2 =(h?/2m)(3.N/87)?" we find the absorptivity in the simplest form: 
1 Ne? 2%? 
2 


As 


2 Qa mv 


eu 

In deriving this result we have made use of the fact that the light decays 
exponentially within the metal but we have not used the particular expression 
for the skin depth given by equation (5). 


$4. CALCULATION OF ABSORPTIVITY: ASSUMPTION D 


The steps in this calculation are identical with those of the previous section. 
We use equations (6) and (7) exactly as before but with the new wave functions 
given by equation (2); equation (9) must now be replaced by 


os i es = O10 


r 1 
= ap] 


x es fexp(ik.r)—a,,exp(—tk’.r)}dxdydz. sees (92) 
y 


| fexp(—iK.r)—a,-exp(iK’. r)}e 
Jo Jo 
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Since exp (—«L,)—0, this gives 


y* 1 thy exp { —1(Ky—kg)L2} — *) (se! —1(K;—k;)L3}— *) 
. ale a! i(K— ko) i(K3— ks) 
1ajcks exp {1(Ky’ + ky) La} — -) (= {i( Ky’ + Rs) La} — -) 
rene i(Ky’ + Fs) 
yh (ex ( =A the) (esp (=i Pha = 
Fs Te (Ky + ky’) (Ks + ks’) 


La yy he! (Eas 22 Te ) & Keak, ‘)] 
Pree i(Ky— ky) (Ky — Bs) 


To obtain W,.* we multiply w,,* by one half of the density of states with energy 
E, as before, but now we must integrate not only over all possible directions of 
the wave vectors k and K but also over all directions of the wave vectors k’ and K’. 
In this way we make use of the assumption that for any k, all directions of k’ 
occur with equal probability. /*, which is the sum of four terms, occurs squared 
in the integrand. By an argument similar to that used in deriving equation (15) 
from equation (13), we find that the crossed terms in the squared expression 
contribute nothing to the integral. In the squared terms each phase factor, 
a, etc., is multiplied by its own complex conjugate and thus gives unity. The 
integral of a typical squared term is 


a < ae 
Joe] [i(K, hk) +2)? 


2 


exp |— 1 ko he, 
i(Ky— hs) 


exp { —(K3—ks)L3}—1/? 
i(K — ks) 


x a dK, dK, sin 0.d0 dé sin 6’ dé’ dd’ sin 0! dO’ do’ 
1 


ee ky 
Siri Od oe || Bons in 0’ dé’ dd’ sin © d&’ db’ 
4? Ly Ls | | Ka hy pa? St Odd de sin 6” ab’ dp sin © do’ de 


with K,?=k,?+n? as above. 

Each of these four terms is a function of two of the four wave vectors k, k’, 
K and K’. Each of the two double integrations over the directions of the two 
wave vectors which do not occur in a term multiplies the result by 27, the solid 
angle in a hemisphere. ‘The remaining double integration is simplified if we 
make the same approximations which we used above to simplify equation (16). 
When the four terms are added together we find 


4r2 1. L r (8k 2k, . 
J¥o da? | | sin 6 dé dd 
EIEN ee a 
2 | | sin‘ @ sin? 6 cos 6 db dd. ...... (16*) 


The result of this integration is: 
ha 3 2rd ela ee) ee ee (lees 


n*(E) in this case is the density of states of energy E per unit solid angle in 
the k-hemisphere per unit solid angle in the k’-hemisphere, i.e. 1/27 times the 
value used above in equation (8). 
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n*(E) = 2mVhkR/ ch’. (8*) 


Using equation (18) as above, we find the total transition probability 


2mVh\2 (ehwA ie Soe F2 1 ome 
Pe = —_—_— 0 Pee GT ee : 
h “ ah? i ( xmc ) 4|V? ni m2, ( =) IPAS see (9) 


Since « does not cancel out in this equation as it did in equation (19) we must 
substitute the expression in equation (5) to find the absorptivity. We use 
equation (20) and the other substitutions given above and find: 


Ap = £05 ce > ae (i -) 


In this case we find that the absorptivity depends only on the Fermi energy of 
the metallic electrons and not on their effective mass or on the wavelength of the 


light. 
§5. CONCLUSION 


The two absorptivities given by equations (21) and (21*) are identical with 
those obtained by Holstein and by Dingle for this limiting case of infinite con- 
ductivity and infra-red light. Since A, is the result which agrees well with 
experiments (Dingle 1953 b) we may conclude that the wave functions of equation 
(2) are a better approximation to the accurate electronic wave functions than the 
more usual form of equation (1) which has been used before in most work on the 
photoelectric effect (Makinson 1937, Mitchell 1934, 1936) and in a previous 
quantum-mechanical theory of reflectivity (Schiff and Thomas 1935). More 
accurate wave functions might be found if some specific model were chosen for 
the surface roughness (cf. Miiser 1954) or for the distribution of scattering 
centres in the surface layer of the metal. 
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REVIEWS OF BOOKS 


The Quantum Theory of Radiation, 3rd Ed., by W. HerrLer. Pp. xiii + 430. 
(Oxford: University Press, 1954.) 45s. 

The appearance of a new edition of this standard work is an exciting event 
for all theoretical physicists working in the field of high energy radiation physics 
and for many experimentalists as well. It sometimes happens that owing to the 
rapidity of development of a subject and the necessity to enlarge the contents 
later editions of a well known classic lose the distinctive approach that contributed 
to its original success. It can be said at once that while the length of this edition 
has been increased considerably the style and discrimination in choice of material 
has been more than maintained. 

As previously this work is indispensable both for those workers whose main 
interest lies in the formal development of the theory as well as for those interested 
chiefly in the application of the theory to concrete problems of the interaction 
of high energy radiation with matter. Although the most substantial modifi- 
cations in the new edition concern the former, sections on the comparison 
between the predictions of the theory and the results of experiment have been 
brought right up to date. 

In chapter I the main change consists in the addition of a section on the 
Fourier expansion of the field quantities defined using the Coulomb gauge, 
while in chapter II, in preparation for later requirements, a new section is added 
on the quantization of the electromagnetic field using Lorentz gauge. In 
addition, in chapter II there is a new section dealing with the properties of delta 
and related functions. 

In chapter III, in line with more recent treatments, a canonical formalism of 
the field variables 1s developed without an actual Fourier expansion of the field, 
while in addition a much needed section on second quantization has been added. 

The former chapter III has in fact now been split into three chapters, 
enlarged sections on general perturbation theory and radiation damping being 
placed in a new chapter IV, while the application of the theory to the study of 
radiation processes in the first approximation now forms the basis of a new 
chapter V. The treatment of electron—electron scattering has been considerably 
enlarged and sections on pair production, bremsstrahlung, and positron annihi- 
lation have been brought up to date, as have also the sections on electron energy 
loss, and cascade shower development in chapter VII. 

But the most important addition to the book is the new chapter VI which 
under the title ‘ Radiative corrections, ambiguous features ’, deals with questions 
such as mass and charge renormalization, the Feynmann—Dyson method for the 
evaluation of matrix elements occurring in the application of radiation theory, 
vacuum polarization effects and the application of the new techniques to the 
calculation of the anomalous magnetic moment of the electron, the Lamb-— 
Retherford shift, and radiative reaction corrections to elastic electron scattering 
and to the Compton effect. 

More use could perhaps have been made throughout the book of Feynmann 
graphs for illustrating the interaction with the radiation field, because these 
diagrams are helpful in making clear the processes being discussed even to those 
unable to follow the details of a calculation. But this is a minor point. The 
new edition is in every way worthy of its predecessors. E. H. S. BURHOP. 
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Theoretical Physics—Mechanics of Particles, Rigid and Elastic Bodies, Fluids and 
Heat Flow, by F. W. Constant. Pp. xiv+281. (Cambridge, Mass. : 
Addison-Wesley, Principles of Physics Series.) $6.50. 

It is in many ways a point in favour of a textbook of mechanics that the 
subject matter and mode of presentation should be fairly conventional. The 
student meets with courses on mechanics at various levels of sophistication in 
his studies, and the courses and textbooks used should dovetail together 
readily. This new book by Professor F. W. Constant does in fact meet this 
requirement. It begins at a level suitable for the average student in an Honours 
course in Physics and follows the logical and well-tried line of development 
till it forms an introduction to post-graduate work. 

The book is divided into three parts.. Part I is a very clear and well-written 
set of three chapters on vector algebra, vector calculus and on dyadics, the latter 
being introduced for use in connection with principal axes of a rigid body, 
stresses and strains in elasticity, and rates of strain in viscous media. Part II, 
the main part of the book, contains the usual particle and rigid body dynamics 
including such topics as the linear oscillator, forced oscillation, coupled oscilla- 
tions and normal coordinates, planetary motion and its inverse in «-particle 
scattering, Euler’s equations for a rotating rigid body, and a brief introduction to 
Lagrange’s and Hamilton’s equations. In addition to particle and rigid body 
dynamics are chapters on elasticity and elastic waves, viscous media and fluid 
dynamics. Part III consists of a chapter on the mathematical formulation of 
heat flow, following logically after fluid dynamics with which of course it has 
much in common. 

As mentioned before the general standard is about that which a student of 
good ability will attain during his undergraduate courses and the book will 
undoubtedly be used as a standard textbook by the more able student. The 
author states that the book is intended to bridge the gap between undergraduate 
and post-graduate courses and if by this is meant a thorough resumé and 
consolidation of undergraduate work, with a mathematical background suitable 
for the next step, then it is very successfully done. ‘here is still, however, a 
considerable gap between this and, for example, Classical Mechanics by Goldstein 
which is a representative textbook on advanced mechanics. 

The printing, illustrations, binding, etc., are all of high quality and there 
are plenty of problems to assist the process of consolidation. R. LATHAM. 


Textbook of Physics, edited by R. Kronic (translated from 3rd Dutch edition, 
1951). Pp. xiv+855. (London: Pergamon Press, 1954.) 70s. 

This textbook is an English translation of a work by several eminent 
Dutch physicists. According to the publishers the original work has been 
well received in Holland but the reception which, in all probability, will be 
accorded here to the new version may not be more than a very mixed one. 
Even a casual perusal of the work makes one doubt the advisability of any authors 
or publishers making an attempt to give in one volume for degree students 
a really workable summary of physics. ‘To the reviewer this book appears 
to fail in that it tries to combine things which are very elementary with others 
which are most advanced. Moreover, in order to find space, it seems as if 
the mathematical proofs have been shortened to such an extent that no typical 
student will be able to follow them. 
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The book also suffers from the fact that the notation used will be difficult 
for English students ; in particular the use of the letter O for surface area 1s 
very questionable here, although in the original no objection to it could be raised. 

In a book of this nature it is surprising to find that there is no reference to 
any modern determination of the velocity of light or to Michelson’s and later 
work on the metre. Since the measurement of spectral wavelengths has reached 
a degree of precision unequalled in any other branch of physics, and this is 
primarily due to the fact that Michelson did measure with great accuracy the 
wavelength of the red cadmium line with reference to the standard metre, 
such omissions are much to be deprecated. 

Attention must also be called to some errors which should not have escaped 
the eyes of a team of experts. Only some can be mentioned. On p.100 we 
find a reference to a force-strain diagram when stress-strain is intended. 
On p.132 it is not pointed out that Poiseuille’s equation is valid only for flow 
through a horizontal tube. The subject of non-Newtonian flow is not mentioned. 
On p. 309 Fig. 84 lines of force are shown cutting a metal surface at angles other 
than 7/2. On p. 514 there appears a diagram showing the rise of a liquid in a 
capillary tube and the liquid therein is flat. In deriving a formula on p. 511 
concerning falling drops, the writers appear to have ignored the work of 
Rayleigh and of Harkins and Brown. 

On p. 405 there is an account of Michelson’s stellar interferometer and here 
the errors are somewhat blatant. Rays fom a star must be parallel ; those shown 
do not satisfy this condition and the authors have not realized that Michelson 
only used a large telescope on account of the mechanical strength it possessed. 
The two mirrors which reflected light into the telescope actually covered only a 
small portion of the telescope objective. In the diagram they are shown 
covering nearly all the objective. ‘This is an error common to many books. 
Michelson only covered a small portion of the aperture in order that the central 
‘blob’ of the diffraction image should be large ; this was absolutely necessary 
since it was across this portion of the field that interference fringes were 
obtained, and then caused to disappear. 

Finally, on p. 605 it is not made clear that the expression pv” only applies to a 
reversible adiabatic or isentropic change. 

At the end of the book there is a somewhat comprehensive biographical 
note. ‘This makes very interesting reading. ‘The book is well illustrated and 
the production is good but the price of 70s. will put the book beyond the reach of 
nearly all students. C. J. SMITH. 


Einfiihrung in die Physik, Band 3, Optik und Atomphysik, by R. W. Pout. 
Pp. viii+356. (Berlin, Gottingen, Heidelberg: Springer.) DM 29.70. 


The author describes a large number of experiments, many of them lecture 
demonstrations, and then gives a very brief account of the associated theories. 
In this way, starting from rudimentary beginnings, he is able to introduce a large 
number of topics very rapidly. Near the beginning of chapter 2, the reader is 
introduced to the laws of reflection and of refraction. On page 12, a lens is 
considered as an assembly of prisms and on page 17 there is an elementary 
treatment of resolving power. On page 19 the idea of dispersion is first intro- 
duced and on page 21 the properties of infra-red and ultra-violet radiation are 
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described. The chapter ends with a discussion of mirror systems (pentagonal 
prisms, corner cubes, etc.). Chapter 4 begins on page 32 with nodal points and 
principal planes and includes the third-order aberrations, the Schmidt camera, 
achromatization, telescopic systems, magnification, field of view, stops, and the 
theory of perspective. The lectures on which this book is based are probably 
useful to the students for whom they are intended especially when illustrated by 
many good lecture demonstrations (some of which are described) and illuminated 
by the personality of the distinguished author. As the above summaries suggest 
they are so different from a course of lectures in a British University that a trans- 
lation could not be recommended to British students. 

One is shocked by the ease with which topics appear and then are allowed to 
fade out so that one chapter includes work which we should regard as school 
work and also material suitable for a Special Honours course. Yet, for the 
teacher of Physics, it is not sufficient to review this book as the Victorian lady 
reviewed Antony and Cleopatra with the phrase ‘‘ How unlike the home life of 
our own dear Queen”’. We need not imitate, but can it be that the somewhat 
pedestrian systematic, logical exposition (‘‘ starting at the beginning and going on 
to the end ’’), which constitutes our typical lecture course, would be improved by 
an occasional * preview’ of something interesting which logically should come 
much later, and that students should occasionally be taken out of their depths, 
even though most of them prefer to paddle! Any British University lecturer in 
optics who has given the same lectures for five years might profitably read this 
book and reconsider his course before saying “‘ Same again ”’. 

Part II on ‘ Atomic Physics’ includes sections on atomic and molecular 
spectra, temperature radiation, fundamental particles and on the author’s own 
special subject ‘ Quantum Optics of Solids’. The treatment of spectra is in 
terms of the Bohr orbits. Here, and in a number of other places, a more modern 
viewpoint could, with advantage, be adopted. The 565 illustrations include 
many perspective drawings of lecture bench apparatus where line diagrams would 
be more useful. There are also a large number of excellent photographic 
illustrations. R. W. DITCHBURN. 
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Figure 1. Typical good separation between the a-particle track of AcX and the tracks 
of subsequent products. "wo electrons are here associated with the AcX 
a-patticle. 
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The Temperature Dependence of Magnetostriction in a Nickel Crystal 


By W. D. CORNER anp G. H. HUNT + 


Department of Physics, Durham Colleges in the University of Durham 
ALS. received 16th August 1954, and in amended form 21st October 1954 


Abstract. From a single crystal of nickel two specimens have been prepared in 
the form of prolate spheroids whose major axes lie along the [100] and [111] 
crystallographic directions. By the use of a special capacitance bridge arrange- 
ment described elsewhere, the longitudinal magnetostriction of each specimen 
has been measured over the temperature range — 180°c to 360°c. 

The results obtained indicate that at low temperatures the magnetostriction 
delow saturation varies with magnetization approximately in the manner given 
by the domain treatment suggested by Heisenberg, and that with increasing 
temperature there is a steady departure from the calculated values. The satura- 
tion magnetostriction was found to depend on temperature in a way which did 
not correspond to any known theory. 


$1. INTRODUCTION 


HE theory of ferromagnetic phenomena in its present form provides a 

satisfactory qualitative, and to some extent quantitative, account of the 

fundamental processes of ferromagnetism. For example, the dependence 
of intensity of magnetization on temperature may be closely represented by a 
theoretical expression. ‘There is, however, no satisfactory explanation in more 
fundamental terms of the phenomenon of magnetostriction, which is the spon- 
taneous distortion of the lattice of a ferromagnetic crystal. Spin-spin interaction 
is incapable of producing values of strain of the correct order, and the case of 
spin-orbit interaction has not yet been theoretically treated. Knowledge of 
the magnetostriction of ferromagnetic substances is required in any evaluation of 
the strain-dependent energies involved in the magnetization process. 

Although there have been many investigations of the magnetostriction of 
polycrystalline specimens, measurements on single crystals have been very few. 
A knowledge of the single crystal magnetostriction over the whole range of 
temperatures up to the Curie temperature is desirable for many purposes, e.g. 
the calculation of magnetic effects of stresses. Such measurements have been 
carried out by Takaki (1937) using single crystals of iron, but the authors are not 
aware of any measurements on nickel or cobalt over a corresponding temperature 
range. They have therefore undertaken the measurement of the changes in 
length which accompany magnetization in the [100] and [111] directions in a 
single crystal of nickel over a range of temperatures from — 180°c to 360°c, the 
latter being slightly greater than the Curie temperature. 


$2. APPARATUS 
The apparatus was designed to measure the longitudinal magnetostriction of 
single crystals some 2cm in length over the above temperature range. The 
apparatus used by ‘Takaki (1937) for measurements of the dependence on tempera- 
ture of the magnetostriction of single crystals of iron is not really comparable 
+ Now at the Royal Aircraft Establishment, Farnborough, Hants. 
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with that used here since he was able to use specimens some 20 cm long. All 
previous measurements over large temperature ranges have used mechanical 
methods of amplification, but with the small specimens used for these experiments 
it was felt that the greater sensitivity obtainable from electronic devices was 
desirable. Although modern practice tends towards the use of resistive strain 
gauges, this is difficult at high temperatures where the normal adhesives are 
prohibited, and a capacitance method was chosen. A differential condenser is 
used as the strain measuring instrument, and movement of the central plate 
produces a proportional out-of-balance voltage in a capacitance bridge network, 
The apparatus has already been described (Corner and Hunt 1955). 

The general arrangement of the apparatus when set up for high temperature 
measurements is shown in figure 1. The specimen A is placed in a quartz 
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Figure 1. General arrangement of apparatus for magnetostriction measurements 
above room temperature. 


tube B, the top of which is fused to the large diameter quartz tube C. This tube 
is mounted on the frame D by means of the quartz rods E, one rod only being 
shown in the diagram. The differential condenser is also mounted on this 
frame. ‘hus there is a continuous length of quartz between the specimen and 
the condenser. 

The tube C is surrounded by a vacuum flask, and this is in turn surrounded 
by the solenoid which is designed to produce uniform fields of up to 1000 
oersteds over a length of 2cm at its centre. Due to the supplementary coils 
mounted at the ends of the solenoid, the uniformity of field is greater than that 
produced by a normal solenoid of the same length. Lewis (1950) suggested a 
solenoid with supplementary coils and Heddle (1952) described a similar arrange- 
ment in which two pairs of such coils were used. It was found by the authors 
that one pair was sufficient, since an extra adjustable parameter could be obtained 


Temperature Dependence of Magnetostriction in Nickel 15 


by making both the diameter and the length of the supplementary coils variable. 
The solenoid is wound with silicone-bonded glass covered wire, and the heat 
dissipation, which for maximum field is 1000 watts, may be conducted away by 
a How of water passing between the outside of the vacuum flask and the solenoid 
wall. 

The earth’s magnetic field was compensated by means of additional coils 
mounted on the solenoid, not shown in the figure. 

The specimen is heated by a stream of silicone liquid MS 550 which is driven 
through the quartz tube C by means of a pump into which dip the two side 
tubes F. ‘This pump contains a heater which allows the liquid to be maintained 
at any desired temperature between room temperature and the boiling point of 
the silicone liquid, 405°c. ‘The pump itself has no mechanical contact with the 
feed-tubes I, since vibrations from the motor driving it cannot be allowed to 
reach the specimen and the condenser. It merely maintains a difference in 
levels between two cups into which dip the two feed-tubes, and it is attached to 
the laboratory wall while the rest of the apparatus is mounted on a rigid brick 
pillar having separate foundations. 

The pump has a large thermal capacity, and the temperature of the silicone 
liquid may be kept constant to better than 1°c over long periods without the use 
of an automatic temperature controller. ‘There is a fall of about 20°c between 
the pump and the specimen, but the temperature of the latter may be maintained 
with the same constancy as that of the liquid in the pump. 
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Figure 2. Mounting of the specimen, (a) for magnetostriction measurements, 
(5) for magnetization measurements. 


The mounting of the specimen is shown in more detail in figure 2(a). To 
minimize the effect of changes in length of the specimen due to thermal expansion 
while under test, it is mounted in a metal tube with which it is in good thermal 
contact, and which compensates for length changes by expanding in the reverse 
direction to the specimen. Although it would have been possible to obtain 
temperature compensation in this way over a small range of temperatures, due to 
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the large range over which tests were carried out, it was necessary to use a Com- 
bination of two compensating metals since no single non-ferromagnetic metal 
could be found with similar expansion characteristics to those of nickel. ‘The 
specimen A together with an aluminium cylinder Z are allowed to expand in 
opposition to a copper tube W which rests on the shoulder X of the quartz tube B 
shown in figure 1. 

The movement of the free end of the specimen is transmitted to the differential 
condenser by means of a twin-bore quartz tube G. This also carries the leads 
from the thermocouple used to measure the temperature of the specimen. ‘The 
thermojunction rests in the top of the cylinder Z, and because of the good thermal 
contact between this and the specimen, the temperature indicated by the e.m.f. 
of the thermocouple must be very nearly that of the specimen. ‘The e.m.f. is 
applied to a potentiometer which will measure temperatures to an accuracy 
better than 1°c. 

For low temperature measurements the pumping system is not used and 
cooling of the specimen is effected by the simple method of raising a vacuum flask 
containing liquid nitrogen round the outside of the quartz tube C of figure 1. 
This tube is then filled with iso-pentane, which has a freezing point of —159°c. 
With only the bottom of the tube immersed in liquid nitrogen there is a tempera- 
ture gradient along the iso-pentane, and by adjusting the height of the vacuum 
flask the temperature of the specimen can be made any desired value. Using 
this arrangement the temperature could be maintained constant to better than 
°c at temperatures down to — 180°c, the lowest value obtained. 

Measurements have been made of the intensity of magnetization of the 
specimen corresponding to the same applied fields as those used in the magneto- 
striction measurements. A system of Pyrex glass tubes similar to the quartz 
tube C used for magnetostriction measurements was again used, but the flux 
coil shown in figure 2(b) was this time placed in the bottom of a slightly larger 
central tube. ‘The problems of insulation of the coil winding caused by the high 
temperature to which it was subjected have been overcome by making the coil of 
36 s.w.g. aluminium wire with an anodized surface. The coil former is made of 
Duralumin, the surface next to the winding also being anodized. 

The flux coil is connected in series with a Grassot fluxmeter and the secondary 
of a mutual inductance. The primary of the latter is in series with the solenoid 
winding, and the linkage is adjusted so that there is exact compensation for the 
effect of the solenoid field on the flux coil. ‘The fluxmeter throw is then directly 
proportional to the intensity of magnetization of the specimen, the linkage 
between specimen and search coil being determined from the equations given by 
Hunt (1954 a). ; 


$3. PREPARATION OF THE SPECIMENS 


The single crystal from which the specimens were prepared was grown by 
Mr. R. F. Pearson of the University of Leeds using the method described in his 
paper (see Pearson 1953). It was examined by the x-ray reflection method, and 
this showed that two specimens each 1-8cm long and 0-3cm diameter could be 
cut from the crystal, one with its axis in the [111] crystallographic direction and 
the other in the [100] direction. 

The crystal was mounted in Marco SB 26 C resin, the two specimens cut out 
and faces milled on them perpendicular to the required crystallographic ssae! 


| 
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Each crystal was again set in resin, mounted in the lathe, and then gradually 
turned down to 4 inch diameter. ‘The final shaping to the form of a prolate 
spheroid was made in the lathe using a very fine file, the profile of the specimen 
being projected on to an outline of the correct shape. Previous tests had shown 
that lattice distortion caused by working a crystal in this way extended to a depth 
of 0-015 cm, anda layer of this thickness was therefore removed from the specimens 
by electrolytic polishing. The agreement between the calculated ellipsoidal 
shapes and the actual shapes of the specimens was good; each specimen had a 
length of 1-770cm and a maximum diameter of 0:275cm. The actual profile of 
each specimen was carefully measured with a travelling microscope and the 
dimensions of the ellipsoid which best fit these measurements were used in each 
case in the calculation of the demagnetizing factor. For the [100] specimen the 
value \=0-491 was obtained and for the [111] specimen N=0-495. These 
values compare well with those calculated from the initial slope of the magnetiza- 
tion curves, 0-495 + 0-01 and 0-4935 + 0-002 respectively. 

Both specimens were annealed by heating them in a stream of hydrogen to a 
temperature of 910°c, maintaining them at that temperature for two hours, and 
cooling them at a rate not exceeding 100°c per hour. ‘This is substantially the 
treatment used by Bates and Wilson (1951) for specimens whose domain structures 
were later studied by the Bitter pattern technique. After annealing further 
x-ray reflection photographs were taken which showed that the specimens 
remained single crystals. They also showed that the chosen crystallographic 
axis was in each case parallel to the ellipsoid axis to within 1°. 

The crystals were analysed by the Mond Nickel Company who found 00-72%, 
of impurities, consisting of cobalt 0-29°%, iron 0-17°,, manganese 0-10, silicon 
0-04°.,, copper 0-04°,,, carbon 0-02°%, chromium 0-02°,, titanium 0-02% and 
magnesium 0-02°,,. 


$4. RESULTS 


The magnetostriction measurements were initially in the form of changes in 
length corresponding to various applied fields at certain fixed temperatures. 
By interpolation of the magnetization measurements, which were in general 
made at different temperatures, the intensity of magnetization and the true field 
corresponding to each of the magnetostriction measurements could be calculated. 
Measurements of the variation of magnetostriction with applied field were made 
at 27 different temperatures for the [100] direction and at 24 for the [111] direction. 
In table 1 are shown nine sets of results for the [100] direction and a similar 
number for the [111] direction in table 2. For the complete set of results 
reference should be made to Hunt (1954 b). 

With the [111] specimen at all temperatures and with the [100] specimen at 
temperatures above about —50°c saturation was obtained before the maximum 
field available (1680 oersteds) was reached. After the application of a certain 
field the values of AL/L and / remained constant within the discrimination of the 
measuring devices. ‘These values were taken as A and /, respectively. Between 
about 250°c and the Curie temperature these quantities alone were measured by 
this method. The measurements were made at arbitrary temperatures, often 
different for the two specimens, and for the sake of conciseness interpolated 
values for fixed temperatures are given in table 3, the values of /, in this table 


being the average for the two specimens. 
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Table 1. 
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Table 2. Dependence of Magnetostriction in the [111] Direction on Field and 
Intensity of Magnetization at Various Temperatures 


a OA = ANON: —A7%G 
Hayy KEE UE H NE Od H NEE H 
50 0:8 102 0 0-6 102 0 0-8 102 0 
100 S1” 203 0 2:8 203 0 29 202 0 
150 6-8 300 2 6-8 300 2 7-0 299 2 
200 12-6 398 cree 12:8) © 398 3 12-3397 4 
250 18-0 495 5 18-0 494 6 17:9 489 8 
300 20:3. 514 46 2 513 46 19-4 505 50 
400 20:9 517 144 208) oS ck45 20:2 507 149 
500 2107 S24 | 249 
600 21-4 517 344 20-4 509 = 348 
800 22:3 523 541 21-6 518 544 
1000 22:3 523. A 21-6 518 743 20-4 511 747 
Wite? iiae 12726 
os KIT i H ALI vi H NER a! H 
25 0 51 0 0-1 51 0 
50 0-5 102 0 06 101 0 0:9 102 0 
75 15 152 0 1e7 152 0 
100 26 202 0 2-6. =) 202 0 288 202 0 
125 3:9 250 1 Zea 9 IES 2 
15( 6:6 298 3 6:2 297 3 5-8 294 4 
175 8-4 346 4 8-4 342 6 
200 11:8 395 5 11-4 390 7 t-Om 1382 11 
250 17-2 482 12 16:4 454 25 15-4. 432 30 
300 18:8 493 56 17:7 464 70 16-2 440 82 
400 19-3 495 155 18-1 468 168 16:6 444 180 
1000 19-4 499 753 18-1" 9-470") 6767 166 444 780 
171°a 197°c 260°c 
, Weis i H ALLE i H AL/L I H 
50 0-9 102 0 0-2 102 0 06 101 0 
75 1-5 152 0 Rc mie 0 
100 2: 201 0 24 200 1 02) 00 1 
125 3:7 246 3 4-1 245 4 
150 5:0 290 7 5:6 288 8 5-4 279 12 
175 79 338 8 79 330 12 
200 10-8. 372 16 10-6 364 20 7-9 328 37 
225 12:0 392 31 hi -2) 2377, 38 
250 13-1 408 48 11:8 389 57 
300 14-2 415 95 12:9 396 104 8-6 336 134 
400 144 417 194 12:9 398 203 86 336 234 
1000 144 417 794 


Values of field in oersteds, intensity in c.g.s. units and temperature in degrees (or, 
Effective field H calculated from applied field H,,, and the demagnetizing factor for 


the ellipsoidal specimen. 
All values of AL/L multiplied by 10°. 
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Table 3. Variation of Saturation Magnetostriction and Magnetization with 
Temperature between 250°c and the Curie ‘Temperature (interpolated 
results) 

Temp./(¢c) 200 220 240 260 280 300 320 340 350 352 354 356 358 

Axoo X 10° 98-1 25-0 22-0 18:9. 15-6)42:3° 8°38 456) 1-9" 1-48 10-7) eae 
Ai 08 129 11-6 10:3 89. “7:2. .5°6 3-7 W005 0 2a 0 0 
HEN(G:2:S9) 398 382° 363 ~342¢ 314° 279 235 172. 1007 104 ote 8 


The values of \ and J, may be obtained directly from the three tables with the 
exception of those for the [100] specimen at temperatures below —50°c. ‘The 
method of extrapolation employed to estimate these is described in § 5. 

It is important that an estimate should be made of the probable accuracy of 
the results quoted in this section. A distinction must be drawn between the 
absolute accuracy of the complete set of measurements, and the accuracy of one 
measurement relative to another. ‘The latter was checked by repeating measure- 
ments after the apparatus had been stripped and re-assembled, and measurements 
of saturation magnetostriction were shown to be reproducible to within 1% of the 
value at room temperature. ‘The magnetostriction values corresponding to 
intermediate values of the magnetization were reproducible to 5° of the 
saturation value at room temperature. 

The absolute accuracy is more difficult to estimate, but is thought to be 
closer than 5°. Agreement at room temperature with the results of Masiyama 
(1928) and Bozorth and Hamming (1953) is good. 
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Figure 3. Variation of saturation mag- 
netostriction with teniperature 
in the [111] and [100] direc- 


tions. 


Figure 4. Saturation magnetostriction 
as a function of saturation magne- 
tization. Both parameters reduced 
taking values at 0°c as standard. 


$5. Discussion 
5.1. Saturation Magnetostriction 


In figure 3 is shown the saturation magnetostriction plotted against the 
temperature for both specimens. ‘The saturation values at low temperatures in 
the [100] direction could not be obtained directly since the applied field was 
then too small to obtain saturation. ‘The method adopted was to use values of 
saturation intensity of magnetization obtained with the [111] specimen as valid 
for the [100], and then extrapolate the curve of AL/L against J for the low tempera- 
ture [100] measurements; values of AL/L corresponding to saturation ae 


obtained. ‘The accuracy of such values is estimated to be better than 5%, and 
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no reasonable extrapolation of the (AL/L,/) curves can prevent the saturation 
magnetostriction in the [100] direction from falling at the lowest temperatures. 

The temperature dependence of magnetostriction of polycrystalline nickel 
has been measured by a number of workers. Doring (1936) found proportion- 
ality between the saturation value of the magnetostriction \ and the square of 
the magnetization 7, in agreement with a dipole theory developed by Becker 
(1934). Vlasov (1952) found that A varied linearly with temperature in agreement 
with the theory of Akulov (1939); Kirkham (1937) and Sucksmith (1950) have 
also investigated the dependence. Neither of the two laws mentioned above 
can be fitted to the curves shown in figure 3, in which the relationship between 
A and temperature is seen to be of different form for the two crystallographic 
directions. 

In figure + is shown a graph of A/Ay plotted against (I,/Ji9)?, Ay and J.) being 
the values of A and /, at 0c. The results for both directions are significantly 
ditferent from the dotted line corresponding to A/Ay = (1,/Z)2 which corresponds 
to the result found by Doring. An interesting point to note is that if the poly- 
crystalline magnetostriction is calculated from the formula 


ane 3 
Analy aul d00 7 Any 


derived by Becker, then over the range of (J,/J,9)? from 0-7 to 1-0, the poly 
crystalline magnetostriction is found to be closely proportional to /,2. An 
examination of Doring’s results shows that strict proportionality is only found 
over a similar range of values of (J,/J,9)?, but below 0-7 there is a significant 
departure. ‘The values agree best with those found by Kirkham (1937). 

No values corresponding to temperatures greater than 300°c are plotted in 
figure 4, since small errors in temperature measurements cause large errors in the 
corresponding values of A and /, deduced from the (A, 7) and (/,, T) curves. 
The Curie temperatures indicated by the four different series of experiments 
are [111] magnetostriction 353°c, magnetization 358°c; [100] magnetostriction 
356°c, magnetization 359°c. 

The difference between the temperatures at which magnetization and magneto- 
striction become zero is probably due to the different temperature distributions 
round the specimen, since in neither case did the thermocouple junction touch 
the specimen. ‘The temperatures recorded in magnetostriction measurements 
are considered to be the most reliable. 

It may be mentioned that in neither the magnetization nor the magnetostriction 
measurements was there any indication of the curve tailing away as it approached 
the Curie temperature; on the contrary in both cases it cut the temperature axis 
very sharply, and at higher temperatures neither magnetostriction nor magnetiza- 
tion could be detected. 

It has not been possible to find a law governing the relationship between 
\ and J,, neither has a satisfactory theory been advanced to explain the funda- 
mental mechanism of magnetostriction, and it is therefore difficult to draw any 
definite conclusions from the (A, 7) curves of figure 3. Corresponding to a 
change in temperature there are changes in magnetization, lattice constant, 
anisotropy, elastic moduli, and almost every other physical property associated 
with a solid, and it appears to be impossible to separate the effects of each of these 
on the magnetostriction. A simple relationship between saturation magneto- 
striction and either saturation magnetization or temperature is therefore not to 


be expected. 
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5.2. Magnetostriction below Saturation 


The relationships between magnetization and magnetostriction below 
saturation have been calculated theoretically for iron single crystals by Heisenberg 
(1931) on the assumption that the anisotropy energy is sufficiently large to cause 
all the domain boundary movement to occur before any rotation of the direction 
of magnetization. ‘The theory has been extended by Fowler (1936) to cover the 
case of nickel. It would be expected that experimental measurements would 
best agree with this theory at temperatures at which the anisotropy is greatest ; 
for nickel, anisotropy increases sharply below room temperature. 

Graphs of AL) Z against / are shown in figures 5 and 6 for the [100] and [111] 
directions respectively; these are typical of the whole series of measurements 
and show the very good agreement at low temperatures with the curves derived 
from the theoretical equations given by Fowler. 
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Figure 5. Variation of magnetostriction with intensity of magnetization in the [100] 


direction, (a) at —130°c, (6) at 76°c. Lines indicate theoretical values from 
Heisenberg’s equations. 
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Figure 6. Variation of magnetostriction with intensity of magnetization in the [111] 


direction, (a) at —135°c, (6) at 127°c. Lines indicate theoretical values from 
Heisenberg’s equations. 


In order to show the transition with temperature of the shape of the (AL/L, /) 
curves, the graphs shown in figures 7 and 8 were drawn. 'These show values of 
reduced magnetostriction (AL/L)/A corresponding to fixed values of reduced 
intensity of magnetization J/J, plotted against temperature. ‘The dotted lines 
on the left of these graphs indicate the calculated values of (AL/L)/A. 
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Figure 7. Variation of reduced magnetostriction with temperature for fixed values 
of reduced magnetization (shown on left). [100] direction. 
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Figure 8. Variation of reduced magnetostriction with temperature for fixed values 
of reduced magnetization (shown on left). [111] direction. 


In the [100] direction the theory predicts zero length change when the 
magnetization increases from 0 to J,/\/3 as shown in figure 5. ‘The gradual 
transition from the sharp kink at /,/\/3 to a smooth curve as the temperature is 
raised is shown in figure 7, and may be accounted for by the decrease of anisotropy 
energy which makes the domain configuration less dependent on the anisotropy 
energy and more on the energy due to random strains and inclusions, boundary 
walls, and the demagnetizing field of the whole specimen. ‘The depressions in 
the //7,=0-8 and //J,=0-9 curves at about — 30°c are a reflection of the tendency 
found in the range — 70°c to 50°¢ for the (AL, L, /) curves to tail off near saturation, 

In the [111] direction the curves seem to agree with their calculated values at 
about — 75°c, but to fall away again at lower temperatures. It will be seen from 
figures 7 and 8 that in the [111] direction the experimental results are never 
greater than the theoretical, while in the [100] direction they are never less. In 
the [100] case this is readily accounted for by the assumption that rotations are 
taking place before all the boundary movements are completed. In the [111] 
direction it is likely that the initial domain distribution does not agree with that 
assumed in the calculation of the theoretical curve to the same degree of accuracy 
that it does in the [100] direction. Evidence for this is provided by room 
temperature hysteresis measurements which have been discussed elsewhere 


(Hunt 1954 b). 
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The experiments of Honda, Masumoto and Shirakawa (1935) show that at | 
high temperatures there is little difference between the magnetization Curves 1n 
different directions, and since the anisotropy is so small, the domain pattern must 
be highly dependent on strains and on the specimen shape. The values of | 
(AL/L)/A corresponding to a temperature of 260°c have been obtained from the 
smooth curves of figures 7 and 8, and are plotted in figure 9. The agreement 
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Figure 9. Reduced magnetostriction as a function of reduced magnetization at 260°c. 


between the values obtained in the two directions is remarkable, and of such 
accuracy that it is unlikely to be purely fortuitous. It is not clear why there 
should be the same law governing magnetostriction in both directions when the 
saturation magnetization is different. No simple mathematical function other 
than a power series could be found to fit the curve. 
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Combinatorial Solution of the Triangular Ising Lattice 
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Abstract. ‘The combinatorial method of Kac and Ward is used to derive the 
partition function of an infinite two-dimensional triangular Ising Lattice. ‘The 
result agrees with that obtained by algebraic methods. 


$1. INTRODUCTION 


HE statistical mechanics of co-operative assemblies presents such difficult 

mathematical problems that whilst many approximative methods have been 

devised only two exact methods have met with success. The algebraic 
method of Onsager (1944) has yielded exact results for the partition functions, 
correlations, and spontaneous magnetizations of a variety of two-dimensional 
Ising lattices (for details see the review article of Newell and Montroll 1953). 
Recently, Kac and Ward (1952) developed a combinatorial method and used it to 
tind the exact partition function of the rectangular Ising lattice. ‘Their treatment 
was not intended to be rigorous or logically complete and the power of the method 
was hardly realized. Potts and Ward (1954) have shown subsequently that the 
method is sufficiently powerful to derive all of Onsager’s results for the finite 
rectangular lattice and the correlations. 

In the present paper the combinatorial method is applied to the problem of 
evaluating the partition function of the triangular Ising lattice. ‘The purpose of 
the paper is not so much to give an alternative derivation of a well-known result 
but rather to develop and indicate the power and scope of an elementary exact 
method, which is of some importance in a field of research largely confounded by 
mathematical difficulties. 


$2. COMBINATORIAL METHOD 


The starting point of the combinatorial method of evaluating the partition 


function Z,, ,, of am row n column triangular Ising lattice wrapped on a torus is the 
relation 
72 cos 71, Cosi, cosh. Ji, )7"" >. g(r, s, t) tanh” H, tanh* H, tanh’ H, 


Re (1) 


where g(r, s, t) is the number of oriented graphs with r vertical, s horizontal, and ¢ 
diagonal bonds, H,, H5, H; being the variables associated with the interactions in 
the vertical, horizontal, and diagonal directions respectively (figure 1 illustrates a 
4-row 5-column triangular lattice, unwrapped from the torus and distorted to form 
a rectangular lattice with interactions along one diagonal). 

+ Now at Institute for Applied Mathematics, University of Maryland. 
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The combinatorial method consists, essentially, in the construction of a 
6mn by 6mn matrix E— A (E is the unit matrix) whose determinant performs with 
negligible error, the counting of the oriented graphs; thus 


|E—A|= > g(7,s,2)tanh” H,tanh* H,tanh’H,. ........ (2) 


Figure 1. A 4-row 5-column triangular lattice unwrapped from a torus. 


§3. ‘THE CouNTING MaTRIx 


‘The matrix A is constructed by analysing the graphs into links, overlapping 
bonds cancelling out to leave separated polygons. ‘This corresponds to the 
analysis of a permutation as a product of cycles, and to achieve the correct sign the 
links ending in the vertical, horizontal and diagonal directions are associated with 
the values —tanh H,, —tanh H,, —tanh H,. Changes in direction are allowed 
for by the factors « (one change counter-clockwise), ~? (two changes counter- 
clockwise) and « and z? for clockwise changes. By choosing «=exp (iz/6) it is 
ensured that a polygon with r vertical, s horizontal and ¢ diagonal bonds is counted 
as the term tanh’ H, tanh* H, tanh’ A. 

If the six possible directions of a link are denoted by +1, +2, +3 then the 
terms corresponding to links ending in the +1 direction are, apart from the factor 
tanh H,, 


Ri 
R 
RI 


and can be represented by the matrix A(1). Similar considerations give the 
matrices A(—1), A( +2), A( +3). 
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From the cyclic properties of the lattice it follows that, by numbering the rows 
and columns of A by 11, 12,.. In, 21, . . , mn, this matrix can be expressed as the 
sum of direct products: 

A=tanh H,{R,, x E, x A(1)+R,,’x E, x A(—1)} 
+ tanh H,{E,, xR, x A(2)+E,, xR,’ x A(—2)} 


+tanh H,{R,, x R,, x A(3)+R,,’ xR,’ x A(—3)} ...... (4) 
where R is permutation matrix 
Oy 1 HO 0 
Geant eee | (0) 
Re es ate. |e TP ae ie (5) 
| OC) il 
Ped a0 0 0 


and R’ is the transpose of R. 


$4. EVALUATION OF DETERMINANT 


The determinant | E—A| is evaluated by first reducing A by a unitary trans- 
formation to the direct sum of matrices of order 6. If U (8) is the unitary matrix of 
order m with its 7, jth element given by m "28", 5 =exp(27z/m), and similarly if 
U (ce) is the unitary matrix of order n, «=exp(27t/n), then the unitary matrix 
R= U(8) x U(e) x E, transforms E—A to the direct sum of mn matrices B,,, 
Fo le Pema Se IN oa a ey Wee 
| B,.| coth 247, coth 2, coth *H, 


1—8*cothH, 0 a? o 7 ae 
On Miles" cotht a a ese a 
of? ot 1—e'coth H, 0 0 oh 
‘. x o2 Gumi —<- coh, a a 
o. oF O oa? 1—6*e'coth Hy ) 
ae a. 0.” aercs 0 1-—6-*e'coth A, 
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A rather laborious calculation gives the result 
| B,,,|=(1 + tanh? H,)(1 + tanh? H,)(1 + tanh? H3) +8 tanh H, tanh H, tanh A; 
— tanh? H, (1 —tanh? H,)(1 — tanh? H3)(6" +6~“) 
—tanh? H, (1 —tanh? H,)(1 — tanh? H,)(e' + <~) 
—tanh? H,(1—tanh? H,)(1—tanh? Hy)(d%e'+o-"e")) ss ee (7) 


from which follows: 


We i 


JE-Al=TT TT [Bul Le) 


§5. PARTITION FUNCTION 


The determinant evaluated above performs the required counting correctly 
except that graphs looping the torus are counted with the wrong sign. ‘The error 
thereby introduced is negligible for large lattices so that from (1) and (2) it follows 
that if 

lim (Zip, nyu" =Z 


mM, N—> PD 


then 


In($Z)= lim Leas In‘ cosh 2H, cosh 2H, cosh 2H, 
=] 


2mn ;,— f 


MN, > 


P) 
+ sinh 2H, sinh 2H, sinh 2H, — sinh 2H, cos (=) 


Hy 2 
— sinh 2H, cos (=) —sinh 2, cos (= ts =) 


nN 


J 


= ony ie | In {cosh 2H, cosh 2H, cosh 2H, + sinh 2H, sinh 2H, sinh 2A, 


— sinh 2H, cos w, — sinh 2H, cos w, — sinh 2H; cos (w, + we)} dw, dws. 
This is precisely the result given by the algebraic method. 


$6. CONCLUSION 


It has been shown that the exact partition function of the triangular Ising 
lattice can be derived by the elementary combinatorial method. As is well known, 
the partition function for the honeycomb lattice can be derived from that for the 
triangular lattice; it can also be derived directly along the lines of this paper. 
Perhaps the most interesting feature of the method is the fact that the graphs on a 
variety of two-dimensional lattices can be counted by a suitably constructed 
determinant. 
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Abstract. ‘The method of atoms in molecules is investigated in detail for the case 

_ of covalent-ionic resonance in the ground state of the hydrogen molecule. It is 
shown that the method is reliable if, and only if, different orbitals are used to 
approximate atomic and ionic states of the same molecule. 


$1. INTRODUCTION 


NEW technique for calculating the electronic structure of molecules, the 

method of atoms in molecules, has recently been developed by Moffitt 

(1951 b). It is based on an expansion of the molecular wave function in 
terms of accurate atomic wave functions. ‘The total energy of the molecule is 
then derived in terms of various integrals involving these accurate atomic functions. 
Although it is not possible to evaluate these integrals directly, Moffitt has shown 
how to obtain useful approximations to them. For this purpose the energy 
expression is divided into atomic terms and perturbation terms. ‘The atomic 
terms are evaluated either from atomic spectral data or from accurate wave 
mechanical calculations, while the perturbation terms are evaluated using simple 
orbital approximations to the accurate atomic functions. 

It is clear that there are two distinct sources of error in any calculation by the 
method of atoms in molecules. Firstly there are the errors introduced by 
expressing the molecular wave function in terms of a finite number of accurate 
atomic wave functions and secondly there are the errors arising from the approxi- 
mate evaluation of the integrals involving these accurate atomic functions. 
Previous applications of the method have been to the relatively complex systems 
O, (Moffitt 1951 a), C,H, (Moffitt and Scanlan 1953a) and C,H, (Mofhtt and 
Scanlan 1953b), for which it is not possible to distinguish between these two 
sources of error. For these systems the situation is further complicated by 
various additional approximations (e.g. the Hiickel approximation) which are not 
inherent in the method itself. 

In this note the method of atoms in molecules is investigated fully for the 
simplest possible case, that of covalent-ionic resonance in the ground state of the 
hydrogen molecule. This system is unique in that the exact wave function for 
the ground state of the hydrogen atom is known. Furthermore a very accurate 
approximation to the ground state wave function of the ion H~ 1s available 
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(Chandrasekhar 1944). It is also possible to carry through the complete pro- 
gramme of the method of atoms in molecules without any extraneous 


approximations, 
Throughout the paper all equations and numerical values are expressed in 


atomic units. 


$2. THE Metuop or ATOMS IN MOLECULES FOR THE HYDROGEN MOLECULE 


For the case of covalent-ionic resonance in the ground state of the hydrogen 
molecule, the method of atoms in molecules is based on the wave function 


Pe Pat Are.  - on eee (2.1) 

with 
To=27 a1) b(2) 4-51 a2)... ae eee (2.2) 

and 
¥y=2-** fb. ( 2) ey ls 2 ileee We Gieneceee (2.3) 


Here a, 6 are exact wave functions for the ground state of the hydrogen atom, 
and ¢,, ¢) are exact wave functions for the ion H-. 

In terms of the functions (2.2) and (2.3) we define the 2 x 2 matrices H and M by 
the equations 


Hy 28 in Gi) aes (2.4) 
and 
M,,= leas diy. (ig = CG) eee, ee ee (2.5) 
where 
Pe SO oie ms ak 
BE ESN 8 oe See ee art OE? susp ouetete (2.6) 


in the usual notation. 
The energy of the hydrogen molecule ground state is now given by the lowest 
root A, of the equation 


det (H—AM)=0, 
and the wave function for this state is obtained by substituting A =A, in equation 


(2.1). 
Following Mofhtt (1951 b) we express the matrix H in the form 


H=MW+V=3}(MW+WM)+ as ieee. (2.8) 
where 
W=slimsl, Se ee (2) 
Rox 


and Vis the Hermitian conjugate of V. Moffitt (1951 b) has shown that equation 
(2.8) represents a satisfactory separation of the matrix H into atomic terms and 
perturbation terms, and has given explicit formulae for the perturbation terms I” 


and J’! in terms of integrals involving the accurate atomic functions, in our case 
the functions (2.2) and (2.3). 
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In our case these formulae reduce to the following expressions : 
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To carry the analysis further we must introduce orbital approximation to the 


exact atomic functions (2.2) and (2.3). "These functions ‘. and ‘Y’; are defined by 


Me OM ta \b@yeb yay oh! eee. (2.10) 
and a 
= 2-U2[a’(1)a’(2)+b'(1)b'(2)], ws eee (2a) 
where a’, b’ are the normalized hydrogen-like functions 
eV i2 c3\ 1/2 
‘i (<) exp(—cr,), b'= @ xp (ch eee (2.92) 
In terms of these functions we define the 2x2 matrices H, M, and W by the 
equations ee ae 
H,,;= | ER aie Lcy. “lh sees (2.13) 
tae y, dr, (j= li C) Hoos an (2.14) 
and - = 
Vi site ee eres (2515) 
R-> w 


We now consider three distinct approximations to the energy matrix H and the 
overlap matrix M of equation (2.7): 


Approximation 1. ty: 
Ha; MM. 


‘Fhis is the approximation employed in the usual orbital theories. 


ris 


— 
nN 
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Approximation 2. 
M=M 
H=H,=H+3(M(W-W)+(W-W)M}. 


This is the approximation used by Moffitt and Scanlan (1953 a, b) in their 
calculations on ethylene and benzene. 


Approximation 3. 
M=M 


where the matrices V and V’* are obtained by replacing ’¢ and ¥’, by W; and V 
respectively in the definitions of V and V' (Moffitt 1951b). ‘Thus in the expres- 
sions (2.9’) the functions @ and } remain unaltered, whereas ¢, (1,2) and ¢, (1, 2 

are replaced by a’(1)a’(2) and 6’(1)6’(2) respectively. This approximation is 
also considered by Moffitt, but for reasons of convenience he rejects it in favour of 
approximation (2). However, for the present system both approximations may be 
carried through without difficulty. 

We note that 
lim =m =e eee (2.16) 


R— oo R 


$3. NUMERICAL CALCULATIONS AND DISCUSSION 


In place of the exact wave function for the ion H~ we use Chandrasekhar’s 
eleven term function. ‘Thus we take 
$.(1, 2) = Ne~™ (1+ Bu + yt? +85 + 57 + Cu? + yet* + yot® + yet tu? + Yof?u? + 4974), 
where $=7,1 +72, $= —7a1 +79, 2 =, NN is a normalization constant, and the 
parameters «, 6, .. . x;) are determined by the variational method. This function 
leads to a total energy of —0-52756 (Chandrasekhar 1944). The errors involved 
in assuming this to be the exact total energy of the system H~ are quite negligible 
in the present context. It would, of course, be extremely difficult to carry out an 
exact molecular calculation in terms of such a complex wave function. ‘This 
would involve the evaluation of all the integrals in the equations (2.9’). However, 
the method of atoms in molecules enables us to approximate to such a calculation 
without undue labour. 

‘Two different approximations to the orbital functions (2.10) and (2.11) are 
considered. In the first of these, which corresponds to the approximation 
employed by Mofhtt and Scanlan in their calculations (Moffitt 1951a, 1953, 
Mofhtt and Scanlan 1953 a, b), the screening constants of the ionic orbitals a’ and 
b' are assumed to be the same as those of the atomic orbitals a@and $. That is, we 
take 

@=a=n" exp(—r1,), b =b=n-1? exp(—7,). 

The integrals required in this calculation were taken from the tables given by 
Hirschfelder and Linnett (1950). The results of this first calculation are shown in 
figures | and 2, which give the behaviour of the total energy E and the parameter A 
for the three approximations considered in the previous section. In figure 1 the 
experimental energy curve (Hirschfelder and Linnett 1950) is also shown. 
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At first sight the results shown in figure 1 appear quite satisfactory. Approxi- 
mations 2 and 3 both lead to energy curves which are much closer to the experi- 
mental curve than is the curve given by approximation 1. However, two features 
of the curves suggest that these good results are not due to the accuracy of the 
original wave function (2.1). Firstly, both curves are below the experimental 
curve tor some values of the nuclear separation, and secondly there are considerable 
discrepancies between the results of approximations 2 and 3. These features of 
the curves suggest that the good results shown in figure 1 arise from a cancellation 
of the errors due to the inaccuracies’of the original wave function (2.1) by the errors 
introduced by using the orbital approximations (2.2), (2.3) and (3.1). 


R 
2 


wt La 


Figure 1. Energy of hydrogen molecule Figure 2. Behaviour of parameter A: 
ground state: equal screening con- equal screening constants. 
stants. 


Curves 1, uncorrected orbital approximation; 2, first form of method of atoms in molecules ; 
3, second form of method of atoms in molecules; 4, experimental. 


‘These suspicions are immediately confirmed by a glance at figure 2. Here we 
see that for both versions of the method of atoms in molecules (approximations 2 
and 3) the parameter A is extremely large near the equilibrium nuclear separation 
and indeed tends to infinity for R&1-4._ This corresponds to the absurd result 
that the wave function for the ground state of the hydrogen molecule is purely 
ionic at this nuclear separation, with no contribution from the covalent function 
2.2), 

It is not hard to locate the source of this error. It arises from the use of the 
same screening constant for the atomic and ionic orbital functions. The use of a 
large screening constant for the ionic function leads to a gross overestimate of the 
interaction energy of the two ions Ht and H-. In effect the interaction between 
these two ions is given by the simple Coulomb attraction 1/R down to quite small 
nuclear separations (1-5—2-0). When this large interaction energy, together with a 
resonance energy between H*—-H- and H~—H), is added to the low energy at 
infinite nuclear separation (—0-52756) given by Chandrasekhar’s wave function, it 
is found that the energy of the structure H~-H“ (wave function (2.3)) is consider- 
ably less than that of the covalent structure H-H (wave function (2.2)). Hence 
the ionic function (2.3) dominates the wave function (2.1) for small nuclear 


separations. 
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In the second calculation different values are used for the screening constants 
of the ionic and atomic orbital functions. ‘The screening constant of the ionic 
orbitals a’ and b’ is given the value 0-6875. ‘This is the value which results from a 
treatment of the ion H~ by the variational method using a wave function which is 
the product of equivalent hydrogenic functions. ‘Thus in this calculation we 
have 

a=(l/r) exp (je5 a =(C/7) exp —c,), \ 
b= (1/7) exp(—7,), 2 =(e/r)* exp (—a7,), J 
where c=(0-0875: 


‘The homonuclear integrals required in this calculation were taken trom the 
tables given by Hirschfelder and Linnett (1950). The heteronuclear integrals 
were evaluated in terms of Coulson’s J-integrals (Coulson 1942). ‘The results of 
this second calculation are shown in figures 3 and 4. In figure 3 only one curve is 
given for the total energy according to approximations 2 and 3, as these approxi- 
mations lead to values of & which differ by less than 0-003 for all values of R con- 
sidered. 


eee eee Lee 
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Figure 3. Energy of hydrogen molecule Figure 4. Behaviour of parameter 2 
ground state : unequal screening con- unequal screening constants. 
stants. 


Curves 1, uncorrected orbital approximation; 2, first form of method of atoms in molecules; 
3, second form of method of atoms in molecules; 4, experimental. 


From figures 3 and 4 we see that the use of different values for the screening 
constants of the ionic and atomic functions has eliminated the unsatisfactory 
features of figures | and 2. ‘The agreement between the two forms of the method 
of atoms in molecules is very striking. ‘This good agreement strongly suggests 
that both forms of the theory provide an accurate approximation to an exact 
calculation in terms of the wave function (2.1). The differences between the 
results of the method of atoms in molecules and of the simple orbital method, 
although not large, are those to be expected from an accurate calculation in terms 
of the wave function (2.1). ‘Thus for large values of the nuclear separation (R>2:5) 
the use of the accurate function (2.2) stabilizes the ionic structure relative to the 
covalent structure. ‘This stabilization is reflected in a larger value of A for these 
nuclear separations and a lowering of the total energy of the system. For small 
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nuclear separations (R<2), however, it appears that the highly specialized 
Chandrasekhar function is less suitable than a simple orbital type function. For all 
these approximations the negative values of A for small nuclear separations pro- 
bably correspond to a form of in-out correlation similar to that which has been 
discussed for the helium atom ground state by Lennard-Jones and Pople (1952). 

The failure of the more accurate form of the method of atoms in molecules to 
produce a significant lowering of the total energy for the present system, should not 
be regarded as a defect of the method. It arises solely from the fact that, for the 
hydrogen molecule, ‘f. and ‘. are identical. For more complex systems it is 
clear that a calculation in terms of accurate atomic functions instead of orbital 
functions would lead to a very substantial lowering of the total energy. 


$4. CONCLUSIONS 

‘The most important conclusion that can be drawn from the present calculations 
is that the method of atoms in molecules provides a good approximation to a 
calculation in terms of accurate atomic functions, if, and only if, different orbitals 
are used to approximate atomic and ionic states of the same molecule. Although 
this result has been established here only for the hydrogen molecule it probably has 
a wider validity. Ifthe same orbitals are used for both ionic and atomic states the 
method is unreliable, especially in the estimation of the relative contributions of 
atomic and ionic functions to the total molecular wave function. ‘Thus the con- 
clusions of Moffitt and Scanlan (1953 a, b) regarding the relative unimportance of 
configuration interaction in the systems ethylene and benzene must be regarded 
with caution. Unfortunately the refinement of using different atomic and ionic 
orbitals greatly complicates the application of the method of atoms in molecules to 
complex molecules. In particular the close formal relationship between this 
method and the method of molecular orbitals is destroyed. Furthermore the 
evaluation of the necessary integrals for homonuclear molecules is rendered much 
more difficult. Nevertheless, this refinement seems essential if reliable results 
are to be obtained. 


REFERENCES 


(CCHANDRASEKHAR, S., 1944, Rev. Mod. Phys., 16, 301. 

Coutson, C. A., 1942, Proc. Camb. Phil. Soc., 38, 210. 

Hirscurecper, J. O., and Linnett, J. W., 1950, F. Chem. Phys., 18, 130. 

LENNARD-JONES, SIR JOHN, and Popte, J. A., 1952, Phil. Mag., 43, 581. 

Morrirtt, W., 1951 a, Proc. Roy. Soc. A, 210, 224; 1951 b, Ibid., A, 210, 245; 1953, Lbrd., A, 
218, 486. 

Morritt, W., and ScaNnLan, J., 1953 a, Proc. Roy. Soc. A, 218, 464; 1953 b, Lbid., A, 220, 530. 


156 


The Coulomb Scattering of High-Energy Electrons and 
Positrons by Nuclei 


By-R: M; CURR 


Department of Physics, University College, London 


Abstract. The Mott cross section for the Coulomb scattering of high-energy 
electrons and positrons by atomic nuclei has been expressed by McKinley and 
Feshbach in terms of series in powers of 7/137, up to terms in Z*, where Z is 
the atomic number of the scattering nucleus. ‘The coefficients of these series, 
which were evaluated numerically, have been re-calculated and some minor 
errors corrected. Further coefficients have been calculated to enable application 
of the method to heavy elements and the resulting cross section, expressed as a 
ratio to the Rutherford cross section, is given in the form of a single power series. 


$1. INTRODUCTION 
HE cross section for the single scattering of electrons and positrons by a 
Coulomb field has been expressed by Mott in terms of two conditionally 
convergent infinite series. ‘hese series have been expanded by McKinley 
and Feshbach (1948) in power series in x and «/8, where 
a= —ZZ'e*/he= + Z/137(—for positrons), B=vfe. ....%. (1) 
‘These expansions, which give results accurate to 1°, for nuclei up to about 
Z=40, have been extended so that they are applicable for higher Z. The results 
have been further simplified by putting the cross section in the form of a single 
power series. ‘The series gives results accurate to 1° for «/f less than 0-6. 


§2. THEORY 


‘The Mott cross section for scattering of electrons of velocity B( =v/e) through 
an angle @ is given by 


ae le = §*)| FP cosec*0/2-- |GiPsec?0) 2) 0 W aaeee (2) 
where g=«/f, cel ; ‘ ae The functions F and G are given by: 
F=h)+F,, G=G,+G, 
Fy = 31 exp (7g In sin? 6/2) (1 —7g)/T(1 +29) | 


G, = —igF, cot? 6/2 


Pw=h 


[RD;, + (A+ 1)Dy41)(—)*P;, (cos 6) oe (3) 


> 
k=0 
Gand 


k 


| 
| 
[2°D),— (Rk + 1)*Di.4a](— )*P;, (cos @) | 


; D(kR-i i 
Dj, = exp (— atk) Tes — exp (— 7px) NESE sate (4) 
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The notation used is that of Mckinley and Feshbach. 
We wish to expand F and G in powers of « and « B. 


The expansion of jue 
yields 
Fo=31— Ql, —ig@LPt+agtibgttcqget i... cece (5) 
where 
L,=Insin 6/2 —%,(1) ; 
oe | 
a =4L,)— (1) : i 
6b = —3L,(L,° —¥3(1)) 
Sane 5 | 
o> — (2 L,°— L7b4(1)— Fe, (1)). J 


Here u,,(k) are the polygamma functions, defined by 


bn (k) = a In D(A). 


The expansion of D,, yields 


1 [| mix? ie MIG a ae 
Dy=(-) | Se + oe (ee 
2 DR 2B Rk 


TH T1o* 3 mia 


T ORB See aes a ry 


a Bu (Yyb2)* — sale? =F aE 


zee (b7h2)* i ps” Ls ba” | 
“aa | ake k Zkee Zk 


Wee a es | >. pb” 
a9, 2 Ae BE oe 


TH? ibs qi? [sib | a * 
~ 7 3 pet 2) 38 (CH ~ Fe 


ces x, THe? fYrite)* _ 32)* 
+ Rp: (by* + byybg)* + Be { poe re ; 


5 ae 7 
aH ie cari a ae oes | eal bop A an old (hd or keer (7) 
+ 710 (asm im) si ota | 


F*(k) = F(k) + F(R +1). 


This series was given, up to the terms in «!, by McKinley and Feshbach. Sub- 
stituting (5) in (3) gives expansions for F and G of the form 


F= F, + A(0)a? + B(O)a3/B + C(0)a4/B? + D(@)a* 
FOO )a°/ BF S(O)?" .. 
G=G,+ E(0)x? + H(0)x3/B + [(A)a4/B? +J(A)a* RS 3 (8) 
+ K(0)a°/B3 + M(A)a°/B + N(0)x8/ 4 + O(@)x°/,6” 
+ P(A)ae+ .. 


The terms in F, involve summations which converge as 1/k® or better and 
were computed directly, but a method of analysis suggested by Bartlett and 


where 


J 
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Watson (1940) was used for G,, which would otherwise have involved series of 
the type 


na (ha (R)}" Pr. 


These conditionally convergent series are difficult to sum accurately since they 
converge only very slowly. 
The analysis of G, given by Bartlett and Watson is as follows: 
Gi, HGP eG +e” 
where 
Gy" = [mat — 40°(1 + 21g) |e Fo/8q | 
G,® = 4n02(1 + cos 0)0/P(1 + 279) 


wD 


WS (Ep — Epa —)*P;(cos 8) ee (9) 


0 
@ =(2sin 6/2)%*sin (6/2)|[(1 +29) |? (4, 1 +72g, 2; cos? 0/2) 
Ey, =R*D,, + d7ta?RS,, — [7204 — 4a2(1 + 22q)]S;,/8. j 


E 
Gy 


Here F is the hypergeometric function defined by 


2 V(a+r)(b+r 
ECs, a7 8) > oe is Bal ae (10) 


r=0 
and S;, is given by 
=(—)*T(k—zg)/V(R4+147q).  ~  aneeee (11) 


The term G,”° can be expressed as a power series by use of (5). The function 
G,® can also be expanded in series, with coefficients involving summations of 
the type 

= eC) ae 


ps 4 27(rl P(r + 1)! N2(r +1)! (cos 0/2)?" 


= Tipe le 0 pa eee (12) 


These summations converge rapidly for 0 >60°; for @<60° Bartlett and Watson 
suggest the use of a connection formula between F(x, B, y; x) and F(a’, B’, y’; 
1—wx). However, it was found that even at 30° expression (12) could be summed 
fairly readily; at this angle the first forty terms of the series were summed and 
the remainder estimated by noting that the terms converge slightly faster than 
(cos 6/2)?" for large r. 

Using (7), (9) and (11) the expansion for E;, is found to be 


+5 Gor) ono} o9f A 
Sage te ~s*) + 2 2hitbe* — 2s)" at 


mia’ (15, ‘ 
+ FRR ye 8 aes | eres ee (13) 


This is of order 1/k2, so that the coefficients in the expansion of G,” can be 
computed numerically. 
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The Rutherford cross section is given by 


Ze" \2 i Cis 
c2=(5.—, | 4—8?) casec* d/2— 2 COSECs6/ 2a ve ndan: (14) 


2myv* 


Substituting (5) and (8) in (2) we obtain the following series for the ratio of the 
Mott to the Rutherford cross section: 


R=1— 6? sin? 6/2+aBR,+a2R, + 26?R,' + (a3/8)Ry + o38R,’ +(a4/B2)R, 
HON +O BeRy + (RUB Re (eB Re ROB Re ee i = 4 neuen (15) 
where 
R, =4E, sin? 10 
R, =4sin?40(4, +H, +2E,L,) | 
R,' =4 sin? $6(|E|? tan? 6/2 — A;) 
R, =4sin? 36,4 B,.+2H,L,—28,L,?—2A,L,) 
R;’ =4sin® $6[2(4,F, + H,£,) tan? 40—- B,+2A,L,4+7,] 
R, =4sin?36[C,—2L,B,—2A,L,?+ K,+21,L,—2H,L,?—2E,a] 
R, =4sin? 36[|A|? + D,—C,+2L,B,4+24,L,2+M,4+23,L, 
+ tan? 40{|A|?+ 24S, + EF)}] 
R,' =4 sin? $6[2( EJ, + EJ ,) tan? $0 — | A]? — Dy] 
R, =4sin? 36[Q,—2C,L,—2B,L,2+ 2aA,+ N,+2K,L,—2aH, + 2bE,] 
R,’ =4 sin? $6[ —O,+ S,+2C,L, —2D,L,+2B,L,?—2aA, 
+ 2(A,B,+ A,B) + O,+2M,L,—20,L,? 
+ 2 tan? 30(H,1,+ H,J,+ E.K,+£,K,)] 
R," =4 sin? 46[ — S,+2D,L, —2(A,B,+ A;B;) + P, 
—2J,L,? +2 tan? 46(H,J,+ H,J,+ EM, + £,M,)]. J 
The coefficient R, is equal to zsin }6[1—sin 6] as given by McKinley and 
Feshbach, Dalitz (1951) and Schwinger (unpublished). 


PeercLG} 


§3. RESULTS 
The coefficients A to M, N,, O,, P,, QO, and S; have been calculated} as is 
indicated above; they are given in table 1. The suffix r refers to the real part 
and i to the imaginary part. The values of A to J are in good agreement with 
those given by McKinley and Feshbach, except in the case of H,, [,, J, and J;. 
These coefficients were calculated by McKinley and Feshbach by direct use of 
the expansion (7) for D;. This gives 


Le aaicae 


Sep es Al 
J, = 762 plPut Pi 1) 

7 oom || 3 oa) 1 | 
J; = 76 2g (Put Pra) 76 2. pa(Put Pia) 


+ The polygamma functions are tabulated by H. T. Davis (1935) and the Legendre 
polynomials are tabulated up to P3;, by Tallqvist (1938). 
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In the case of J, the ‘ Bartlett and Watson’ analysis also yields the above 
expression; McKinley and Feshbach give /,=0 at all angles, which is obviously 
incorrect. 

In order to verify the values for H,, 7, and J, given in table 1 these sums were 
also obtained directly from (17) and good agreement was obtained. The agree- 
ment was within the accuracy of these check calculations viz. + 0-002 in the case 
of H, and J, and + 0-01 in the case of J,. 

The coefficients R,....in the series expansion (15) of R have been calculated 
using the above values of A to S and are given in table 2. 


§ 4, CALCULATION OF THE CROSS SECTION FOR S~1 
For energies greater than about 0-5 Mev (8 >0-87) R varies nearly linearly 
with 1—§?. Thus we may write 
R(p)= ROA) 1 = BARS WS SN ee (18) 
where (1) is the value of R for 8=1 and AR is independent of energy. ‘The 


series for R is obtained in this form by substitution of the constant and 1 — ? 
terms in the expansion 


n il 7 


pr =[1—(1— pI" =1- 5 (1-6) + 5 5 (dn—1) (1-9)... 
into (15). We obtain 


R)=12sn2624 5a (19) 
1 


where Z#,=R,, Z,=R,+R,', etc. AR is given by 
AR= > othk, 
10) 


where 


AR = — 2h, 
AR, = — R,’ 
AR; = 3(R3— Rs’) 
AR, =R,—R,’ 


AR: EE 4(3R; =F Rs’ =33 ey. 


The coefficients R,, AR, are given in tables 3 and 4. These tables include 
additional terms Ry, R;, R,, AR, and AR, which were estimated by comparison 
of the series with the exact calculations of Bartlett and Watson (1940), Massey 
(1942) and Feshbach (1952) for energies of 0-66 me? and higher. In the case 


of the calculations at 0-66 me? comparison was made with the series (15) modified 
by addition of the terms 


WR, +a" R, +08, + (1— B)(ax®AR, +a7AR,) 


rather than with (18). At the higher energies (1:28 me, 3:35 me? and B=a) 
the modified series (15) and (18) give results differing from one another by less 
than the probable error of the ‘ exact’ calculations (about }°,), so that it is 
sufficient to use the simpler form (18). The use of (18) rather than (15) involves 


an error which is roughly proportional to (1—2)2 and would be about 2/5 "OE 
aR, at 0-66 me?. 
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For energies greater than about 0-66 me? the error in (15) should be of the 
order of g. Exact cross sections for electron scattering by uranium (a«°® = 0-028) 
have been calculated by Yadav (1955). A comparison of Yadav’s results at 
20 me? with the «® approximation of this paper is shown in the figure, together 
with the results obtained by use of the McKinley and Feshbach approximation and 
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Comparison of the a* approximation with the exact calculation of Yadav for uranium. 
The McKinley and Feshbach and «°® approximations are also shown for comparison. 
The electron energy is 20mc?. R is the ratio of the scattering cross section to 
Rutherford scattering. 


the «° approximation of this paper. It can be seen that the error is of the expected 
order of magnitude. For energies greater than 0-5 Mev and for heavy elements 
up to Z~82 («=0-6) the error is probably less than 3q° (1°% for g=0-65) since 
the series has been fitted to the exact calculations in this energy region. Equation 
(18), which is valid in this energy region, is particularly convenient when the cross 
section for 8=1 is known, for example from the exact calculations of Feshbach» 
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The Effect of Finite Nuclear Size on Bremsstrahlung Production 


By S. J. BIEL anp E. H. S. BURHOP 


Physics Department, University College, London 
MS. received 8th October 1954 


Abstract. Calculations have been made of the bremsstrahlung spectrum 
emitted in different directions following electron-nuclear collisions, allowing 
for the finite distribution of the nuclear charge. 

Calculations were carried out for charge distributions of the uniform sphere, 
spherical shell, gaussian and exponential forms, as well as for a uniform spherical 
core with a distribution falling off exponentially at the surface. In each case 
the parameters of the distribution were chosen to agree with the elastic electron 
scattering data at 16 Mev. 

The modification of the angular distribution obtained from the Bethe—Heitler 
formula for a point nucleus is large for electron energies above 20 Mev. 


$1. INTRODUCTION 


N their well-known calculation of the differential cross section for brems- 

strahlung production in the collision of electrons with nuclei, Bethe and 

Heitler (1934) assumed that the nucleus could be considered as a point 
charge. As a result of the development of machines producing intense beams 
of high-energy electrons experimental studies of electron scattering can now be 
made under conditions where the effect of the finite size of the nuclear charge 
distribution is important and in recent years several investigations, both 
experimental and theoretical, have been made of the effect of the nuclear charge 
distribution on elastic scattering of fast electrons by nuclei (Lyman, Hanson 
and Scott 1951, Hofstadter et al. 1954, Rose 1948, Elton 1950, Yennie, Ravenhall 
and Wilson 1954). 

It is of interest therefore to investigate the modifications introduced into the 
cross section for bremsstrahlung production when allowance is made for the 
effect of the nuclear charge distribution. Hough (1948) made a rough estimate 


‘of the magnitude of the effect to be expected and showed that under some 
conditions it could be large. In the present paper calculations have been made 


of the bremsstrahlung spectrum emitted at various angles to the incident electron 
beam as a result of collisions with Hg, Ag, Cu and Al nuclei, assuming forms of 
nuclear charge distribution suggested by the interpretation of the elastic electron 


scattering data. 


$2. Tue ExTENDED BETHE-HEITLER FORMULA 


Following the notation used by Bethe and Heitler, Ey, py denote respectively 
the total energy and momentum of the incident electron in units me*,mc 
respectively, while £,p are the corresponding quantities for the electron after 
scattering. A quantum of energy k (in units me*) is emitted in a direction 
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making an angle 6, with that of the incident electron. The direction of the 
scattered electron is specified by the angle @ it makes with the direction of the 
quantum and the dihedral angle 4 between the planes (p)k) and (pk). 

The differential cross section d® for emission of a quantum of energy in the 
range between k and k+dk in a direction making an angle between 6, 4) + d@ 
with the direction of the incident electron, while the electron is scattered into the 
solid angle sin @ dé dd, is given by 

09 gy ee <i 
—_ = sin 4, ome 6 dé dd p IF(@)P 
a a ad q Po 

p’ sin? 0(4E,"— ¢°) | Po” sin® Oo(4E* — q°) 

(E—poost? + (Ey—P) cosy 

2ppy sin 6 sin 6, cos d(4E,F — q? + 2k?) 2k?(p? sin? 6 + po? sin? Oy) 
- (E— p cos 6)(Ey — Py Cos 4) if Teer | 


dD = 


where g is the magnitude of the recoil momentum transferred to the nucleus 
and is given by 

Gg? =po2 +p? +k? — 2pok cos 8) + 2pk cos 6 — 2p, p(cos 6 cos 6) + sin @ sin 4, cos d) 
and 
SIN Kr 


4m 

F(q)= ele p(r) = fidp. ~ ae (2) 
is the nuclear form factor determined by the distribution of the nuclear charge 
density p(r), where «i =q (Bethe 1934, Hough 1948). 

The Bethe—Heitler formula is obtained by writing F(q)=1, as is the case for 
a point nucleus. 

To obtain the cross section per unit solid angle per unit energy range for the 
emission of a bremsstrahlung quantum in a direction 6, to the incident electron 
beam (1) has to be integrated over the angles 6,4. ‘These integrations have been _ 


carried out by Hough (1948) for the point nucleus case. 


$3. 'THE FoRM OF THE NUCLEAR CHARGE DISTRIBUTION 
‘The following forms of the nuclear charge distribution have been used in 
these calculations. ‘The corresponding expression for the nuclear form factor 
F(R) is given in each case. 
(1) Uniform spherical nucleus. 
P=Po »7<R 
p=0, 7k fC Qeusln erp teys (3) 
F(«R) = 3(sin «kR—KRcos KR)/KPR. | 
(2) Uniform spherical shell of radius R. 
F(R) =Giin a td A a ee (4) 
(3) Gaussian charge distribution. 
P = Po Xp {— (7/R)?} ( (5) 
RGR) = exp! 7h4), areal - 
(4) Exponential charge distribution. 
pP=poexp{—(1 4 
F(«R) =(1+k?R?)-?, 
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(5) Uniform spherical case with exponential fall-off near boundary. 
P = Po» edi 
P = Po €Xp, —(7— R)/Ro}, rT>R 
ri RS + R?Ry + 2RR,? + 2Ry3}F (KR, KRo) 
= sink RU] +4? Ro? +P? RyR — «et Ry3(1 +2 Ry?) AR + 3Ry +PRy(R + Ro) }] 
— coskR[kR —kPRo(R + 2Ry) + Ry (1 +«2R,?2)1(R + 2R,) 
re ee tee) pa Ie fe Ye Gar Bae (7) 

The elastic electron scattering data and other evidence suggests that the best 
radius to be used for the uniform spherical nucleus is R= 1-20 x 10712413 em 
for a nucleus of atomic mass 4. 

The radii in the other cases were adjusted so as to be consistent with the 
scattering data for 16 Mev electrons where only a single phase is important in 
determining the departure from point nucleus scattering. The values of R used 
were R=0-924 x 10-3413 cm for the aaa shell, 

R=0-756 x 10°3.413 em for the gaussian distribution, 
#=0-264 = 10-4" cm for the teen distribution. 


For the two-parameter distribution (5) the following three cases were taken: 
5(@), Ro/R=+, R=07795 <10S* 4*8 cm. 
5(b),, Ro/ R=, R= 050 x 1057442 cm: 
5(c), Ry/R=F, F099 aa crn. 

The constants of 5(c) satisfy the criteria given by Ravenhall and Yennie (1955) 
for a two-parameter charge distribution that will explain the experimental 
results on high-energy elastic electron scattering in goldf. 

The quantity {F(«R)}? was expanded as a power series in («R)?, viz. 

fF(KR)}? = 1+0,(«R)? + a(KR)* + x9(KR)® + xy(KR)8 + 
By taking terms up to («k)* it was possible to obtain the ratio of extended nucleus 
to point nucleus cross section to within a few per cent for angles of emission up to 
120° for an incident electron energy of 50 Mev and up to 60° for 100 Mev incident 


energy. 
Table 1 shows the coefficients « for the different charge distributions con- 


sidered. 


“‘baple 4 
Oy oP) om oh 
Uniform sphere (1) yy + 17143 x 10 8-47 «10-4 +2-628 x 10° 
| Shell (2) —(0)-3333 4-444 ~10-? sre SO - 1-410 x04 
Gaussian (3) — (a5 0-125 (83. Ome 2-604 x 10-* 
_ Exponential (4) —4 10 —)() 35 
Sphere and ex- (5a) —(0)-4528 0:10256 has Se Oe 2 DAVIS. NO 
ponential fall- (56) —1-1474 0-7661 —()-3965 0-1770 
off (5c) —()-3003 ABO olOis= Oey Seal Ome 2-299 x 10-4 


$4, THE BREMSSTRAHLUNG DISTRIBUTION 
The angular integrations that have to be carried out are of the form 
- (=p?) urde 
| _1(d—p)(at bu + cp)" 
+ We are indebted to Dr. L. R. B. Elton for drawing our attention to this work. 
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where a, 6, c, d are constants and the index m takes the values 0, 1 or 2, 7 takes the 
values 0 or 1, p takes the values 0, 1 or 2, and q the values 0, § or 3. These integra- 
tions can be carried out explicitly. After integration the approximation &), 
E> 1 is made so that one can write E, =p), E=p (in units mc?, mc for E and p 
respectively). 

It is to be expected that finite size effects will only be appreciable for incident’ 
electron energies for which this approximation is satisfactory. We also write 
E,=E-+k, thus neglecting the kinetic energy of recoil communicated to the 
nucleus. This is certainly justified for energies up to a few hundred Mev with 
which the present calculation is concerned. 

To facilitate comparison with the calculations of Hough (1948) who used 
similar approximations for the point nucleus case we use a similar notation to 
his and write y= E/E, and o?=y?+4(1—y) sin? 0)/2.f 

After a good deal of algebraic manipulation the differential cross section 
d®,. for emission of a quantum of energy in the range k,k+dk in a solid angle 
dw), in a direction 6) to the incident direction can be written in the form 


dD, = Zr? dw, dk 
137E,? 40 Fk 


E.\2 4 aN 8 ; 
x lee ga H, +a, BED H+ «a. wed Hy, +4 Ey H,} 
ia Pree gr ASN Bs a ia a 


C 


where ry=e?/mc”, the classical electron radius, and r.=h/mc, the Compton 
wavelength. 
A, = 2? 1+ 7)C7 5S 9 In (2y ho) +e Ue, ¥) p=). Vos eee (9) 
where C=cos}0,, S=sin3 @; 
1+ -y?)C? 5+2 2_ 2in(1— 2 
eG) oa 27 ey Sak ey e2s*—y)+1 


hos oa Ey) 491 S2 ~ 888 \o2 


sooty 2—y)i(l=y) oa 
me cle Cs 1) Meee In {2721 eae (10) 


y = ape 2 
Deco liv@ay iano (se ane aan oe 
4(1—y)4y+2(1—y)S2} fo+ 
- a int | Eee nt 


Oo Teas 
hy=4y%(14 y*?)/ S24 16y(2+y)S?—l6y(2+y%) = = ....., (12) 


WO Ue 14 1043 
i= pg tint (5 Sythe 3”) 
Zye 


64 
— Fld ty by? 452+ 128y(3- = se, (13) 


poise Wise oe ae 

Nye ee ae) eet) ae aey 
64 

+ (33 — Oty +57)? = 24y9 + yt) S2 


256 a 128 
z VCS — 2y? + 6y9— 2/4544 = y(30—9y — 12y2+ 22y8)S8. (14) 


+ We use a instead of Hough’s p to avoid confusion with the symbol for charge density 
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Equation (10) is the same as that obtained by Hough for the point nucleus. 
At very high energies when the quantities Hp, h,,h, hs, h, can be neglected 
in comparison with the terms involving In 2yE, 


Zr)? dw, dk(1+y2)C? ORE SNe 
~ — 2 ae Uae 
Oe are ee In yy F( = )} oe (15) 


so that the effect of the finite size correction is simply to multiply the cross section 
by {F(2RE,S/r¢)}? where F is the nuclear form factor (equations (3)-(7)). An 
analysis of the size of the various terms in H,, Hy, Hy, H, indicates that this should 
give a fair approximation to the effect of finite nuclear size for incident electron 
energies above 500 mc?. 


Table 2 
O(°) ¥» ho hy ’ hy hs hy 
Se 4OFt — 122970 — 732-4 18-043 0-7030 0-03477 
0-3 — 133330 —1346-4 196-41 30-26 5-602 
0-5 — 74150 —2123 639-6 232°7 116-27 
9-7 — 95380 — 2946 1508-4 1026-2 1002-0 
0-9 649800 — 3781 3045 3359 5429 
300-1 —27-92 — 13-453 — 2-388 —1-3056 —(0-1303 
0:3 —93-02 —43-59 — 3-434 —()-0648 +2-005 
O-5 — 83-37 — 65-33 + 2-002 9-040 11-330 
0-7 ~62-95 —82:27 17-741 36-47 49-26 
ee) 5852 —100:81 49-89 106-30 191-78 
60 O-1 —1-277 — 3-289 —2-214 —4-557 —4-593 
0:3 — 3-648 —8-876 — 5-702 — 11-347 —8-617 
0-5 — 3-139 — 14-214 — 8-000 — 14-960 —8-416 
0-7 — 6-002 —18-235 — 8-646 — 13-048 3-309 
0-9 40-32 —21-88 — 6-566 +0-1296 44-16 
90 Ol —0-1850 —1-1784 — 1-455 —5:-052 —13:587 
0-3 —0-3599 — 3-363 — 3-727 — 14-566 — 34-14 
0-5 +0 -1559 —5-182 — 5-500 — 23-84 —55:07 
0-7 2-532 —6-477 — 6-927 — 31-35 — 69-08 
0-9 11-870 — 7-403 —7-855 — 33-96 — 65-66 
120 O-1 —()-0286 —()-6248 —()-6421 —()°7594 — 15-366 
0-3 —()-0474 —1-6199 — 1-2288 — 3-586 — 43-19 
0-5 +0-4507 — 2-266 — 1-3333 —9-408 — 80-80 
0-7 2-118 —2°579 —1-3140 — 17-248 — 113-43 
0-9 5-370 —2-5709 —1-3248 — 23-90 —114-48 
150°  O-f 0-0063 —0-4096 —(0-0379 +5-409 —5:395 
0:3 0-1236 —0-9504 + ()-6887 + 3-318 — 19-834 
0-5 0:-4651 —1-:1411 1-9994 15-503 — 57-66 
0-7 1-2831 —1-0134 3°455 12:522 — 88-26 
0-9 3-705 —()-6731 4-783 7:186 — 63:99 
180 0-1 0-0139 —0-3508 0-1844 8-323 +1:709 
0:3 0-1369 —()-7680 1-4004 21-48 —4-416 
0-5 0 -4594 —(0)-8345 3-250 27:77 — 35-79 
0-7 1:1923 —(0-5931 5-272 27°59 — 58-24 
0-9 33014 —0-15201 7-160 23-47 —16-42 


+ Our /iy is not quite the same as Hough’s g because we have taken the argument of 
the logarithm of the first term in Hy as 2yE) while Hough took 24) as this argument and 


absorbed the y in his expression for g. 
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$5. NUMERICAL CALCULATIONS 


The quantities ho, h,, 2, 43,h, are tabulated in table 2 for a series of values 
of y and 6). From these quantities the bremsstrahlung distribution for different 
energies and different assumed nuclear charge distributions can be obtained 
readily by calculating In 2yE, and using equation (8) with the appropriate values 
Of Gyo ¢s, 0, trom table 1: 


$6. THe EFFECT OF THE NUCLEAR CHARGE DISTRIBUTION 


Figures 1-3 show the effect of finite nuclear size on the bremsstrahlung 
spectrum for different incident electron energies and different assumed charge 
distributions. These curves indicate that at large angles of emission the effect 
is appreciable even for electron energies of 20 Mev and may become very large 
at higher energies. ‘The effect is most marked for the production of high energy 
quanta (y small). 


Cross Section 


Ratio to Point Nucleus 


Angle of Bremsstrahlung Emission 


Figure 1. Ratio of differential cross section for bremsstrahlung emission to that for a 
point nucleus. These curves refer to a uniform spherical distribution of charge 
for the case d=200, radius=1-2 « 10-12.41/3, 

(i) Ey>=10 Mev, y=0-5; (ii) Ey =20 Mev, y=09; 
(ii) Ey>=20 Mev, y=0-5; (iv) E)—20 mev, veil 
where Ey is the incident electron energy, yl, the electron energy after sc 


At these energies almost identical curves are obtained for anv reasonable 
charge distribution. 


attering. 
assumed 


. At energies of 50 Mev and higher, different assumed nuclear charge distribu- 
tions influence the bremsstrahlung spectrum but the difference between the 
distributions tried is small compared with the difference of anv of them from that 


| 
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Cross Section 


(a) 


1c) 


Point, Nucleus 


Ratio to 


(3 ' 
0° 30° 60° 90° 120° 0° 30° 60° 90° 120° 
Angle of Bremsstrahlung Emission 


Figure 2. Ratio of differential cross section for bremsstrahlung emission to that for a 
point nucleus. Full curve (i) exponential distribution of charge; full curve (ii), 
gaussian distribution; full curve (iii), spherical shell; dashed curve, uniform 
spherical core with exponential fall-off on boundary with R)/R—=+4; chain curve, 
uniform sphere. Two other cases with a uniform spherical core and exponential 
fall-off on boundary were calculated. The case Ry/R=4 gave results indistinguish- 
able from full curve (i) for the exponential distribution. The case R)/R=+ gave 
results very close to full curve (ii) for a gaussian distribution. 

(a) A=200, E,>=50 mev, aes @O) ASO, 5 = S30 wie, VSO 
(6) A=200, L)>=50 mey, O53 (@) ASG, My = SO mie, v=—Or 5. 
(c) A=200, E,>=50 mev, a 9. Gp) 4A, 18 DO MIEN, V0). 


to be expected for a point nucleus. In view of these comparatively small ditter- 
ences and the difficulties of measurement of bremsstrahlung at large angles of 
emission it does not appear likely that bremsstrahlung will be as useful as elastic 
electron scattering in determining nuclear charge distributions. Of the com- 
posite two parameter distributions tried type 5(b) gives a distribution nearly 
indistinguishable from the exponential distribution (4) while 5(a) and 5(c) give 
results close to that of the gaussian distribution (3). As pointed out above 
distribution 5(c) is closest to that required to explain the high energy elastic 
electron scattering data. 

One interesting result is the apparent tendency of the ratio to point nuclear 
scattering to pass through a minimum and to increase at large angles of emission. 
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Ratio to Point Nucleus Cross Section 


0-4 


nr a ae a 
Angle of Bremsstrahlung Emission 
Figure 3. Ratio of differential cross section to that for a point nucleus. The markings on 
the curves have the same meanings as for figure 2. 
(a) A=200, Ey=100 mev, y=0-1; (d) A=107, Ey=100 mev, y=0°5; 
(6) A=200, E,>=100 mev, y=0°5; (e) A=63, EH )=100 Mev, y=0'5; 
(c) A=200, E,=100 mev, y=0°9; (f) A=27, E,=100 mev, y=0°5. 
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Inelastic Heavy Particle Collisions Involving the 
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Abstract. ‘The Landau-Zener formula ‘for the transition probability arising 
from the pseudo-crossing of potential energy curves is applied to the processes 
H-(1s)?4+-H*>H(1s)+ H(2s or p), H-(1s)?+ H+t+H(1s)+ H(3s, p or d) and 
H(1s) + H(3s, p or d)H(1s) + H(2s or p) allowance being made for the effect of 
the orbital degeneracy. Cross sections and rate coefficients are given over a 
wide range of impact energies and temperatures. ‘The calculations show that 
the electron transferred in slow encounters between H~ and H* ions falls mainly 
into the third quantum level. Recombination thus leads to the emission of the 
first Balmer line. ‘The de-activation process studied is of interest in that it 
provides an illustration of a type of mechanism whereby electronic energy can 
readily be converted into translational energy in thermal collisions. 


§1. INTRODUCTION 


essentially by the pseudo-crossing of the initial and final potential energy 
curves of the systems concerned. In the first two papers (I Bates and 
Moiseiwitsch 1954, II Dalgarno 1954) consideration was given to a few exothermic 


processes of the type Aeeipte A ep eee (1) 


T= series is concerned with those inelastic collisions which are controlled 


The calculations were facilitated by the Coulombic character of one of the poten- 
tials (which renders easier, for example, the determination of the location of the 
crossing point). A potential of this character is also a feature of 


KR epeeae pe | Ce (2) 


Some exploratory work on such processes has already been done (Bates and 
Massey 1943, Magee 1952) but unfortunately the majority cannot be treated 
quantitatively owing to lack of precise enough information on the energy required 
to detach the electron (cf. Massey 1950). Amongst the exceptions are processes 
involving the negative ion of atomic hydrogen. ‘This ion has been investigated 
in great detail by Chandrasekhar and his associates ; and the value which Henrich 
(1943) finally obtained for the detachment energy, 0:74, ev, may be accepted with 
some confidence. 
The present paper is mainly devoted to the calculation of the cross sections 
and rate coefficients of 
H-(1s)?-++H++H(1s)+H(2s or p)+2-65,ev ss... (3) 
~+H(1s)+H(3s,p or d)+0-76;ev. ...... (4) 


a D. R. Bates and F. T. Lewis 


These are the only members of the 
H-(is)?+ Ht+H(1ls)\+A@D) = eee (5) 
family which can proceed rapidly; for when n either is 1 or is 5 or greater the 
potential energy curves do not intersect ; and when it is 4 the internuclear distance 
at the crossing point is much too extreme. 
Though of rather less importance the de-activation process 


H(1s)+H(3s, p or d)+H(1s)+ H(2s or p)+1-88,ev ..... (6) 


which takes place as a result of a double transition, is also studied. ‘The basic 
parameters needed are the same as those which arise in connection with the 
charge-transfer processes so that little extra effort is incurred. 


$2. ‘THEORY 


Let U,°(R) and U;(R) be the zero-order initial and final potential energy 
curves, that is those obtained by neglecting the interaction between the states 
concerned; and assuming that this interaction is not zero let U,(R) and U,(R) 
the corresponding true potential energy curves. ‘Though U,°(R) and U,(R) 
may intersect at some pouit R,, Ui(R) and U,(R) cannot do so owing to what 
may be regarded as a mutual repulsion (cf. Coulson 1952). Since even and odd 
states do not interact with each other degeneracy arising from the symmetry 
properties of the wave functions does not cause any complication. ‘The position 
regarding orbital degeneracy is rather different. 

For a given symmetry processes (3) and (4) have a single initial state and a 
degenerate set of final states which we shall denote by i and f,—f, respectively. 
Noting that the interaction between 1 and the f’s is very much greater than that 
between pairs of the f’s it is immediately apparent from the appropriate secular 
equation that the potential energy curves are as sketched in figure 1, the essential 


Potential Energy 


po aa ee ee 
7 
Z 


Internuclear Distance 


Figure 1. Pseudo-crossing point in the case of orbital degeneracy. The upper sketch 
shows the zero-order potential energy curves; the lower shows the true potential 
curves, allowance being made for the interaction between them. 


feature being that they consist of two isolated branches, « and £, each of weight 
unity (corresponding to the similar branches arising in the standard non-degenerate 
case) together with an intermediate branch y of weight »—1 which, unlike the 
others, is almost unaffected by the interaction. As R increases towards Re; the 
branches « and y gradually converge and then diverge, and as it increases beyond 
the branches £ and y approach asymptoticallyf. 


t+ The potential energy curves are discussed more fully elsewhere (Lewis 1955). 
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The wave functions associated with the isolated branches change rapidly 
with internuclear distance in the region of the crossing point: thus according as 
R is much smaller or greater than R,, that of the upper of these branches, «, is 
predominantly homopolar or predominantly ionic while that of the lower, 8, 
has the opposite characteristics. Furthermore the homopolar components of 
the two wave functions are of closely the same form; and of course the ionic 
components are necessarily identical in form since (H*, H~(1s)?) has no orbital 
degeneracy. In complete contrast the wave functions associated with the 
intermediate branch, y, change vety slowly in the region of the crossing point 
and contain no appreciable part of either the homopolar or the ionic components 
of the other wave functions. It follows at once that transitions occur mainly 
between « and {, and that as far as they are concerned the existence of y may be 
ignored. Now at the crossing point the energy separation of the isolated branches 
may readily be shown to be 

n 1/2 
Atig(Re)=| > AUi(RI | ater (7) 
es 
where AUj-,(X.,,) is what the separation would be if i and f,, were the only inter- 
acting states. From the Landau—Zener formula (cf. Mott and Massey 1949) we 
therefore have that the probability of a transition from one of these branches to 
the other in passing through the crossing point is 


SSeXpl=<0)- 2 | we ey | esamae (8) 


LP 
S I 2 d itso 0 
with Jifes nt] De. (R,)}? | /ne(R,) 7p Ui Sab) 


(a | 


R=Ry 


z(R) being the radial component of the velocity of relative motion. 
The fact that the (H*, H-(1s)?) potential has important crossings both with 
the (H(1s), H(2s or p)), potential and with the (H(is), H(3s, p or d)) potential has 
now to be taken into account. We shall use the numbers 1, 2 and 3 respectively 
to designate the asymptotic parts of these potentials and the letters b and c to 
designate the inner and outer crossing points (cf. figure 2); and we shall use the 


0 T I 
) H(Is),H* 
Ss | Hits) H@s, p ord) 
RSI = 
~ 
ae 
& 
5-2 | 
= 
H (ts), H(2s or p) 
b 
-3 | | | 
0 10 20 30 40 50 


Internuclear Distance (units of a) 
Figure 2. Potential energy diagram for the systems [H~(1s)?, H*]; TH(1s), H(2s or p)], 
[H(1s), H(3s, p or d)]. The zero is chosen to be the potential energy of the first- 
named system when the internuclear distance is infinite. 


same numbers and letters as distinguishing subscripts on the symbols for asso- 


ciated quantities. ‘To avoid making the notation unnecessarily cumbersome we 
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shall not in general include any specific reminder of the dependence on the 
angular momentum of the colliding systems about their centre of mass. This 
angular momentum, which we shall describe by the quantum number /, naturally 
controls how close the systems can come together. "The homopolar curves are 
effectively horizontal since in the R-range of interest the inverse cube terms due 
to the dipole-dipole resonance forces (cf. King and Van Vleck 1939) are very 
small. Consequently if the approach is made along asymptote 1 crossing point b 
cannot be reached unless /is smaller than /,,,, and crossing point c cannot be reached 
unless / is smaller than /,, where 


PER Pep al ee (10) 
822M 822M 
kyet=he+ 5 AE» kigt=het = INT el (11) 
32M 
k= a Bi (ll Cnet aie (12) 


M being the reduced mass, AZ, and AZ,, being the amounts by which processes. 
(3) and (4) are exothermic, and £, being the initial kinetic energy of relative 
motion. ‘lhe corresponding limits for approach along asymptote 3 are 


Ls, re kok ab > L350 = RiR eC oe Sa VEIL) eet ees (13) 
822M 
with Rap? = ke2-+ a NES ee (14) 
and with AF, the amount by which process (6) is exothermic. It may be noted 
that | 
Le Sli | We OY Se) eee (15) 
and (le Ley) (Ej) 0 a eee (16) 
where Rus i Rae | Rag Rea 20) ee ee (17) 


‘Taking cognizance of the various paths that may be traversed during an 
encounter we find that if an approach along the requisite asymptote is made the 
probability of process (3) is 

Fl 2) 2 Pt ee 
_0 geo) eee (18) 
the probability of process (4) is 


AA, 3)=21=P,+P,*)P.(1 =P.) laa 
= Po be) Lip lech a eee (19) 
=) Ley 
and the probability of process (6) is 
A(3, 2)=2P,(1— P,)1 —-P.) l<1 i, AR 
_ 2S PGS Py eis eee - 
31 =P, +P, PPP) Ve Bore ee ei 
=) otherwise. 
The probabilities of the reverse processes are of course related; we have 
A(2, 1)=FA(1,2), A3, 1) =4A(, 3), A2, 3) =3 A, Pap MER ) (21) 


+ If E;, is greater than AE; particles reaching asymptote 1 continue to move apart 
indefinitely; but if it is smaller they fall back into the potential well and oscillate to and fro 


until ultimately they separate along either of the other asymptotes. A single formula is 
thus not applicable for all energies. 
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‘The associated cross sections are given by the standard formula 


7 ; 
=se (ely (22) 


in which p is the probability that the specified systems are initially on one of the 
interacting potentials (cf. Mott and Massey 1949). Since such potentials are 
associated only with singlet o-states of the quasi-molecule we have Ps 


pl H~, H(1s)*]=1, p[H(1s),H(2s or p)]= 4, p[H(1s), H(3s, p or d)] = eee (23) 
The integrals equivalent to the required summations may be expressed in 
terms of the combination 


F,(x)=E,(x)—E,(2”) = aaa (24) 


of the functions 
LE Ax | om CSB CEL 1) ee a arene (25) 
“J 


which are now well tabulated (Placzek 1946). Introducing 
i (27 Mv(R ,)/h}w 
C= Kip) ia le Seis 3 0 = Si (Ra hig Ras) Roe (26)+ 
E1, =K3p/ Rego &o=K3e/ Ry 6 = SIN "(RK sy Rgp/R chi) ; 
and substituting in (22) from (18), (19), (20) and (23) we obtain the following 
approximations for the cross sections: 
OL (1s)?, H*; (1s), Hs or p)]=47R »,7(4,07/k,7) exp (— ¢, sec 0) F3(C), - (27 
O[H(1 5)? pia? shit is) O(ssipord)|=—4nh Ake ik eG) eeoce (28) 


O[H(1s), H(3s, p or d); H(1s), H(2s or p)]= 7 Ran (hao* A2E, secs 


x [(1—$é, seed) F,(,) — J tan? (1 —€, seed) Fy(,) 
+3 "CAS sei sec 6) F(&,) 
tan’ d(1 —2e, seed) F(€,)], RAR 9 9 — silts. (29) 

In the een of these formulae we have assumed that ¢,, €,, tan? 6, and tan’ ¢ 
are small enough to permit their use in short power series expansions. Antici- 
pating the results of the detailed calculations (cf. § 3.1) we may note here that in 
them, both ¢, and €, are less than 0-030, and both tan?@ and tan*¢ are less than 
0-51, from which it follows that less than one per cent error is caused by the 
omission of the higher terms. ‘The formulae complementary to (29) covering 
the various parts of the brief range E, <A, are not displayed as they are of more 
limited interest and are rather cumbersome. 


§ 3. DETAILED CALCULATIONS AND RESULTS 


3.1. From the photo-detachment cross-section curve computed by Chandra- 
sekhar (1945) it may be shown by standard quantal methods (cf. Mott and 
Sneddon 1948) that the polarizability of the-negative ion of hydrogen is about 
230 atomic units. Knowing this polarizability and the energies of the isolated 
systems it is a simple task to determine the internuclear distances at which the 
pseudo-intersections of the potentials occur. We find that 

Rene ila Rp 0G, nti (30) 

+ The first subscript on the x’s refers to the asymptote along which the approach is 

made and the second refers to the crossing point. 
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dp being the radius of the first Bohr orbit. Hence £, (defined by equation (17)) 
is 0-20, ev. 

An account of the procedure for obtaining the energy separations, AU(R,), 
has already been published (papers I and II) and need not be repeated. For 
H-(1s)? we adopted the wave function given by Lowdin (1953) which is of the 
form 


y(r’, r”) ={C, exp (—yyr’) + Cy exp (— yar’ )} {Cy exp (— yur") + C2 exp (— yer") } 
Ore (31) 


where r’ and r” are the position vectors of the two electrons relative to the parent 
nucleus and the C’s and y’sare constants; and for H(1s,2s or pand3s,p or d) 
we used the exact wave functions. Describing the quasi-molecules (H*, H (1s)?), 
(H(1s),H(2s or p)) and (H(1s), H(3s, p or d)) by properly symmetrized combina- 
tions of these the required matrix elements may be computed without difficulty 
since they are expressible as the sums of products of the J-functions of Coulson 
(1942)t. As would be expected certain of the contributing integrals yield terms 
which contain factors of the type exp[(—y,0ry2)R,], and are therefore very 
sensitive to the y’s which are not accurately determined. Fortunately there is 
exact algebraic cancellation between the more important of such terms; and the 
dominant remaining terms are not very dependent on the constants of the 
H (1s)? wave function. Were it not for this the energy separation could scarcely 
be calculated with sufficient accuracy. 


Table 1. Data Relating to Potential Energy Curves 


Energy separation at Root of sum of squares of 
Interacting states : 3 ; 
crossing point (ev) energy separations (ev) 

(Cels(ISyrs Ist) (a(S), Isl(2s))) Se TOs); 5-26 <10-2 
(H(Is)*, H*) (ACs), H(2p)) AOT XO =i eae ak” 

(H(1s)?, H*) (i's), H@Gs)) 4-91 x 105° 

(Hs), Ei) (Eds) Ep) 6-40 x 10-3 DMN 
(aI(is\e, el) Garals). eich) 4) Seal Oise 


Table 1 gives the values finally obtained for the AU(R,)’s at the two crossing 
points together with the roots of the sum of the squares of each set (which are the 
quantities actually needed). It may be remarked that an increment of SR, in 
R, would cause the \U(R,)’s to diminish by the factor exp(—gdR,) where g is 
about 0-4,/a) for the b-crossing and is about 0-23/a) for the c-crossing. There 
is still some slight uncertainty about the true electron affinity of hydrogen. If 
the adopted value should be in error by, say, 0-01 ev then the derived values of 
R,,, and R,, would be in error by 0-04ay) and 0:4,a) respectively. 

Substitution from table 1 in definition (26) with use of the appropriate modi- 
fication of equation (15) of paper I yields that 


Gy =8:55/(E + 5-30), £,= 3-6, x 10-2/(F 41-5320 (32) 
&) =8-5,/(€ +3-78)"2, €,=3-6, x 102/12) = (33) 


{+ It should perhaps be mentioned that having chosen the wave functions further 
approximations were not made in the evaluation of the matrix elements (as was done in 
paper IT for the sake of reducing the computational labour). 
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where © is the impact energy of one of the particles (measured in ev), the other 
particle being taken to be at rest. For head-on collisions these quantities are 
identical w ith the corresponding w’s appearing in formula (8) and their values 
give a useful indication of the general situation. In the case of such collisions it 
is apparent that P,, is much less than unity if & is below about 30 ev and that 
(1—P.) is much less than unity except when & is minute. 

3.2. Using the formulae presented in § 2 the cross sections Q for processes (3), 
(+) and (6) were calculated over a range of impact CVOtas 6 the results being 
shown in figures 3 and 4 in the form of log O — log & curves. It should be noted 
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Figure 3. Cross sections for charge transfer 32, 5 = 5 4 
from H~-(1s)? to H+. Log [Impact Energy] 
Curve (1, 2) refers to Figure 4. Cross section for the de-activation 
EE-(1s)?--H* = Hds)+ Hs or p) process 

and curve (1, 3) refers to H(3s, p or d)+H(1s) — H(2s or p)+H(ls). 


H-(is)?+ H* > H(1s)+H@s, p or d). 


that the approximations of Landau and Zener are not valid for very fast collisions. 
The region where they first begin to lead to serious error as yet cannot be specified 
definitely. However, failure undoubtedly occurs unless the velocity of relative 
motion is small compared with the relative velocity of the bound electrons (cf. 
paper I). ‘The cross sections are therefore given only for impact energies up to 
10? ev; and it is not certain that the approximations made are justified near this 
limit. According to the Landau—Zener formula the cross-sections for processes 
(3) and (4) ultimately fall off as 6-1? and that for process (6) ultimately falls off 
as &~! (being different because of the double transition involved). ‘The true 
rates of fall off must be far more rapid since momentum transfer occurs. As the 
impact energy tends to zero the cross sections for processes (3) and (4) naturally 
tend to infinity as 6 | owing to the collecting action of the attractive Coulomb 
field. For process (6) the limit may for practical purposes be regarded as finite 
as is apparent from equation (33) and the succeeding remarks. 

The rate coefficients associated with the processes were computed for a 
number of temperatures by averaging the products of the cross sections and 
the velocities of relative motion over the appropriate Maxwellian distribution. 
Table 2 gives the values obtained. 

It will be observed that the rate coefficients for processes (3) and (4) are both 
large. This would suggest that large rate coefficients are likely to occur with 
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Table 
Rate coefficients 
= Process (3) Process (4) Process (6) 
J embers md,2) ae 03, 2) | 
Cx) GiOn2 cm=séca5) (10-* cm? sect) (0s tem iseca) 
250 Gar 1:3 1:9 
500 4°, 0-9, 2:2 
2000 Dey 0:55 2A 
4000 De 0-35 1-6 
8000 2+, 0:35 0-9, 
16000 3+; 0:2, 0:55 
32000 Sin 0:2, 0-35 


many other ionic recombination processes since the conditions to be satisfied 
clearly cannot be unduly severe in view of the difference between R,,, and R,,. 
and since, moreover, there are commonly several pseudo-crossings. <A similar 
conclusion was reached by Bates and Massey (1943) and by Magee (1952). 

Attention is drawn to the fact that the theory predicts that recombination 
between H~ and H~ ions populates the third quantum level with an efficiency 
of almost unity and does not populate the higher quantum levels to any appreciable 
extent. Hence only the first Balmer line, A 6563, should appear in visible part of 
the emission spectrum. 

Conversion of electronic energy into transitional energy in thermal collisions 
is usually believed to proceed extremely slowly and undoubtedly this is frequently 
true (cf. Massey and Burhop 1952). It is therefore of considerable interest that 
the calculated rate coefficient for process (6) is far from being small. The 
double transition mechanism responsible must also be operative in certain other 
cases. Further work is in progress. 
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Cross Section of Deuterium 
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Abstract. A stable B-detecting proportional counter has been constructed and 
used in the B—y coincidence method to calibrate a Curie chamber substandard for 
*4Na y-ray sources. ‘The mg Ra equivalent of 24Na is found to be 0-333 + 15° me. 
This calibration leads to a revised value of the deuterium photodisintegration 
cross section at 2:76 Mev (15-05 + 0-5 barns). 


$1. INTRODUCTION 


ONSIDERATION of some recent determinations of the photodisintegration 
cross section of deuterium (Bishop e¢ al. 1950) shows that the greatest 
probable source of error lies in the determination of the flux of y-ray 

quanta. ‘The work to be described which deals with the calibration of *4Na y-ray 
sources is part of a general programme of absolute measurements undertaken to 
remedy this uncertainty (cf. Marin, Bishop and Halban 1953). Since the decay 
scheme of 74Na is well known (Hedgran and Lind 1952) the coincidence method of 
calibration can be used (Putman 1950, Barnothy and Forro 1951). As the original 
measurements made in this laboratory were made by this method and it is usually 
considered the most accurate for absolute measurements when the By decay 
scheme is known, we have confined ourselves to it. The alternative method 
(Seliger and Schwebel 1954) of counting all the £-particles emitted from a thin 
source (‘47 counting’) is in use at the Atomic Energy Research Establishment, 
Harwell, and as a result of a parallel measurement we are able to report agreement 
within the experimental error between the two methods. A report on other 
British intercomparisons is given by Perry (1953). 

In elementary theory, the absolute disintegration rate, N particles per second, of 
a source emitting B- and y-rays in coincidence is given by N= N, N,/N, in which 
N, is the number of f-particles recorded, N,, the number of y-rays recorded, and 
N, the number of B-y coincidences between the two counters. ‘The geometrical 
conditions under which this simple result obtains (Putman 1950) are not difficult 
to satisfy experimentally for B-counters subtending a few tenths of a steradian at 
} thesource. If 1° overall accuracy is aimed at, a high B counting rate must be used 
in order to obtain a sufficiently high coincidence rate. Small Geiger—-Miiller 
counters are not very reliable at high counting rates even when externally quenched. 
Furthermore, when counting at 20000 per minute, the dead time correction 
enters largely into the final answer. ‘The obvious way to overcome this difficulty is 
to use a proportional counter for the f-particles or a scintillation counter for the 
_y-rays. The equally obvious objection to this solution of the problem is that both 
) these counters are very sensitive to small changes in their working conditions and 
are therefore unsuited to absolute measurements. 

However, by careful attention to detail these difficulties can now be overcome. 
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§2. THE PROPORTIONAL $-COUNTER 


‘The characteristic and desirable independence of counting rate upon applied 
voltage, the plateau, shown by a Geiger-Miiller counter will also be shown by a 
proportional counter provided all the particles entering the counter are counted. 
For our purpose it is thus necessary to design a proportional counter in which the 
output pulses, due to the fastest weakly ionizing S-particles, reach the stable bias 
setting of the counter at an applied voltage considerably below that at which the 
counter ceases to behave as a proportional counter and becomes unstable or enters 
the Geiger region. ‘The relative pulse height distribution for an idealized counter 
can be calculated from established data and is shown in figure 1 together with the 
distribution actually observed using our counter. Inthe calculation no allowance has 
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Figure 1. Pulse height distribution in the B-proportional counter. 


been made for scattering in the window and from the inside walls of the counter, 
or for statistical spread in the number of ion pairs formed in the active volume of 
the counter. ‘The peak in the distribution is due to f-particles of energy 
E,;>0:2mMev. The high amplitude tail is due to particles for which 
0-2>E; >0-0006 Mev; 99-8°, of all the pulses are included between the finite 
limits set in figure 1. It should therefore be possible to detect at least 99-8°%, of 
the particles entering the counter with a finite gas amplification factor. A simple 
calculation shows that all the particles will not be counted until a gas gain of 300 is 
reached and that to obtain a satisfactory working plateau the counter must remain 
stable up to gas gains of 1000-2000. 

A satisfactory design was worked out experimentally, taking as a basis the flow 
type loop counter developed at Atomic Energy Research Establishment, Harwell 
(Taylor 1953). Some preliminary experiments showed that the action of this 
counter depended on the purity of the argon and the conditions of flow. Systematic 
work was undertaken to explain many puzzling features about its action which were 
found experimentally. 

‘The final design is shown in figure 2. Its performance is satisfactory as can be 
seen from the counting rate voltage curve (figure 3). The slope of the plateau is 
less than 0-49, per 100 volts. ‘The amplifier was modified (Magee, Bell and Jordan 
1952) so as to improve its overload characteristics in order to work several hundred 
volts along the plateau. 

The counter is baked and filled with a methane, argon (~25°%) mixture to 
about atmospheric pressure. ‘The use of pure gases is not very important, provided 
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they are dry and that the value of X/p (vem per mm Hg) does not fall below 0-5. 
‘This is ensured if the loop-window distance is kept below 1-:0cm. Under these 
conditions even 5°, of air in the filling mixture can be tolerated without spoiling 
the plateau; however, the formation of negative ions in the regions of small 
X/p is shown by the appearance, at high gain, of a large number of small spurious 
pulses well below the discriminator bias. A detailed investigation showed the 
action of these counters could be explained in terms of the measured properties 
of the filling gas (Colli and Facchini 1952, English and Hanna 1953). The 
potential applied to the counter was obtained from a simple stabilized power 


pack, which was shown, by direct measurement, to be sufficiently stable for use 
with the 8 proportional counter. 


Figure 2. The proportional counter used to count the f-particles. The cathode is a 
silver deposit on walls and window. The 1/1000 in. window is made from a glass 
bubble or aluminium foil. 
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Figure 3. A ‘ plateau’ obtained with a f-proportional counter using a ?4Na source. 


$3. THE CORRECTION FOR THE y-BACKGROUNDS IN THE f~y COINCIDENCE 


The simple formula N= N, N,, /.N, assumes that the 6-counter only registers 
f-rays and that all coincidences are between f-rays registered in the 6-counter and 
y-rays detected by the y-counter. ‘Thisisnotso. Some of the particles detected 
by the B-counter are secondary electrons produced by the y-rays. Since the *4Na 
source emits two y-rays (2-76 and 1:38 Mev) in cascade some of the coincidences are 
due to the detection of both members of a cascade, one in each counter. 

The yy coincidence rate and the true f rate can be approximately measured by 
slipping an aluminium disc, sufficiently thick to stop all the B-rays, over the counter 
window. This method over-estimates the correction because the efficiency of the 
B-counter for y-rays is increased by the presence of the aluminium screen which 
stops the f-rays. 

In our experiments this increase in efficiency was directly determined in a 
separate measurement in which the -rays were deflected by a magneticfield. ‘The 
apparatus is shown in figure 4. 
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‘The counter and head amplifier are mounted so that they can be rotated about a 
vertical axis and so vary the part of the counter window irradiated by a small, well 
collimated y-ray beam. The axis of rotation is arranged to be 4cm from the 
window of the counter. Since this is the usual source to window distance when a 
measurement is being made, a graphical integration of the counting rate curves with 
and without the absorber (figure 5) enables one to determine the desired ratio 


Total y counts with 8 absorber over the window 


Total y counts with window uncovered 


Sodium Source 


Figure 4. Apparatus used to determine the change in y-counting efficiency of the B-counter 
when the f-screen (absorber) is placed over the window of the B-counter 
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Figure 5. ‘The variation of counting rate with point of entry of a collimated y-ray beam 
into a proportional and Geiger counter with and without window absorbers. 


For the proportional counter this ratio was 1:18. For a GM4 Geiger counter it 
was 1:39. ‘The correction is applied in the following way. 
If a and 6 are the efficiencies of the B-counter for the two y-tays, y, and yo, of 
the cascade, c its efficiency for 8-rays, all measured in the absence of the absorber 
a+6éa, b+66, and zero the corresponding efficiencies with the B-absorber i: 


position, and «,, €, the efficiencies of the y-counter for the two y-rays, then it is 
easily shown that 


Ng N, Kone 


: N (€, +€y)(¢c—da—6b) 


fs C(e, + €g) — Bae, — dbe, : 
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In this expression \, and N, are the differences between the pairs of values 
Nes Ne: N,, N.', measured with (N,', N,’) and without (N;, N,,) the absorber in 
position. 

The correcting factor cannot be evaluated as it stands. However, as the ratio 
of the efficiency of a counter for y-rays of energies 2-76 and 1-38 Mev is not very 
different from 1-8 (Segre 1953), we can put a=1-804, ¢,=1-8e, and 8a= 1-886, to 
obtain 

NsN, 
‘The small quantity 5b/c may be calculated from the counting rate of the B-counter 
with and without the absorber, and is about ()-0028, making the correction about 
0-42%. 

ft is easily seen that the value of this small correction is not very sensitive to the 
assumed value of €,/e, (1-8). A +4-25°%) error in the determination of the ratio 
(2@+6+8a+6b) (a+b) (1-18 + 0-05) gives rise to a 25°%, uncertainty in the value of 
the correction, i.e. 0-1°,, uncertainty in the final value of the disintegration rate. 


= N(1—1-58b/c). 


$4. EXPERIMENTAL PROCEDURE 

About 0-1 g of irradiated sodium carbonate (specific activity 10 mc g!) was 
weighed into a thin walled aluminium pan and its activity compared with that of a 
standard radium source on the laboratory Curie type ionization chamber (Wilson 
and Bishop 1949). ‘The ionization current due to sodium was never more than 
six times that of the standard radium source. (N.P.L. Certificate C.2521; 
1-01 mg radium content, and effective strength on our Curie chamber 0-96 mg 
(cf. Marin et al. 1954).) The whole of the sodium carbonate was dissolved in an 
accurately known weight of water (100g) and 100mg samples were transferred 
to nickel pans in which they were evaporated to dryness under an infra-red lamp. 
The taking of the aliquot was done either with a weighing pipette or a calibrated 
syringe. Usually three pans were prepared for each series of measurements. 
After drying the pans were inspected to see that a thin reasonably uniform deposit 
(about icm diameter) had been formed, and were then sealed with 1/1000 in. 
styrofoil before counting. The rate of B-counting was about 20000 per minute 
and with a y-counting rate of 40000 per minute a measurement to + 1% could be 
made in 30 minutes. Each pan was usually measured twice so that six separate 
sets of measurements were generally made for each comparison with the Curie 
chamber. 

‘The runs in which the f-counter was screened provided a valuable check on the 
performance of the y-counter, which should of course be unaffected by the 
screening. 

The y-counter was either a GM4 or B6 counter shielded with ; in. aluminium, 
or a sodium iodide scintillator (one inch cube) and EMI 6260 photomultiplier. 
It was found that sufficient stability in the working potential of the photo- 
multiplier could be obtained using a standard 1007 stabilized power pack, but 
that care had to be taken to select a photomultiplier tube which had not developed 
a time drift in its sensitivity. 

The Geiger counter was used without external quenching owing to the long 
delay (6 psec) introduced by the conventional quenching circuit. The coincidence 
unit used was a type 1036A whose variable resolving time was used to check that 
no coincidences were lost. A typical set of experimental results is given below. 


186 W.R. McMurray and C. H.C ollie 


Date: 6th October 1953. 

Time. 

08.45 h Weight of Na,CO, =0-1065 g. 

10.00 h Comparison with Ra standard J(Ra)/J(Na)=0-1670 + 0-0002, 

12.15 ,le Made up to 136-61 g of solution. 

, 12.30h Transferred aliquot parts to pans with a calibrated syringe. 

Pan 2 Weight of solution deposited = 59-5 mg. 
Pan 3 Weight of solution deposited = 100-2 mg. 
Pan 4 Weight of solution deposited = 59-5 mg. 


16-24h Six complete B—y coincidence measurements. 

A set of results and calculations is tabulated below. 

Pan 2.-Run Z 
(1) (2) (3) (4) (5) (6) (7) (8) 
Main coincidence run 1840 h-1905 h 

y 1019683 40787 41093 39991 39991 
Coine. 23370 934°8 — 36-7 909 908-4 872°8 

B 663494 26540 26668 26613 25294 

y-Background coincidence run 19.08 h-19.28 h 

y 802594 40130 40445 39343 39999 
Coince. 741 37:03 —1-83 6525) 34-9 3549 

B 20916 1346 1349 1294 1319 


(1) Channel; (2) total count; (3) mean counting rate; (4) random coincidence correction; 
(5) dead time corrected counting rates; (6) background corrected counting rates; (7) decay 
corrected rates; (8) counting rates (corrected for y—y coincidences). 


All counting rates are in counts per minute. 
N,N, 1 
N, ~ 60x3-7x 10! 

The factor 1-0042, evaluated in §3, corrects for the error in the observed 
y-background counting rates. 

The dead time (about 10sec) was measured using a double pulse generator 
with a variable pulse separation. When a Geiger counter was used to detect the 
y-rays, the dead time (about 100 usec) was obtained by displaying the pulses*on a 
triggered cathode-ray oscilloscope with a calibrated time-base. 


Source strength at 18524h : = xo1-0042 = 0-524 


$5. ‘THE MILLIGRAMME EQUIVALENT OF 24Na AND THE Cross SECTION FOR THE 
PHOTODISINTEGRATION OF DEUTERIUM 


The milligramme radium equivalent of 24Na is the number of millicuries of 

24 Si . . = vs . . . . . ~ bd 
Na required to give the same ionization current in a Curie chamber as 1 milli- 
gramme of radium. ‘The result of our measurements spread over a year, using a 


variety of equipment, is that the Curie chamber radium equivalent of *4Na, is 
0333-4 159, anceper mg. 
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0-319 0-321 0-323 0-325 0-327 0-329 0:331 0:333 0-335 0-337 0-339 0:341 0-343 0:345 0-34 
t At its meeting in 1950, the International Commission on Radiological Units (ICRU) 
recommended that the unit of radioactivity, the curie, be defined as 3-7 X 101° disintegrations 
per second as first suggested ia 1947 (Nature, Lond., 160, 778). 
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The results of the 38 determinations of the milligramme equivalent are shown 
in the table. Each determination is represented by a number in the appropriate 
column. As already described 3-6 coincidence measurements were made for 
each Curie chamber comparison of a sample of irradiated sodium carbonate. In 
all, seven separate samples of 24Na were compared on the Curie chamber and the 
numbers in the columns refer to these samples. Thus, column six indicates that 
three determinations gave a result between 0-328 and 0-330 mc mg-! Ra of which 
one measurement was made with Na,COs, sample 3, one with sample 6 and one 
with sample 7. 

If these results are treated as if they formed part of a gaussian distribution the 
standard deviation of the mean would be +0-3°%. However, it is clear from in- 
spection that they do not form a gaussian distribution, and deviations within a 
sample are less than the deviations from sample to sample. We interpret this to 
mean that the, at first sight, simple processes of weighing out the sodium carbonate 
samples, comparison on the Curie chamber, and dilution, introduce greater 
errors than would be expected. ‘The quoted error of 1-5°% is our estimate of the 
total uncertainty in our result. Of this uncertainty, 0-5, is due to the uncertainty 
of the absolute value of the radium source, and therefore does not apply to other 
measurements using the same radium standard. 

‘The measurements previously made (Bishop et al. 1950) on the deuteron photo- 
disintegration cross section for 2-76 Mev y-rays, used *4Na sources whose strengths 
were determined with the original value of the mg Ra equivalent of 74Na on the 
Curie chamber. The new value of the mg Ra equivalent enables a recalculation of 
the cross section at this energy. In the original measurements the main *4Na 
source was compared on the Curie chamber with a large (assumed effective 
strength = 229-5 mg) radium source, Ral, and the absolute disintegration rate 
determined in an aliquot. In the present measurements the comparison on the 
Curie chamber was made with a small radium source Rall (assumed effective 
strength =0-960 mg). ‘To allow a comparison of the old with the new mg Ra 
equivalent, the two-substandard Ra sources must be compared on the Curie 
chamber. ‘Their disparity in strength makes a direct measurement impracticable ; 
the comparison was made in three ways: (a) through an intermediate constant 
source (8:-7mg Ra) giving Ral/Rall=235+1; (6) through an intermediate 
decaying source (4Na) giving Ral/RalI=236+1; 233141; (c) through an 
intermediate decaying source (Rn) giving RaI/RalI = 235-8+0-3. Measurements 
(a) and (c) were made by Marin ef al. (1954). ‘The weighted mean of this 
ratio= 235-6. 

To obtain the modified value of the deuteron photodisintegration cross 
section, the original value (15-9 + 0-6 barns) is multiplied by the factor 


ZLees 1 old mg Ra equivalent 

0-960 * 235-6 ~ new mg Ra equivalent 
making the cross section equal to 15-05 + 0-5 barns. ‘This 1s in better agreement 
with the theoretical value (Squires 1952). 


=()-947 
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Studies in Intermediate Coupling : III 
The Lithium Isotopes 


By A. M. LANEt+ 


Atomic Energy Research Establishment, Harwell, Berks. 
MS. received 24th August 1954 


Abstract. ‘Vhe methods of a previous paper are applied to the analysis of the 
reaction data on the lithium isotopes in terms of an intermediate coupling shell 
model of the nucleus. It is found that, to within the expected uncertainties, all 
of twelve data are consistent with the predictions of the model. The mean 
value of the intermediate coupling parameter a/K is about 3. As an incidental 
result, it is found that the B-decay data cannot be fitted with the old interaction 
mixture based on mirror transitions, but requires a new mixture based on the 
4( Fermi transition. 


§ 1. INTRODUCTION 

N the first paper of this series (Lane 1953, referred to as If) it was shown how 

the nuclear reaction data on light nuclei can be used to investigate the detailed 

structure of these nuclei. Assuming a shell model of the nucleus, general 
formulae were given for the values of reduced nucleon widths and M1 matrix 
elements. As an example, these formulae were applied to the data on the nuclei 
13C and 13N. As a general rule, it was found that the values of the theoretical 
predictions were sensitive to the assumed mode of nucleon coupling (L—S or j-7 
or intermediate). Comparison with the experimental data then enabled the 
nature of the coupling in the mass-13 nuclei to be deduced. ‘The result of this 
was gratifying in that all the data examined could be fitted with about the same 
mode of coupling, viz. intermediate coupling characterized (in terms of the usual 
constants a and K) by a/K~5. 

In the present paper, the available data on the states of the lithium isotopes 
of the configurations (1p)” with n=1, 2, 3, 4 are exposed to the same kind of 
analysis. In the next three sections, the data on reduced widths, b-decay and 
electromagnetic properties are discussed. The methods for calculating the 
wave functions of intermediate coupling are the same as those described in J, 
and details of the calculations will be omitted. Several of the spin-orbit matrices 
used in the present work have been given by Elliott (1953). (These are correct 
apart from the first non-diagonal elements in the J=3, T=} and J= - T=} 
matrices for “Li, which should be multiplied by 3. Elliott uses a spin-orbit 
parameter D’, which is related to a, the usual one, by a=6D’.) In computing 
the central force matrices, a Rosenfeld force has been assumed as in I, with the 
usual relation L =6K between the direct and exchange integrals. Much of the 
experimental data used in this paper is to be found in the compilation of Ajzenberg 
and Lauritsen (1952) along with detailed energy level diagrams of the nuclei 
involved. 

+ Now at Massachusetts Institute of Technology, Cambridge, Boston, Massachusetts, 
U.S.A. 

+ The second paper, Lane and Radicati (1954), 1s referred to as II. 
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The paper is concluded with a discussion of the theoretical significance of the 
results obtained. Finally, in an Appendix, general formulae are given for allowed 
B-decay matrix elements and E2 moments in L—S coupling. 


§ 2. THE REpUcED NUCLEON WIDTHS 


In table 1, four data on nucleon widths are given together with the predicted 
values of these quantities in L—S and j-j coupling. ‘hese predicted values, 
computed from formulae given in I, are given in terms of the quantity x,. This 
is the single-particle reduced width of a 1p nucleon in units of h?/ MR? (M= 
nucleon mass, R=interaction radius).- This quantity is always of order unity 
and, in I, it was actually assumed to be unity. In fact, however, x, has a certain 
dependence on the average binding energy of the nucleons in the compound state 
under consideration. At the beginning of the Ip shell, the single-particle nuclei 
>He and °Li are not bound (by about 1 Mev). ‘The average binding energies of 
a 1p nucleon in the states quoted in table 1 in ‘Li and ®Li are about 1 and 2 Mev. 


Table 1. ‘The Reduced Nucleon Widths of the Lithium Isotopes 


(1) (2) (3) (4) (5) (6) (7) (8) (9) 
5Li(ip) 0 Ss 4He+p —~1 $8) awl aa My 
"Li(lp)? _ 7:46 8,4 eae ‘app ) 0302 aaa eee 0 0-702, 
*a(ip) 2-28) i344 "Lin 0-031 4:0 0-135 0:40x, 0:26, 

"Li+n S067 0:26 
aa) eee eer Ow Mae! 1 
( aan, ey eee 0-67", 1-0 24 


(1) Compound nucleus; (2) excitation energy; (3) spin and isotopic spin; (4) modes 
of decay; (5) nucleon width (Mev); (6) radius assumed (10- cm); (7) observed reduced 
width (units of /?/7R?); (8) L—S prediction; (9) j-j prediction. 

The value of x, is discussed in the text. The last entry is derived from recent work 
(Freeman, Lane and Rose 1954). 


The average binding in '3C is about 7Mev. ‘The effect of binding energy on the 
value of x, can be obtained from the curves labelled ‘ 1p’ in figures 1 and 2 of I. 
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Figure 1. ‘The reduced width of the Figure 2. The reduced width of the 
transition ‘Li(? —) — *Li(1+-) in units transition *Li(3+)-> *Li(3—) in units 
of #,7/MR?. of f?/MR?. 


These curves plot /;, the logarithmic derivative of the radial 1p wave function 
evaluated at the nuclear surface, and x,. Now, as the binding energy of a lp 
nucleon increases from zero to 7 Mey, the value of f, (which fits on to the external 
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wave function) increases negatively from about zero to about —3. From the 
graphs quoted, x, can be seen to decrease correspondingly from about unity 
to 0-4. We adopt the following values for Rye, 1:08 yl 08%. elo 0-67: 
(%C, 0-40). The last quoted value does not upset the agreement obtained in I 
where x, was taken as unity. This can be seen on examining figure 6 of I. 

Since °Li is a one-particle state, its features are independent of the mode of 
coupling. ‘The first line in table 1 merely confirms the well-known result that 
the reduced width is a one-particle one (Sack et al. 1954). 

The second and third reduced widths in table 1 have predicted values 
dependent on the mode of coupling. ‘The actual dependences of the predicted 
_ values on a K are given in figures 1 and 2. The method of plotting is that used 
in I, with y=(a@ K)(5+a/K), and L—S coupling on the left, jj coupling on the 
right. ‘The horizontal lines are the experimental values assuming the above 
values of x,. It can be seen that the theoretical curves cut the experimental 
values, and that agreement is obtained with y~0-4 in both cases. It must be 
borne in mind that the positions of the experimental lines depend on (1) the 
values of the reduced widths extracted from the observed widths of table 1. These 
values depend somewhat on the choice of interaction radius, (2) the values taken 
forx,. ‘These two uncertainties can be estimated as giving a combined uncertainty 
of + 15°, in the positions of the experimental lines. 

The last entry in table 1 is discussed in Freeman, Lane and Rose (1954). 
The experimental results are not precise enough to conclude anything about the 
mode of coupling. 


§ 3. THe B-Decay ft-VALUES 
There are four known ft-values involving the lithium isotopes and these are 


listed in table 2 together with the predicted values of L—S and j-j coupling. 


Table 2. The ft-values of B-decay in the Lithium Isotopes 


Initial nucleus Final nucleus ftexp ‘ ftr-s ftj-5 
*He(0+) ‘Lidl +) 825+ 75 825 1480 
7Be(3—) "Lig—) 2240 + 40 2040 3000 
7Be(3—) "Li*($—) 3600 + 600 3700 7400 
s1i(2+) SBe*(2+) 4.108 oe) 3900 


The last two columns give the predictions of L—S and j-j coupling. 


These predicted values are obtained with the formula for allowed Gamow~—Teller 
and Fermi matrix elements given in the Appendix, and with certain assumptions 
about the f-interaction constants. ‘These latter have been defined by Winther 
and Kofoed-Hansen (1953) so that any allowed /t-value is given by: 


TAC © Oia ee Goel 


where Dy and Dy» are the squares of the Fermi and Gamow-—Teller matrix 
elements. The above authors analyse the /t-values of one-particle levels to 
derive values of B and X and quote B=2650+ 85sec; X=0:50+0-05. In the 
light of recent results on the pure Fermi 0-0 transition in “O (Gerhart 1954) 
which gives a relation between X and B, we prefer the mean values suggested by 
Gerhart: B=2820sec; X=0:57. These are the values assumed in table 2 and 
in figures 3, 4, 5 and 6, which show the variation of the ft-values with the mode of 
coupling. It should be mentioned that the mean constants of Winther and 
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Kofoed-Hansen do not give reasonable results in the present investigation? 4} 
either no agreement with experiment is obtained at all, or else it is only obtained 
with most unlikely values of @ AK. 
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Figure 5. ‘The ft-value of the 7Be > 7Li* Figure 6. The log ft value of the transition 
f-decav. SLi > §Be(2+). 


One can see from figures 3—6 that experiment and theory always agree within 
the experimental error for some value of y. _ In the first three figures, the ft-values 
are all small and agreement is obtained for y~0-4 for the mass 7 nuclei, and for 
Q<y<0-4 for the mass 6 nuclei. In the last figure, the observed ft-value is 
very large and this means that small impurities in the assumed shell-model states 
could considerably change the theoretical predictions. In consequence, one 
should not attach much significance to the fact that agreement is obtained at 
about y=0-2. 


t It should also be mentioned that Winther and Kofoed-Hansen made use of an old 
ft-value for the **Ca—**K decay. This has recently been re-measured (Hunt et al. 1954) 
and the result is in complete disagreement with any of the interaction constants mentioned 
here. This would seem to imply that, if the experiment is correct, then 3°Ca and 39K 
are not one-particle d,,5 nuclei. 
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$4. "THE ELECTROMAGNETIC DaTA 
In tables 3(a), 3(6) and 3(c), we list the available electromagnetic data on the 
lithium isotopes. We only include this data rather tentatively in the present 
investigation because of a certain correction to the theoretical predictions, which 
does not apply to the nucleon and f-decay data, and which is hard to take into 


Table 3(a). Magnetic Moments, p, of the Lithium Isotopes 


Nucleus Pope (D.m.) Lys yj Reference 
SLi 0-822 0-88 0-62 ee 
Li 3-256 3-07 3-04 f Maciteo) 

Table 3(4). Electric Quadrupole Moments, Q, of the Lithium Isotopes 
Expl. quantity Observed value LS IF Reference 
OCR) (OCLs) CRS We) Sa@== 0 0-50 Cranna 1953 

O(L1) 0-02+0-02x10-4ecm® 0:190Q0gp 0:232Q0gp Mack 1950 


The L—S and j-j predicted values are given in units of Oxgp, the single particle value, 
defined in II as ¢/|| H®@)) 7), and estimated as ~ 10~-* e cm. 


‘Table 3(c). ‘The \-values of M1 Transitions in *Li and 7Be 


‘Transition Nore Ayz-s ING-j Reference 
0-479(4—) 22-89 18-36 22 Bell and Elliott 1949 

. 0(8—) in *Li 
0-430(1 —) 15+3 13-42 7-22 S. Devons (private commn) 


_. 0(2—) in 7Be 
‘The A are defined in II as convenient dimensionless measures of the squared M1 matrix 
elements. 


account. ‘This correction arises from the centre-of-mass motion of the «-particle 
core of the lithium nuclei. Considered as a single composite particle, this core 
has mass 4 and charge 2. If °Li were a bound nucleus, the centre-of-mass 
motion in this case would consist simply of the recoil motion of the core as the 
1p nucleon moved in its orbit, and one could easily compute the appropriate 
corrections to the magnetic moment and E2 moment. (‘l'hese quantities are not 
known experimentally because °Li is unstable.) "The corrections would be: ; M1 
moment, } nuclear magneton; E2 moment, \/;j>Qsp~3 x 10° *ecm?. Com- 
pared with the magnitudes of the theoretical predictions in tables 3, these 
corrections are serious. in the absence of any reported study of the corrections 
in the general case, we can guess that those applying to the present work are 
rather less than those for *Li. Presumably the correction for core motion 
decreases as more 1p nucleons are added (merely because the more nucleons there 
are outside the core, the less the need, on the average, for recoil core motion to 
keep the centre of mass fixed). 2 | 

Figures 7, 8, 9, 10 and 11 show the variation of the magnetic moments and 
other electromagnetic properties with the mode of coupling. It can be seen that 
agreement or near agreement with the observed values can be obtained in al 
cases for some value of y._ In the case of the magnetic moment of ‘Li (figure 8), 
the theoretical curve, without corrections, does not actually cut the experimental 
line. However, the ordinate scale is greatly expanded in this figure and the 
‘discrepancy is well within the error expected from core motion and the usual 
relativistic and exchange current effects. Allowing 0-1 nuclear magneton for 
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these errors means that, for °Li and 7Li, the experimental values of the magnetic 
moments are consistent with most values of y. From figure 9, the ratio of the 
E2 moments, allowing errorst of 0:05 Qgp for core motion means that one can 
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Figure 11. The value of A for the M1 transition in 7Be. 


{ J. P. Elliott has shown, in unpublished work, that with harmonic oscillator wave 
functions in the Ip shell, the correction to the E2 moments caused by the operator being 
taken with respect to well centre instead of the centre of mass, is zero. However, the 


correction due to the wave functions themselves not containing centre-of-mass motion is 
not zero. 
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only conclude that y<0-5. The experimental error on the absolute value of 
the ‘Li E2 moment is so great that little can be gained from comparison with 
theory. 

Figures 10 and 11 show the dependence on y of the two M1 transition strengths 
in table 3(c). The exact definition of ‘transition strength’, denoted byc\ers 
given in II. Although the dependence on y is quite strong in both cases, the 
experimental uncertainties are such that any value of y less than 0-5 can be said 
to give agreement with experiment. 


(Cn 


$5. Discussion 

Previous intermediate coupling studies on the lithium isotopes (e.g. Elliott 
1953, Inglis 1953, Tauber and Wu 1954) have considered only the energy level 
schemes and the static moments. Inglis, in particular, concludes that an inter- 
mediate coupling model can give quite good agreement with the known data if a/K 
is taken to increase from about 1-5 in >Li to about 5-0 in 8Li (i.e. y increases from 
about 0-25 to0-5). ‘There is an anomaly in ‘Li (the relative splittings of the ??P and 
22F doublets are not correctly given) but, apart from this, the general picture is 
satisfactory. Recently, Allen (1954) has shown that the first six predicted levels 
of the ®Li spectrum fit in beautifully with the experimental results obtained by 
himself and others. 

In the investigation of °C and !3N in I, it was shown that the analysis of the 
reaction data offered very strong support for an intermediate coupling model of 
these nuclei. Mainly because of larger experimental errors, the conclusion of the 
present paper cannot be quite as positive. However, it is certainly possible to say 
that, within these errors and certain theoretical uncertainties mentioned in the 
text, all twelve data in the present investigation are consistent with an intermediate 
coupling model of the nucleus characterized by 2< a/K <4. 

Finally, we would like to make the following more specific remarks : 

(i) As in the 13C investigation, the experimental quantity which is most 
sensitive to the mode of coupling (and which is therefore the most useful datum) is 
a reduced width (see figure 1). 

(ii) Reasonable results are obtained for the B-decay only if the interaction 
constants of Winther and Kofoed-Hansen are replaced by those given in the text. 

(iii) The present work in conjunction with I corroborates the conclusion of 
Inglis (1953) that the value of a/K increases through the 1p shell from ~2 to ~6. 
It is very desirable to try to account for this increase theoretically. Calculations 
by J. P. Elliott and the author (1954) suggest that a neutral two-body spin-orbit 
force may account for al] the manifestations of spin-orbit forces in light nuclei, 
including this increase in a/K. 


APPIN DX 


In the course of obtaining results on the E2 moments and ft-values, the 
following general formulae for E2 moments and Gamow-—Teller matrix elements of 
allowed transitions are obtained: 


= ae i a pesos ess 


OiLE Ie oe Ge Pe kee (Al) 
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This is the E2 moment of the state (/", «7SL, J |. The various symbols are all 
defined in Il. 


=, 5 WATS WLI" T 7 te / , 
Da aD PP ert Ma M UALS SL, SJ pe {a |} on <a’ [f ory ? 
UAE TT tl UAE Sogo) ae le en ee (A2) 


This is the Gamow~Teller matrix element for the allowed p-decay 
(It, aT SL,J\|> ie SL S|. 
‘The Fermi matrix element is simply : 


Di? =[(T + My) — Mart 1S eee ae ee (A3) 
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Abstract. ‘The results reported in a previous paper on the nuclei C and 3N 
are extended in three ways: (i) The B-decay /ft-value for the allowed mirror 
transition has been examined in intermediate coupling and is shown to be in 
excellent agreement with the previous results. (ii) Some properties of the 
nuclei have been recalculated with different assumptions about the central force 
between nucleons. It is found that the previous results are not very much 
changed, even when the central force mixture is quite severely modified. 
{1i1) Some discussion is given about the even parity states of ®C and 8N. In 
particular the application of the ‘ unique parent’ concept to these states, and 
its justification, is considered. 


§$ 1. INTRODUCTION 


N the first and second papers of the present series (Lane 1953.a, Lane and 

Radicati 1954, to be referred to as I and IIf), the available experimental 

data on the nuclei '*C and !3N were interpreted theoretically with the aid of 
the nuclear shell model. In the present paper, this work is extended to additional 
data, and the dependence of the previous results on certain assumptions 1s 
investigated. 

The data used in I included two reduced nucleon widths, a magnetic moment 
and an M1 radiation width. Section 2 discusses the /ft-value of the mirror 
8-transition between !*?N and !#8C. As with the previous data, the states involved 
are assumed to belong to the shell-model configuration (1p)’, and theoretical 
predictions are made allowing an arbitrary degree of spin-orbit coupling with 
the object of establishing the strength of this coupling by comparison with the 
experimental result. It will be recalled that all the data previously considered 
were consistent with a value of the spin-orbit parameter a of about 5K, where 
K is the usual central force exchange integral. 

Section 3 presents results answering some queries raised in the conclusions 
of I, viz. to what extent are the results given there sensitive to changes in the 
assumed exchange nature of the force between nucleons and the ratio L/K of 
the direct to the exchange integrals? In calculations, assumptions have to be 
made about both of these and it is important to know how rather different 
assumptions can affect the results. If, in fact, the results were very sensitive to 
alterations in the force mixture and the value of L/K, then the success of the 
results in I would be strong evidence in favour of the Rosenfeld force mixture 
and the value L/K =6 that were used in all the calculations. 


+ Now at Massachusetts Institute of Technology, Cambridge, Massachusetts. 
t The third paper (Lane 1955) is referred to as IBY, 
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The last section discusses the states of even parity in °C and '8N belonging 
to the mixed configurations (1p)*2s and (1p)81d. It is pointed out that all the 
experimental data of these states are consistent with a single particle model, 
i.e. it appears that the states can be constructed by simply coupling on the unlike 
nucleon (2s or 1d) to definite ‘ parent ’ states of (1p)’, and then anti-symmetrizing. 
Physically this implies that the presence of an added 2s or 1d nucleon does not 
appreciably perturb the (1p)* core, so that the coupling of a 2s or 1d nucleon to 
the 1p nucleons is effectively much weaker than the coupling of the core nucleons 
amongst themselves. ‘There is no reason for this situation at first sight because 
the interaction integrals for the 2s-lp and 1d-1Ip interactions are certainly as 
large as those of the 1p—Ip interactions... However, more detailed considerations 
show why the ‘ unique parent’ description of the states is indeed a good one in 
spite of this fact. 

Finally, in the concluding remarks, some general observations are made on 
the results of shell-model calculations on nuclei in the 1p shell. 


§ 2. THE B-TRANSITION #®N > BC 
The theoretical calculation of the /ft-value of the ‘ mirror /-transition ” 
SNC for any degree of intermediate coupling is precisely the same in principle 
as the intermediate coupling calculations described in the previous papers I and 
III. Consequently details of the methods used will be omitted here and only 
the results will be given. 
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Figure 1. he ft-value of the B-decay ?N — 8C, 


Figure 1 shows the theoretical variation of the ft-value of the transition as 
the quantity y is varied from 0 to 1. It will be recalled that y is defined in terms 
of the usual intermediate coupling parameter a/K by y=(a/K)/(5+a/K). As 
yv runs from 0 to 1, a K varies from 0 to oo, and the coupling situation is changed 
from extreme L—S to extreme j-j. ‘The horizontal line in the diagram represents 
the experimental value along with the estimated error ff =4560 + 100 (Winther 
and Kofoed-Hansen 1953). 

In calculating figure 1, a Rosenfeld exchange force mixture has been assumed 
as in the previous papers and the ratio of the direct and exchange integrals LK 
has been taken as 6. ‘The values used for the B-decay constants, X and B, are 
those given in III, where it is pointed out that some previously suggested values 
(Winther and Kofoed-Hansen 1953) do not give reasonable results. 

The form of the curve in figure 1 is an excellent illustration of the rule that 
one must not guess anything about the behaviour of an intermediate coupling 
curve from knowledge of the extreme L—S and j-j values. It might have been 
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supposed in the case of the present f-transition that the curve would be roughly 
horizontal since the extreme L—S and j-j values are the same (ft=4570). Tn 
fact, the curve is not at all so, and it is remarkable that it only crosses the range 
of experimental values at y~0-5 in excellent agreement with the values of y 
giving agreement with other data in I. 

If we had chosen the f-interaction constants of Winther and Kofoed-Hansen, 
the theoretical curve would cross the experimental line at y~0-7 which is not 
in agreement with the results of I. 


§ 3. ‘THE ExcHANGE Force MIXTURE AND THE RaTIO OF THE RaApIAL INTEGRALS. 


‘There is considerable uncertainty as to the precise form of the central inter- 
action force between nucleons. In setting up the central force matrices for 
intermediate coupling calculations, it is necessary to assume an exchange force 
mixture, and to specify the depth and range of the interaction potential. The 
latter two quantities determine L and K, the direct and exchange 1p shell integrals. 
The depth of the interaction potential enters as a multiplying factor into L and K, 
so that the ratio of these quantities does not depend on this. Consequently 
varying the interaction well-depth in the calculations of the present series of 
papers will not affect the results at all because only the ratio of L to K is involved. 
The values of 1 and AK separately are only needed when calculations are made 
about level spacings and nuclear spectra generally. 


(a) Varying the Force Mixture 
In all the calculations of I, a Rosenfeld exchange force was assumed with the 


ratio L K=6. ‘The exchange force (Rosenfeld 1948) is chosen to fit the deuteron 
data and to give saturation, and it has the form: 


(7. 73)(0-10 + 0-23(c, . 02) (742) 
or — 0-13 Vy +0-93Vq, + 0-46, — 0-26 


where the subscripts W, M, B and H distinguish the usual Wigner, Majorana, 
Bartlett and Heisenberg contributions. In order to check the dependence of 
the results of I on the form assumed for the exchange mixture, one must repeat 
the calculations with a different mixture. Since four parameters are available 
to be varied, there is considerable arbitrariness in selecting a new mixture. 
| However, we are restrained somewhat in our choice by the desire to adhere to 
a mixture that reproduces at least the gross features of previous predictions of 
nuclear spectra, i.e. in L—S coupling, the ordering of states by their spatial 
symmetry character. ; 

This means retaining a large positive Majorana component. A force mixture 
which seems to be a reasonable change in this sense from the Rosenfeld mixture 
is the Serber mixture (Serber 1947) which fits the high energy n—p scattering 
data: Aes 

[0-75 —0-25(o, . og) —0-25(7,. t2) —0-25(o, . o2)(71 - Ta)! ae 


or 0-5 View = 0-5 Vg 
Both the magnetic moment of !8C (given in I) and the A-value of the 3 3 M1 
transition in !3N (given in I, corrected in II) have been re-calculated with the 


-Serber mixture in intermediate coupling. ‘The results are shown in figures 2 


and 3. 
14-2 
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The new curve for the magnetic moment (figure 2) is seen to follow the old 
curve so closely that the curve can be said to be substantially independent of the 
force mixture. The end-points (the Z—S and j-j values) of the two curves 
closely coincide because the j-/ state, py/2, 1s exactly, and the L—S state, ?*P, is 
nearly, independent of the force mixture. Since this in itself helps to ensure 
that the curve cannot be very sensitive to changes in the mixture, the result is 


not too surprising. 


9 
hl 
8 
‘0 
7 
09 A 
ye 6 
08 
5 B 
07 
06 z : 4 
A 3 
“ ee eat! 
0 025 05 075 0 0 0-25 0s 075 0 
eS, y Jy L-S i ST, 
Figure 2. The magnetic moment of '°C in Figure 3. The A-value of the Mi tran- 
nuciear magnetons. Curves A and B sition in #N. Curves A and B are 
are calculated for Rosenfeld and calculated for Rosenfeld and Serber 
Serber force mixtures respectively force mixtures respectively (assuming 
(assuming L=6K in both cases). L=6K in both cases). 


In the case of the A-value of the M1 transition (figure 3), the two curves 
do not coincide in the j-/ coupling limit. The reason is that the upper state, 
which has quantum numbers /=3-, T=}, belongs to the configuration 
(1psjo)' (1p; 2)", which possesses two states of these numbers. ‘The separation 
of these states, which are degenerate in the j~/ limit, is determined by the central 
force mixture, and, in particular, the Serber and Rosenfeld forces give different 
states and separations. However, in spite of this, the two curves in figure 3 
are not very different. 

(6) Varying L/K 

‘The Ip-shell interaction, integrals L and K are defined explicitly by Feenberg 
and Phillips (1937). Assuming definite wave functions (usualiy those of 
a harmonic oscillator), the ratio L/K depends only on the form of the interaction 
force. If we assume a Yukawa type force, then L/K depends only on the ratio of 
the range of the force @ to the harmonic oscillator well parameter @, (Swiatecki 
1951). Feenberg and Phillips chose L/K=6 and this is the value used in our 
calculations. ‘This ratio corresponds to a/ay~0-9. It can be said with some 
confidence that the value of a/ay lies between 0-5 and 1-0. (J. P. Elliottina private 
communication informs the author that Coulomb energies in the 1p shell are 
fitted by aa~1-65 x 10° cm; the value of a has been variously taken at several 
values between 1:10 and 1:50x10-'3cm.) In this range, L/K varies from 
5-0 to 6-3. ‘Thus, a reasonable change in the value 6 taken for L/K seems to be 
L/K=5, and the magnetic moment of °C and the A-value of the M1 transition 
in 13N have been re-calculated with this new value. The results are shown in 
figures 4and 5. It can be seen that both of the curves are very insensitive to the 
value chosen for L/K. i 
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§ 4. THE Even Parity Srarss or 8C anp &N 

: There are two well-established even parity states below 5 Mev in 8C and 2N. 
These are the first excited state (spin $+, configuration (1p)82s) and the third 
excited state (spin 3*, configuration (1p)81d). In 13N, these states are unbound 
against proton emission and they can be formed by bombarding 2C with protons 
of the appropriate energies. The extensive experimental data on these states is 
summarized in the compilation of Ajzenberg and Lauritsen (1952). As the 
starting point of our discussion, we use the fact pointed out in a previous publica- 
tion (Lane 1953 b) and based on unpublished calculations, that all of six data 
on the states are consistent with a purely single-particle picture. By this, we 
mean that all the data can be predicted correctly with a simple model in which 
a 2s or a Id nucleon moves in a potential well of some radius and depth to be 
chosen from fitting two of the data. 
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L=—6K and L—5K respectively (with L=6K and L=5K respectively (with 
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lhe interesting implication of this fact is that the interaction of the 2s or 1d 
nucleon with the core particles in the configuration (1p) 1s effectively very small. 
For instance when the two states in !¥N are formed in a reaction by bombarding 
12C with protons, the fact that the reaction data are all fitted by a single-particle 
picture implies that the !°C core, initially in its ground state is essentially 
undisturbed by the addition of a 2s or 1d nucleon. More quantitatively, this 
means that the wave function for the total system can be written simply as an 
(anti-symmetrized) product of the wave functions of the single particle 4 and the 
core of !°C in its ground state: 


ix ats 
Se a eID Dee 


In extreme j-j coupling where the two states belong to the configurations 
(1psjo)82s,2 and (1psj)*1d;j. the single-particle picture is expected since eight 
1pg/o particle form a closed shell. In L—S coupling and intermediate coupling, 
however, this explanation no longer holds and we must look for new reasons 
for the validity of the single-particle picture. For definiteness, we shall consider 
the /=1> state, belonging to the configuration (1p)*2s. 


202 A. M. Lane 


In general, when we are dealing with mixed configurations of the type 
/"-1]', we can construct complete sets of independent states by simply vector- 
coupling the unlike nucleon /’ on to ‘core’ states of the equivalent nucleons 
I}, and then anti-symmetrizing. 

The above wave function is an example of such states which are said to be 
defined ‘ genealogically’. By their definition each of such states can be said, 
in the language of fractional parentage (Racah 1943), to possess a “ unique parent 
state’ (the state of the core) as far as the unlike orbit is concerned. ‘The 
corresponding coefficient of fractional parentage is just 7 1”. 

There is no reason, in general, why these simply constructed states are good 
eigen states, i.e. why they should be diagonal in the total interaction. For 
instance, in pure L—S coupling, we know that the eigen states are those which, 
besides possessing quantum numbers 7, S and L, also possess definite spatial 
symmetry. In general, for mixed configurations, such states are linear combina- 
tions of the genealogical states not possessing definite spatial symmetry. Our 
problem, then, is to explain why, in some special cases such as the lowest -/ = 3~ 
state arising from (1p)*2s, the genealogical state is a good eigen state. 

The clue to the answer can be seen by considering (1p)§2s in pure L—S 
coupling. ‘The state in which we are interested is the ??S[441] state. It can 
immediately be seen from examination of a list of the allowed L—S states of 
(1p)* that, in fact, such a state can only arise from one particular state of (1p), 
viz. US[44]. ‘Thus in Z—S coupling, as well as jj coupling, the “ unique parent’ 
picture (the single-particle model) is predicted. 

It only remains to consider intermediate coupling, which we know to be the 
correct coupling situation for 73C and N._ It is very laborious to examine this 
situation in detail because the complete set of states of (1p)§2s with which we 
must work contains 18 component states, beginning with ??S[441]. This 
effort is not necessary for our purposes, however, because, for the intermediate 
coupling situation a/K~5, we can make reasonable estimates of the position. 
Since the ground state 'S[44] of (1p)° is so widely separated in energy from the 
next higher state (viz. *P[431]) that can give J=3+, T=4 when coupled to a 
2s particle, a considerable amount of spin-orbit force must be introduced to 
affect the L—S coupling nature of the !!S[44] state of (ip)* and the 72S/441] 
state of (1p)*2s. The separation between the states of (1p)® is about 16K, 
whereas the values of the components of the spin-orbit matrices lie in the range 
from 0 toa. Consequently, even for a=5K, there should be no serious departure 
from the /—S character of the lowest states of (1p)* and (1p)82s. In the former 
case, the amplitude of the impurities has been calculated to be 0-10. It follows 
that we expect the observed state in '3C and 18N to exhibit single particle properties 
essentially because it retains its L—S character. 

Finally, it is important to note that these results are substantially independent 
of the magnitude of the 1p—2s interaction integrals relative to L and K, although, 
at first sight, the experimental results seem to demand that these integrals be 
much smaller than L and K. j 

§ 5. CONCLUSIONS 

The conclusions are summarized under three headings corresponding to the 
results presented in the three preceding sections. 

(1) The B-decay ft value of the transition "NC has been predicted with 
the intermediate coupling model used in previous work. This makes a total of 
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six data on the two states of (1p) to be fitted by the same model. It is significant 
that, as in the work on the lithium isotopes in III, the B-decay constants of Winther 
and Kofoed-Hansen (1953) did not give reasonable results, but had to be replaced 
by values based on more recent data (Gerhart 1954). 

(ii) The results on intermediate coupling problems in the present series of 
papers have been shown to be almost independent of reasonable changes in the 
character of the central interaction force. This is an important result because 
it means that nuclear reaction data can be used to establish the mode of coupling 
in the nucleus without any uncertainties arising from lack of knowledge of the 
nucleon-nucleon potential. Consequently, in a given nucleus, one can find 
a/K from the reaction data, and then predict the spectrum of levels (which 
depends on the interaction potential) in the hope of determining some features of 
the potential from comparison with experiment. 

(ii) It has been shown that the even-parity levels in ®C and !°N are expected 
to exhibit a one-particle character, not only in extreme L—S and j-/ coupling, 
but also in the intermediate coupling situation that we believe to hold in this 
nucleus (a/K~5). The incidental result that a state of (1p)"2s is expected to 
possess a single-particle character in L—S coupling, quite independently of the 
values of the various interaction integrals, is not a unique one in the Ip shell. 
Experimentally (Lane 1954), almost all of the known states of the configuration 
(1p)"2s exhibit single particle properties, and our result would seem to go some 
way towards explaining this phenomenon in these other cases as well. 
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27th October 1954 


Abstract. Coincidences are used in studying the !'B(p, «)*Be(«)*He reaction to 
infer directional correlations between successively emitted «-particles. From 
this the spin of the ground state of ‘Be is found to be zero and its break-up energy 
90+5kev. ‘The absence of any measurable loss of kinetic energy in the ‘Be 
nucleus when recoiling into a dense material enables us to place an upper limit on 
its half-life of 4 x 10-1 sec, which confirms the assignment of zero spin. 


$1. INTRODUCTION 


He nucleus *Be, which is unstable by approximately 0-1 Mev with respect 
to disintegration into two «-particles, is known to exist as a short-lived inter- 
mediate product in many nuclear reactions (Ajzenberg and Lauritsen 1952: 
data on light nuclei quoted below are mostly taken from this review). ‘This is 
often the case when an excited compound nucleus of C has been formed, e.g., 
in'B+p,'B+dand?C+y. The reaction ‘Li(p, y) at a resonant proton energy 
of 441 kev also produces “Be in its ground state and an excited state at 2-94 Mev, 
and from a study of this process it has been inferred that the spins of these two 
states are different. No direct determination has been reported of these spins, 
although from other experiments it seems likely they are 0 and 2 respectively 
(Thomson ef al. 1952, ‘Treacy 1953 and references of Ajzenberg and Lauritsen). 
The breakup energy of *Be has been studied extensively, the most accurate deter- 
mination being due to Jones et al. (1953), who find a value 94:-5+1-4kev. All 
published values are consistent with this, except one which has been withdrawn 
(Allison 1953). An upper limit to the lifetime of *Be has been placed by Hodgson 
(1951) at 2x 10°" second. The value of the lifetime, taken in conjunction with 
the break-up energy, has a bearing on possible assignments for the spin of 8Be. 
The experiments described below are concerned with measurements on the 
spin and lifetime of “Be in the ''B(p, «) reaction. In the course of these experi- 
ments a value was also found for the break-up energy and it is consistent with the 
more accurate determination mentioned above. 


$2. PRINCIPLE OF EXPERIMENTS 
In the process 
UB+p—>a,+*Be+Q, 
SBe > a5 +a2+ Qs, 


the large reaction energy Q, of 8-58 Mev ensures that the *Be recoils from the 
primary «-particle «, with kinetic energy sufficiently great that the «-particles 
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%, trom its disintegration are confined to a cone centred along its recoil axis, of 
semi-angle about 103°. ‘This geometrical arrangement is similar to that studied in 
a previous experiment (French and Treacy 1951). Using a time coincidence one 
may observe the energy spectrum of ~,’s corresponding to an «, being detected in a 
fixed direction. ‘'T’o each angle of emission of x, there corresponds a definite 
#,-energy, and the energy spectrum is simply proportional to the angular correla- 
tion function / (@), where f (@) dQ is the number of «,’s emitted into a solid angle dQ 
in the centre-of-mass system of ‘Be, at an angle @ to the ‘Be recoil axis. 

The energy spectrum of coincident «,’s thus is a measure of the directional 
correlation between x, and «. This in turn depends on the spins of nuclei 
involved, and in particular if the spin of *Be is zero one must expect the energy 
spectrum to be uniform. ‘The first experiment consists in the measurement of 
this spectrum and is described in § 4. 

The directional correlation between x, and «, in the laboratory frame of 
reterence depends on the break-up energy of *Be. In fact, the cone semi-angle or 
‘ spray angle ’ is sin !(v/ I’), where v(x \/Q,) is the «,-velocity relative to 8Be, and 
V the recoil velocity of the latter. Once the angular mode of disintegration of 8Be 
is known, the form of directional correlation between «, and «, can be predicted. 
By comparison with experiment (making allowance for finite aperture of «,- 
detector and target) one can deduce the value of O,. This was done, and the 
experiment is described in § 5. 

Both the above experiments depend on the assumption that “Be is sufficiently 
short-lived that the spray angle is unaffected by recoil motion before decay. ‘This 
assumption is certainly justified since the recoiling nucleus, which has a kinetic 
energy about 3 Mev, moves only some 10° cm in 10 1*sec and the lifetime of *Be, 
at most is of this order. Furthermore if (as was done) one arranges that the *Be 
moves 7 vacuo before disintegration, it cannot lose energy in flight. ‘The third 
experiment was simply to allow the *Be to travel in a dense (platinum) foil, of thick- 
ness several times 10~° cm, and observe once more the spatial correlation between 
x, and 2%», these latter having sufficient energy to penetrate the foil. A simple 
calculation shows that the effect of a *Be lifetime of order 10°™sec under such 
conditicns is to zmcrease the spray angle by several degrees. ‘The details of the 
experiment are given in § 6. 


$3. DetaILs or APPARATUS 


The experimental arrangement used was similar to one previously described 
(French and Treacy 1951). The detector for «, was in this case a shallow propor- 
tional counter, whose axis could be tilted slightly forward of 90° to the proton beam, 
by means of syphon bellows. ‘The «,-particles constitute a group of well-defined 
energy 5-8 Mey at the upper end of the spectrum, so sufficient mica absorbers were 
mounted between this counter and the target for the detection of all alphas of 
energy greater than 5-6 Mey. ‘The counter subtended an angle of 2-4° at the target. 

The detector for « was also a proportional counter, arranged so that pulses 
from ~,’s entering it were a measure of theirenergy. ‘This counter (to be described 
elsewhere) had a rather unconventional arrangement of electrodes: its active 
region was a cube of side 8 in., within which there were 16 anode wires perpendicu- 
lar to the counter axis, with each anode wire surrounded by eight thicker wires 
constituting the cathode. This design was chosen for two reasons: first, that 
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very fast electron collection times (~10~* sec) are obtained, thus reducing fluctu- 
ations in pulse rise times; secondly by this design one eliminates any axial 
symmetry, which could obviously lead to spurious effects in this experiment. 
This counter had an aperture of semi-angle 17-75°, so that it was possible to detect 
all x's with a fixed position of counter. With the «-counter axis set at 90° to the 
beam, the «,-counter should be at an angle of 84-9° and, of course, in a plane 
containing the x -counter and beam. 

As the «,’s have ranges in air distributed from 0-5 to 1-5 cm, a very thin vacuum- 
tight window was necessary for the %-counter. ‘This was made in the usual way 
from a 2:1 mixture of collodion and glyptal, and mounted on a fine brass grid, 
whose back was countersunk to allow wide-angle penetration. A window thick- 
ness of 0-3 cm air equivalent was chosen as suitable for exclusion of most scattered 
protons. ‘The geometry of the experiment required that, in order to detect the 
continuous % -energy spectrum, it was necessary for this window to have a trans- 
mission factor much less than unity, thus preferentially detecting single «,’s 
rather than pairs. ‘his window had a transmission factor of }. ‘The «-counter 
was filled to only 2-5 cm Hg pressure of argon, thus putting no undue strain on the 
window. 

For the purpose of measuring the spatial ~,-«, correlation an externally 
controlled iris diaphragm was incorporated between target and ~-counter. ‘Thus 
all coincident «,’s at less than any pre-assigned cone angle could be recorded. 

Thin targets were made by evaporating a layer of B,O, on a thin platinum 
backing, which was originally made by evaporation on aluminium foil. Under 
bombardment the aluminium evaporated, as also did the B,O, at the target centre. 
The target therefore consisted in effect of a ring of B,O, on platinum. It was 
mounted between two water-cooled brass plates, and set at 45° tothe beam. The 
latter was defined by stops to a diameter of 5/16 inch. 

The electronic arrangements were conventional: «,-counts were set to trigger 
a blocking oscillator which gated a coincidence unit for the more numerous 
%-counts to pass through. ‘The gated pulses were lengthened, displayed and 
photographed in an oscilloscope and their total number recorded on a scaling 
unit. A simultaneous record was made of true and random coincidences by the 
usual delayed coincidence method. 


$4. THE SPIN 


The BO, side of the target was set towards the wide-angle «-counter, with its 
iris diaphragm wide open. ‘The proton beam of the Canberra high tension 
machine was set at the 5 kev wide resonance in 4B +p at 163kev. ‘The target was 
of approximately 1 mm air equivalent, but by using only the low-energy edge of 
this narrow resonance one could ensure that any recoiling ‘Be nuclei did not lose 
more than a few kev of kinetic energy. A beam current of about 30;.4 was used 
and, with the apertures as described, the true-to-random coincidence ratio was not 
less than ten to one. 

The energy spectrum of about 8000 coincident pulses is plotted in figure 1; 
probable errors of ordinates are shown where significant. In this, allowance has 
been made for the spectrum of random coincidences. The large probable errors 
for small pulse heights are due to large numbers of small random coincident pulses, 
irom scattered protons not stopped by the x-counter window. In figure 1 a 


The Spin, Energy and Lifetime of SBe 207 


calibration run using Th C+C’ alphas is also shown: the smallness of the pulse 
size is due to the fact that these particles did not lose all their energies in the 
counter. Using a calculated range-energy relation for alphas in argon} this 
calibration pulse should correspond to a mean energy loss for the two alpha 
groups of 0-42 Mev, and this gives an approximate calibration for the energy scale. 
The dispersion of this curve, assumed gaussian, is + 21°, of the mean, and is due 
partly to amplifier noise. 


12 


Counts/2v Channel x 107? 


29 25 40 
a@, Pulse Size (volts) 


Figure 1. Open circles: spectrum of a-—a coincidences. Full circles: ThC+C’ 
calibration peak (shaded). Curves are calculated from ‘ ideal’ spectra with end- 
points corresponding to 4v and 28 vy, for different *Be spin assignments. 


In figure 1 two curves are shown, which are the predicted forms of energy 
spectrum for the case of ‘Be spin0 and 2. ‘These curves were obtained as follows: 
Spin 0. This must lead to an isotropic angular correlation function f(@) and 
consequently a uniform energy spectrum of «-particles. As mentioned in § 3, 
in the experimental arrangement used one must take account of the finite possibility 
that both x,’s enter the counter simultaneously, giving rise always to a pulse of 
constant size. Since the transmission factor of the gridded collodion window was 
1, the proportion of ‘ double ’ to ‘single’ pulses contained by the points in figure 1 
must be }/[2(1—4)] or 3. The full curve, labelled ‘spin 0’, was calculated using 
a (‘single’) uniform energy spectrum of pulse sizes extending from 4 Vv to 28 vy; 
these are the end-points of the continuous «-spectrum predicted from the thorium 
calibration after making allowance for window thickness, and assuming the break- 
up energy of *Be to be 96kev. It was assumed that the detector gave rise to a 
gaussian energy spread of dispersion + 15%, and the answer was calculated by 
numerical integration. ‘The area of the theoretical curve was suitably normalized. 
Spin 2. In this case the angular correlation will not, in general, be isotropic. 
Thomson et al. (1952) give evidence that the 163 kev resonance is due to p-wave 
protons, and have shown that their results are consistent with the assumption that 
the 2C compound nucleus has spin 2 (with some interference between this state 
and a higher broad one). It is possible that both low states of *Be have non-zero 
spins, and in this case one must allow also the possibility of spin 0, 1, or 3 for the 


compound nucleus. The case of !?C spin 0 may be rejected as it could not, by 


+ I am indebted to Mr. A. C. Riviere for these figures, 
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itself, give rise to any anisotropy of the «,-distribution on resonance, and likewise 
spin 3 can be shown to yield insufficient anisotropy. For °C spin 2 there results 
ambiguity, not only in the 'B+p channel-spin ratio but also in the relative 
contributions of s- and d-wave «,’s. The best one could do here would be to try 
to calculate the relative phases of the latter from Coulomb wave functions and fit 
the former from the results of Thomson ef a/. In the angular correlation function 
/ (0), there would then be one undetermined parameter entering into the coefficients 
of cos? 6 and cos 6, both of which must be small (<0-1) to account for the present 
experimental results, a double accident which would stretch one’s credulity 
somewhat, in view of the large values theoretically possible. This, taken together 
with the fact that barrier penetration effects for the present assignment would help 
favour the transition to the ground state of ’Be over that to the first excited state (in 
contradiction with experiment), leads us to suppose that if the spin of “Be 1s 2, that 
of the compound nucleus is unlikely to be 2 also. ; 

The case of compound nucleus spin 1 is straightforward. ‘The same angular 
correlation function 

f(O\= cos? 0 — cos) G1 ay ae eee (1) 


holds for both channel spin states of the incident particles. “he energy spectrum 


is oe ea (Sy. sashes (2) 


where A and B are equated to 16 v and 12 v respectively, being given by the end 
points d—B=4 and 4+ B=28 of the continuous spectrum. Using (2), the 
energy spread +15°%, and transmission factor 4, the dotted curve in figure i 
labelled ‘spin 2’ is obtained. Comparing the curves and points, and bearing in 
mind the above discussion regarding states of the compound nucleus, the evidence 


for “Be spin zero is strong. Further evidence to confirm this assignment will be 
given in $6. 


$5. THE ENERGY 
It was a consequence of the experimental arrangement that the «,-particles 
were confined to a narrow cone whose axis lay along the direction of SBe recoil. 
A confirmation of this is shown in figure 2, in which the coincidence rate per 
%,-count is plotted against «-counter aperture. It is seen that the counting 
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Figure 2, Points : directional correlation in energy measurement. Curve is that predicted 
theoretically for *Be energy 90 kev. 
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rate rises rapidly to a plateau for apertures beyond approximately 13°. ‘The 
points are corrected for random coincidences, and plotted with probable errors. 
The total number of true coincidences recorded in this plot is approximately 8000. 

In order to obtain the readings of figure 2, the following procedure was 
adopted. First, the target was set with its BO, side towards the x,-counter, and 
a plot was made of the yield, over the resonance, of «,-counts as a function of 
bombarding energy. Next the beam was set on the low-energy side of the 
resonance, and a curve was plotted of coincidence rate, for %-counter aperture 
10°, as a function of the forward angle of tilt of the «,-counter. This counter 
was then adjusted to be at the angle about which the curve was symmetrical. 
‘The angles between counters and beam were thus adjusted under experimental 
conditions. Thirdly, the coincidence rate was maximized with respect to a 
small time delay inserted in the amplifier line of the «-counter. It was further 
verified that no loss of coincidence was incurred by a small decrease in the coin- 
cidence gate time. ‘The latter was set to 1-2j/sec, and the rise and clipping times 
of the ~,-amplifier each to 0-3 usec. ‘True and random coincidence rates were 
now recorded for apertures controlled by the iris diaphragm at intervals of 
somewhat less than 13°, some half-dozen complete runs over the range being 
recorded. ‘The diaphragm aperture was known to an error of 3°,. 

The results plotted in figure 2 may be used to give a value for the energy of 
break-up of SBe. Assuming that the angular correlation function f(@) is constant, 
it follows that the number of «,’s detected in an element of angle dy at an angle y 
to the SBe recoil axis is u(y) dy where 

1 =(V?2/z?)(1 — 2 cos? x) 


nx) x oye sntye > (3) 


in which V and v@ are as defined in §2 and y<sin'!v/V._ For infinitely small 
apertures of x,-counter and target (3) may be integrated analytically up to any 
desired value of diaphragm aperture, and attains a constant value beyond the 
angle sin-}(v/V). A numerical calculation has been made of the expected 
modification to this function for finite apertures. "The method used is described 
in the Appendix. The result was calculated for a ‘Be break-up energy of 
Q,=96kev. This curve showed a somewhat greater cut-off angle than that 
required by experiment, and a better fit, drawn in figure 2, was obtained by 
choosing Q,=90kev. From the statistical uncertainty in experimental points 
and error in diaphragm calibration, a probable error +5 kev must be associated 
with this answer. 

The possibility must be considered of the necessary modifications of the 
theoretical form (3) for the case of ‘double’ « -coincidences mentioned in §5. 
A simple geometrical calculation gives a correction of order 7/17 ~ 20%. Since 
the number of ‘ double’ is only 17°, of the number of ‘single’ coincidences, the 
overall correction of 3°, may be ignored. 


$6. THE LIFETIME 


Figure 3 shows the ratio of coincident to «,-counts plotted against diaphragm 
aperture when the *Be recoil nucleus was released from the compound nucleus 
into a platinum foil. This was achieved by leaving the counters fixed and simply 
turning the target over in its holder, so that the B,O; faced the a ,-counter. It 
was now necessary for the proton beam to traverse the platinum target ‘backing 
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in order to encounter boron nuclei, and for this an increase of 110 kev in proton 
energy was needed for the 163 kev resonance to appear. (This figure gives 
directly the platinum foil thicknes.) All %,’s thus recorded had penetrated 
through the platinum either as alphas or as parts of *Be nuclei. A calculation 
has been made, and is described in the Appendix, of the modification expected 
to the plot of points in figure 2, when the lifetime of *Be is sufficiently long that 
it loses appreciable energy in the foil. The best fit to the points of figure 2 is 
ziven by the full curve in figure 3, labelled +=0. Modifications expected, 
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Figure 3. Points: directional correlation in lifetime measurement. Full curve: best 
fit to points of figure 2. Broken curves: theoretical prediction for finite *Be half-life 7. 


ignoring finite apertures, for half-lives 7 of 5 x 10-sec and 10 “sec are given 
as broken curves inthe same figure. ‘These are normalized to the same ordinate 
as in the full curve at the largest aperture (17?°) and the experimental points 
are themselves similarly normalized: reasons for this procedure are given below. 
It is not possible to distinguish between the experimental points and the full 
curve. <A study of figure 3 shows that the half-life of Be must be less than 
4x 10 second; 

It was not possible to compare absolutely the ordinates of points plotted in 
figures 2 and 3. In fact, the ratio of true coincidences to «,-counts throughout 
the experiment was less than would be expected were ‘«,-counts’ all genuinely 
due to primary alphas in the reaction under study. ‘The continuous background 
of a-particles due to the !!B(p.x) process occurring via the broad excited state 
of SBe unfortunately overlaps the «,-energy selected. According to the reaction 
dynamics this continuous spectrum would give rise to a negligible number of 
coincidences, so that the numbers of particles recorded in the «,-counter due to 
the ground-state primaries and excited-state secondaries were here apparently 
about equal. ‘Their ratio must depend critically on the «,-energy selected, as 
well as, in the plot of figure 3, on the degree of uniformity of the platinum foil, 
for the relative yields of the two processes differ markedly beyond the 163 kev 
resonance (Beckman ef a/. 1953). For these reasons, it was only possible in the 
present experiment to compare relative shapes of curves in figure 3, and under 
these conditions the lifetime of *Be is too smal! to be measured. 

Should a small residual effect be evident in any future experiment of this 
nature, one would need to investigate the degree to which theoretical curves of 
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the type described above will be modified by small-angle alpha scattering. An 
application of the usual criterion for plural scattering (Rutherford e¢ al. 1930) for 
the target backing used in this experiment shows that scattering through 
greater than 1-6° is single, the probability of single scattering through angles 
greater than this value being 0-7°,. Values of this order are certainly small 
enough not to affect the considerations of $5. 

The upper limit we are able to place on the ‘Be lifetime is consistent with 
the lower limit calculated from the sum rule (Teichmann and Wigner 1952), 
according to which for Be spin zero the lifetime is greater than 4x 10 sec; 


the corresponding limit of 2x 10~'sec for spin 2 is clearly excluded by the 
present result. 
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Ae be Nd xX 
Correction for Finite Apertures 


Referring to figure 4 (not to scale), which is supposed drawn in the frame of 
reference in which the compound nucleus (!#C) is at restf the subscripts 1, 2 
and 3 refer to x,-counter, target and «,-counter respectively. ‘he «,-counter 


@, Counter 
Target 


a, Counter 


Figure 4. Isometric view ot counters and target (not to scale). 


_aperture is of radius R, (maximum of r,) = 19/64 inch, and its distance dj), from 
the target 7}, inch. The equivalent distance d,, for the %-counter is 23 inch. 
Apertures of the latter up to 123° were considered, corresponding tote 
) (maximum of 7,)=0-4503 inch. The target is considered as a ring of radius 
| R,=2 inch. With the azimuths 4, and ¢, as shown, the distances x1, %23 and 
| 13 are given by 

X492 = (7, cos ¢, — Ry)? + (7, 8in $1)? +457, 

Xo32 = (73 COS 63 — Ry)? + (73 Sin $3)” + dos”, 

X32 = (7 CoS bg — R, cos $1)? + (73 sin bg — 7, Sin $1)? + (dys + do5)”. 


+ The effect of motion of the centre of mass due to finite proton energy 1s negligible. 
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For any aperture R,=d,3tanz, the complete expression to be calculated ts, 
apart from constant factors, 

- OT “oT Ry “Ry 

I, dé, | dbs I eee | ¥, dr Pas || a 


“0 
in which n(y) is given by (3), §5, and 
X43" — X49" — Xag° 

2X 9% 93 
Each integrand of the quadruple integral (4) was calculated for six equally 
spaced values of the independent variables ¢,, 43, 7, and «. For large values of 
y the integrand is very large, and actually becomes infinite at the critical value 
sin! (v/V)( = 10-66° for Q,=96kev). Under such conditions the calculation of 
an integral by conventional numerical methods is unsatisfactory (Jeffreys 1946). 
For y above the arbitrarily chosen value 9-22° the integrand was replaced by tts 
value averaged over the range of two increments of ¢;—an approximation which 
assumes dd,/dy constant over this range. Ignoring the slowly varying numerator 
of n(y) such an average reduces to the difference of two incomplete elliptic integrals 

[ dx 
J (1 =(V3/e?) sin? x}? 

tabulated by Jahnke and Emde (1945); this difference is closely proportionai to 
the increment of y over the range of integration, so that the averaging process is 
simple. 

The numerical integration was carried out using Gregory’s formula (Jeffreys 
1946) to second differences. No attempt was made to apply small corrections 
(of order 0-1°,) caused by anisotropy of the primary alphas. 


cos x = 


Correction for Finite Lifetime 

The etfect of a finite SBe lifetime when that nucleus traverses a stopping 
material (cf. $6) is qualitatively obvious, namely to increase angles of emission 
of a,’s in the laboratory system, and eliminate sharpness in the spray angle within 
which they would otherwise be confined. We consider here the theory of this 
effect. It is necessary first to assume some form of variation of V with distance x 
travelled inthe target, or withtimet. Weassume simple linearity: V = V,(1— K*), 
where V, is the initial *Be recoil velocity and K a constant to be determined from 
range-energy data. We must now calculate 


| ; Af(t) exp (—Art) dt, 
JQ 
where A is the “Be decay constant and 

f= 


is the integrated form of (3) for negligible «,-counter and target apertures. It is 
convenient to neglect K*x?/2V,? as compared with unity, and the answer becomes 


n(x) dx =1—cosa{1 —(V2/v?) sin? « }H/? 
0 


2K\12V, . 
1- (= |] Sina cos al 2/7 exp (—Atp) 


(P[A( tg — to) ]"/? — B[A(E, — ty) 7} + exp (— At ){A(t, — to)}?], 
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in which © is the error integral tabulated by Jahnke and Emde, and 


(V,2/e*)sintc—1. 4=%  [(V,/v)sina>1] y 


= eG ee ee 
0” 2K (V,2/v?)sin? « 120 aoe <1 5 ty Vo ake 
Here X is the effective target thickness for a 45° tilt to the x,-counter. In calculat- 
ing the above formula from the tables the approximation was made that for 
[A(é = to) 7? > 3, 
2VT EXP (—Aty){O[A(ty — to)" — O[A(ty — to) ]*7} = SIA — to) 2. 

The target thickness Y corresponds to a proton energy loss from 273 kev to 
163kev. Assuming that 3-85 mg cm? of platinum equals 1 cm of air (Livingston 
and Bethe 1937) one finds X is 2:90 x 10->cm. The other constant K may be 
estimated by remembering that ‘Be loses four times as much energy as an alpha 
of the same velocity, and using a standard range-energy relation for «-particles. 

_ The result is that ‘Be loses velocity from 0-85 to 0-60 x 10®cm sec~! in traversing 
a distance equal to $X, and hence K=0-24x10™"sec1. Using these values 
the approximation made in our calculation (K2x?/2V,?<1) incurs an error of 
only +94. The assumption of a linear loss in V is accurate to an error of less 
than 1°,. The neglect of finite apertures in this calculation will, however, lead 
to an error of order 15°, for the larger lifetime, but this approximation could 
not be eliminated simply. 
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Abstract. Co-operative appearance of the rotation of hydrogen molecules in the 
solid phase is described using a semi-classical theory. The order of magnitude 
of the restriction to the rotation which is experienced by a molecule at the lowest 
temperature is estimated to be about 4°k using several different types of experi- 
ments, and the results are in reasonable agreement with each other. For the case 
of pure ortho-hydrogen a calculation of the potential energy and the anisotropy 
based on intermolecular forces is carried out in the Appendix. 


$1. INTRODUCTION 


ORE than twenty years ago it was found by Giauque and Johnston 

(1928) that the molar entropy of crystalline normal hydrogen at tem- 

peratures somewhat below the melting point exceeds the entropy expected 
from Debye’s theory by 4:3+0-1 eu. Pauling (1930) suggested that the excess 
entropy is due to the presence of molecular rotation at this low temperature. 
At about the same time Mendelssohn, Ruhemann and Simon (1930) observed 
an anomaly in the specific heat of normal hydrogen in the expected temperature 
range. ‘Ihis anomalous heat is apparently connected with the ortho-component, 
because it increases with increasing concentration of the ortho-component. 
Also the saturated vapour pressure was found higher for a sample containing some 
ortho-component than for pure para-hydrogen (Keesom, Bijl and van der Horst 
1932). ‘The x-ray analysis of solid para-hydrogen (Keesom, de Smedt and Mooy 
1930) suggests a hexagonal close-packed structure with ay=3-75A (i.e. 7-087 
atomic units). It will be assumed that the structure of an ortho—para mixture in 
the solid phase is not very far from that of pure para-hydrogen. This assumption 
is made reasonable by the fact that normal and para-hydrogen have nearly the 
same density in liquid phase (Scott and Brickwedde 1937). 

To explain the anomalous specific heat and the vapour pressure difference 
Schaefer (1939) proposed the following model. He assumed that the energy of 
an ortho-molecule under the influence of the crystalline field due to neighbouring 
molecules can be described by 


=A P,°.( COS 0). a) se caer eee (1) 


as far as the anisotropic part is concerned. Here 6 is the angle between the axis 
of the central molecule and the axis inherent in the crystalline field, the ‘ x axis’ 
(figure 1), P,° is a second order spherical harmonic, and A is a constant character- 
izing the magnitude of anisotropy which is experienced by the central molecule. 


Tt On leave from Department of Physics, Faculty of Science, University of Kyoto, 
J<yoto, Japan. 
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As far as the lowest state of the ortho-molecule (J =1) is concerned, (1) is the 
only relevant type of axially symmetric field. Under this type Shee Aline 
field the three-fold degenerate state ./ =1 is split into a doublet (state 2 which 
corresponds to 17, = +1) above a singlet (state X which corresponds to M,=() 
(figure 2). The alternative level scheme with the singlet above the doublet is 
not possible because the recently measured value for the anomalous part of the 
entropy is approximately k In 3 and not k In 3/2 (Hill and Ricketson 1954). 
Adjusting a Schottky-type curve to fit the specific heat data known in 1939, 
Schaefer estimated the value of the parameter 4 to be 14:1°k in temperature 
units. ‘I’his is equivalent to saying that the separation between the two groups 
of levels is 5-6°K (=24/5). However, this theory is not satisfactory because 
compared with the experimentally determined specific heat curve the theoretical 
curve has far too great a curvature, at least above 4°k. Little more has been done 
either experimentally or theoretically on this problem until fairly recentlv. 
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Figure 1. Relation between angies. Figure 2. [evel structure under an 


axially symmetric crystalline field. 


§2. NucLEAR MaGNneTic RESONANCE 

As soon as the new technique of the nuclear magnetic resonance was developed 
Hatton and Rollin (1949) carried out a resonance experiment on protons in solid 
hydrogen. ‘They measured the line shape as well as the lattice relaxation time 7, 
down to 1-1°k, and found that in the lowest temperature region the separation of 
the two resonance peaks for the proton-proton system in the molecule is less 
than one expects for stationary molecules. In addition, they found a further 
sudden reduction of the separation at about 1-5°x. Essentially the same result 
was obtained recently by Reif and Purcell (1953) with higher accuracy as far as 
the line shape is concerned. 

The spin-lattice relaxation time 7, which corresponds to the rate at which 
energy is transferred from the spin system to other degrees of freedom (so-called 
‘lattice ’ degrees of freedom) can be related to a life time 7, of the crientational 
configuration of a molecule by the following formula (Bloembergen, Purcell and 


Pound 1948) 
I! ( T 27. 
wet ey 4 g ae : Siege Oe ee AYR ei: D 

T, Kay =e (27rv que lee (47 = ( 


where K,=0-3y4h? x 7;;-°. 
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Using the experimental values of 7, in this formula, we obtained (‘Vomita and 
Mannari 1953) the variation of 7, with temperature as shown in figure 3. The 
fairly linear character cf this plot indicates that 7, is expressible in a form such as 

T.OeXp(=ViRT) eee (3) 
with a constant value of the activation energy V. ‘This gives us an idea about 
the magnitude of the inner field which hinders the molecular reorientation. It 
is estimated that V is of the order of 3 to 4 degrees absolute. The fact that J 1s 
fairly independent of temperature suggests that the local field constraining the 
molecular reorientation may be considered as axially symmetric at least in the first 
approximation, otherwise the effective value of V would continuously change with 
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Figure 3. ‘Temperature dependence of the characteristic time Te. 


On the other hand the spin-spin interaction is revealed by the shape and the 
width of the resonance absorption, which accordingly tells us about the relative 
spatial configuration of the relevent spins and the time change of it. ‘The fact 
that the separation between two peaks is less than half of the 102 gauss which is 
expected for a stationary configuration suggests that each molecule is in a state 
of motion. We can neglect the migration of molecules at this low temperature, 
and furthermore the vibration of the molecular centre of gravity will not affect 
the line shape very much. Therefore, to get the observable character of the 
resonance spectrum we need only take into account the rotational motion of the 
molecule, and this we do by averaging the interaction operator between two 
nuclei over the orientational wave function of the molecule. When the Zeeman 
energy of the nuclei under a constant magnetic field is much bigger, as it usually 
is, than the magnetic dipole-dipole interaction between the nuclei, the dominant 
part of the local field due to the latter interaction is given by the so-called semi- 
diagonal elements with respect to the magnetic quantum number arising from 
the external field: . 

Do=ylre °P.° (cos 0,5) (1.1) oie ee (4) 
Here @,, is the angle between the molecular axis (the z-axis) and the direction of 
the constant magnetic field. ‘Taking account only of the spin operators in (4), 
the secular equation arising from it has been solved and the separation of the two 
peaks turns out to be proportional to the factors in (4) outside the curly bracket. 
Remembering the addition theorem of spherical harmonics, P,° (cos 6,5) can be 
replaced by a sum of products of spherical harmonics of 6, already introduced 
and of y, the angle between the crystalline axis and the constant magnetic field. 
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If we assume axial symmetry of the crystalline field, this sum reduces to one 
term after taking an average over the orientational wave function of the molecule. 
Hence the separation between two resonance peaks is proportional to 

ite roi cosy )C re (cost) 1 Ser) sar Cranes (5) 


of which the only difference from the factor in (4) is the additional term 


(P,°(cos@)> and the replacement of 6,, by y. If we take the polycrystalline 
nature of the sample into account, we must take an average over possible values of 
either #;, or y after we have calculated the absorption line position, and the result 
turns out to be the same in either case. Therefore, the term (P,°(cos6)) gives 
a scale factor as compared with the case where the configuration of the molecule 
is stationary. 

At absolute zero temperature we assume that each molecule is confined in its 
lowest state 17,;=( and take a wave-mechanical average of P,° (cos @) over this 
state. ‘Then we get 


(P,%(cos 8))s1,_,= 2/5 


and we expect a separation of 40-8 gauss (102 x 2/5) which gives the observed order 
of magnitude and in fact the agreement in line shape is also satisfactory when we 
take into account the effect of protons in neighbouring molecules (Reif and 
Purcell 1953). 

At finite temperatures the thermal motion may aftect the character of the 
nuclear resonance through the fact that it causes transitions among the molecular 
rotational sub-levels, 1.e. by urging the molecule to turn. The criterion for this 
effect to appear is found roughly by comparing the energy associated with the 
magnetic dipole interaction between nuclear spins and the energy associated with 
thermal vibration of the lattice. If the former is dominant we should have a 
resonance character typical of a single substate of molecular rotation, whereas if the 
latter is dominant we ought to expect a character typical of a statistical mixture 
of several substates. According to the estimate of Reif and Purcell (1953) the 
situation in solid hydrogen corresponds to the latter case at least above 1°K, and 
so the scale factor of the resonance must be 


<P,%(cos 6) > = Tr [exp (— H/RT)P,"(cos 6)]/Tr exp (— H/RT)] 
= —2{1—exp(—3A/5kT)}/{1+2exp(—3A/5kT)}. ...... (7) 
Accordingly, if the magnitude of the anisotropy parameter A is independent of 


temperature, the scale factor of resonance is expected to decrease gradually with 
increasing temperature as shown in figure 4. However, the abrupt change in 
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Figure +. Order parameter or scale factor of the nuclear resonance. a, temperature inde- 
pendent crystalline field model; 6, Bragg—Williams type model; ¢, observed scale 
factor of the nuclear resonance. (The separations between the two peaks are plotted 
below the transition point, and the width is plotted above the transition point.) 
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the observed width of resonance at about 1-5°k is obviously difficult to ft te this 
type of curve (cf. figure 4). ‘This fact suggests strongly that there is a co-operative 
character in the appearance of molecular rotation. In this connection it ts to be 
remembered that the simple Schottky-type curve was also unsatisfactory 1n 
describing the specific heat. And recently, in fact, the co-operative character 
was clearly observed by Hill and Ricketson (1954) as a A-type transition in the 
specific heat in the very temperature range corresponding to the abrupt change of 
nuclear resonance. 


§ 3. "THEORETICAL TREATMENT AS A CO-OPERATIVE PHENOMENON 
It is not very difficult to understand the essential nature of the transitions in 
the specific heat and the resonance character. Let us interpret tentatively the 
anisotropy constant 4 as an effective quadrupole moment Qy of the molecule 
multiplied by the magnitude of the gradient q of an axially symmetric crystalline 
field. Then we can calculate the average quadrupolarization (QO), per molecule 
at temperature 7’ by the formula 
(On = Og{1 — exp (—30,g/5RT)}/ {1 + 2exp (—3Qyg/5kT)}. (5) 
‘The quantity (Q)/Q)=s has a meaning of an order parameter and is essentially 
proportional to ¢<P,°(cos@)), which is given by (7). In our present case, how- 
ever, the quantity qg is not to be considered as a temperature independent constant. 
It is the magnitude of an inner field due to the configuration of the neighbouring 
molecules, which in turn essentially depends upon the temperature motion. Let 
us assume for the moment that q is proportional to the average quadrupolarization 
<Q), and also to the fractional concentration ¢ of the ortho-component. 
g=cl(Oy/ =O, te ae te (9) 
‘Then we get from (8) 
s= jl —exp(—s is Dy expo 17 en, eee (19) 
‘he temperature dependence of s turns out to be co-operative in type, and the 
critical temperature is given by 
Tea CCO Rk s\n ee (i1) 


(cf. figure +). As the scale factor cf the resonance is simply proportional to the 
order parameter s, we now expect quite an abrupt narrowing of the resonance 
when we reach the critical temperature, as shown in figure 4. ‘This corresponds 
satisfactorily to the experimental result. From the value of the transition 
temperature in resonance we can estimate the level separation at absolute zero, 
which turns out to be 4:10°K (=24/5). 

The above treatment corresponds to Bragg—Williams’ approximation in the 
treatment of alloys. In our present case, however, it is not quite satisfactory in 
that (1) it gives no residual specific heat above the critical temperature (experi- 
mental results for solid hydrogen give an unusually big tail in this particular case), 
and (2) the curve giving the dependence of the critical temperature on the 
concentration of ortho-component simply passes through the origin of plot 
(experimentally it appears that below a certain concentration there is no indication 
of a transition). One way of avoiding difficulty (1) is to assume an additional 
temperature-independent term in the formula (9), but this does not remove 


difficulty (2) if the additional term vanishes with vanishing concentration of the 
ortho-component. 
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Both difficulties are removed, at least qualitatively, when we proceed to the 
Next Approximation corresponding to the Bethe—Peierls treatment of alloys. As 
the precise form of the interaction between hydrogen molecules is still unknown 
and as there is a possibility of lattice deformation in a solidified ortho para 
hydrogen mixture, we take for the moment a phenomenological approach. Let 
us assume again a rotational level structure of the type described already (cf. 
figure 2), and introduce three parameters of interaction V,,, Vins Vin between a 
neighbouring pair of molecules. We assume that these interactions depend 
only on the rotational state of each molecule in the pair, a process corresponding 
to the Ising approximation in the case of ferromagnetism. In addition, 
several assumptions are made in order to apply a simple model to the actual 
case: (i) A theoretical estimate based on intermolecular force (Carlson 1950) 
Suggests that the interaction between a pair of ortho-molecules is by far more 
important in producing the anisotropy than that between an ortho—para 
pair or a para-para pair. ‘Therefore, for the moment we consider only the 
interaction between ortho-ortho pairs. (ii) We assume a more or less uniform 
distribution of ortho-molecules over the whole crystal and consider only the 
average number = of ortho-molecules on the nearest neighbouring sites (the first 
shell) of an ortho-molecule, that is to say we introduce the concentration of the 
ortho-component only through the value of parameter x. ‘This can not be true 
in a rigorous sense, because there should be a local fluctuation in the value of z. 
However, if the migration of ortho-molecules through the crystal is sufficiently 
small during the time of the thermal observation, we need an average over the 
above fluctuation only in the final stage of the calculation. 

Suppose that the central ortho-molecule is in a A-state and that out of 3 
neighbouring ortho-molecules / are in the A-state, and let us write down the 
interaction between the central and first shell molecules explicitly by using 
V,,, V,, and V,,.. For the first-shell molecule, however, we are not going to 
write the remaining part of the interaction in the same way, but replace it by a 
kind of average potential which does not depend on its surroundings. In this 
approximation the partition function can be written in the following form 


PAL) = Ba Tyee Be VeXPL—PLLViz (2 LV} B23, (12) 


Here g, and g,, are statistical weights, 6, and 6, are parameters due to the ettective 
average potential for the first shell molecule, and B=1/kT. Summing (12) 
over all possible values of L, we get 


fa=falgada Exp (— BV a2) +845, EXP (— BV ay) |? secre tcl) 
and in a similar way corresponding to a central molecule in the j.-state we find 
= Gl 8282 XP (— BV i) +8 Pp EXP (— BV iw). wees ee (14) 
If we introduce the substitutions 

Inp= — B(Via— Vin); pp cas Heo 
Ino = — B(Va,— Vy): Mowereleoees 
and y= (88n 89a), nS) 

(13) and (14) can be written in the form 
i= 1220, (a BV,,)\*ga(ey + Ls aeiel koe) 


ip = [£0 p exp ( — BV a.) 184 (oy-++ es Se ee Ne (14) 
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Using these partition functions, we find the average fractional population 6, of | 
the A-state at the central site to be 


Gio en Re Se oss: (15) 


all 
On the other hand, the average fractional population of the A-state @, at any site | 
on the first shell is given by 


As there is no reason to discriminate the central site from first shell sites, we 
should put @)=96,, and we have 


If we eliminate @ from (15) and (17) we get 


eS Pies 18 
oy= a Ge 7) : ce Dein Re (18) 

Then, in order to obtain the condition appropriate to the critical temperature we 
require 07/dy=0, which, when applied to (18), gives an additional condition 


1 Le ei 
oy+1l pytl s-l 


Eliminating y from (17) and (19), we have 


pio=(0+ —5)(1-0+ ==) [#00 eed (20) 


As the long-range order should vanish at the critical temperature, we put 
Perit = al (21 + 8) in (20). 
Then we get 


(plo). = (247+ Gz—G)i(s—2)? a eee (21) 
where G=(o.-2,) 2 Si eee (22) 
Coming back to the original notation, we have 
—V 
*1o= in(eeGeG) inten Ae oe 
where 
Ve P(Vig Vi) Py i ee (23) 


which may be compared with an excitation energy per molecule and per pair. 
If z, is the maximum possible number of the ortho-molecules on the first-shell 


sites, the concentration ¢ of the ortho-component can be regarded in our approxi- 
mation as 2/z, and we have 


(Tare: rs x In (25? + Gzy— G)—In(z,— 2) 
(Pky Fln(# HC22@) Sine =o) ee (24) 


At higher concentrations of the ortho-component the critical temperature is 
again shown to be proportional to the concentration, but this is not true at lower 
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concentrations. In fact, there is a finite lower limit in the concentration for 
which a critical temperature can exist. In the case of hydrogen we get 


emin = 1/6 Setitione (25) 


using the values g,=1, g,=2, and x)=12. The concentration dependence of 
the critical temperature in this particular case is shown in figure 5 (calculated by 
(2+)). Ina real crystal the value of s cannot be the same everywhere, and accord- 
ing to our assumption (ii) we are led to take a kind of average over the real values 
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Figure 5. Dependence of the critical temperature 7T,, upon the fractional concentration 
of the ortho-component. (a) Bragg—Williams type theory. (6) Bethe—Peierls type 
theory. The arrow indicates the fact that there is no transition above that temperature. 


of zx. However, if this distribution is symmetric around the maximum, the 
etfect of averaging causes little deviation from the original formula (24), at least 
for a high concentration, because of the proportionality between 7, and ¢. For 
lower concentrations the result of averaging is expected to be a reduction of the 
value of 7, as compared with the value given by (24). ‘Taking the above situation 
into account, we fixed the value of V in (21) by fitting the theory to the data at 
€=0-74, which is the highest concentration observed by Hill and Ricketson. 
We found 
Vee ATP eo are (27) 


per molecule and per pair interaction, which suggests an excitation energy per 
ortho-molecule in normal hydrogen 


Vee 028 RCV eg Oe bop eens (28) 


Although there is only a small number of observed data (cf. table | and figure 5), 
the tendency of the concentration dependence of 7, is consonant with the theory. 
The theoretical (7,, €) curve based upon equation (24) lies above the experi- 
mental curve in the non-linear region (see figure 5). ‘This is not unreasonable 
because in a real situation the concentration factor z does not have a constant 
value throughout the solid but is subject to small variation from place to place. 
Taking into account the ‘ spread’ of z about each value, the theoretical curve 
can be brought into better agreement with the experimental one. 
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‘Table 1. Concentration Dependence of the Critical ‘Temperature 


¢ (ortho-concentration) 0-74 0-66 0-55 
T,(°K), calc. 1-60 1-40 1-14 
T..CK), obs. in specific heat 1-6+0:1 IES Sc al hee. 

7T.(-K), obs. in nuclear resonance} (hess) 1338 1-19 


$4. Discuss1oN AND CONCLUSION 

As we show in the Appendix there is a possibility of a distortion or a detorma- 
tion of the lattice in the mixture of para- and ortho-hydrogen as compared with the 
hexagonal close-packed structure. Unfortunately, however, it is not very easy to 
estimate the amount of deformation at an arbitrary concentration, because 
(i) there is a local variation in the concentration of the ortho-component, (i1) there 
is an additional variation in the distribution of ortho-molecules even if the local 
concentration is known, (iii) there is a definite amount of evidence for the fact 
that ortho- and para-hydrogen do not form a regular mixture. ‘Therefore, the 
microscopic origin of the anisotropy in the crystalline field is not simple and a 
detailed quantum-mechanical approach does not seem to be justified at the 
present stage. ‘This is the reason why we went no further than a phenomeno- 
logical treatment in which the parameter V was supposed to cover various etfects 
due to different causes. 

‘To summarize the results obtained in the scope of our treatment, we may 
compare the values of the anisotropy parameter 4 or, corresponding to the level 
separation at absolute zero, the values of parameter V(=24/5), which are derived 
from entirely independent observations (cf. table 2). Although we are not quite 
sure that different types of observations lead to precisely the same quantity, the 
figures found in table 2 are all the same in order of magnitude and together they 


give some idea of the magnitude of hindrance restricting the motion of a molecule 
in the crystal. 


Table 2. ‘he Magnitude of Anisotropy 


Anisotropy 
Phenomenon observed ‘Theory employed V=2A/5 
1. Specific heat above 4°K ‘Temperature-independent cry- Ome 
stalline field (Schaefer’s theory) 
2. Nuclear magnetic resonance Bloembergen—Purcell—Pound 3:0~ 4-0°K 
(spin-lattice relaxation time theory 
IE) 
3. Nuclear magnetic resonance Co-operative phenomenon 4-10°K 
(temperature of abrupt (Bragg—Williams’ type theory) 
change in resonance) : 
4. Critical temperature in Co-operative phenomenon 4-02°« 
specific heat in normal (Bethe-Peierls’ type theory) 
hydrogen 


+ Y. Masuda 1954, private communication, 
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In our particular case the anomalous specific heat above the critical point 
has a fairly big tail and the shape of the hump is symmetrical around its maximum 
rather than lambda-type. Both of these facts deviate from the simple theory, 
but can be explained qualitatively by taking the local variation in the value of 2 
into account. For, when we average the specific heat over a more or less sym- 
metrical distribution in the value of s, we may reasonably expect that the tail will 
tend to become bigger and the hump will become more symmetrical. 
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CRYSTAL ENERGY AND ANISOTROPY OF PURE ORTHO-HyYDROGEN 

One of our conclusions in the above paper is that the value 4°K for the aniso- 
tropy parameter l’(=2A/5) provides a good measure of the restriction to rotation 
experienced by molecules in solid hydrogen. We shall now try to examine the 
conclusion in detail on the basis of intermolecular forces. ‘The force between 
two hydrogen molecules is anisotropic and particularly for ortho-molecules it 
remains so even after an average over the rotational state of each molecule in the 
crystal. Hence there is no reason to exclude the possibility of lattice deformation 
in the mixture of ortho- and para-components as compared with pure para- 


_ hydrogen, which is hexagonal close-packed. ‘This deformation might play an 


important part in producing the anisotropy (Nagamiya and Urano 1952). ‘There- 
fore, we calculated the potential energy and anisotropy for a uniform deformation 
of the lattice. 

We used various types of force which were calculated quantum-mechanically 
by de Boer (1942), Margenau (1943), Evett and Margenau (1953) and Carlson 
(1950). For the sake of computational convenience we studied the case of pure 
ortho-hydrogen which, although absent in nature, may be expected to give some 


idea about the mixture. Hence we always assumed a hexagonal structure. 


The various different types of force between two hydrogen molecules can be 
expressed in a common form 


E=K[a+0(¢,'27 + 297) + c(21%%_ 7) 
pai x, 2c, “yy 4 e( Sy 285 J) ey Se le tee (Al) 
Here a, b, c, d, e and f are numerical constants, and («,’, y;’, 21’) are the direction 
cosines of the axis of the 7th molecule with respect to a coordinate system in which 
the intermolecular direction is taken as the =’ axis. ‘The values of the numerical 
constants chosen for the various types of force in our calculation are given in 
table Al. 
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We then transformed the coordinate system from 3’ to x, which is the direction 
of the crystalline axis. If we concentrate our attention on the total energy of 
the crystal, we should take an average over the rotational state of each molecule. 
We assumed that each of them is confined in the state 7, =0, and took an average 
over this state. On the other hand, when we consider the anisotropy we apply 
the same condition except for the central molecule, which was assumed to be 
fixed in its direction 6 as measured from the crystalline axis, and we calculated 
the coefficient 4 of P," (cos @). 

In both cases the result can be expressed in the form 


SS K (Co; + Cay’? + Cary") Mok siete PU) 


where y’ is the cosine of the angle between axes x and 3’, and the summation is 
over all different types of interaction. yy’ depends only upon the relative orienta- 
tion of the pair of molecules with respect to the crystalline axis. The values of 
Co» Co; and c,; for the different types of interaction are given in table A2. The 
K,’s were calculated by using a form like K,= Ky,(R,/R)". The results of the 
calculation are shown in figures 6 and 7, where constant energy contours are 
plotted against possible deformations described by « =a/a, for the lateral deforma- 
tion and S=c cy for the longitudinal deformation. a, and cy are the constants 
characterizing the pure para-hydrogen lattice. 

Several points follow from these results. (i) In order to obtain a consistent 
picture for the anisotropy we must have a negative value for the quantity (— A), 
because it assures the fact that the central molecule is, like the other molecules, in 

the 7, =0 state in the crystalline field. In the close-packed case (i.e. « =8=1), 
| however, —A is positive and our picture is not consistent. (ii) On the other 
hand, the close-packed structure does not correspond to the minimum in potential 
energy, which lies in a deformed structure where « =0-85 and B=0-94, 

In this deformed structure — A is negative and d=1-5 x 10° a.u. per mole 
and per two pairs, i.e. one lateral and one longitudinal. ‘This corresponds to 
the value 

Vo eas 4)— 29 <x 10 A, mole = 0345 -K: 
This result seems to be consistent with the original assumption but numerically 
it is much smaller than other estimates (cf. table 1). 

However, we have not taken into account the effect of the kinetic energy, 
which is not negligible in solid hydrogen. For, if we calculate the crystal energy 
of pure para-hydrogen using a similar method, we find that the actual lattice 
constant is 13-6°, bigger than that expected from the position of the mini- 
mum in potential energy. For this particular case the energy of zero-point 
vibration is estimated to be 0-166 x 10°° a.u. mole!, and the sublimation energy 
is 0-395 x 10-3 a.u. mole"! which is to be compared with the observed value 
0-287 x 10-#a.u. mole! (Simon 1923, Johnston et al. 1950). 

Unfortunately there are several serious difficulties in an exact treatment of 
the whole problem. 

(i) Even if we have an exact potential function plotted against possible 

deformations, we must solve a Schrédinger equation for more than one dimension, 
which is not always easy. If we could solve this dynamical problem, we then 
should calculate the average value of several different powers of the intermolecular 
distance by using the wave function to obtain the lattice constant and the aniso- 


tropy. 
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Figure 6. ‘The crystal energy of pure ortho-hydrogen. (‘The number attached to the 
contour indicates the energy associated with two pairs of interaction, i.e. one lateral 
and one longitudinal, in 10~® atomic units.) 


(11) ‘To calculate the potential energy, we assumed a uniform deformation, 
i.e. the deformation with the longest wavelength. But the ground state of the 
crystal seems to be essentially dependent on the modes with shorter wavelength, 
tor which the potential energy calculation is prohibitively complicated. Although 
there is a possibility that the greater part of the shorter waves has rather low 
frequency and is not so important as it seems to be (because shearing modes 
accompany little change in the volume), we cannot be sure about the long wave 
approximation in a quantitative sense. 
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Figure 7. The anisotropy constant 4 of pure ortho-hydrogen. (‘The number attached 
to the contour indicates the value of anisotropy constant A which is associated with 
two pairs of interaction, i.e. one lateral and one longitudinal, in 107° atomic units.) 
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On the Validity of the Weizsacker Inhomogeneity Correction Term 


By R. BERG anp L. WILETSt+ 


Institute for Theoretical Physics, University of Copenhagen, Denmark 


Communicated by C. Moller; MS. received 4th October and in amended form 
12th November 1954 


Abstract. An investigation is made of Weizsicker’s correction to the Thomas- 
Fermi statistical treatment of the many-body problem. Numerical solutions of 
Weizsacker’s equation were obtained for the isotropic harmonic oscillator and 
the step potential in plane symmetry. These particular potentials were chosen 
as approximations to nuclear potentials. In the case of the harmonic oscillator, 
the error in the energy is an order of magnitude greater than for the Thomas—Fermi 
equation, but a reduction in the magnitude of the Weizsicker correction term by 
a factor of | gives substantial improvement over the Thomas—Fermi solution. 
The step potential also shows that the Weizsiacker term is too great, but the 
reduction factor necessary to give substantial improvement is between } and 1. 
It is concluded that the Weizsiacker correction term is not reliable as such, but 
that a reduction in the magnitude of the term may give plausible solutions for the 
density. The reduction factor depends, however, upon the form of the potential. 


$1. INTRODUCTION 


HE ‘Thomas-Fermi (TF) quantum statistical treatment of the many- 

particle problem leads to a particle density which is proportional to the 

3 power of the potential, and to a kinetic energy density distribution which 
is proportional to the 3 power of the density. ‘The treatment is based upon the 
approximation that the particle wave functions may be replaced locally by plane 
waves, and is only exact for non-interacting fermions in a constant potential. 

Weizsiicker (1935) was the first to introduce a correction term to the TF 
expression for the energy in order to account for the deviation of the particle 
wave function from plane waves.{ ‘The Weizsacker inhomogeneity correction 
term varies as the square of the gradient of the particle density, and thus leads to 
solutions with qualitatively correct behaviour in that it prevents rapid density 
variation in regions of rapidly varying potential. 

Weizsicker’s derivation of the correction term, however, is not very plausible 
and, in fact, breaks down just for the type of potentials which were assumed. 
The Weizsicker term has been used by various researchers with varying (and 
frequently unknown) degrees of success in atomic and nuclear problems. An 
investigation of the validity of the correction term would seem to be desirable for 
analysis of the results of calculations based upon it. 


+ U.S. National Science Foundation Postdoctoral Fellow. . 

{ Plaskett (1953) has derived a modification for the TF equation, and Ballinger and 
March (1954) have made numerical calculations with Plaskett’s equation in the case of the 
one-dimensional harmonic oscillator. The latter authors point out that the equation does 
not have a unique solution. No member of the family of solutions obtained appears to 
be an improvement over the Weizsicker solution. 
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Weizsiicker’s equation is not amenable in general to analytical methods, but 
a measure of its validity can be obtained by comparing numerical solutions of 
the equation with exact quantum mechanical solutions in the case of simple fixed 
potentials. We have carried out such calculations with potentials designed to 
approximate nuclear potentials. The result of our investigations indicate that 
Weizsicker’s equation as such is not completely reliable and in many cases is not 
an improvement over the TF equation. A reduction in the magnitude of the 
Weizsiicker correction term, however, appears to lead to more satisfactory 
solutions, although the amount of the reduction depends upon the form of the 
potential 1n question. 


$2. SKETCH OF THE DERIVATION OF WEIZSACKER’S INHOMOGENEITY 
CORRECTION TERM 


Derivations of Weizsacker’s inhomogeneity correction term are given by 
Weizsicker (1935) and by Gombas (1949); we outline briefly the former deriva- 
tion here. 

In the neighbourhood of a point taken as r=0, the wave functions of the 
particles are assumed to be given approximately by 


1 
pp = Te ae Pe PERIL OC (1) 


where V is a normalizing volume. ‘The vector a is assumed to be small, but 
may depend upon p. The density at r=0 is then approximately given by the 
Fermi value 


where P is the maximum magnitude of p. ‘The gradient of the density is given 
by 
-pP 


4 
Ve= 5,0 a(pyap, | eee (3) 


and the kinetic energy per unit volume may be written 


Exin = Ey. ats Ey, Tas NaN (4) 
where 
SELON hee i 2 
E= ale at K,p? De ot ee (5) 
is the usual Fermi energy and 
te ae ; 
Ew= Thm | [a(p)|’ dp iia (6) 


is Weizsacker’s correction. Weizsaicker then shows that the expression in (6) 
is a minimum for a given gradient of the density (3) if a is independent of p. 
In this case, Ey can be expressed as 


4 (vp) 
Sr “oi ta Tiga eee (7) 
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The total energy of the system is given by 
i= | (f+ Fy + Vp) dv, uc Cos (8) 


where V is the energy potential. When this expression is minimized for a fixed 
number of particles, the corresponding differential equation for the density is 


given by 
’ 2 Ve 
Eney ey | 2 =| pes 90 trosta (9) 


where #” is a Lagrange multiplier related to the total number of particles. The 
potential is here assumed to be independent of p. It can be directly verified that 
the equation (9) satisfies the virial theorem, 


E 


kk 


1 sel 
te Ey =By= 2 | 


as does the ‘TF equation.t 

There are several points which may bear criticism in the derivation, but 
probably the most serious is the use of oscillating wave functions (positive kinetic 
energy) for all particles in regions of varying potential. When the potential 
increases, the density associated with the particles of positive kinetic energy 
increases, while the density associated with particles of negative kinetic energy 
decreases due to the decay of the non-oscillating wave functions. The total 
density decreases and this decrease is due to the decay of the wave functions of 
the particles of negative energy. ‘Thus, the approximation (1) is not valid for 
the particles which contribute most to the change in density. f 

Although the derivation given by Weizsacker does not appear to be valid, the 
correction term does have the proper form in that it leads to a smoothing of the 
density in regions of rapid potential variation. A term of similar form, but with 
some (different) coefficient might be expected to give plausible results. The 
approach of the present work is to test the validity of the Weizsiacker, or similar, 
term in explicit cases. Since it is not immediately clear whether the expression 
should be better for slowly or for rapidly varying potentials, the potentials for 


+ This is not the case for Plaskett’s equation. An expression for the total energy can 
be obtained by adding the potential energy to the kinetic energy which is obtained by 
substituting Plaskett’s equation into the right-hand side of (10), but the minimization of 
this expression for a fixed number of particles does not lead back to Plaskett’s differential 
equation. As Ballinger and March (1954) point out, the non-uniqueness of the Plaskett 
equation may be connected with the (apparent) absence of any expression for the energy 
which, by minimization, would lead to the differential equation. 

{ A similar objection may be raised in the case of Plaskett’s derivation. Plaskett identifies 
a smoothly varying function Pg with the average density of a single particle. The justifi- 
cation that the identification is reasonable is based upon the equality of the integral of the 
function Py with the integral of the actual single particle density between two nodes of 
the wave function. This is indeed reasonable in regions where the wave function oscillates 
rapidly, but since the only nodes outside the classical turning points are at +, it is not 
clear that the function should represent the actual single particle density accurately in the 
forbidden region, or that the resulting total density should be represented accurately in 
regions of varying potential. In fact, all members of the family of solutions which Ballinger 
and March (1954) give for Plaskett’s equation in the case of a one-dimensional harmonic 
oscillator considerably overestimate the density in the forbidden region, and none is even 
as good as the Weizsacker solution which errs in the same direction. 
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which the method was tested were especially chosen to approximate nuclear 
potentials, as there is considerable current interest in the application of statistical 
methods to nuclear problems. 


$3. NUMERICAL EXAMPLES 


‘Two specific fixed potential problems were considered: a three-dimensional 
isotropic harmonic oscillator, and a step potential in plane symmetry. 

Equation (9) was expressed in the form of finite difference equations subject 
to the proper boundary conditions. The resulting set of simultaneous alge- 
braic equations in m unknowns (the value of p at each of the mesh points) was 
solved numerically by a modification of Newton’s method of successive approxi- 
mations (see Appendix). 

The numerical calculations were performed on the BESK in Stockholm. A 
problem employing fifty mesh points would require about twenty iterations for 
convergence of the trial function to the correct solution when the criterion for 
convergence was chosen to be such that at each mesh point the value of p differs 
from the value obtained from the previous iteration by less than one part in 10°. 
The actual calculating time (exclusive of preparation and printing) to obtain the 
solution for one problem was less than one minute. 

The examples and results are discussed below. 


A. Three-dimensional Isotropic Harmonic Oscillator 


The potential is given by 
V=hkmw 


<i omy A * (11) 


where w is the characteristic angular frequency of the oscillator. ‘The quantum 
energy levels are given by 


A = (2, ae Ns a Ns at s)he, rare ais ( ] 2) 
and the corresponding quantum wave functions by (cf. Schiff 1949) 


a 


1/2 
Barman ®s ys a) x ( ) foe (ax) H,, (ay)H,, (a2) exp ( ae ary?) 


qil22nit Nz cy 3 | ts ! Ns | 


where «=(mw/h)"? and the H,, are the Hermitian polynomials of order ». The 
number of particles which fill all the energy levels (two particles per state) up 
to and including the levels characterized by the major quantum number 
N=n,+n,+n, is given by 


AW = tN PEON) NS) 2 ere (14) 
and the total energy of these particles is given by 
oe ; pahaesgy: . I 2 
Ey 4(N + 1)(N +2) (N+3)hiw = 34 | 4 us 4 337 yi =: [he -- (15) 


The energy given by the TF solutions is 


Ey =38N (3S) hoo. (16) 
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It can be shown from equation (9) that, for an harmonic oscillator, a solution 
of a given problem characterized by the Weizsicker coefficient «y is equivalent 
ey a change in scale) to the solution of another problem characterized by 
Kw = Skew, and in which .4 ‘=87 4° and f=. Thus, any numerical solution 
gives rise to a family of solutions of varying €. 

Since the Weizsicker equation (9) satisfies the virial theorem (10), we have 
the relationship 


—— nr — —@«uoE 


| Eyjor = bnew? i eI tO ea eG 2 ps (17) 
| 


zi pus the energy alone gives directly the second moment (i.e. the integral weighted 
by 7*) of the density distribution. In figure 1 is plotted a comparison of the 
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Figure 1. Harmonic oscillator. 


The percentage deviation of the TF (lowest curve) and Weizsicker (€=1) energies from 
the quantum mechanical energies is plotted as a function of the number of particles 
(filling two per state). Curves are also given for solutions where the Weizsacker 
coefficient ky is replaced by ky’—€«y. Another scale along the abscissa gives 
the major quantum number N. 


energies obtained from three sources: the exact quantum eigenvalues (equation 
(15)), the classical TF solutions (equation (16)), and the numerical solutions of 
the Weizsacker equation (for various €). Whereas the classical ‘TF solutions 

give too small energies because the particles are confined within the classical 
turning points, the Weizsacker term causes the particles to extend too far into 
the forbidden region and thus results in energies which are too large. ‘These 
results appear to be in agreement with those of Ballinger and March (1954) for 
the one-dimensional harmonic oscillator with the first ten states filled. The 
errors in the energy obtained, using the Weizsicker term (€=1), is an order of 
magnitude greater than for the classical TF case. An improvement in the 
former can be obtained by reducing the coefficient ky of the Weizsicker term. 
A reduction of € to one quarter leads to energies which are about as good as the 
TF energies, but still erring on the side of overestimation. It appears that a € 
of 4 or less would be necessary to give a substantial improvement over the TF 
solutions. 
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B. Step Potential in Plane Symmetry 


Neither the wave-mechanical nor the Weizsacker solutions depend sensitively 
upon the precise form of the potential. ‘Thus, a step potential was employed to 
approximate a smooth potential which varies rapidly over a distance of one 
wavelength, such as is to be expected in a nucleus. ‘The use of plane symmetry 
and a semi-infinite distribution simplifies the interpretation of the problem. 

The potential is assumed to be zero for x <0 and V, forx—0. The quantum 
wave functions are given by 


2\ 1/2 ‘ ; ) 
bp = (5) exp {1(p,y +p,2)/h} sin (p»x/h+a), x<0, | 
2 Hh ais (18) 
2\1/2 a ) } Pe 0, | 
— om 2 | r —KX| —, x> , 
bp @ EXP {U(p,,) + Pz \/h} exp (—Kxjh P, | 
where k?= P,?—p,*, P?=2mV,, «= —sin *p,z/Po, the p,, p,, and p, areycomm 
ponents of the momentum, and {2 is the volume of a normalizing box. This 
gives for the limiting density as x->— ©, 
8 7 
—~ 0)= 5 = P3 ag 
p(— 00) 3 pe ) (19) 


where P?/2m is the maximum energy of the particles. 

In figures 2 (b) to 2(d) are shown the density distributions obtained by numerical 
integration of equation (9) for three values of 7=P/Py. In figure 2 (a) is shown 
the distribution for 7=0 obtained by matching a solution valid for large x to a 
solution valid for small x at an intermediate v; this is not as reliable as the 
numerical integrations for the other values of v. ‘The broken curves are fits to 
the quantum mechanical densities (see caption). ‘lhe effect of oversmoothing 
the density is evident in all cases. Figure 3 shows a comparison of the barrier 
penetration given by the Weizsacker equation with that given by the quantum 
solutions, which also indicates the over-compensation of the Weizsicker term. 
‘The density at the step, however, is well reproduced, as is shown in figure 4. 

Another measure of the accuracy of the Weizsicker solutions can be obtained 
from the energy, or rather what we define as the surface energy. We define the 
surface energy as the difference between the energy of (say) N particles (per unit 
area) and the energy which the same number of particles would have in a Fermi 
gas filled to the asymptotic density. If N is a large number, the surface energy 
is independent of N and is given in units of energy per unit area. Thus, if we 
take K(L) and N(ZL) to be kinetic energy and number of particles per unit area 
within the region — L <x< 00 we may define the surface kinetic energy by 

K.=Lj z SPA ey ras) 
= im | K(L) ——— NERS = hae (20) 


ees 10m 
The total surface energy is obtained by adding to the potential energy 
N*V)=N* P?/(2my?). 


The kinetic and total surface energies are given in figure 5. It can be seen 


that the Weizsacker solutions give too small kinetic energies and too great total 
energies. 
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a In the case of the plane step, as in the case of the harmonic oscillator, a change 
in the coefficient of the Weizsiicker correction term results in a change of scale 
of the solutions only. Thus, for the step potential, if we replace ky by xy’ =Eky 
we change the units of length and energy so that L’= 4/E€L and ey’ = 1/€e. This, 
by a suitable choice of €, the various Weizsiicker density distributions can be 
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Figure 2. Step potential. 


A comparison is made between the densities given by the Weizsiacker solutions (dotted 
curves) and the quantum solutions (solid curves). The rectangular distributions 
are for the TF case. 

The quantum density in figure 2 (a) (7=0) is exact, and is given by (cf. e.g. 
Swiatecki 1951) p=p(—~){1+(3 cos X)/X?—(3 sin X)/X*}, where X=2Px/h. 
In figures 2 (b)—2 (d), the quantum density is not given in closed form, but the full 
curves shown represent fits to the exact quantum density of the form 


p=p(—~){1—(a+bx-+ cx?) exp (dx)}, x<O 
P=p(—&)(@ + bu cx?) exp (—a), x>0 


where the coefficients were adjusted to give the proper values of p, p’ and p” at 
x=0, and the proper integral of p for —x»<x<0, and0<x<«. These quantities 
can be obtained easily from the wave functions given in equation (18). The actual 
quantum densities are sharper near the maximum, and show oscillations behind the 
maximum, as is the case in figure 2 (a) (7=0). 

The Weizsicker solution in figure 2 (a) (7=0) was obtained by matching a power 
series solution valid for small x to an exponential solution, 


p= p(—o)(1—A exp {277?!340/31/8}), 


valid for large x at an intermediate value of x=%9. ‘This solution is not as reliable 
as those solutions (figures 2 (b)-2 (d)) which were obtained by numerical integration. 
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brought into better agreement with the quantum solutions. Similarly, better 
agreement can be obtained for the surface energies. It is to be noted, however, 
that the value of € depends upon 7 (i.e. the height of the step) and is thus not 
uniquely given. Furthermore, the value of € which rectifies the kinetic energy 
is not generally the value which also rectifies the potential or total energies. 
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Figure 4. Figure 5. 


Figure 3. Step potential. 


A plot of the number particles per unit area, which are to be found in the forbidden region 
(« >) as a function of 7”, is shown for the Weizsacker (broken curves) and quantum 
(solid curves) solutions. in the latter case, this quantity is given by 


[P? 3 3 
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Figure 4. Step potential. 


A plot of the density at the step, p(0) as a function of 7? is shown for the Weizsacker (circles) 
and quantum (solid curve) solutions. In the latter case, this quantity is given by 
p(0)=p(— ») 27. 

Figure 5. Step potential. 
A plot of the kinetic and total surface energies as a function of 7? is shown for the Weizsacker 


(broken curve) and quantum (solid curve) solutions. The quantum kinetic surface 
energy is given by 


' See 2 8 16 2 
Kee ee (| ape EL | Seer ap \) Tf = a et fee 
S ai-73 aah 7°) (Fx 1) ( is) yet 1) sin~!y + mt 


The total surface energy is obtained by adding the potential energy, 
Nt+V,=N+*P?/(2mn?), 


to the kinetic surface energy. 
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iA value of € of roughly 0-5 would, however, give significant improvement in most 
quantities for large 7, while for small » it would appear that a € near unity would 
do quite well. 


| C. Other Information: Calculations by Lindhard 


We have learned from J. Lindhard (private communication) that he has 
japplied Weizsacker’s correction term to the problem of electrons in a metal. 
In this case, the potentials away from the boundaries of the metal were taken as 
small compared with the average kinetic energy of the electrons, so that the 
felectrons could be considered as nearly free. Lindhard found that he could 
sobtain agreement with the wave-mechanical solutions in the limit of rapidly 
|varying (but small) potentials by choosing é = 1, but in the limit of slowly varying 
/potentials, he found that €= 4 was required. This latter value of € is suggestive 
of the value required for the harmonic oscillator. 


$4. CONCLUSIONS 

The Weizsacker correction term as such is not always reliable and in some 
»cases does not give improvement over the T'F equation. A term of the same form 
as the Weizsacker correction term, however, but with a generally smaller co- 
‘efficient, may yield plausible results in many cases, although the value of the 
jcoefcient depends upon the particular potential. ‘The results discussed above 
'give some indication of the amount of reduction of the Weizsicker term necessary 
ifor nuclear problems. ‘The range is rather wide, varying from about } for an 
vharmonic oscillator to near unity for an infinite step. Further investigation 
‘with more consistent potentials would be required before applying a modified 
Weizsacker term to specific problems. Most problems to which statistical 
»methods are applied do not have fixed potentials, but rather potentials determined 
by the density distribution. For such, it is not until after a problem is solved 
that the potential is known. 


$5. APPLICATION TO GOMBAS’ CALCULATIONS 


Gombas has recognized the failure of the Weizsacker equation in the case of 
a small number of particles. When only one quantum state is occupied, for 
example, the Weizsacker term gives the total kinetic energy of the system and the 
Fermi energy is redundant. In the investigation of nuclear densities and binding 
energies, Gombas (1952) inserted a factor multiplying the Fermi energy which 
approaches unity for large 4 and vanishes for d=4 (helium). Later, for general 
problems with spherical symmetry, Gombas (1953 a) introduced a modification 
to the kinetic energy expression which depends upon the radius vector in order 
to correct this particular defect; for large values of the radius vector, Gombas’ 
equation reduces to Weizsacker’s equation. The objections which we have 
raised above are not accounted for by Gombds’ modification since, for example, 
‘in the case of plane symmetry or for heavy nuclei, the modification either vanishes 
or is negligible. 

Although Gombds’ (1952) investigation of nuclei included necessarily crude 
assumptions about nuclear forces, he was able to fit nuclear binding energies 
over nearly the entire range of nuclear masses quite well, using only a single 
adjustable parameter (the strength of the forces). ‘The resulting nuclear densi- 
ties, however, appear to be greater at the centre and smoother in shape (nearly 
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gaussian) than current experiments indicate. It is to be noted that the Weiz- 
sicker energy for heavy nuclei is comparable to the net binding energy. A re- 
duction of the Weizsiicker coefficient would reduce this contribution to the 
energy, and also increase the (negative) nuclear potential energy due to the 
sharpening of the nuclear surface which would also result. Since Gombas 
uses the binding energy as the criterion of his fit, a reduction of the Weizsicker 
term would lead to a smaller value of his adjustable parameter and larger nuclei. 
Actually, the total binding energy is too sensitive a criterion to use in such a 
crude model if the shape of the density distribution is sought. . 

Gombas (1953 b) used the Weizsicker term with his modifications to solve 
atomic problems. ‘The correction term is then only of importance near the 
centre of the atom, where the I'F solution for the density has a singularity. 
The major discrepancy between ‘TF and (for example) Hartree atomic binding 
energies appears to arise from this singularity. ‘Thus, the removal of the singu- 
larity by Gombas’ modification of Weizsicker’s correction term gives an impres- 
sive improvement in the binding energies. It may be, however, that any of 
several devices which could remove this singularity would also lead to good 
binding energies. ‘The validity of Gombas’ approach could be tested by solving 
his equations for a fixed Coulomb field and comparing the results with the exact 
quantum solutions. 
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A POP ESN Des 


Numerical Methodt 


Equation (9) presents a boundary value problem which possesses certain 
characteristic solutions. We restrict ourselves to one dimension and let the 


independent variable range 0<«< oo, and subject the dependent variable to 
the boundary conditions 


Es (0) = On 
oi oo ys a ee! 88 
t+ The iterative method for solving non-linear differential equations discussed here 
has been used by Henyey and Wilets (University of California, unpublished) for solving 
equations of stellar structure. The method is particularly useful when several coupled 
differential equations are involved or when acccurate solutions at both boundaries are 


required. In the case of n-coupled differential equations, we think of w, and H;(w,...wy) 


as n-dimensional vectors for each mesh point 7. The following development is then 
quite general. 


—- i semen eee pee ee 
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This does not fix w(0) or the behaviour as x00. There are only certain charac- 
teristic values of «(0) (perhaps only one) which are consistent with the conditions 
(Al), and in this sense (0) is an eigenvalue. The usual method of guessing 
«(0) and integrating outward until the behaviour of the solution can be ascer- 
tained, and then repeating the procedure with a better value of «(0), is not always 
an efficient method for electronic computing machines. Rather, we choose a 
trial function which satisfies the boundary conditions (Al) and, by a series of 
iterations, improve the function; at each step, the boundary conditions are 
satisfied, but the differential equations are not. The method is outlined as 
follows: 

Let us replace equation (9) by a set of difference equations. We think of 
«(x;)=, as being an \-dimensional vector defined at the N mesh points of w. 
Our boundary conditions require w_,=w, and w,=0, where N is sufficiently 
large to assure us that the latter condition does not differ significantly from 
«w(0)=0. The difference equations may be written formally as 


MiQje0— Se Fe esis (A2) 
where H is a non-linear operator acting on the vector w=(w;); H(w) is a vector, 


and thus (A2) represents N coupled equations. If @®=w —dw is an approximate 
solution of (A2), then we may formally expand H(w) in a Taylor series, 


Vf H oat 
H(@ +50) =H@) +> (SS) OE ee i Ue nee ok (A3) 
We rewrite this in the form . . 
= GH(@))\ . 
H(@) + (SO) b+ soo oO): Su onoo (A3a) 


where 0H/¢w is to be considered a linear operator, or matrix. ‘The approximate 
solution of (A3 a), neglecting the higher derivatives of H, gives an improved 
value forw. The process is iterated until H(o) (hence dw) is sufficiently small. 
The method is formally equivalent to Newton’s method for solving algebraic 
equations. 

Because we are here dealing with a second-order difference equation, the 
matrix 0H/dw possesses elements along the main diagonal and the diagonals one 
above and one below the main diagonal. A third-order difference equation 
would lead to matrices with four diagonals grouped about the main diagonal, etc. 
The number of operations necessary to solve for dw is, in general, only pro- 
portional to the order of the matrix. 

We shall not discuss here the problems of convergence of the iterative method. 
It would appear, however, that if the matrix 0H/0w is finite in the neighbourhood 
of the true solution, the method gives convergence provided the trial solution is 
sufficiently close to the true solution. If the successive iterations do converge 
to a limit (Sw—0), one can be assured that the function thus obtained is a proper 
solution of equation (A2). 
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The Detachment of Electrons from Negative Hydrogen Ions 
by impact with Neutral Atoms 
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Abstract. Born’s approximation is applied to calculate the cross section for detach- 
ment of an electron from a negative ion of hydrogen in collision with a helium atom 
as a function of the energy of the ion. The results are compared with observed 


data and show agreement to within a factor of two or so over an energy range from 
100 to 20 000 ev. 


$1. INTRODUCTION 


N the last few years the first measurements of the cross section for detachment 
of electrons from negative ions by impact with neutral atoms have been made 
(Hasted 1952, Hasted and Stedeford 1955). ‘These measurements are rather 

easier to carry out than the corresponding ones for ionization of neutral atoms by 
atom impact and may be used as a basis for further examination of the theoretical 
problem of calculating accurately the cross sections for inelastic collisions between 
systems both of which are of atomic, as distinct from electronic, mass. The status 
of Born’s approximation in this connection is still far from clear. Although first 
thought to be quite inapplicable when the relative velocity of the colliding atoms is 
less than the velocities of the electrons concerned in the internal motions involved 
it was pointed out by Bethe (1930) that in certain circumstances it could be expected 
to continue to give quite good results even under these conditions. ‘Thus inner 
shell ionization of a heavy atom by a proton can be treated adequately even for 
energies very close to the threshold. Recently Bates, Massey and Stewart (1953) 
have examined the matter further and consider that there may be many circum- 
stances in which Born’s approximation is not likely to be incorrect by a large 
factor. It is therefore of interest to apply the approximation to as many cases as 
possible which have been investigated experimentally, in order to obtain a reliable 
idea of its range of validity. In carrying out a programme of this kind it is necessary 
to restrict consideration to relatively simple systems for otherwise the approxima- 
tions which have to be made in dealing with the wave functions for the internal 
motions may lead to greater errors than Born’s approximation itself. The 
observations which have been made by Hasted and by Stedeford of the cross 
sections for detachment of electrons from negative hydrogen ions by impact with 
helium atoms have therefore been selected as the simplest to consider. In this 


paper an account is given of the calculation and the result obtained in comparison 
with observation. 


§2. METHOD OF CALCULATION 


The Born approximation, without exchange, gives the cross section for detach- 
ment (Mott and Massey 1949, Ch. XI) as 


Oz ra ||| FC Pa der, edie (1) 
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where M is the reduced mass, dQ, dw are the elements of the solid angles of 
scattering and ejection, k, k’ are the relative momentum vectors of the incident 
ion and scattered atom and x is the relative momentum of the ejected electron. 
The equations are expressed in Hartree units. 


fis | V(r ropsp4R ) | A(esp4) Phi(rire)be* (14172) exp {—a(k—k’).R} 
xurparedpsdpaR st ae (2) 


where ¢ (p34) is the wave function for the scattering helium atoms, (1172) for 
the incident ion and y%;(r,72) for the scattered atom and free electron. R is the 
nuclear separation and J the interaction, 


Vv 2 1 1 2 2 1 
= - ~ + 
|R| lest+R] [e,t+R] [r,-—R{ |[rz—R| [r,—p,—R| 
1 1 1 
a ao 4 Sr Wa ree 3 
aah) ino eeeeR % 


We express the scattering and ejection in momentum coordinates by 


K=k—k’ H=K—x 


pees" hea ee ay 
thus |dQ=7|Kdk and | dw= 5 | HdH. 
On using the theorem, 
‘exp Gann) <= ar 
Se Oho = 2 exp (zkn . r) 


(Bethe 1930) and the property that ¥,(7,7,) and %;(7,7) are orthogonal, 


2567272 rr c : 2 
= ||| (1 | exp(—iK. 03) 144500) doa dos) 
. 2dK HdH dx 
x | exp ( = 7K ° ry )babe* dr, dr, ay fe ome Wits chow (4) 


For the wave function for the helium atom we used a Hylleraas (1929) wave 
function suitably normalized, 


3 
p- 
f(P3P4) = = exp { — (pa +p,4)} 


where ». = 1:69, so that 


250m A or 16p} ara ead dé 
2S Sa eS See ale al 5 
Oe k? | || ( (4p? + rR) Ey | Ke ( ) 
where = | | exp(—7Karshah* atydry — areca (6) 


The wave function for the incident hydrogen negative ion i; is represented by a 
one parameter Hylleraas (1929) function 

ae 

(71,2) = — exp {—«(7,+7.)} 

7 


where « =0-688. 
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A first approximation for the ejected electron would be to express it as a plane 
wave, but it was found that lack of orthogonality of ;b; and %; led to serious difficulties 
below about 2kev. A more refined wave function calculated by variational 
methods by Massey and Moiseiwitsch (1951) was therefore used with an additional 
term, of the form given in (7) below, inserted to make #, and , orthogonal. Even 
this leads to a sudden increase in cross section below 150 ev probably introduced 
by this extra term. 

If we assume only zero order phase shift, the solution to the wave equation 
for this detached electron is 

Y= exp (77 )L_(r) + y (2n+1)"L.(r)P,, (cos @) 
n 
which is satisfied asymptotically by 


sin K/ 


Y= exp (77) Lo(7) + exp (x -r) — 


KY 


We introduce for L)(7) a trial form which is also asymptotically correct 


(sinkr . COSKL : 
£0810} = rb ado" (hes Dae aie -comh, eae (7) 


where a=tany, and b were calculated by variational methods by Massey and 
Moiseiwitsch (1951) and c¢ is defined by [%,%,;*dr=0. The complete wave 
function for the scattered atom and ejected electron normalized and symmetrized 
to allow for exchange relations, becomes 


be(74, 12) = 


2 = 5 (exp (—7,) (72) + exp (—7re)P'(74)} 


Substituting into equation (6) and integrating analytically over 7, and r, 


yp 8v2 ad 4 20 2a Lp 
a (ita) [ete PEK = eee ee 


Putting |./ |? into the equation (5) and integrating over dH from K —x« to K+« 


ae 1647? ( 4a Se a | ! re 
~~ TR \Tta) |) (42+ Ky 3K GET (KIaF ~ GTR | 


4o2 
[22+ (K—«) a2 + (K Fee] 


Be uKidkeden a) een (8) 


where 


marae Oe a(1+2a) 
= Sai = S Sa 
te 24 (KK fo? + (K +x)?] Re 


<| K-k uF K+k 
[oP + (K ~«)? [C1 +a)? + (K—«)?] Carteruem ewer uh 


Mea) Ko 
2Ke | [(+a)?+(K—«)?[(2 +0)? + (K—«)7] 


K+kt ] v 4uc ; 
ie + 0) (KK +)" [(2 200)? (Se)? ) [aE KA) 


The final integrations over dK and dx must be evaluated numerically. 
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' From conservation of energy, k?—k’?= M(x2+2A) where A is the electron 
affinity of hydrogen 0-026 in Hartree units (Williamson 1942). Thusthe minimum 
value of K is 


where v is the incident relative velocity. The upper limits of both K and « may 
be each taken infinitely large. 


$3. CONCLUSION 
The total cross section for detachment by neutral helium atoms was calculated 


for energies of the incident ion up to about 20 kev and is shown in comparison 
with the experiments of Hasted (1952) and of Hasted and Stedeford (1955). 


Detachment Cross Section (units of a,’) 


0 50 100 
Energy of Incident lons [(volts)/?] 


Comparison of observed and calculated cross sections for detachment of electrons from H~- 
in impact with He atoms: B, calculated using Born’s approximation; E,, observed 
(Hasted 1952); E,, observed (Hasted and Stedeford 1955). 


In the low energy regions the two curves have the same shape but do not agree in 
absolute values of the cross section. In the higher energy region, the maxima 
occur at comparable energies 10 kev but that given by this calculation is very much 
less pronounced than the experimental result. Despite these discrepancies, part 
of which may well be ascribed to the approximate nature of the wave functions 
used for the initial and final (continuum) states of H_-, Born’s approximation gives 
results which are not too far wrong and certainly of the correct order of magnitude. 
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Theory of (d, p) and (d, n) Reactions 


Il : Coulomb Corrections and Numerical Results 
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Abstract. ‘Vhe results of an earlier publication are generalized to take account of 
the effect of the Coulomb field on the differential cross section in a deuteron strip- 
ping reaction. ‘The results, which are expressed in analytical form, have been 
compared in detail with the observations in two reactions using *Be as target 
nucleus at low energies. 


$1. INTRODUCTION 


N this paper we report an attempt to estimate the modifications to the results 

of an earlier communication (Grant 1954 a, to be referred to as I) produced 

by the interaction of the electric charge of the deuteron with that of the 
target nucleus in a stripping reaction at low energy. In § 2 we shall consider the 
effect of the Coulomb field on the scattering wave functions, which are used in § 3 
for the evaluation of the amplitude g%,”"" analogous to the g,”"" of I, equation (19). 
Finally we have compared the differential cross section given by our calculations 
with two of the experimentally observed angular distributions using ®Be as 
target—the (d, n) reaction leading to the fourth excited state of !°Be (Green, 
Scanlon and Willmott 1953), and the (d, p) reaction leading to the ground state 
of °Be (Canavan 1952), the former at a bombarding energy of 860 kev, and the 
latter at an energy of | Mev. 

The angular distributions calculated with inclusion of Coulomb effects, but 
without nuclear scattering effects, are entirely similar to those in other recent 
investigations (Austern and Butler 1954, Yoccoz 1954). The principal difference 
between these calculations and the present one is the part played in them by 
numerical integration. ‘This has no place here, as all our results are given in an 
analytical form. 

The notation used is basically the same as that of I, and as before we shall 
refer to the (d, p) reaction unless the contrary is stated explicitly. 


§2. "THE WavE FUNCTIONS 
‘The heart of our problem is the integration of the analogue g“, n of 
i 
oe noe? : , . | : 
sm = { | Ve ie (PnPn) exp ( 77 ik, Eis )yb(s) exp {37k,y : (Ff, oh Fy)}deandty p creas (i } 
% m=R 


when the Coulomb field is no longer ignored (s=r,—r,). In order to do this 
we have to obtain the appropriate generalizations of the factor exp (—zk;..n) 
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(i.e. of the proton Green’s function in unbounded space (ef. I, equation (12)), 
and of the deuteron plane wave. 

We deal first with the simpler case of the proton. The Green’s function for 
the Coulomb scattering of a particle is well known (compare, for example, 
Sommerfeld 1949, p. 206) and we obtain in place of exp(—ck,.r,’ 

exp {— 37, }I'(1 +m,) exp [— eh UE eg LS tia Pci Pelee keane) 
Here »,=Ze*/hv, and k,={M,M,/(M,+M,)}v,/h where v, is the proton 
velocity, and Ze the nuclear charge. F is the usual confluent hypergeometric 
function. ‘The expression (2) was derived assuming that for the duration of the 
scattering process the deuteron ‘ sees’ a point charge at the origin. The result 
includes effects due to the fact that the centre of mass of B is not at the origin in 
an approximation similar to that described below for the deuteron. 

To obtain the correct wave function of a deuteron in a central Coulomb field 
we should have to solve a three-body scattering problem. A number of approxi- 
mations have been used, most of which start from a spherically symmetric charge 
distribution for the deuteron in zero-order (Oppenheimer and Phillips 1935, 
Bethe 1938, Volkoff 1940, Malenka, Kruse and Ramsey 1953). A different 
approximation was used by Peaslee (1948) in his study of (d, p) and (d, n) reaction 
cross sections between about 2 and 15 Mev. His approximation is based on the 
idea that at the energies quoted, the deuteron’s internal motion is slow in com- 
parison with its translational motion. ‘The internal distribution is still given 
by the ground state wave function, but the translational motion is described as 
that of a particle having the mass of a deuteron situated at the position of the 
proton. Peaslee does not give a proof of this approximation. ‘The approxima- 
tion which we shall now derive is in a sense intermediate to these two. ‘The 
deuteron’s internal distribution is given by the ground state wave function, but 
its translational motion is described as that of the deuteron plane wave 


1; 
exp {32 ky G (ae al r,)} 


modified by the Coulomb distortion for a free proton at r, moving with the 
deuteron velocity v4. 

The Schrédinger equation for a deuteron in a central Coulomb field may be 
transformed to the relative coordinates s=r, —r,,, (cf. Margenau and Murphy 
1943, p. 395) in the form 


{ - ae 7m, AGS m V2+ Vay (S, Op) Op) + = -8| Tea aan nla) 
m, and m, are the reduced masses 
m, = M,M,|/(M,+ M4), ma=™M,M,/(M, + ™M,). 
The plane wave involved in (1) is a solution of (3) when Z=0 
by =u(s)exp {atkg- (ra thp)} ree nee (4) 
The Coulomb field has no matrix elements involving different spin states, and it 
follows that the correct scattering wave function may contain triplet states only 


With this understanding we may ignore the spin part of the wave function as 
being irrelevant to the present discussion. 


The correct wave function may be written in the form 


fb = Yo fo(hp) + Pls, Ge) sd oui (5) 
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when Z40. © may involve only neutron—proton states orthogonal to p(s) 
(i.e. states of the neutron—proton system belonging to the continuous spectrum) 
and fy >1,®+0 as Z+0. Substituting (5) in a we obtain the equation 
LV. a 
ts ee Es kV, a “et eee M, 7 | Yo" (Vo nV Dds beeen (6) 
for fo(t,), MW being the total mass of the system. A similar equation may be 
obtained for each term of O(s, r,). 

We may obtain a first approximation to (6) by ignoring the right-hand side. 
Since y(s) is an S-state, the only terms contributing from ® will be P-states, so 
that our approximation ignores the effect of the dissociation by the electric field. 
The approximate solution of (6) satisfying the correct boundary conditions is 


fo(tp) = constant x F] me, Ts uha 7s Ka te eee (7) 
where k,’= {,M4/(M, + M,4)} va, and in the same approximation 
p= exp (— 7a) L (1+) exp i (atk, (r,, +1) }b(s) FI thas l ) (hy Teas re) 
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> 


the normalization being chosen so that the incident plane wave has unit amplitude. 

This approximation should be adequate for all but the heaviest nuclei at the 
deuteron energies which have usually been employed in stripping reactions (up 
to about 15Mmev). Calculations of the anomalous electric scattering cross 
section by perturbation methods (for example Malenka, Kruse and Ramsey 
1953) have shown that its ratio to the Rutherford scattering cross section varies 
from unity at small angles of scattering to something a little less at large angles 
—values of about 4:2%, for 10 Mev deuterons on U (Z=92) and 2-7% for 8mMev 
deuterons on Bi (Z7=83) at an angle of 180° have been quoted for the deficit. 
The validity of our approximation depends on the magnitude of the electric 
disintegration terms in (6). ‘The electric disintegration cross section is approxi- 
mately proportional to Z* (Mullin and Guth 1951, Huby and Newns 1951) so 
that these terms will be proportional to Z. ‘Therefore we may expect that the 
error incurred by our approximation is unimportant for all practical purposes in 
comparison with the drastic approximations made in the formal calculations of I. 


§3. THE COULOMB CORRECTIONS 
Using the wave functions defined in the preceding paragraph we may write 
8," = EXP {— 37(Na+ Mp) LCL + ma)PC + enp)e’,”™ 
for the (d, p) reaction, and 
Si) P= exp (— a7) PL + ma)S'1, 2 
for the (d, n) reaction, where 


1.0=} | Xism*(Oagha) exp (—iley ory) PL egy sly ty + hy ory) 


x (s) exp (dikg. (r nl, SFL = ina, 1 yt (Rag ta Ka r,)|dw, dr i 


} 7 os { | Y,,"?* (9b) exp t = tk, Me r j7h(s) exp (atk, 5 (c, si Rs) 


x Fl —ing, 13 i(hy’ry — kyr ddr | eT Sees (95) 
= i 
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Clearly both integrals are convergent. ‘'T'o evaluate them we make use of the 
well-known contour integral representation (Erdelyi 1953, p. 2/2) 


ae _ Ne ae 
Fay bac] = (=z) | (—u) "1 —u)me™®du. oo... (10) 

2771 5 
‘The path of integration is a single loop starting and finishing at w= 1 and encircling 
u=( in the positive sense. All powers have their principal values. Inverting 
the order of spatial and contour integration 
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a) | du(—u) "a (1 — u)"ay, r(u) Mec (11d) 
where 


yyitnlee, e) = | Y,.""(P.d,W(s)expi[(K +k). —(K+q).s+ K'r donde, | 


Here K=k,’u—k,'v, K’=hk,’u+k,/v and the vectors k and q have their usual 
meanings k=k,—.W,k,/M,, q=3k,—k, for a (d, p) reaction, and 

k= k, = Ms k,, M;, iS akg s k,, 
for a (d, n) reaction. 

We may start with the evaluation of (124), which is performed most con- 
veniently with w, and s as integration variables instead of w, and r, and by 
expanding the exponentials exp (—cuk,’.r,,) and exp(zk.r,,) in terms of partial 
waves with k as axis of quantization. Making use of the formula 


21+ 1)(2l' +1) ] 4? ; tects 
¥"(06)Y," (86) = >. ( ney +1) | CU Te OO\EL Lim Na (0a) 


L 
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we obtain 
vat) =40(21, + 1) AK (0) (24+ Wiles) 
x > (=-21)" exp (tup’ aj. (up'a) Fw" (v). oes (14) 


The j,(«) are spherical Bessel functions of the first kind (Schiff 1949, p. 77) and 
the other functions are defined in Appendix I. In (14) the notation p has been 
used to denote a wave number multiplied by the length R, e.g. p,,=¢R ete. 

The evaluation of (12a) follows a similar, though more complex pattern. 
The only difficulty is due to the presence of the term exp ((K’7,,) and we have to 
resort to approximation to deal with this. ‘The behaviour of ¢(s) will encourage 
the contribution from small values of s, that is to say from values of 7, near to 7,. 
Therefore we replace exp (/K’r,) by exp (?K’7,) in the integral. This procedure 


is unlikely to lead to serious error. 
17-2 
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It is now possible to evaluate the contour integrals (11) with the aid of the 
results of Appendix III. In both cases we may write 


Pay AGA m 
giytom tah + PAD (Sa) Me Amslen) no (15) 


where the subscript c is an n or p according to whether we are discussing a 
(d, p) or a (d, n) reaction. A similar result holds for the generalization of the 
scattering terms of I, which can be written in the form of (15) with coefficients 
Bye replacing the 4,""c. The detailed formulae for the 4," are given in Appendix 
I, and those for the B,"« will be found in Appendix IJ. The complete stripping 
cross section 1s 


do M,*Ma* ky [Zip +! nis ) ( 274 ) 
dw _2rh* ky \2j,+1/ \exp (277y,)—1/ \exp (27a) —1 
~ ; Ds [Bo(jnen) P14 2,"™ a)? Gates ty (16 a) 
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in the (d, p) case, and 
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in the (d, n) case (cf. I, equation (37)). The amplitude 
Pals 


Ce) Pa a a i) TING G)Pe) nee (17) 


where 
NyPe(je)= AyMe+Ajele) BM, es (18) 
In a (d, p) reaction B,(j,/,) is the reduced nuclear matrix element of V, 


occurring in the Born approximation calculation of I, where V,, is the interaction 
potential of neutron and nucleus, 


Ba jntn) = (Bal alles, Jul n (Aas ) 


and 
XJuln) im JK Bix | lojadn(end) >/ (Bh | | Vi, (ler Jn(And) y 

where the numerator is U times the reduced matrix element of the unit operator. 
U is the depth of the potential well with which the proton is assumed to interact. 
}B,(j./,)[? is thus the usual intrinsic neutron capture probability, and A(j,/,) is 
a measure of the relative importance of nuclear scattering and ‘ pure’ stripping 
(cf. I, equation (30)). Similar definitions can be given for the (d, n) reaction. 

If the v-axis be taken in the plane of the reaction all the spherical harmonics 
implicit in (18) have azimuths 0 or z and it follows that N,”=(—1)"N,™. 

It is easy to verify that (17) reduces to the result of I, equation (38) in the limit 
of high energy or of vanishing nuclear charge by making use of the properties of 
the function ¢,’(p, 7) defined in Appendix ITI. 


§4. DiscussION AND NUMERICAL RESULTS 
(a) General Remarks 


We recapitulate briefly the data which a measurement of the defferential 
cross section can yield in a (d, p) or (d, n) reaction. The parameters defining 
the angular distribution (16) are (a) the bombarding energy E,, (6) the energy 
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release Q, (c) the nuclear radius R, (d) the orbital angular momentum A/, trans- 
ferred to the target nucleus, and (e) the corresponding total (spin + orbit) angular 
momentum /j,. ‘The last parameter occurs only in the definition of B(j,/.) and 
A(j.l.). Whilst a particular particle group will usually be connected with a single 
/., there will be in general two values of j,(=/,+$). ‘The summation in (16) will 
be written 


r=(0 


a 2 [BU Fel) PLM ere) |? = 3 wl), ere (19) 


for a single /,, where a,=|B(+)|?+|B(—)[?, a, =A(+)|B(+)?+A(—)|B(- )P, 
and a,=|A(+)B(+)?+|[A(—)B(—))?. The + signs refer to 7,=/.44, and 
I), J, and J, are the contributions to the sum arising from pure stripping, inter- 
ference and nuclear scattering terms respectively. In the following numerical 
calculations we have assumed that only a single value of /, is effective. 

The analysis of the angular distribution will only give estimates of J, R and 
the ratios @, a. An absolute measurement of the differential cross section will 
give the value of a also. ‘The reduced widths for nucleon emission from the 
final state of the residual nucleus are proportional to the |B(j.J.)|? but the values 
obtained by fitting the Butler formula to the experimental data are usually too 
small (Huby 1953, p. 207). The effects that we have discussed can be expected 
to modify these values considerably, but it is difficult to make any general predic- 
tion because of the complexity of our results. 

In fitting angular distribution curves we have to assume a value of R. In 
the Butler or Born approximation theories this has to be taken considerably larger 
than the conventional radius used in discussing nuclear reactions —7 x 10° cm 
for the *Be reactions discussed below as compared with the Gamow radius of 
(about) 4:25 10-!%cm. Physically this implies that the interaction between 
deuteron and target nucleus appears to become appreciable rather a long way out. 
It follows that we can expect the Coulomb field in particular, and, to a lesser 
degree, the nuclear interaction with the emitted particle, to reduce the effective 
radius to a more conventional value. 


(b) Angular Distributions 


3ecause of the tedious nature of the numerical calculation we have not 
attempted to give typical curves for the angular distributions, but have con- 
sidered two cases only at low energies. ‘hese are the angular distributions of 
Green, Scanlon and Willmott (1953) for the °Be(d, n)!°B reaction at an energy 
E, =860 kev, and the results of Canavan (1952) for *Be(d, p)!?Be at £y= 1 Mev. 
The Q-value in the (d, n) case, which involves a transition to the fourth excited 
state of 1°B(d,=1) is 800 kev, and that of the (d, p) reaction, which goes to the 
ground state of 1°Be(/,=1) is 4-585 Mev. 

In both computations a value R= 4-25 x 10>! cm was assumed. _ For calcula- 
tions of the nuclear scattering term we have taken the harmonic oscillator potential 
well cut off at a radius r,=R as proposed in I. The main difficulty is that the 
field of integration over s is bounded, and the radial integral has an upper limit 
depending on w, and w,. ‘The integration can only be performed by cutting oft 
the radial integration at some mean radius «R where 0<« <2. For numerical 
work we have used ~=1 and 2. In figure 1 we have compared the best fit to the 
experimental angular distribution obtained from the Born approximation 
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(R=7x10-"cm) and from our calculation for the (d, n) case. All curves are 
normalized to the same arbitrary maximum. In this reaction the dominating 
distortion of the Born approximation curve is due to the Coulomb interaction, 
and the nuclear scattering is of relatively minor importance. ‘The amplitudes 
I), 1, and I, are compared in figure 2 and it is clear that only a small amount of 
overlap between the initial and final nuclear states (as measured by A(j,/,,)) 1s 
necessary to produce an appreciable effect from nuclear scattering. 
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Figure 1. °Be(d, n)!°B. Measured angular distri- 
bution of neutrons leaving !°B in fourth excited 2 
state. HE q(lab.) =0-860 Mev, O=0-800 mev ih 
(Green et al. 1953). Curve B: Born approxi- 
mation /»>=1, R=7xX10~"% cm. Other curves : 
present calculation, />=1, R=4-25 x 10~- cm, 
a=2, A=0 and 0-045. 


Figure 2. °Be(d,n)!°B. Calculated 
values of Jig, Uy and Wie toro——2. 
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Figure 3. *Be(d, p)!°Be. Measured angular Figure 4. *Be(d, p)#°Be. Calculated values 
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given by least squares analysis using a 
series of Legendre polynomials (Canavan 
1952). Solid curves: present calcula- 
tion, ,=1, R=4:25x10-" cm, «a=1, 
A=0 and —0-68, 
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The corresponding curves for the (d, p) case are shown in figures 3 and 4. 
‘The agreement with Canavan’s experimental best fit curve is poor, showing that 
stripping, although important, is not the only process in this particular reaction. 
The calculated angular distribution is essentially similar in shape to that of the 
(d, n) case. A rough calculation of the relative magnitudes of the reduced 
width for the Be ground state indicated that our calculation would yield a 
value between 5 and 20 times larger than that given by the Born approximation. 
No direct comparison was possible since Canavan’s results are not absolute in 
magnitude. 

(c) Polarization 

A general formula for the components of the polarization vector of the out- 
going particles in a stripping reaction was given in I, equation (39). Since 
with our choice of axes 


Neat yet. ie wee (20) 


the polarization vector lies along the y-axis (perpendicular to the plane of the 
reaction) and has a magnitude P given by 
4 > BGP 2+ 1). D1. Y= pep Lm( Het I-12) 
2.8 u>O0 
P= ~=° : 
: 2. IBC PD LAP? 


IeS¢e Meo 


POLS A 


Assuming that only a single /, is present, we have computed (21) as a function of 
angle @ for the two reactions discussed above. ‘The results for the (d, n) case 
are given in figure 5. he polarization in the (d, p) reaction, ignoring the effect 
of nuclear interaction of the proton, has a similar angular dependence but only 
about half the intensity. In the general case the polarization will be a weighted 
mean of the two curves depending on the magnitudes of the B(j,/,). The 
polarization appears to be too small to be of much use in deciding the relative 
magnitudes of these matrix elements. 
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Figure 5. *Be(d, n)!°B. Curves give calculated polarization P (equation (21)) for j,=3/2. 
a=2, A=0 and 0-045. Note that P(j)=1/2)= 2P(jp>=3/2). 


(d) Discussion 
The main conclusion emerging from the calculations is that the combination 
of Coulomb and nuclear interactions we have chosen is unable to account for the 
experimental results. It is unlikely that the angular distribution will depend 
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strongly on the shape of the potential well assumed; but the present description 
of the nuclear scattering is unsatisfactory from a mathematical point of view 
since it is clear from figure 4 that the angular distribution depends rather strongly 
on the arbitrary parameter « which had to be introduced to avoid the difficulties 
of integration due to the finite range of our harmonic oscillator potential. A po- 
tential such as a gaussian, which is perhaps more simple to handle mathe- 
matically, would avoid this difficulty. An alternative choice, the hard-sphere 
scattering model of Horowitz and Messiah (1953), is not easily adapted to the 
present mode of calculation of Coulomb corrections. In spite of the ambiguity 
of our results it is clear that a small amount of overlap of the initial and final 
nuclear wave functions is capable of producing strong modifications to the 
angular distribution from nuclear scattering. 

The principal advantage of our method of calculation of Coulomb corrections 
is its analytical expression, which shows at a glance the way in which the Coulomb 
interaction produces deviations from the simple Born approximation. In order 
of importance, the terms of the summation (17) are those with /=/,,/,—1,/,+1,. 

In the cases we have discussed the convergence appeared to be a little slower for 
the (d, n) than the (d, p). An accuracy to about 5°% was obtained by taking 
terms up to/=/,+ 1 in the former case, and up to /=/, — 1 in the latter. 

In conclusion, it seems that further work on the interaction of the emitted 
particle and the target nucleus is necessary. The present calculations will 
permit us to derive reasonably accurate estimates for R, J. and a, provided that 
the angular distributions do not differ too much from Butler’s, but are powerless 
if this is not the case. In addition it is not possible to determine the relative 
magnitudes of the B(+) and B(—) without performing some other experiment, 
such as a (d, p, y) angular correlation, which involves different combinations of the 
parameters A(j,/,) and B(j,/,). An expression for this correlation has been 


n 
derived by Satchler (private communication) using our results. 
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Pure Stripping Terms 

We quote formulae for the coefficients 4)" in the stripping part of the ampli- 

tude for the production of protons or neutrons. The Coulomb correction 

functions ¢,'(p,7) are considered separately in Appendix III. We note that 

with our choice of axes A?”=(—1)"A>™. 
(a) (d, p) reactions. 
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(5) (d, n) reactions. 
A Far (0)>( —2)'b (oa Nat 8) (een ee ain (A2) 
(c) Angular Functions. 
The vectors whose polar angles are involved are k,, k,,q=3ki—k, and 


—M,k,/M);. The last is taken as the z-axis. The vectors are all coplanar, 
an we take the «-axis in their common plane. Thus all spherical harmonics 
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are real quantities. ‘The polar angles are denoted by 0), @,, and 6, respectively 
and the corresponding azimuths ¢,, d, and 4,, are all 0 or 7 respectively. 
The functions ‘’ and ® of (A1, 2) are defined by 


Fi"(vy v= [20+ 1)(2e’ + 1) Cllal,; 00) C (dal, ; mm) C(ov"a ; 00) 
< LC(ov'a som — a) V5(8,$,)¥2"-"(Aaa) | 
DTU) = [(2U + (QU + 120" + PRCT, 00)C(W0;00) f+ (A3) 
KCC mem =m CUO’, mn) | 
x Y"(8,h,)¥ 2" (Ayby) Yoon" (B ach) 


for the (d, p) case, and 
Yy(v) = (2v + 1)4?2C (HA, ; 00)C(vL,; Om)Y,"(0abq) www wee (A4) 

for the (d, n) case. C(j,Joj;m my) is a vector addition coefficient, whose 
parameters are limited by the usual triangular inequalities (for example 
lis Jol <7 <j +Jo), and, in our case, by the fact that j,+j,+7 must be an even 
integer. 
(d) Radial Integrals. 

G(I'l''l’’ ;rs) is defined as the coefficient of u’ +?’7"""+?* in the power series 
expansion of the integral 

(2y)"” |, IQS) fir(URy's Jerk oka's) €- sds. 
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The function K,(n) is defined by the integral 
K((n) =(2y)?#R™ Zz (gs )s™ tds =2° KR (OUKH) sores (A6) 
J0 
with 
K (0) = (2y)?/(? +) = (2/y)PgR = (4) PG(q). see ee (A7) 
The J,(n) are calculated by recurrence relation, /)(0)=1, and 
I (n) =ngl(n— 1) +[U(l+ 1)—n(n—1)](g/4p,)L(n—2) (n>!) | (A8) 
1) =(Upahl—1)— (Pyle (>0). J 
The first result is obtained from the identity (Schiff 1949, p. 77) 
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on integration by parts, and the second is based on the relation (Schiff 1949, p. 78) 
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Scattering Terms 
The general formulae are given first, and the specialization to the case of the 
bounded harmonic oscillator scattering potential discussed in I is given in (d). 
We note that B”=(—1)"B,™. 
(a) (d, p) reactions. 
Bea = (47)? .E BE Dil wy ae "A; v,v’) } 
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(6) (d, n) reactions. 
By = 4 > DY DA) ¥ ro"; ») 
ae (8 Seon (A10) 
Dv) ce Ge 1)” "db > (Pas na)G {A00 ) OO)Y 7"(Fqhq)- J 
The function G,(A00 ; 00) = (477) 12G(q)M,,(q) (cf. I, equation (27)). 
(c) Angular Functions. 
eA aus v’)= cs [(2v a 1)(2v’ te 1))}/4(—1)—-n 
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Xi" (GaGa) Na (Cahn es = (eds) J 
in the (d, p) case, and 
F(a; v) =[(2v + 1)(2A + 1)}4/2( — 1) 
xc (a: 00)C(Aal, ; 00)C(lva ; 0m) C(Aal, 5m, —m, mYY ,""(8y¢q)_ -(A12) 


for the (d, n) reaction. 
- (d) Radial Integrals. 

We have used the harmonic oscillator potential well cut off at a radius ry=R 
as proposed in I. The integration procedure has been described in the text. 
Otherwise the definition of G,('l’'l’” ;rs) is exactly parallel to the corresponding 
definition in Appendix I. 
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J{”),,n 18 given by the relations 
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Care has to be exercized in the use of these relations for computation since they 
share the disadvantages of the corresponding relations for Bessel functions. 
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Coulomb Distortion Functions 
The Coulomb distortion function ¢,’(p, 7) is defined by the contour integral 
F 


(O-+) 
y'(p,9)=(— 1)" (=) |. du( —u)*-"-1(1 —u)" eP7 (up). ...... (A16) 


A power series representation of the function may be obtained by using the 
relation 


e?7 (up) = Raa a 7 (2up)’, Fy(v + 1, 2v +2; 2aup) 


(Erdelyi 1953, p. 265, equation (9)). ‘The confluent hypergeometric function 
has a power series expansion uniformly convergent in any finite region of the 
u-plane, and on substituting this in (A16) and making use of the contour integral 
representation of the beta function (Erdelyi 1953, p. 15) we obtain 


2 (ven)! Tetr—in+n) (ip) 
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after a little reduction. It follows that 
lim b,'(p, 7) = 5 v0 On 0 
Z—0 


so that in this limit our theory reduces to that of the Born approximation of I. 

The function has been computed from the series for both the cases discussed 
in the text, and values of |4,’(, 7)| for the (d, p) case are plotted against 7 in figure 
6. Since the computation from (A17) becomes tedious for large values of p 
it is convenient to have an asymptotic expansion. ‘I'he asymptotic expansion 
of the generalized hypergeometric function has been given by Wright (1940) 
and has been applied to our special case. For large p we obtain 
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(on =m,ZR/2:905 x 10- cm, m, = MM ,/(M,+M;,) (Bloch et al. 1951). The 


full expression is too complicated to give here, but the details will be found in 
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Figure 6. °Be(d, p)!°Be. Coulomb correction functions 10” x |¢,"(p, )|, pa’ =0°591, 
Na=0°890; pp’ =2-039, np =0°258. 


the author’s thesis (Grant 1954b). It follows from (A18) that our theory reduces 
to the Born approximation in the high energy limit also, but it must be emphasized 
that the deviation from this limit may be by no means negligible until the bom- 
barding energy is several Mev above the Coulomb barrier height. 
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LETTERS LOstHk EDITOR 
The Nuclear Spin and Magnetic Moment of Terbium 159 


The paramagnetic resonance spectrum of the Tb?+ ion has been observed 
ina crystal of yttrium ethyl sulphate containing about 0-1°% terbium ethyl sulphate. 
The spectrum consists of a single electronic transition split into four hyperfine 
lines; this confirms the nuclear spin of terbium 159 as 3/2. The spectrum can 
be described by the following Hamiltonian: 

H =, BH,S,+ AS,I,+AS, 
where the effective spin S=$, [=3/2, ¢, =17-72+0-02, 4=0-209 + 0-002 cm- 
and A=0-387 + 0-001 cm}. 

The ground state of the free T’b?* ion is 4f°, “F,. In a crystalline electric 
field of complete axial symmetry the ground state would be split into six doublets 
characterized by J,=+6+5,..., +1 and a singlet J,=0. The values of 
&=g- tor the doublets would be 2AJ/,, where A is the Landé factor and equals 
3,2 for Tb?*. ‘The measured value of g, is so large that the observed doublet 
can only correspond to J,= +6 (g,=18 in this approximation). In the ethyl 
sulphates the crystal field has Cy, symmetry, which has matrix elements between 
states whose values of J, differ by 6. Thus the states./,= + 6 have matrix elements 
with J,=0, and this splits the doublet and admixes the states in a way which can 
be represented by the term AS, in the spin Hamiltonian. ‘Transitions within 
the split doublet are allowed when a radio-frequency magnetic field is applied 
along the crystal axis, as observed in praseodymium ethyl sulphate (Bleaney and 
Scovil 1952) and plutonyl rubidium nitrate (Bleaney, Llewellyn, Pryce and Hall 
1954). ‘There is a significant difference in the present case, however, in that no 
departure from the C,, symmetry is required to admix the doublet states. 

An approximate value of the nuclear magnetic moment of Tb can be 
obtained using the theory of Elliott and Stevens (1953). Matrix elements of 
the crystal field between the ground configuration J =6 and excited states such 
as J =5 prove to be negligible in the present case, and we have then 

A gy = 2EBxex =a SIND 

ij CJ I[A]|/ > 
where <J||N||7)>=49/90 and <J|[A||J)=A=3/2. Elliott and Stevens 
give also 7-*=(12 + 3)\(Z—55)%4, which for. Tb yields 7*=68+174~. From 
this we find » y=1-5+0-4 nuclear magnetons. ‘The approximation used neglects 
any contribution to the hyperfine structure from configurations with unpaired 
s electrons, but an effect of the order of magnitude observed by Bleaney and Low 


(1954) in Eu?+ would change the result only by about 5°. ‘The error due to this 
is small compared with that assumed for r*. 
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Paramagnetic Resonance Absorption by the Ferrous Ion 


Paramagnetic resonance absorption has been observed with Fe?* ions 
present as substitutional impurities in single crystals of ZnF, grown from the 
melt. According to spectroscopic analysis, the concentration of iron was less 
than 0-03°%. ‘This crystal has the rutile structure with two cations per unit 
cell. Since the axes for the two ions are orthogonal, the macroscopic symmetry 
is tetragonal although each cation has surroundings of only rhombic symmetry. 

The splitting of the ground term 3d°°D in a crystal field of this symmetry 
has been calculated by standard methods (Bleaney and Stevens 1953). With 
values of the parameters suggested by a simple model, this calculation yields 
the following general scheme. The five-fold orbital degeneracy is reduced by 
the cubic field to an upper doublet and a lower triplet separated by approximately 
10*cm-!. Addition of the terms of only rhombic symmetry lifts all the remaining 
orbital degeneracy. In particular, it leaves the lower triplet levels split with 
intervals of the order 10?cm~!. If now the spin-orbit coupling is considered, 
the five-fold spin degeneracy of each orbital level is lifted. ‘The ground orbital 
level is split into a low-lying close doublet and three levels spaced several cm™! 
apart and located roughly 30cm! above the ground doublet. The separation 
\ of the ground doublet is a fraction of a wave number. 

Since the interaction with the upper levels in the presence of an external 
magnetic field is negligible for the field strengths used, it is convenient to treat 
the doublet in an S = 1/2 formalism, neglecting the other levels. An appropriate 
spin Hamiltonian is then 

He =O Go NS eee (1) 
where the z-axis is the c-axis of the crystal, which is common to both ions in the 
unit cell. ‘This simple form is possible since g,=0. The two eigenvalues of 
(1) differ by 

hy = (A? +2,767H,7)"?, 
Experimental data at several wavelengths between 1:25 and 3:85cm and at 
several angles confirm this dependence. At 20°K the values of the parameters 
are g,=8-97+0-02 and A=0-203 + 0:004cm™. Similar precision could not be 
obtained at 90°K because of the lower signal/noise ratio. The data at 90° are 
consistent with the g, given above, but require that A have the different value 
0-224 + 0-010 cm}. 

The high g-value is readily understood by noting that in the high field limit 
the two levels concerned are really characterized by S,= +2 in the original 
‘S'=2 picture, which includes the full spin multiplicity of the ground term. Thus 
the spin-only g, would be 8 in the S=1/2 formalism. The deviation from this 
value is the result of orbital angular momentum which is mixed in by the spin-orbit 
coupling. Since g,=0, transitions are only induced by the component of the 
microwave magnetic field along the 2-axis, in which case S, does not change. 
Therefore transitions are only possible to the extent that the AS, term in Cb) 
mixes the eigenfunctions of S,. ‘This gives a transition probability proportional 
to (Ayhy)*. A very similar situation was recently found in terbium ethyl sulphate 
(Baker and Bleaney 1955). 

At 90°K the relaxation time is roughly 4 x 10-®second giving a line so broad 
that with 3cm wavelengths there is appreciable absorption at zero field. At 
20° the line has narrowed considerably, and at approximately 12°K hyperfine 
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structure begins to be resolved. ‘This structure is tentatively ascribed to the 
interaction of the magnetic electrons with the nuclei of the fluorine ions which 
surround the ferrous ion. This interpretation indicates that charge transfer 
a characteristic of covalent bonding (Stevens 1953, Griffiths, Oren, and Ward 
1953), is Important even in a crystal as ionic as this one. It is hoped that further 
experiments at lower temperatures will clarify the situation. 

The author is grateful to Dr. B. Bleaney for most helpful discussions and to 
Mr. J. M. Baker for assistance with the K-band measurements. He also wishes 
to acknowledge the help of the Crystal Growing Section, Natural Philosophy 
Department, Aberdeen University, who grew the ZnF, crystals. Finally, it 
is a pleasure to acknowledge the Fellowship from the U.S. National Science 
Foundation which has enabled the author to carry out this research. 
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The Total Cross Sections for the Nuclear Scattering of High 
Energy Nucleons 


In a recent publication (Gatha, Shah and Patel 1954) we have analysed the 
nuclear differential scattering of 340 Mev nucleons on the basis of the Born 
approximation. As a result, we have derived a characteristic nuclear density 
distribution for light elements described by 

pr y= IN. = Heep Gr) Oy  ) aeae (1) 
q= 
where r’ =A} and the constants N, «, and B,, have been determined numerically. 
In this analysis, the nuclear complex refractive index has been written as 
A= Neha i Z)olk etl 7 Sil wiearae: (2) 
where we have taken k’, = 8 mbn and K’= 26 mbnat this energy. In the present 
investigation, we have calculated o,, the total cross section for this scattering process. 

Since the spin effects can be shown to be negligible, we can write the potential 
as 

G2 —-RCRGEIER py tt (3) 
neglecting the quadratic term which has been found to give a negligible contri- 
bution to o;. We have used the expression (Lax 1950) for the total cross section 


1 Rees 
o,=—- k Im 1 | oa Ud ar Jet helote (4) 


where y is the exact wave function. It can be shown that to evaluate o; up to the 
first Born approximation it is necessary (Morse and Feshbach 1953) to evaluate 
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the above integral at least up to the second Born approximation. Neglecting 
powers of U higher than the second power, we obtain, by a straightforward 
procedure, 


= KALA Pf HK AAS ae eee (5) 
where A=n* N2 > ao (By ey) (eet Pe) 
0 


= ()-016 x 1027 cm, 


and wherein we have dropped an exponential term which gives a negligible 
contribution. In the above expression, the second term gives a contribution 
which lies between 10°% and 20°, of the first term. ‘This indicates that the 
Born series should converge rapidly enough. 

We have used Hildebrand’s curves (private communication) for o;, against 
energy for the nuclear scattering of nucleons from a few Mev to 280 Mey. Since 
these curves for various elements almost level off at high energies it has been 
possible for us to extrapolate them without introducing any significant errors and 
thus obtain o; at 340 Mev for several light elements. ‘These experimental values of 
a, have been compared with the theoretical values calculated from equation (5) 
as shown below. 


‘The ‘Total Cross Sections in millibarns at 340 Mev 


Element Be Ce O Al 5 
o, (theoretical) 203- 267 349, 500° 602 
o, (experimental) 200) 210 2 2356 eo Og dO 


The above comparison shows that the characteristic nuclear density distri- 
bution for light elements and the parameters of the complex refractive index given 
above provide reasonable values for the total cross sections for the scattering 
process. 


M. G. Science Institute, K. M. GaTua. 
Navarangpura, G. Z. SHAH, 
Ahmedabad, 9, India. 
{1th April 1954 and in amended form 30th August 1954. 
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A New Static Spherically Symmetric Solution 
of Einstein’s Unified Field Theory 


In the current formulation of the field equations of the unified field theory 
(Einstein 1953) the determinant g of the fundamental non-symmetric tensor 
g;, 1s assumed to be non-zero. However, it can be easily verified that the method 
of Lagrangian variation, which is used to derive the field equations, does not 
require this assumption. Beginning with a fundamental non-symmetric tensor 
density §’" and a non-symmetric affinity T;,’ one can apply all the analysis used 
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by Einstein or Schrodinger without ever using the assumption det|a'*| = 940 
and get the field equations of the unified theory in the form 


ge aly ee ae ea, Pe (1) 
lr =0 or 92 =0, 

“Reeder e= ghee | Oe, out (2) 

RirtRigst Ry n=O sees (3) 


It will be seen that this assumption (g0) is only used in getting tensors out 
of the fundamental tensor density in the usual straightforward manner. 

We have worked out a simple mathematical solution of equations (1), (2) 
and (3) which is static and spherically symmetric and for which det] "| is zero. 
The general form of static spherically symmetric tensor density fields can be 
derived in the manner of Papapetrou (1948) or Vaidya (1953). We have taken the 
following form: 


—asiné 0 0 0 
0) —fBsin@ ip () 
yt is : eM ere (4) 
0 —1B —Bcosec@ 0 | 
0 0 0 ysind /, 
a, B, y are functions of 7 only and 
Ger Te ee ae) eee (5) 


r, 0, @ being the usual spherical polar coordinates. For the form (4) of g*, 
the 64 algebraic equations (1) for the affinities [’;,’ are very much simplified. 
They split up into independent sets of six or seven equations each. ‘The 
procedure adopted for solving these equations is essentially similar to that 
adopted by Papapetrou (1948) or Bonnor (1952) in deriving their spherically 
symmetric solutions. However, there is a fundamental difference in the 
solutions so obtained. ‘The 64 equations (1) do not determine all the 64 affinities 
T,,/. They determine 63 affinities and one component of the density g’". The 
affinity that is left undetermined at this stage is I,,! and the density component 
that is determined at this stage is 944 or y. ‘The equation (1) leads to 


Paes) are © eS ee (6) 


and the following values of the non-vanishing I’,;,;: 


fee ae ; ahs pak a 
ta 9g Dyy=Vy meee 2k? 


Loo — Loo =e. 0; le ee COL, Tea = Sines 


D5) = B= Bir); 


he! We 


Here a prime indicates differentiation with regard tor. I’,,'= B= B(r) is lett 
undetermined. The Einstein tensor R,, can now be formed and the field 
equations (2) and (3) are satisfied if 


kona a 
Be ee erat (7) 
and t= = (N+ Ber) eee (8) 
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K, M, N are undetermined constants. Equations (6) and (8) give the com- 
ponents of the fundamental density 9", 8 =A(r) being left arbitrary. voll 
Now that the det|g’"}=0, we cannot get tensors out of this density in the 
usual straightforward manner. ‘Taking the skew part first, a covariant tensor 
F,. can be obtained from it by the relation 
: Let kmn F,,, fs lig 
where <’!"™ is the Levi-Civita density. In the present solution we find that 
Fai © er eee eee (9) 
is the only surviving component of F,;. 
For obtaining a symmetric tensor we form the determinant of the tensor 
density a 


g=det| 94|= —ayf* sin? é 
Now putting g“ =a"4/./(—g) one gets 
3 ( 
1 fee ne 2 33-2 en 2 44 __ 
a B? p= — 1, p= — Cosec* Hn mae 


Lowering the indices in the usual manner one gets 


B 


oO =>— -— Oo 
S511 ae 


v= —1, gsg= —sin?@, gay=af. 
If we take this g;, as giving the metric of space-time, the line-element corres- 
ponding to this metric takes the form 
1 . , 2 
ds? = — BP dr? — — (7? d#2 +r? sin? 6 dd?)+af6dt®?. ...... (10) 
0 7 
‘This metric of our solution belongs to a class of metrics which is quite distinct 
from the class of spherically symmetric metrics used in general relativity in that 
a line-element of the form (10) cannot be transformed to a line-element of the 
type 
d= =e dr? — 74 dO? —7? sin?@db* +e" di*.. . scurst (11) 
It is obvious that the class of line-elements of which (10) is a type, cannot 
represent an isolated distribution because these line-elements do not yield flat 
space-time at large distances. However, they may represent some cosmological 
situations. ‘They can also be used to represent certain electromagnetic fields 
which are surrounded by Schwarzschild’s empty field over a sphere of definite 
radius. The detailed treatment of this singular class of line-elements in the 
scheme of general relativity will be published elsewhere. 


Vallabh Vidyanagar, P. C. Vanya. 
India. 
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REVIEWS OF BOOKS 


X-ray Diffraction Procedures, by H. P. Kiuc and L. E. ALEXANDER. Pp. xiii +716. 
(London: Chapman and Hall, 1954.) 120s. 

The book under review is directed primarily to physicists who use x-rays 
as a tool in either industrial or in academic research laboratories. Only about 
a third of the book is devoted to a review of the properties of x-rays, the 
geometrical character of crystals and the theoretical background of x-ray 
diffraction. ‘This naturally leads to a great deal of compression and a certain 
amount of background information is necessary if the reader is to appreciate 
fully all the points made. The subjects covered are, however, set out clearly 
and full use is made of diagrams and of tables. 

The main part of the book is devoted to experimental techniques and to 
the interpretation of experimental data. The description of the Geiger counter 
spectrometer and of its operation forms the main feature of this part. This 
relatively new technique is described in very useful detail. The analysis and 
interpretation of diffraction patterns from powders, especially those composed 
of non-cubic crystals, are discussed very fully. 

The applications which are considered are many and varied. ‘The quantita- 
tive analysis of crystalline powders and the determination of the size of 
crystallites from line broadening form two examples. ‘The analysis of the 
information which can be derived from x-ray data on non-crystalline solids 
forms an interesting chapter. Of particular interest to physicists will be the 
section on X-ray scattering at very small angles, both the measurement of large 
crystal spacings and the determination of particle sizes by this method being 
relatively new. 

The book is written in a very clear style, is well illustrated and well 
documented. It will certainly be indispensable to the specialist but it can be 
read and studied with profit by physicists who are not primarily concerned with 
X-ray techniques. 

M. BLACKMAN. 
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The Binding Energies of °H and ‘He 


By G. ABRAHAM}, L. COHEN, anp A. S. ROBERTS* 
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Communicated by L. Rosenfeld; MS. received 24th August 1954 
and in final form 19th October 1954 


Abstract. ‘The binding energies of 7H and He are calculated as part of an attempt 
to solve the ‘ consistency’ problem of light nuclei. A phenomenological two-body 
interaction, with central and tensor forces of different range, is assumed, the 
parameters being taken from a recent paper by Feshbach and Schwinger. The 
inclusion of additional sets of D-states in the wave functions is found to have a 
very appreciable effect on the binding energies. A rough calculation shows that 
the contribution of spin-orbit forces may not be negligible. Without a more 
extensive investigation into the effects of the additional D-states and the effect 
of spin-orbit forces, it is impossible to conclude that the interaction used leads 
to a satisfactory solution of the ‘consistency’ problem. 


$1. INTRODUCTION 


RIEFLY stated, the ‘consistency’ problem of light nuclei is to find an 

interaction, with suitable parameters, which will yield the correct binding 

energies for 7H, 3H, *He and *He, and the experimental value of the 
deuteron quadrupole moment, and which will be consistent with the low-energy 
two-body scattering data. The position at the commencement of the present 
calculation may be summarized as follows: 

(i) Central forces can account for the binding energies of ?H, *H and *He, 
but the same interaction with the same parameters leads to too high a binding 
energy for 4He. Irving (1951), for example, obtained a binding energy of about 
40 mev for 4He with an interaction that gave reasonable results for the lighter 
nuclei. Central forces fail, also, to explain the deuteron quadrupole moment. 

(ii) A mixture of central and tensor forces of the same range adjusted to fit 
the 2H data leads to binding energies for 7H and *He which are much too small. 
Using an interaction of this kind, with a square well radial dependence, Gerjuoy 
and Schwinger (1942) obtained only 32°, and 50%, of the observed binding 
energies of 7H and *He respectively. f 

(iii) A mixture of central and tensor forces of different range (first suggested 
by Gerjuoy and Schwinger 1942) has not yet been fully treated. However, 
calculations of the triton binding energy with a mixture of this form have been 
fairly successful (Pease and Feshbach 1951). pe: 

(iv) The effect of spin-orbit forces on the binding energies of light nuclei 
is usually assumed to be negligible. However, the situation is by no means 

+ Now at the Tata Institute, Bombay. 


t Now at the Durham Colleges in the University of Durham. 
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clear. Measurements of the magnetic moments of light nuclei indicate the 
existence of a spin-orbit coupling; the large splitting between the virtual Pj). 
and P,. levels in 5He and ®Li suggests that this coupling may be considerable. 
However, in the absence of a satisfactory explanation of the *He and °Li 
splitting in terms of a spin-orbit interaction no reliable conclusion regarding — 
the strength of such an interaction can be drawn from the data; this is discussed 
further in § 5. 

(v) Many-body forces will also contribute to binding energies, but since no 
manageable formalism exists it is impossible, at the present time, to estimate 
their effects. 

In this paper we investigate whether a mixture of the form (ili), te. an inter- 
action consisting of a sum of central and tensor forces of different range, leads to 
a satisfactory solution of the ‘consistency’ problem. Spin-orbit forces are 
neglected but a rough estimate of their effect is givenin $5. The forces are taken 
to be charge independent and the singlet and triplet central interactions are 
assumed to be of the same range; both of these assumptions are consistent with 
the low-energy scattering data (Blatt and Jackson 1949, Bethe 1949), at least 
when the radial dependence of the interaction is assumed to have the Yukawa 
form. On this basis, the form of interaction best suited to our purpose is that 
used by Feshbach and Schwinger in their paper on the triplet neutron—proton 
interaction (1951). ‘This paper is, in fact, indispensable to the present calculation 
in that it lists sets of parameters, corresponding to various pairs of central and 
tensor force ranges, all of which give the correct deuteron binding energy and 
quadrupole moment; some sets of parameters also fit the low energy scattering 
data (see table VI of Feshbach and Schwinger’s paper). 

It was originally intended to extend the present programme to include heavier 
nuclei (®Li, “Li, etc.) and it was therefore necessary to keep numerical work to a 
minimum. For this reason we chose radial wave functions of the form intro- 
duced by Irving (1951); all integrals can then be evaluated explicitly. The 
accuracy of these wave functions is discussed briefly in $7. 

We have calculated, by a simple variational method, the *H and 4He binding 
energies for each set of the Feshbach and Schwinger parameters, using a mixture 
of S- and D-states. ‘The integrals occurring in the helium calculation are more 
manageable than those in the triton calculation ; it has therefore been possible to 
carry the investigation of the helium binding energy somewhat further than that 
of the triton binding energy. The *H calculation is given in §3 and the 4He 
calculation in §4. A dicussion of spin-orbit coupling is given in §5. The final 
results are discussed in § 6. 


§ 2. THE INTERACTION 


Since saturation conditions appear to favour a charge-symmetric interaction 
between nucleons it was considered desirable to use an interaction of this type. 
However, in the calculation involving the additional D-states of helium it was 
found that the use of the neutral interaction made computation appreciably 
simpler, For the work involving only the principal S- and D-states of triton and 
helium, both forms of interaction were used; the results (for all likely values of 
the parameters) were found to be much the same for both forms. This, to a 
certain extent, justifies the use of only the neutral interaction for the calculation 
on the additional D-states of helium, 3 
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For the triplet neutron—proton interaction Feshbach and Schwinger (1951) 
use the form yates a ae : ; 
I BE 2) ao ee | } ACTA ap I t Sieh ("r12/74)], SS Ske S48 (1) 


where’ /,(x)=/,(z)Se "/x> +.= lrisl=[tri—rel; V., and V, (=yV,) are the 
central and tensor force strengths; r, and 7, are the central and tensor force 
ranges, and 


Sho = 3(6 . Fy2)(Gy.My2)/712? — 6, . Bp. 

For the three- and four-body problems it is necessary, of course, to include 
a singlet potential and to specify the exchange character of the interaction. The 
two potentials considered in this paper (one corresponding to charge-symmetric, 
the other to neutral meson theory) may be expressed in one form as follows 
(assuming the same range for the singlet and triplet potentials) 


PF Us2)=F oe) 202); 


where Ye) — PV A de(ay oss Delt) ase (2) 
VC, 2) = — PV Sy. f.("12/71) 
pe | 1 (neutral theory) 
it | —3(01 - O5)(T .T2) (charge-symmetric theory) 5 


the parameter g is obtained from the singlet and triplet force strengths by means 
of the formula V,=(1—2g)V,. The singlet strength V, is obtained from the 


Ss 


central force range through the expansion (Rosenfeld 1948, page 131), 
V,=4-67 x 10-*4(M,,,/m)? — 0-965 x 10-*(M7,,/m), 

where ,,m is the ratio of the meson mass M,, to the electron mass m. In terms 
of the central force range M,,,/m=hc/mr,. 

Various parameters used in the paper of Feshbach and Schwinger (1951) 
and which occur in the present paper are defined below: 

NM PAR: 227i n=(MOV yer ars (Meyer: 

M is the nucleon mass (proton and neutron are assumed to have the same mass) 
and ¢®) is the binding energy of the deuteron. 

The numerical values assumed for the constants were as follows : 

e%=2-23 mev; M/#7=2-4162« 10% ev-1cm-*; e?=1-437 x 10-7 ev cm. 

Hence (Me@/72)'2 = 2-3212 x 10" em, 7, =4-3081 x 10° 7 em, 
and #,=4:3801 x 10° y/rcem. 

The values of A, y and g corresponding to the various values of 7 and 7/7 
used in the paper are given in table 1. 


Table 1 

n l/r r y g ” n/t r y g 

0:313 0-640 210° 0-129 0-130 0-256 0-640 1:99 0-096 0-102 
0-492 1:94 0-275 0-099 0-492 1-82 0-207 0-064 
0-355 1-44 0-974 —0-040 6355. e335) (074450097 
0320. W:12 4-786 —0-4195 0.300", 1:02) 152. 0.278 

0:275 0-640 2-02 0-107 0110 0-224 0-640 1-92 0-078 0-085 
0-492) 4:95 (0-231 0-074 0-492 1:75 0-170 0-044 
0-355 1-34 0-836 —0-088 0-355 1:27 07599 =0-129 
0-320' “1:04 1-507 —0:256 0-320 0-95 1-124 —0-336 


The parameters V, y, r, and 7, were taken directly from Feshbach and 


Schwinger’s paper. 
19-2 
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§ 3. Tue BINDING ENERGY OF °H 
3.1. The Wave Functions 


The total orbital angular momentum L is not conserved, owing to the presence 
of the tensor force; neither, in a three-particle system, is the total intrinsic spin S. 
Since, for the 3H ground state, / = 1/2 and the maximum value of S is 3/2, L can 
take only the values 0, land 2. The ground state, therefore, is a mixture of S- P- 
and D-states. The component 7 of isotopic spin, defined in an analogous 
manner to S, and representing the net charge, is a constant having the value 3. 
Corresponding to this value of 7 the total isotopic spin 7 can have either of 
the values 1/2 and 3/2. In order to restrict the number of possible states we 
consider only the case T= 1/2; it can be shown that states with this value of T lie 
lower than those with T7=3/2. Assuming that the central forces predominate 
over the tensor force the ground state is, in a first approximation, an S-state. 
In the next approximation D-states but no P-states must be included since the 
tensor force couples S- and D- but not S- and P-states. 

For the radial parts of the wave functions we use functions of the form used 
by Irving (1951). If r,, r, and r, are the position vectors of the three nucleons 
measured from an arbitrary origin then the radial wave function is 


fe) exp aes Ps Fi) | eee (3) 
where r,,=f,—fp, etc. 
We define new coordinates by the orthogonal transformation 


R= /3(tytrstrs), | 
rete Hr tte bs a Seay (4) 
0= V3(re—F) j 
In terms of these the radial function becomes 
Ay) =expl-3v3(P 407 ee (5) 


The motion of the centre of mass does not enter into the calculation. 

The non-radial parts of the wave functions are most readily obtained by the 
operator method introduced by Gerjuoy and Schwinger (1942). The principal 
S and D wave functions (with radial parameters » and v respectively), anti- 
symmetric or symmetric in particles 1 and 2 and normalized for spin alone are 


"Siz? Xx fl) > *Dialrer): Dirvr)xfe) | 


Dielr.e): Derspgf@)+  *Dinlee) Depa ee 
where X= Va Xe — Va ea 
D(a, b) = 3(6,.a)(o,.b) + 3(a,.b)(o,.a)—(a.b)(o,. 05), 


and y;' and x, are the two spin states of nucleon 7; the subscripts i and 2 stand 
for the neutrons. 


Using these and the isotopic spin wave functions and restricting ourselves 
ie Ri ; aah 
to the case 7=3, T;= 5 we construct states anti-symmetric in all three particles 


Sin: Vs’ =[(ty-4y)— (6-89) xbf(v) iets 
“Dizi “Pp =[D(e, 9) — D(r, r) — (2; /3)(1 -%3)D(", 9) xA f(r) | ae 


where ¢ is the same function of isotopic spin as y is of ordinary spin, 
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With normalization factors the wave functions are 


These principal states are the lowest, and are unique in the sense that in order 
to form other wave functions with the same quantum numbers and the same 
radial factors it is necessary to introduce further scalar functions of the relative 
position vectors r and g corresponding to higher orbital angular momenta of the 
individual nucleons. Of these scalar functions the ones corresponding to the 
lowest individual angular momenta are 


(r.p); (r.r)=r?; (9.e)=p?. 

The lowest additional D-states, anti-symmetric in particles 1 and 2 are 
PD(re)xfv); pD(re)xfe)s | 

(r.e)D(r,r) xf); (r,e)D(e,e) xf) | 


where, in order to restrict the number of parameters, we have assumed the radial 
parameters to be the same as that for the principal D-state. 
The corresponding totally anti-symmetric states (again with T=}, T,;= 4) are 


(1) Vy" = 2p) E,e)—p*D(e,)+20r-e)D(F) 
+(1/V/3)(m mI ("-P)D(0,0)+3(r-0)D(F-r)—2p*D(r eI} xb), 

(2) ¥"={lr*D(6,0) + (72 2p)D(«, #) Ar. )D(0) 

+(1/V/3)leu 131" -0)D(0,0) +(6-0)D(6, 1) 2 D(C oI} x6/0 | 

3) Vis =02+ phy" 

ere (10) 


These additional D-states are directly coupled by the tensor interaction to 
the principal S-state. Clapp (1949), Hu and Hsu (1950) and Pease and Feshbach 
(1951) have emphasized the importance of the contribution made by such states 
to the triton binding energy. 

The triton binding energy was calculated first with a wave function containing 
only the principal S- and D-states (8). ‘The contribution of the additional D-states 
(10) was then estimated by adding these states separately and one at a time to 
the original wave function. A more satisfactory method would have been to use 
a wave function consisting of a sum of the principal S- and D-states and all the 
additional D-states (10). However this would have entailed a much more laborious 
calculation. ‘The approximate method showed that only ‘V)" contributes 
appreciably to the binding energy. ‘The D part of the final wave function was 
therefore taken to be a sum of the principal D-state and 1)”. 

The normalized function had the form 


Hy = 3(5.7! 73)-H2v9(1 + 0-220’ + 0-460) CP” tah pM), .. ee (11) 


where a is a variational parameter and a’ = 100a/3v’. 
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3.2. The Matrix Elements 


‘The matrix elements of the kinetic and potential energy operators are written 
separately. ‘The kinetic energy operator 


3 
H = - > (#/2MV,2 
i=] 


r) 


becomes, in the new coordinates, 
A= (12M \ Va a) te eee (12) 


The matrix elements in the two cases, neutral and charge-symmetric, are 
the same for the principal D-states, except for the D-—D interaction elements 
which, however, are very small. With the additional D-states there is no precise 
correspondence between the two cases, but their contributions to the binding 
energy were found to be of the same order. ‘The matrix elements given below 
are for the charge-symmetric case. 


Chalet | to) 40x 
: 1+0-14a’ +0-45a’”2 
Cy ; a 
14+.0-22a’ + 0:46a’2 
C¥s5|4% (1, 2)+ VW (1, 3)+ ¥ (2,3)|\Yoy= CF 3/374 2)| Fs) 


(Pp| 4 |p) =4 


48 
==O\l=2) iets) 


5a 
25/3 \12x3y> 14. 0-624’ 
| 9 ¥A(1.2)| Wa Oly Bee 
< s| ( )| p) é ee (=) 38 1 +0220 10-46q2 4 ) S74) | 


CE (371.2) | Fa o= = OO 


135m \1-40-22a'4046q2) > 19) 


—281(y; 3, 9)+281(y; 5, 9)] 


64 {; +0-35a’ +0:55a’? 


2 1+2-5a’+2a” 
V1 LO Dla 0 4ba [7L(y/7; 3,9)—16I(y/r; 5, of | 
oe oe (13) 
where C= /Mr?; x=+/3ur.; y=1/2r,; = s(x +) 3 


72 sin? @ cos! 


Tea, sant | —_——_ dé: 
Cie: 0) AB COSU) es 


A and 7 are auxiliary parameters used by Feshbach and Schwinger and are defined 
in §2. Explicit expressions for the integrals are given in Appendix I. 

The matrix elements for the principal states are easily obtained from those 
above by putting a’=0; then ‘’,, becomes identical with eel 


3.3. The Variation Calculation 


The calculation consisted in the minimizing of the binding energy with respect 
to the parameters ju, v and a, for each set of the Feshbach and Schwinger para- 
meters. ‘T’he usual variational procedure was followed and details of the calcula- 
tion willnot be given. ‘The procedure, for each set of the Feshbach and Schwinger 
parameters, was carried out in three stages as follows: (a) An approximate value 
of ». was obtained by using the S wave function only. (b) The value of . so 


obtained was used to obtain an approximate value of v, the trial function now 
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being a sum of the S wave function and the principal D wave function, ¥’,°. 
Both and v were then varied slightly until the maximum binding enerey Se 
obtained. (c) The additional D wave function ‘’,! was now added to the trial 
function of (6) and the above procedure repeated to obtain a. The absolute 
values of the binding energies obtained in the three stages are denoted by €, « 
and e, respectively. ais 


3.4. Results 


In order to avoid confusion our results are expressed in terms of the same 
auxiliary parameters as are used in Feshbach and Schwinger’s paper; the 
definitions are given in § 2. 

The main results are set out in table 2. The successive columns give the 
oN of €9, €;, €) (in Mev) and the percentage D-state obtained from the calculation 
of €y: 


lable 2. Binding Energies for Various Values of 7 and 7/7 


1 WIT Ep Si €s D-state 

(Mev) (Mev) (Mev) Cs) 

0-313 0-640 4-65 5:9 6:6 16 
0492 2°85 4-6 5-65 2°3 

0-355 0-95 215 sop) 4-3 

0-320 —0-4 1-15 2-4 Syob) 

0-275 0-640 Sel 6:6 7-45 5 
0-492 2-6 SIS) 6:5 2-4 

0-355 0-75 PES 3°95 4-5 

0-320 —0-85 1-4 Sil 5:6 

0-256 0-640 ESS 71 8-15 1:5 
)-492 2:6 5-45 7A 2:3 

0-355 0-8 2-9 4°55 4°5 

0-320 —1-l 155 Seo SAO) 

0)-224 0-640 5:8 7°8 9-25 1-4 
0-492 2A5 5°85 og) 2°5 

0-355 Or7 B55 yoo) 4-4 

0-320 —1-9 1:65 4-2 5-4 


The increase «,—e, in the binding energy due to the additional D-state 
(for a particular value of 7 and 7/7) is seen to be quite large and is about 60% 
of the increase €, — €, due to the principal D-state (for the same value of 7 and y/7). 
It is probable that still higher order D-states will continue to add to the binding 
energy. Pease and Feshbach (1952) obtained an increase of 30°, of the experi- 
mental binding energy with two additional D-states and a further increase of 
15°, of the experimental binding energy with five more D-states. ‘This indicates 
that the series <, €1, 9)... will increase steadily up to some limiting value <®? 
as more and more D-states are included in the wave function. 


$4. Tur BINDING ENgRGy oF ‘He 
The helium calculation follows a pattern similar to that of the triton calculation, 
except that it is carried out, in the main, for the neutral interaction. It was not 
therefore found necessary to express all the wave functions in a completely 


anti-symmetric form. 
4.1. The Wave Functions 

For the He ground state J =0, so that the possible values of L are 0, 1 and 2. 
The ground state is therefore a mixture of S-, P-, and D-states. Only the 
D-state is directly coupled to the S-state by the tensor force. ‘The component 
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T,, of isotopic spin is zero. Neglecting the Coulomb interaction the ground state 
will correspond to 7=0. The Coulomb interaction will cause a slight admixture 
of charge triplet and quintet terms; this is neglected. 

If r,, to, fg fy, are the position vectors measured from an arbitrary origin, 
then the radial parts of the wave functions are taken to contain exponential 


functions of the form 
fw=expl—be( SZ ees (14) 


= i<j 
where r,,=r,;—T;. 


We define new coordinates by the transformation 


=(rytrytrs+ry), r= 2(tytts—ry—ry), | (15) 

= V/3(r—"y); 02 = V2("4— Fs). | 

In terms of ss coordinates the exponential function becomes 
fi) exp =r? py Fes) ee ee (16) 


The wave functions must be anti-symmetric with respect to interchange 
of the protons (particles 1 and 2), and with respect to interchange of the neutrons 
(particles 3 and 4). Since we shall treat the Coulomb energy as a perturbation 
the wave functions must also be invariant with respect to interchange of both 
neutrons with both protons. 

Accordingly the principal S- and D-states can be written 


WS : = l \ 
Be b= xf) be: coe (17) 
Do: $= D(P1, Pa)xf(v) | 

where X= 7)" see ie Ne a a, 


3 
D(Q1; P2) = 3(G1 - 1)(3 - Pa) + 3(G1 - P2)(G3 - 1) — (01 - P2)(G1- Fs); 
and y;", x; are the two spin states of the 7th nucleon. 
In order to obtain further D-states it is necessary to introduce appropriate 
scalar functions formed from the vectors r, e,, g2. ‘To simplify the calculation 
all the D-states are assumed to contain the exponential factor f(v) with the same 


parameter v. In accordance with the required symmetry properties the next 
most important D-states will be 


$3=(01-62)D(r, 1) xf); | 

b4=(P1- 2) D(O1, 01) + D2, 2) xr); | 

$5=[(".e2)D(r,e1)+(r-e:)D(r,e2)Ixfv); - . eee. (18) 
=D. 02) xf); | 

bz = (p17 + p2”)D(P1, 02) X/(v): | 


The ground state wave function is then taken to be a linear combination of 
$1,--.,¢;- Although these latter are not orthogonal it is simpler to leave them 
in this form than to attempt to construct orthogonal wave functions. 
The normalized wave functions are 
O7=(8p°/3a)20, : DO, = (2v17/99225r)V24. } 
O,= (1678/2025) 2he: O, = (4v17/21262577) 124, ; | 
O, = (2v!"/42525 7) 474, ; O, = (v1?/4252507)"?4,. 
O,= (v4 1275 75a) ede 


..(19) 
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Since the ®’s are not orthogonal, the ‘normalization’ matrix N where 
N;,= (;,]®,) is required in the calculation. 


Normalization matrix elements N,, 


— 
S 
SS 
Oo 
Oo 
S 
= 


bd BD] eR 
Dol 
aT 
Cole 
Ble 
w 

SS Se 


- 
ies) 


(=, 
| Ra 
hol 

ow 
WI ho 
2 SS) to 
WW] bo 

Soils 
bo 
— 
in| & 
ee 
a 
bo 
Ss 
— 


1 eh, 10 
Sieg ino 
1 21 2 3 10 1 
0 5 li ‘ sa 7 ! | 
1 35 2, 5) 1 
— - eae i, e. 
if3 ae Chik 21 /2. ; | 


4.2. The Matrix Elements 


The matrix elements of the kinetic and potential energy operators are written 
separately as in the triton case. In terms of the coordinates defined in § 4.1 
the kinetic energy operator becomes 


H = —(W(2M)VEF+V2+ Vor + Vos?) ese (21) 


In particular the kinetic energy matrix elements for the principal S- and 


D-states are 
(®,| #|®,) =(02/2M)’, 


(D,| #|®,) = (#?/2M)r?. 
The matrix 4% where the (k/)th element “= (®,,| “|®,) has the form: 


Matrix elements of the kinetic energy operator -% (divided by (h?/2M)v?) 


pee 0 0) () 0 0) (0) ] 
5 1 5 i 15 5 ss 
e : Oe wea | ip | te AT 
D 
0 0) if 0) 0 0) 
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The potential energy matrix elements are rather complicated and are listed 
in Appendix III. It is convenient to adopt the following abbreviations : 


J= > FAT Ts) ) K= > (9; : o,)f(%i3/Te) ) S a > Si fi!) ) Paks (23) 


i<j i<j 4<Jj 
the total potential energy operator may then be written 


V= > VG j)= — (PN Mr 2M — 4a) + 38K +75). 


i<j 


The matrix elements are expressed in terms of x= 1/2pur., y=1/2vr, and 
z=4(x+y), where x and y are variable parameters. 


4.3. The Variation Calculation 


The normalized wave function for the ground state is written 
Y=a,0, (R= enaxd), eee e ee (24) 


where the a,, are real and the summation convention is used. Since ‘is normalized, 


the relation 
Napa" Whee), eee (25) 


must be satisfied, where N,,= (®,|@®,). The variational method now consists 
in finding values of x, y and the a, which make the total energy of the system 
a minimum subject to the condition (25). 

The calculation was carried out in three stages (the Coulomb energy is neglected 
forthe purpose of the variation calculation, andisintroduced later asa perturbation) : 
(a) The ground state of helium is predominantly an S-state, so that a first approxi- 
mation x to the value of x was obtained by minimizing the energy ®, arising 
from the S-state only. (+) ‘The next stage consisted in including the contributions 
to the energy from the principal D-state ®, and minimizing the total energy 
with respect to variation of x and y by an iteration method using x as a first 
approximation. (c) All the wave functions were now included, and using the 
values of x and y obtained in stage (6) minimization was carried out in respect 
to variation of the @,. 

The Coulomb energy operator is given by @ =e?/r,,, where we assume that 
particles 1 and 2 are protons. ‘The contribution to the Coulomb energy from 
the D-states is so small that it can be neglected. This is shown by considering 
the calculation for the case when only the principal S- and D-states are used. 
The required matrix elements are 


(0,|€@ 


®,) = (354/2/128)e%=0-09125 x/n ev, 
(®, 


€|,) =(774/2/2048)e2v = 0-1255 y/y Mev, 
since e?=0-236 x/n Mev, e?v=0-236 y/n Mev. 


/ 
neglect the contribution of the principal D-state to the Coulomb energy. The 


other D-states are present in even smaller amounts, so that the same will hold 


The percentage D-state is very small (less than 4°), so that we can certainly 
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true for them as well. We need therefore only consider the contribution of the 
S-state to the Coulomb energy, i.e. 


Coulomb energy =0:09125 x/y7 Mev. — a... (26) 


The calculated values are shown in table 3. 
The binding energies obtained in the three stages (a), (b), (c) above and 
including the Coulomb energy are denoted by «,, €,"°"' and «, respectively. 


Table 3. Helium Binding Energy 


‘ ae Coulomb 2 <sym 
energy 8 - ie 
(Mev) (Mev) (Mev) (Mev) (Mev) 
0-313 0-640 1-4 34:6 36-9 BSS: 39-0 
0-492 es Dis 30:6 Sil 34-2 
0-3555 (py 9-6 15-6 14-6 19:8 
0-320 0:9 2-4 eS 6:3 11-8 
0:275 0-640 1-6 41-5 44-1 44-6 46-6 
0-492 1S 31:9 36-4 36-6 40-3 
SESSSS 1-3 10-0 18-0 16-6 BO 
0-320 1-0 20) 8-4 6:7 14-1 
0-256 0-640 1e7 458 48-6 49-2 DES 
0-492 E6 35:0 39-9 40-1 44-2 
93555 1-4 12 19-4 17-8 24-4 
0-320 heal 1:9 9-2 2 15-4 
0-224 0-640 1:9 55-4 58-8 59-4 62-0 
0-492 its: 42-2 48-0 48-2 S295 
0:3555 Les 12°8 UAV 21:0 29-4 
0-320 HD 14 10-6 7°8 18-3 


4.4. Symmetric Interaction 


The exchange character of the interaction used above for the helium calcula- 
tions is that which would arise from a neutral meson theory. It is of interest 
to examine the effect of the corresponding symmetric interaction. 

It was found convenient for this purpose to introduce the isotopic spin 
coordinates and to obtain totally anti-symmetric wave functions. Since we are 
here only concerned with comparing the binding energies for the two interactions 
we shall only consider the principal S- and D-states. ‘The corresponding totally 
anti-symmetric wave functions are 


MS): bs=[(ty-t5) — (1. 3)] xP MH); 1 en 
BD 9: bp=[—D(r, r) + 3D(e1, 01) + 2D(O2 02) — D(O1, P2)(T1 .t3)| xAfv) 5 | 
where @ = aor Gon ie om Caan oe 7 ts a*)s 


t,+, G- being the two isotopic spin wave functions of the 7th nucleon, 
With normalization factors the states are 


MS 5: Bg = (409 /9ar Hah ; 15D T= ( 8989/60 /Sr) Meet ores (28) 
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The matrix elements for the charge-symmetric interaction are given below: 


‘ 
CFs] “| Vs) =4Cx? | 
CPp| | Fp =4Cy | 
CFs) > VG) sd = CPs|64%, 2)| Ps) | 
ee : S15 sats 
= —C\(1—g) 5 Ie; 1,2,8) 
: 5 6347 Or sae 
CVS OY C2 ae 372010) | (29) 


he) 
Tiy; 1,4, 12) 


ef 7 oA 
(PLO IIVyd= - OTL 


5 
+I(y; 5,2,12)— F1(y; 3,3, 12) 


7 
—2y[I(y]75 5,2, 12)— 2 Hy); 3,3, 1291} | 


where CEINMr 2: x=) ler Vn 2 = ey) 
wil (1 = ie 
: == ye — 
UL ts) x |, (eray" dt. 
An explicit expression for the above integral is given in Appendix II. 

The matrix elements for the corresponding neutral interaction differ only 
inthe D-D potentialenergyterm. Thenet result isto replace —(5/3)/(y; 3,3, 12) 
and —(7/6)I(y/7; 3,3,12) occurring in this term by 5/(y; 3,3,12) and 
(7/2)I(y/7; 3,3, 12) respectively. 

The corresponding binding energy, including the Coulomb energy, for the 
symmetric interaction is denoted by «,**" and is tabulated in table 3. 


4.5. Results 


The main results are tabulated in tables 3, 4 and 5. Table 3 gives the 
Coulomb energy, and the values of «9, «,°°™, «,"*"* and ey. (Note that we take the 
binding energy as the absolute value of the energy.) 

Table 4 gives the detailed results for the calculation using only the principal 
S- and D-states with a neutral interaction. By is the contribution to the binding 
energy from the S—S terms; By) is the contribution from the S—D terms; and 
By is the contribution from the D-D terms (all binding energy values are in 
MeV). 

The values of the variation coefficients a,,...,a, are given in table 5. The 
contributions to the binding energy from the various wave functions have been 
calculated but are not tabulated. Of the additional D-states only ®, and ©, 
make any important contribution to the binding energy, and ®,, ®,, and ®, 
could be omitted completely without altering the binding energy by more than 
about 0-3 Mev. However, the effect of the additional D-states is appreciable and 
is of the same order as the increase in binding energy due to the principal D-state 
above. One can expect that further D-states would again increase the binding 
energy and that the increase would be considerable for the smaller values of 7/7. 
Fortunately, as we shall see in § 6, these values can be rejected from the point of 
view of the consistency problem. 


The Binding Energies of 3H and *He PVE 


Table 4. Helium Binding Energy using Principal S and D States 


: : Tot = 
n n ea x 4 Bs Bsp By me de € jneut 
(Mev) (Mev) (Mev) (ev) Ge) (Mev) 
O28 0-640 4-92 6:5 35-4 553 —2-0 139-4 1:7 37-3 
0-492 4-61 6°5 27:9 7:8 —3:3 123-5 22 Shilo” 
0-3555 4-05 5°5 9-9 10-7 —4-8 95-9 3-3 14-6 
0-320 3-1 5-0 3-1 7°8 —3-7 57-0 2:6 6:3 
0:275 0-640 4-82 6:5 42-4 6-4 —2-6 173-5 1-6 44-6 
0-492 4-48 6:5 32°8 9-2 —3°8 151-2 2-0 36-6 
0-3555 3:8 ee 10-4 13-8 —6°3 109-7 3-4 16-6 
0-320 3-0 5-2 De 9-7 —4-7 69-4 2:3 6:7 
0-256 0-640 4-75 6:5 +6°8 6:7 —2-6 194-2 1-4 49-2 
0-492 4-42 6-4 35-9 10-0 —4.2 169-7 1:9 40-1 
0-3555 3°8 5-1 11-5 14-1 —6:-4 126-1 3°3 WES 
0-320 3-0 5-0 2-4 11-4 —5:5 79-9 DS 72 
0-224 0-640 4-64 6:5 56:6 7-9 —3:2 242-0 1:2 59-4 
0-492 4-31 6-0 43-1 11-8 —4-9 210:1 1-9 48-2 
0-3555 3-7 5-2 13-1 17°55 —8-1 156°5 3-0 21-0 
0-320 3-0 5-0 1:3 15-0 —73 104-4 2°5 7:8 


Table 5. Helium Binding Energy when Further D-States are included 


7) /T ay ag a3 a as ag ay €> MeV 


0-313 0-640 0:9886 —0-1457 —0-0006 0:0152 0-0982 0-0065 —0-0474 39-0 
0-492 098347071576 0:0060 0:0227 0:1244 0-0043 —0-0742 34-2 
0-3555 40-9727 —0-2268 0:0132 0:0335 0:1728 0-0214 —0-0693 19-8 
0-320 0-9719 — 01746 0:0296 0-0342 0:1846 0-0020 —0-1098 11-8 
0-275 0-640 0:9891 —0-1245 —0-0048 0-0164 0-1086 —0-0225 —0-0513 46-6 
0-492 O9353 a0 i399) 0:0086 0-0213 0:1198 —0-0012 —0:0821 40:3 
Osis 5, (WEDANG) <bean) OOS OL08S7 Osis OPO Oxy 235 
0-320 0-973 1 — 071395 0-034 500289071797, 001425 OF 1280 a aot 
0:256 0-640 COLI 90 1 O08 0-0032 0-0164 0-0892 0:0014 —0:0582 51:3 
0-492 0-9848 —0-1373 0-0087 0-0210 0-:1176 —0-0019 —0-0814 44-2 
Ong WA) —Wexneye: 0-0152 0-0378 01677 00-0204 —0-0673 24-4 
0-320 0:9722 —0-1534 0-0302 0-0311 0:1823 —0-0106 —0-1234 15:4 


0:224 0-640 0:9908 —0-1074 0-0046 0-0154 0-0859 —0-0035 —0-0624 62-0 
0-492 0:9854 —0-1461 0:0071 0-0220 0:1146 0-0018 —0-0703 52:5 
0-:3555 0-9747 —0-:1990 0-0170 0-0342 0:1647 0-0079 —0-0835 29-4 
03208 0:9723, 01468 0-0299 0-0302 0-1802 —0-0156 —0-1275 18:3 


§ 5. Sprn—OrBIT COUPLING 


We have assumed in the previous sections that the effect of a spin-orbit 
force on the binding energies of ®H and ‘He is negligible. In the following we 
investigate whether it is possible to justify this assumption. 

We shall consider the following spin-orbit interactions 
Ve CXp ( ee isl?) ( 
h 7;,/7 


M,®=- G,+6,).(r;—F,)x (P;—P;)) ss ee ees (30) 


7g)" mM 
/ e. . 
Mo) = : (o; : 6,)(7; .t)) Vin exp ( aa! 3) 


h Fig/ Mm 


(o,+6,).(r;—¥;) x (P;— P,) Peetu) 
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between nucleons i and j, p, and p, being the linear momentum operators of 
the nucleons. The exchange factors in equations (30) and (31) correspond 
with those in the neutral and charge-symmetric interactions in §2. We adopt a 
value 1,,= 1:5 x 10-!%cm for the range of the interactions, but, for the moment, 
leave the strengths V7, and V’,,,’ unspecified. In order to relate V,, and V,," we | 
shall require that the two forms of interaction lead to the same splitting of the - 
P level in He. Since, for this particular case, the exchange factor has no effect, 
we have the results: V,,,/= —3V,,.. Then (31) may be rewritten | 
M@=(6; 4) cr) Me) eee (3:19) 
In order to estimate its effect the spin—orbit interaction is treated as a perturba- 
tion and, for simplicity, only the principal D-state (in the isotopic spin repre- 
sentation) for each nucleus is considered (the S-S and S—-D matrix elements 


are, of course, zero; P-states are neglected throughout). 
For the interaction (30) the relevant matrix elements are 


PAs CP S?| > MO |Vp?) = (256/157) Vn 52m 3, 9)— 2m 5,9) ] 


| 

t<j with Vn = \/3 Vin» | 

4He: Cre 2 M, |") =(693/32)\V 215d (Pe : 3. 3), 12)+ 21 (Vm; Shes 12)] 
i<j with Yn = \/ LVF sp: J 


For the interaction (31’) the corresponding expressions are 
SH: CES) > WO) 95) = (256/15 Vai 3) ao) | 
as with y= V3 7m | 
tHe: CPS] > MEO | o) =(693/ 32) Sly 3.302) Oly 
se with y,, = 1/27 m- j 
es: (33) 


The explicit forms o1 /(y,,; 3, 9), etc. are giveninthe Appendices. The above 
expressions have to be multiplied by the percentage D-state (divided by 100) in 
order to obtain the contributions to the binding energies. 

We have evaluated these expressions for the potential parameters 7 =0-275, 
n/t = 0-492; these are not the ‘ best’ values of the parameters (see § 6) but the set 
nearest to the ‘best’ for which we have explicit values of the wave function 
parameters; the results do not depend critically on the values of and »/r. 
The percentage D-state for the above values of the parameters is approximately 2 
for both triton and helium. For comparison we have calculated the contributions 
made by M,“” and M, to the deuteron binding energy using wave functions 
constructed in the manner of §3. ‘Table 6 gives the results together with the 
approximate values of the binding energies obtained with the parameters 
7 =0:275, 4/7 =0-492. ‘The small differences in binding energies given by the 
neutral and charge-symmetric interactions are neglected. 


Table 6. The Effect of Spin-Orbit Coupling on the Binding Energies of 
*H, °H and 4He 


"H al 4He 
Increase in binding J M4) —0-08V,, —0:10V,, — (02505 
energies due to | M9) 0:24V,, 0-057, —0°077,, 


Approximate binding energies 
(without spin-orbit force) (Mev) ley) aye 36°5 
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The most significant fact which emerges is that the contribution to the 
deuteron binding energy is of the same order or, in the case of M,), considerably 
greater than the contribution to the triton binding energy.} There are no reliable 
estimates of V7. The rather crude calculation of Hughes and Le Couteur’s 
on °He (1950), when corrected to fit the present data (Ajzenberg and Lauritsen 
1952), gives a value of about 8mev. It is clear from table 6 that a spin-orbit 
force with a strength of this magnitude would make a very large contribution 
to the deuteron binding energy. The effects on the 3H and 4He binding energies 
would be relatively less important but by no means negligible. The results 
indicate that the binding energy of the deuteron should be re-calculated, taking 
into account spin-orbit forces. Until this is done it is not possible to say anything 
regarding the contribution of these forces to the binding energies of 7H and ‘He. 


$6. DIscUSSION AND CONCLUSION 


The potential parameters used yield accurately the experimental values for 
the deuteron binding energy and quadrupole moment. The range of 7/7 chosen 
is probably consistent with the deuteron magnetic moment, although there is some 
doubt as to the correct percentage D-state in the deuteron ground state. 

Only some of the sets of parameters are consistent with the neutron—proton 
scattering and deuteron photodisintegration data. Feshbach and Schwinger 
give the triplet effective range corresponding to these data as 


op = (1:73 + 0-04) x 10-8 em. 


Consideration of the binding energies of 3H and *He enables us to reduce the 
choice of parameters still further. Table 7 gives the sets of potential para- 
meters corresponding to the limits for 74, (obtained by graphical interpolation 
from Feshbach and Schwinger’s values). ‘The corresponding binding energies 
of 3H and 4He are also given in the table, and were obtained by graphical inter- 
polation. For 7=0-224, the best value of 79, which can be obtained is 


Neoyes ee NO Lever 
and 7/7 can be anywhere between ()-492 and 0-640. 


‘apie 7 

Binding energies 
q Tot H/T ae “He 

(Om: ercm) (Mev) (Mev) 
(1) O33 1:69 0-313 2)3 10-0 
Meng 0345 3-0 17:8 
(2) 0-275 1-69 0:335 BED 18-2 
ony 0-430 35 Boy 

(3) 0-256 1-69 0-360 4-7 257, 
i) 7/7 0-492 7° 44-2 

(4) 0-224 1-68 0:492 8:3 525 
1-68 0-640 9:2 62-0 


+ The results in table 6 for *H and *He are not strictly correct since we have neglected 
O 

the contribution of the additional D-states. Nevertheless, an error of even 100 % would 

not materially affect the conclusions, 
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Set (4) can definitely be excluded since the calculated binding energies are 
too large. Set (1) must also be exluded since it is very unlikely that increasing 
the number of D-states will increase the calculated binding energies sufficiently 
to reach the experimental values. Set (3) can also be excluded since it can be 
expected that on increasing the number of D-states the calculated *He binding 
energies will be too large for all the allowed values of 7/7. The second set 
therefore seems the most likely to give calculated binding energies close to the 
experimental values of 8-4 Mev (triton) and 28-2 Mev (helium). 

Since the above work was completed a paper by Pease and Feshbach (1952) 
has appeared on the binding energy of 9H. ‘Their treatment differs from the 
present one in two respects. First, the radial wave functions used consist of 
exponentials in the sum of the inter-particle distances, that is they are of the 
form exp {—p(7;2+743+731)}- Second, a larger number of D-states is considered. 
As pointed out by Irving (1953) radial wave functions of the above form appear 
to give much better results than those of the form (2) in the case of 7H. The 
resulting increase in binding energy may be as large as 2Mev for the S-state 
alone. The additional D-states are responsible for about 2 Mev of the binding 
energy. The calculation of Pease and Feshbach was carried through in five 
stages, a more elaborate wave function being introduced at each stage. ‘The 
correct ?H binding energy was obtained for the parameters 7 = 0-275, 7/7 =0-3946. 
For these parameters we obtain, by interpolation, a helium binding energy of 
30-2 Mev. 

That the Irving wave functions, with the same parameter for all the D-states, 
are also inadequate for the *He calculations is indicated by the work of Clark 
(1954). Although Clark uses a rather different approach, his method, apart 
from a modification due to the presence of D-states, amounts effectively to using 
a wave function containing six variable parameters. With only one D-state 
the energy obtained is little better than that obtained with Irving wave functions. 
However, with a further D-state (4, in our notation) a binding energy of 30 Mev 
is obtained for the parameter values 7=0-275, »/7=0-367. This is already 
larger than our (interpolated) value of 26mev for the same parameters using 
five additional D-states (of which only two are, however, of any importance). 
Apart from the possibility of numerical error, the difference must be attributed 
to the difference in wave functions. 

At the same time one must remember that the variation calculation gives 
only an upper limit to the energy, and we have no means of estimating the accuracy 
of the result. The calculation might be improved by a different choice of radial 
function or by introducing further D-states. Indeed the main weakness of all 
the calculations hitherto is that they have been stopped at an arbitrary stage. 
It would seem logical to continue the process until the addition of more stages 
made little difference to the result. However, the labour involved in the calcula- 
tions so far is already considerable; to extend them much further may well be 
prohibitive. 

Moreover, another source of uncertainty lies in the assumed interaction 
itself. We cannot expect it to be more than a rough approximation to the truth. 
Apart from many-body forces we have seen that the exchange character of the 
interaction and spin-orbit coupling may make not insignificant differences to the 
calculated binding energies. It would therefore be unrealistic to require too 
close an agreement with experiment. | 
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The calculations that have been carried out so far do not therefore permit 
one to reach a decision on the ‘consistency’ problem, i.e. on whether or not it is 
possible to find a phenomenological two-body interaction capable of accounting 
for the binding energies of the deuteron, triton and helium, of the deuteron 
quadrupole moment, and of the low-energy two-body data. The most that can 
be said is that if such an interaction, of meson well type, can be found, the value 
of the central force range will probably be r,= 1-184 x 10-3 em (es — 0275). 
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APPION DIX <1 
The integrals occurring in the triton calculation are of the form 
7/2 sin? @cos!@ 
ae 7) — yrntl IQ. 
I(x; i,n)=x | , Gameasaye 
The explicit forms of those required are ae nee 


'sec tx 
Se ed ee ‘ x:bn ln 
aioe E, ) a ae ee s[ files l, = = (x? 1p PAX; ie 


Ax; : 7) = 96x +7414 + 120x2— 12, 

files 3, 9) = 5376x! + 77928x8 + 5408 1x8 — 32340 + 1128x2144, 
fix; 5,9) = 3072x8 + 56481x° + 71622x4 + 4200.02 — 240, 

fale; 1,5)=15, 

foxes 1,9) =315(144.! + 2402? + 45), 

fo(x; 3, 7) =315(x? + 2), 

fol; 3, 9) =315(72x + 2852? + 72), 

flo; 5,9) =315(45x4 + 240x? + 144). 


a 

ae ,9)= 13440x!2 + 102480x1° + 36000 + 2681749 — 1559404 + 511202 —720, 
a 
We 


AP PEND x It 
The explicit form of the integrals occurring in the helium calculation is as 


follows: 
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APPENDIX It 


The potential energy matrix elements for helium are as follows (the coefficients 
A, ¢,... d,... are given on the following page) : 


(a) Matrix elements J j,= «®,;,|J|®,) 
jay Es Was 


1 
Ji= a (CF 15253); 


231 Uae) 
Jes | 10: 53.2, 12) Sd ys Bron 42) Tl 1, 4, 12) | ; 
Ja, 
Relies leas yeaa & 
jea6 
Jo=A[I(y; 7,2, 14)+el(y; 5,3, 14)+col(y; 3, 4, 14) + csl(y; 1,5, 14)]. 
Rol = Some wb 
J y= Ally; 9, 2, 16)+¢l(y; 7,3, 16)+ col(y; 5,4, 16)+¢3l(y; 3,5, 16) 
+ ol (ys 1; OM16)], 


(b) Matrix elements S).= (®;,| S| ®,)> 
Tt Nea Wi aes 


ZA y. ) TINY 
Sm=— 3 | 2(2 35.212 +5 (253.312) |, 
63 meet g 
Rees of oe ie 


| xS2yl7l2 a 2 : 
Sy=- AS | 7(- 52 12) + at (= 353: 12) ii 


LED 14) +4,1(2 : 5,3,14) +41 (2 3 3,4, i+) |. 
7 T ti 


%;3,5,16) |. 


eoleaneee 
Ku Jui3 Ko = 993 Ky.=0 
| OO ee 
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The Effect of a Potential Gradient on the Density of 
a Degenerate Fermi Gas 
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Abstract. By studying the properties of a degenerate gas in a linearly varying 
potential a modified relation is derived between density and potential which 
replaces the usual p=const. V’°?, takes into account explicitly the presence of 
potential gradients and can be used in regions of negative kinetic energy. When 
combined with Poisson’s equation this gives a modified Thomas-Fermi differen- 
tial equation. The resulting change in the density distribution of electrons in 
an atom is most marked in the outer regions, where the new equation leads to an 
7 *exp(—vr a) decrease of density for a neutral atom. Applications to nuclear 
surface problems are mentioned. 


$1. INTRODUCTION 


HE simple statistical relation stating the proportionality between the 

density and the 3,2 power of the maximum kinetic energy TT for a com- 

pletely degenerate gas of particles obeying the Pauli principle has been of 
great value in atomic and nuclear problems. When combined with Poisson’s 
equation for particles interacting by electrostatic forces it gives the Thomas—Fermi 
equation which can be applied to the calculation of average density distributions 
of electrons in atoms and molecules. In nuclear problems the applications of 
the above relation have been of a more qualitative nature, but it is an important 
factor in discussions of nuclear structure (especially of nuclear stability and 
binding energies). 


The relation CN ae 
a 1 
Pp 3h 7 (1) 
for spin } particles of mass m, represents only a limiting case valid when 7(= — ’) 


is sufficiently large and/or sufficiently slowly varying in space. In fact (1) is the 
equation for the density of particles in a constant potential well of infinite size 
when the density itself is also constant in space. In any actual application, 
where one has to deal with a variable potential, equation (1) will be only an approxi- 
mation to the actual density. | | 
Attempts have been made in the past to derive correction terms associated 
with the presence of density gradients, the best known being the so-called 
Weizsiicker term used to modify the inverse relation 7x p”? between kinetic 


+ Or the 3/2 power of the absolute magnitude of the potential, if this is reckoned from 


the maximum kinetic energy as zero, i.e. T=—V. 
t In certain cases equation (1) fails altogether, e.g. 1n a region of space where T is 


negative. 
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energy and density (Gombas 1949). Apart from the modifications of the electron 
density distributions for atoms and molecules which such corrections introduce, 
the question is of interest in any discussion of surface problems (e.g. of the nuclear 
surface). For such problems it may be essential to take into account explicitly 
effects associated with the deviation of the density from a constant, and conse- 
quently the deviations from equation (1). 

The purpose of the present paper is to derive a relation analogous to (1), but 
generalized so as to contain features arising specifically from the presence of 
gradients in the potential. 


§2. OUTLINE OF METHOD 


The idea behind the present generalization can be stated very simply. When 
we use equation (1) in a problem where the potential is given, we approximate 
to the true density by the value it would have if the potential were everywhere 
constant and equal to the actual potential at the point in question.f Let us 
generalize this by approximating to the true density by the value it would have if 
the potential were everywhere linear with a slope equal to the slope of the actual 
potential at the point in question. (A levelling off and rise at infinity is again 
necessary—see below.) 

The problem is now stated and the rest is a more or less straightforward 
calculation involving the solution of Schrodinger’s equation in a linear potential 
and the squaring and adding of the properly normalized wave functions to obtain 
the total density. ‘The result will be a density p depending on two parameters: 
the value of V and the absolute magnitude of the gradient |V’’|. What will be 
the nature of this dependence ? 

We note that, together with / and m, we can construct the quantity 


(4/9)2m|V"|/ST 
of dimensions (length) * so that / is a length and (—V)/I|V’|=€, say, is 
dimensionless. (The reason for the 4/9 in the definition of / appears later.) 
The density in a linear potential must therefore be of the form (see below) 


p=l (Ej 1.) ee aa Wee (1a) 

The problem is thus reduced to the calculation (once and for all) of a certain 
function f(€). This will be done in § 3. 

Once f has been tabulated the application to an actual problem consists in 
using equation (1 a) in place of (1). For instance if we are given a potential well, 
filled with particles up to a certain energy and we want to know the density at 
some point, we take V and |V’’| at that point, construct € and look up the value 
of fle). 

Further discussion is reserved for a later section; first let us derive the modified 
relation between p and V. 


§3. THe Mopirirp RELATION BETWEEN p AND V 


The treatment in this section follows closely that of Swiatecki (1951). We 
are interested in the solution of the Schrodinger equation in a linearly varying 
potential 7 ? ; Pe 
Vix)= Vee ee (2) 


+ Except for a final rise at infinity necessary to keep the particles from dispersing, but 
whose details are immaterial. 
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where I” is a constant (say negative). Since V would tend to — 00 for large x 
we suppose the potential to level off at v=), VV=V, and then to be constant 
for a distance L>x). As usual, we imagine the potential to rise to positive 
values at still larger values of x, in order to ensure the existence of a steady dis- 
tribution for which one can speak of a density of particles at a point. The 
resulting potential well is sketched in figure 1. The potential is assumed to be 
independent of the y and = coordinates except that, also in these directions, it 
rises to positive values outside a region of dimensions L. The origin of x and 
of the energy (counted positive upwards) is atO. We shall confine our attention 
to values of x much less than x9, with a view to making the results independent 
of the levelling off at Xj, and the final rise at large w. 


Figure 1. The potential well described in §3. The well is filled with particles from the 
bottom up to a maximum kinetic energy P)”/2m which is taken as the zero of the 
energy scale. The wave function of a particle with total energy E(=V-+T) is 
sketched in. The limiting case discussed in the text corresponds to making x» tend 
to ©, while keeping ’’ constant. Consequently the depth of the well also tends 
to infinity. All the time L is kept much greater than x». 

Note the following relations : 


— HV’ =Py2/2m, — —(x—%,)V’=P,3/2m, (9-1) V = P49? [2m 
and Dy?/2m+ V(x) =Pyo?/2m+ Vo. 


Consider the Schrodinger equation in the above potential well for a particle 
with total energy # : 
[—(2/2m)A+V(x)JPSEF. nanan (3) 
The solution can be written as a product (x),, and, if the boundary 
conditions in the y and z directions are, as usual, replaced by conditions of 
periodicityt we have 


Y= [exp (ip,y/h) LV exp (tp,2/h)b(x). wen eee (4) 


The quantities p,, p, are the y and = components of the total momentum. 
Substituting (4) in (3) we find the following equation for (x): 


h? dp 7 rh See 
- 5 a= | E-Ve)- = |p. (5) 


The quantity in square brackets is the component of the kinetic energy associated 
with the x direction and vanishes at a point x,, the classical turning point (see 


+ This must not be done in the x direction, 
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figure 1). In fact, using (2), we can write it as (w—«,)(—V’) for «<x, so that 
(5) becomes 


2 a 
oy al [ V' 7 |e ep Setar yn ee (5a) 

The solutions of this equation are well known and are expressible in terms of 
Bessel functions of order 1/3 (for details see Appendix). The solution which is 
finite everywhere will be called F(<). A free-hand drawing of F is included in 
figure 1. The argument « is not «—w, itself but the dimensionless quantity 
(x — x,)/1. 

So far we have considered a single particle in the potential well. In fact we 
are interested in filling the well with particles (paying due regard to the exclusion 
principle) and investigating the total density obtained by squaring and adding 
up contributions from all the particles. In practice this reduces to the evaluation 
of an integral over F?. ‘The result becomes especially simple in the limiting 
case here studied when x)>.x. For a given V’’ the density is then a function of 
x only. ‘The result, as calculated in the Appendix, is plotted in figure 2 in units 
of the density at x=0 and with the dimensionless «// as argument. In virtue 
of equation (2) this argument is also the € introduced earlier. The actual 
expression for p 1s 


p= 3Gn ae) ee (6) 


where ¢(€) is the function plotted in figure 2. Apart from a constant this is the 
function f anticipated in equation (1 a). 


; 


“10 20 
Figure 2. The particle density in a linearly varying potential. The potential, not shown in 
this diagram, is zero at €=0 and decreases linearly with increasing €. The function 
¢ (€) is the total particle density in units of the density at €=0. The dotted line 


shows the result corresponding to the usual approximation which neglects the effect 
of the potential gradient. 


We note that the density extends now to regions of negative kinetic energy 
(x<0). For large €, ie. for large densities, 4(€) is shown in the Appendix to 
tend to 6\/3é8? and this, substituted in (6), gives at once the original relation (1). 
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A short table of the function 4(€) is given below: 


g ¢ (€) g $ (€) g ¢ (€) 
—2-0 0-00 0-0 1-000 1:2 fs 2 
—1-0 0-033 0-2 1733 1-4 17-03 
—0°8 0-071 0-4 2-866 1-6 21-1 
—0-6 0-147 0-6 4-514 1-8 25-4 
—0-4 0-290 0-8 6-768 2.0 29-5 
—0-2 0-551 1-0 9-637 large & 10392 e712 


$4. DiscussION OF THE MopiriED RELATION 


A systematic discussion of the possible applications and an assessment of the 
usefulness of the above modifications will not be attempted in the present paper. 
The following points may be noted. 

From the derivation of equation (6) it is clear that this relation will only be 
accurate when the effect of derivatives of the potential higher than the first are 
negligible, + or, more generally, when a linear potential is a good approximation 
to the actual potential. The treatment will, therefore, not be valid near singu- 
larities or discontinuities in the potential. Even when these conditions are 
satisfied, the present approach, based on the use of a semi-infinite distribution, 
disregards effects associated with a finite number of particles, such as the existence 
of discrete energy levels, the associated fluctuations of the density from atom to 
atom and, in general, effects associated with shell structure. When such effects 
are important the present treatment will not reproduce accurately the density 
in any individual case, but it should give improved average density distributions. 
With these limitations the relation is valid for any value of the first derivative 
(and therefore not only for slowly varying potentials) and it is also applicable to 
the region of negative kinetic energy. In this sense it is more general than 
modifications of the type of the Weizsicker term, whose derivation (Gombas 
1949) appears to rest on a discussion of the density in a slowly varying potential 
in the region of positive kinetic energy. 

The first application of the present calculations is to afford a criterion for the 
validity of the relation (1) and consequently of the usual Thomas—Fermi equation. 
From figure 2 it appears that for é +0-4 formula (1) does not differ from (6) by 
more than about 10%, and for €>1-4 by not more than about 1%. (Of course, 
if derivatives higher than J’ are important, both (1) and (6) may be out by more 
than these figures.) 

To see what the conditions are like in an atom as regards the magnitude of ¢ 
let us take the usual Thomas- Fermi solution for V(r) and calculate the quantity 

[(4/9)2m|V"|/h2PA(-—V)[Vi|. nt ee ee (7) 
The € found in this way is zero at the origin, increases to a maximum (proportional 
to Z2 and equal to 1-4 for the heaviest atom) and then decreases again to zero 
for large r. Despite the smallness of € near the origin neither (1) nor (6) are 
expected to be valid there. (The approximation by a linearly varying potential 
is clearly inadequate near the singularity in V at r=0.) For heavy atoms and 
intermediate radii the effect of taking account of the gradient would not modify 


+ The generalization of the present approach to include higher derivatives is imaginable. 
For example to include second derivatives one might try to approximate to p by the value 
it would have if the potential were everywhere parabolic with the first and second derivatives 
equal to those of the actual potential at the point in question. 
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seriously the simple Thomas—Fermi solution. At large 7 the Thomas—Ferm1 
treatment will break down. The actual radius at which this occurs according to 
the criterion discussed here could be estimated by determining the point at which 
é falls below about 0-4. 


$5, A Moprriep THOMAS—FERMI EQUATION 
A modified differential equation for the density distribution of electrons can 


be obtained by combining (6) with Poisson’s equation \V = —47e’p. We find 
A(=V = e*4/ 347) Wetgle)e © 9” Seine (8) 
When €-+~ this reduces to the usual Thomas—Fermi equation 
A(—V)=4e*(3r) 2m [R74 — Ve eee (9) 


In general (8) would have to be solved numerically, as is the case with the 
ordinary Thomas—Fermi equation. We have seen, however, that for a heavy 
atom € would be near 1 for intermediate distances from the origin, so that the 
solution of (8) would not be expected to differ from that of (9) by more than a 
few °%, in that region.t The region of greatest interest from this point of view 
is the periphery of the atom where +0, and there equation (8) reduces to the 
very simple form] 

A(—V )= e"(34/ 37) Cai) > eee (10) 
‘This equation can be integrated immediately. ‘lhe equation for the density is, 
however, even simpler. ‘Thus, using (6) with €+0 we have 


h? d 
AV=r? a (PV) = N27 oa 5 Ser (7p), 
so that (10) becomes 
dhe 2me? ‘ Q 
5 (790) = — FE BV/3n)-H(r%). 


Hence p=constant. 7 *exp(—v/a), where the decay constant a is 3/37/2 times 
the Bohr radius of hydrogen and is independent of Z. This behaviour at large r 
would appear to be an improvement over the inverse power law resulting from 
the usual ‘Thomas—Fermi equation. 

Since the modified equation (8) can be used in regions of negative kinetic 
energy, it should be possible to apply it to the study of the average electron 
densities for zonzzed atoms, even for large ry. It will be recalled that the usual 


Thomas-Fermi equation leads to density distributions for ions which become 
zero at a finite radius. 


$6. APPLICATION TO THE STUDY OF THE NUCLEAR SURFACE 


The system of particles confined to move in the potential well discussed in 
§3 provides a simple model of a surface region, i.e. a region where the density 
decreases gradually to zero under the action of a one-sided resultant force. An 
attempt to apply such a model to the study of conditions in the nuclear surface 
was made earlier (Swiatecki 1951). The case studied there was in fact the more 

t ‘The author is indebted to Dr. Radcliffe for valuable correspondence in this connection. 
Dr. Radcliffe (then at Birmingham University), examined the solution of equation (8) for an 
atom with Z=60. The results appear to be consistent with the remarks made above in 


showing that the corrections to the usual Thomas—Fermi densities are not more than a few 
per cent out to quite large radii. 


t Since for an atom V is an increasing function of r we have foxwites || s%%, 
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general one in which xy was kept finite. It might be interesting to examine what 
progress could be made along the lines of the above reference but in the case 
when the simplifications resulting from putting x) 00 are exploited. The validity 
of this assumption in the case of a nucleus can be tested by estimating € at the 
point x) when the magnitudes of ’, and V’’ are chosen to represent conditions in 
the nuclear surface. No entirely reliable estimates of these quantities are available, 
but if we take )~ — 22 mev, and the thickness of the nuclear surface region as 
about 2x 10cm (i.e. |V’|~11Mev per 10°-%%cm) as suggested by recent 
electron scattering experiments, we find €(x))=1-2. Figure 2 then suggests that 
the results should not be drastically sensitive to the assumption x)>0o and, in 
view of the many other uncertainties involved in treating the nuclear surface, it 
might be reasonable to begin by studying this much more tractable case. 
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ar PEIN DA 


In order to write down the solution of equation (5 a) we use the definition of 
and re-write (5a) in the following form: 
iat 
dee oe rn es = (0). 
‘The solution which is finite everywhere is % x F(<), where (Watson 1922) 


( (</3)*?? [Jajy (<2?) + J_a)n(<27)] for «>0 
Lt — 6)" Ky), [(— €)3?] for «<0 
For «+0, F(e) can also be written in terms of H,)3\?, the Hankel function of the 
MRSS Sue F(e)= e421H, (<3?) cos [arg H /3P(€3!2) + 30°]. 

The functions H,, arg H,)3 and K,) are tabulated by Watson (1922). 
For x +x, will have the form of a plane wave 
bx sin [(P o/h )(x— Xo) + A], 
where fp, ) is the x component of the momentum for x>xg and is given by 
Po2/2m=E—V,, and A is a phase independent of w. 

If, in the normalization integral, we disregard contributions from outside the 

region x) <x <x) +L, we can write the normalized solution as 


r [sin A/ F(e€,)] Fe for x<%% 
Ye)= 2/1 eee (12) 


sin [(P oo/%)(~%—%) +A] for x >Xo 
+ Arguments have recently been discussed which suggest that the average gradient of the 
nuclear potential may, in fact, be considerably smaller than the estimate made above, so 
that, as in the atomic case, the simplest Thomas—Fermi average densities may be adequate 
for certain purposes (Swiatecki 1955 b). A simpler approach to the question of nuclear 
surface energy has also been discussed by Swiatecki (1955 a). 


Fe) 
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where €)=(a)—x,)//. The factor sin A/F(e)) ensures continuity of % at x—4p- 
Smoothness is ensured by taking 


tan A = 


P #0 F(€) 20 (13) 
LTE le weg 
which serves to define A. 
To find the density at any point x when the well is filled with particles we 


have to evaluate 
p= > hs es 7 = h(x )xb,xh,5 


where the sum is taken over all the particles in the well. If each wave function 
is labelled by the three components of momentum /P,, p,, P, appropriate to the 
region X») <<“ <x) +L the summation extends over a Fermi hemisphere of radius 
P,( Po?/2m= — Vo). (Because in the x direction we consider standing waves, P »o 18 
taken positive. On the other hand p,, and p, may be positive or negative) ‘The 
density of states in the p,9, p,, p, space is 4L°/h3.t As Loco we may replace 
the sum by an integral. ‘The integrations over p, and p, can be carried out at 
once giving a factor 7(P,2—p 97) and we obtain 


4A Ln (Po , 
(i= h3 | 6 (Po? —P wb |?4P a0 Sey: (14) 


a) 
So far we have not assumed x, to be large. ‘To proceed with the integration we 
assume that x»>0o. ‘The factor sinA/F(e)) in % can then be written down 
explicitly. Since «joo as x9>0o we can use the asymptotic formulae for 
J «1/3 (€9?”) in evaluating F(e)). This gives 
F(€y)>(2/77)¥eg-V4 sin (€g?*@ +477), ke we (14a) 
Using this in (13) we find A-«,3/2+4 47 and sin A/F(€))>(47)!e,1/4.. Hence, the 
normalized solution to be inserted in (14) is (for x<xp9): 
W(x) = (7) L) ey !!4 F(6). 


The integrand in (14) contains by now a mixture of variables p,9, «, <). We 
tidy up by making use of the relations between them which follow from the 
definitions of « and ¢,, and the relations 


— (% — &y)V" =P a”/2m 
—(x—x,)V'=p,?/2m (see figure 1). 


Adopting « as the variable of integration one finds readily 
§ 
p=(27?/h®)\( —2mV)32 | 12 | Peds | i gs eile (15) 
= x 


‘The lower limit of integration contained — x, and has therefore been taken as — 00. 

It may be of interest to write down explicitly the expression for the number 
of particles in an interval dv, whose « — component of kinetic energy lies between 
Y,and 7,+dT,. This number (say W(x, T,,)dxdT ,) is given by the differential 
form of (14) and, in the limit x), Loo, we find 


W(x, T,)dxdT , = 27*h-(2m)3?4/eF()(T — T,,)T,-2dT dx, 
where «=T,/l|V’|, T=—-V. 


g 
F%(e)de — &32 | 


—="00 


tT One factor 2 comes from the spin degeneracy and the second from the fact that we are 
using a hemisphere in momentum space. 
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‘This relation is analogous to the expression for the density of states in phase 
space for an ordinary Fermi gas, with which it becomes identical when V’’—>0 
and the average of the rapidly oscillating , eF*(«) (equal to 7) is inserted. 
The distribution function W(x, 7.) is independent of x) and L, and can be used 
as the starting point in calculations of the properties of a Fermi gas in a linear 
potential when one is content to omit the more elementary procedure of intro- 
ducing a finite well and carrying out the limiting process x», L-> ©. 

The two integrals in equation (15) are evaluated as follows: 


c§ 0) 10) 
| Fade=|  Fede+| Fede. 
J) == soe J§ 


Now i : re 
F%de = (2/32*) 


I ~ O 


Vv 8K 1)52(y)dy = [2(2)/2222 (Watson 1922, p. 440). 


Similarly i my 

: | eF@de = —2/(94/37). 
‘The indefinite integrals are evaluated by using power series representations of 
the products of the Bessel functions occurring in F? and integrating term by 
term (Watson 1922, p. 147). The result is a power series in € and (15) can then 


be written in the final form 


p=  3(4r) °F *4(€) 


where d(E)=14+ cE +e,€%+ ..... 

‘The coefficients up to cy, are given below: 
j= 2 86582 
pie de BS) UPA &, =0-024842 C14 = 0-000057466 
¢,=2-25000 ty = 0020340 C5 = 0-000036005 
Pa ORES : C19 = 9-0039581 C1 = 0-0000054354 


c;= —0:26498 C= —0-0014679 C17 = —0-0000015845 
fw 25518 C1» = —0-0010401 C4.= —0-00000089349 
c,= —0-057572 cg = —0-00017645 cg = — 0-00000012200 


The convergence of the above series is reasonably rapid up to [£|~2. _ For instance 
at £=2 the term c,,€2° would contribute approximately 0-03 or 0:1%. 

For large € we may use the asymptotic formula for / employed earlier in the 
evaluation of the phase A (equation (14 a@)). Replacing the rapidly oscillating 
factor sin2(<?2+ 17) by 3, and neglecting the contributions to the integrals in 
(15) coming from « <0 (this, incidentally, illustrates the nature of the neglections 
underlying formula (1)), we find that the value of the square bracket in (15) 
reduces to 4/37 and we obtain for p the usual relation (1). “This way of approxi- 
mating to the integrals in (15) gives for 4(€) the limiting form 4(€)~6/3&?. 
This is plotted for comparison in figure 2. 
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Performance of Hot Wire Thermal Diffusion Columns 
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Abstract. Furry and Jones’ theory of the thermal diffusion column for the 
extreme cylindrical case has been extended to take into account the temperature 
variation of the thermal diffusion constant « with temperature in the usual form 
~=A-—B'/T. The expressions so obtained for the column constant H are 
shown to agree closely with the experimental data of Simon on argon. 


§ 1. INTRODUCTION 


HE thermal diffusion column has been extensively used during the last 

decade for the separation of isotopes and the components of fluid mixtures. 

It consists essentially of two vertical concentric cylinders or a wire and a 
concentric cylinder having a radial temperature gradient. Furry, Jones and 
Onsager (1939) gave the first rigorous theory of the column for the plane case 
assuming molecules to be either of Maxwellian or of rigid sphere type. 

The mathematical theory of the cylindrical case, which is rather complicated, 
was first given by Furry and Jones (1946) who obtained approximate solutions 
for the nearly plane and the extreme cylindrical cases only for the Maxwellian 
type of molecules. ‘Their investigations show that in the cylindrical case the 
separation obtained is quite sensitive to the temperature dependence of «, the 
thermal diffusion constant. Unfortunately, however, they have not taken into 
account the temperature variation of «. Our present knowledge shows that « is 
strongly dependent upon the temperature, and the variation of « with temperature 
can be written in the form «=A-—B’/T where A and B’ are constants for any 
gas and T is the temperature in degrees absolute. 

For the nearly plane case, this temperature variation of « has already been 
taken into account by B. N. Srivastava and R. C. Srivastava (1954). The purpose 
of the present paper is to take into account this experimentally observed variation 
of « with T for the extreme cylindrical case. ‘This case, according to Furry 
and Jones (1946) corresponds to columns for which fy is greater than 2:5 and 
will occur in columns having a thin wire as the hot surface. 


§ 2. ‘THEORY OF THE CYLINDRICAL CASE 


Using Furry and Jones’ terminology, the column constants H, K, and K, for 
the extreme cylindrical case are given by the expressions 


K,=2n(pD)72ky ee (3) 
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. h,, —(h"/ty) 
where We ONE exp (Qt 2) See ; 
1 exp ( 1 ) 1—(8" ty) OA Gutend (4) 
2 3s Rea = (2h ots) 4 (Ra fee") 
k, = 9! t,7 exp (4,2 a Bre 5 
1 exp ( 1°) {1 —(8"/t,) 2 aicacrepenen(e (5) 
Re = x= (t9/2t,) exp (77 =) 47,5) —— san (6) 
with ee (=) (#) io ope (yale 
| AS) ) a ie Ga 0 ae: (7) 
ko= | Yatdt; Ry" = | yoy" dt; hy" = lage eee forme (7') 


“ty ~ ty “ty 
where p, D, A, x are respectively the density, diffusion constant, thermal con- 
ductivity and the thermal diffusion constant; t=(A/OT)'27, 27Q is the heat 
flow by conduction per unit length of the cylinder and y,,, y” and 8” are given 
by equations (67)-(69) of Furry and Jones (1946). 
Since the expressions for K,, and K, do not contain « they remain unchanged. 
From (1), (4) and (7) we have 


2 ” 
pg Ghia 16) 
Ha (2m) (24) 7423 yee le 
( n)( ; 3 1 EXD (20,7) TSHR) vy ee: (8) 
where y= | (A-B'/T)y,/t) dt 
~ ty 
Oe aa _ Bt, [2 
=Al pda | pdt 
Se e(BUT hg 1 ee nee (9) 
and similarly ee ae | Y dt 
: Je, t Ty bce 
Sea eran (10) 


As shown by Furry and Jones (1946), the integrals 
| (y/f)dt and | (y"/t2) dt 

Yt, Boer 
can only be evaluated in terms of exponentials, error functions and a small 
number of new functions defined by integrals. ‘The formulae so obtained 
would, however, be so complicated that the only way to give them any practical 
meaning would be to carry out a laborious process of numerical evaluation for 
each chosen pair of values of t,, f,. For this purpose the functions y,,/¢? and 
y"/t2 were plotted for specific values of t, and numerical integrations performed. 
In this way the values of h,,, and h,” were found. These are given in table 1, 
together with the values of h, and h” given by Furry and Jones. 


Table 1. Values of h,.,, hy”, h,, and h” (Furry and Jones) 


ty 0:5 0-8 1-0 tho 
h.(¥-J.) 838 x 10-* I} ae BHA ¥ AMO 531-4 x 10-8 
h’ (F.J.) 1409 x 10-° 2076 x 10-7 Suliles xalO—* 32 Ome 
hocoR 430 x 10-* TOL 105 eg 1783 108" 394-8 x 10° 
hp” 720) alm 1358501057 348-2 x 10% 825: 0 105 


§ 3. COMPARISON WITH EXPERIMENTAL RESULTS 


For testing our equations we have to select the experimental data on such 
gases for which the temperature variation of « 1s accurately known. ‘The best 
and the most extensive experimental data regarding the variation of « with 7 
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are those of Stier (1942) for argon. Fortunately, very reliable data on the thermal 
diffusion column by Simon (1946) for the same gas are also available. ‘These 
are, therefore, utilized for testing the theoretical conclusions arrived at in this 
paper. Simon has tried to interpret his experimental data in terms of the theory 
for the plane case, as the theory for the cylindrical case was not known at that 
time. His comparisons with the theory were unsatisfactory as the theory employed 
was clearly inapplicable. 

From Simon’s data ft, is found to be 2:80 and 2-85 corresponding to the 
hot surface temperatures of 1500°K and 1100°x. Hence our equations are 
applicable to this case. 


Ne 


Simon’s experimental data are in the form 
: a’ |p? 
lnj= TEeypy | Ui) ln eee (11) 

where p is the pressure in centimetres of mercury and 

@) a’ = 3-42 x 10°) by = 3-95 x 10> for [= 1500m 

(ui). a°=1-10'« 108, 601-95 10 fore? = 100%. 
In view of the uncertainty about K,, the asymmetry term, the experimental 
values of H were calculated from the relation H =(a/b)p?(K,,/L) by substituting 
the theoretically calculated values of K,. Here L is the total length of the 
column. 

The values of A,, were calculated from the following two relations: 


(ptja)=(K,+K HLS Op = hh) eee (12 a,b) 
after substituting the theoretically calculated values of K, and K,, which are 
(1) (Ke= 150510 pt) K 74010 ond > 00 sic 
(1) Ke S19 109 Ke 2-00) aoe ie Oar: 
The results are given in table 2. 


Table 2. Values of H and K,, 


(H/p*) x 108 (K,/p*) x 10° (theor.) 

Asooysy, (Cis) Theoretical Experimental From equation 
(12a) (126) 
1500 4-61 4:76 1:28 Wenz 
1100 7:28 6:93 7-41 7-40 


Thus the agreement between the calculated and the experimental values 
of H is quite satisfactory for both the temperatures and fully justifies the basis 
of our calculations. ‘The agreement between the two values of K,, calculated 
from the two formulae further confirm the correctness of the deductions. 
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§ 1. INTRODUCTION 


Tis well known that many atomic and molecular properties can be predicted if 
we know the relevant accurate wave functions. For this reason the con- 
struction of simple analytic expressions as approximations to the true wave 

functions has often been attempted. Such functions should ideally be obtained 
with the least expenditure of labour for any given accuracy. 

The present paper deals with simple analytic expressions for the configurations 
(1s)?(2s) and (1s)?(2s)? of atoms and ions from He to C, one-electron functions 
(orbitals) being used in the construction of the complete wave function. 

The interest in these functions arises chiefly from their simplicity ; for even in 
the four-electron problems there are only two parameters to be determined varia- 
tionally. But they are also of interest on account of their excellent approximation 
to the Hartree-Fock 1s- and 2s-wave functions. 


§ 2. PROCEDURE AND WAVE FUNCTIONS 


The procedure is to set up the usual Slater determinants, with certain para- 
meters to be determined by variation methods. ‘These Slater determinants are 
built up from one-electron wave functions, whose forms, apart from the 
conventional spin factor, are: 


Is:  R(1,0:kr)=(ah3/7N,,W2(e™ ae aa (1) 
2s: - R(2, 0: kr) =(h®/37N oq)" (re-™* + BR e-*") + (Ny,/3.Noga2}!2KR (1, 0: Rr) 


where N,, and N,, are two different normalization factors, K is a factor which 
orthogonalizes the functions (1) and (2), and a, 4, ¢, «, B and k are potentially 
variable parameters. The latter parameter k is a scale factor whose best value, as is 
well known, can be determined analytically. ‘The other parameters enter the 
energy integrals in such a complicated way that their best values must be found 
numerically. This process, which has usually to be done graphically, is a very 
tedious one, particularly when many such parameters have to be determined. 
But the numerical work can sometimes be lightened by choosing definite fixed 
values for the less sensitive parameters. 

Several calculations have already been made along these lines. All but two of 
them are special cases of the more general functions (1) and (2)... Whusiwerget 
Wilson’s four-parameter function (1933) when «=0, Zener’s three-parameter 


function (1930) when «=0 and c=1, Eckart’s two-parameter function (1930) 
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when « =0, B= —1, c=1, and Slater’s two-parameter function (1930) when « =9, 
8=0. Furthermore, we have the three-parameter function of Morse, Young and 
Haurwitz (1935, referred to hereafter as MYH) which was later improved by 
Duncanson and Coulson (1944) and the two-parameter function by Fock and 
Petrashen (1935). ‘These two latter functions, both of which have an additional 
type of orthogonality, cannot be derived directly from (1) and (2). 

Obviously the flexibility of our trial wave function is seriously limited by 
arbitrarily fixing any of the parameters. Fortunately, however, by adjusting the 
more insensitive parameters (see later) in conjunction with the more sensitive 
ones, as in this present paper, it is possible to reduce the number of parameters 
whose optimum values have to be found numerically, without at the same time 
limiting the flexibility of the wave function too severely. In this way we shall be 
able to reduce the number of effective parameters in (1) and (2) from five to one. 

The following very convenient forms for the 1s- and 2s-functions appear to be 
excellent representations ot the true radial parts of these functions, when the atoms 
and ions are in their ground states, with configurations (1s)?(2s) and (1s)?(2s)?, 


R(1, 0: kr) =(a2k3/aN,,)"2 x (e- $.21 x 10-Fe2"—D) (3) 
R (2, 0: kr) =(k8/377N5,)!2 x {re-™ — (2/aph) e-"?} + (Ny, /3.No,03)#2. KR (1, 0: kr) 
Yas (4) 


where p= 1 for the configuration (1s)?(2s), and p =2 for (1s)?(2s)?._ It will be seen 
that (3) and (4) are derived from (1) and (2) by putting 


am 21 10° eB 22a bh aaa) 2 Pee ee ee (5) 


The only remaining parameter whose value must be found numerically is a. 
We write this as a ratio @=2Z,,/Z,. where Z,, and Z,, are effective nuclear charges 
for the 1s- and 2s-electrons in the outer parts of their orbitals. The other para- 
meter—the scale factor k—may be written k= }Z,.. 

Some justification is needed for the conditions (5). First of all, we calculate 
the optimum values of all the parameters in the full function (1) to give an energy 
minimum for the ground states of the series from He to Ne*’+ which have the 
simple configuration (1s)?._ The results, shown in table 1, indicate that b/a~2 for 
the whole series. 


Table 1. Values of Parameters in equation (1) which give Energy Minima 


Atom ; Atom 

i es ak ol bja age ak 0% bla 
He 1-46 0-60 2-0 Né+ 6:44 O15 iLE7) 
is 2-45 0-36 1-9 OVir 7-43 0-14 1-7 
Be?+ 3-44 0-26 1:8 vcs 8-43 ‘eile 1-7 
Be+ 4-44 0-20 1-8 Ne&+ 9-43 0413. 14 
(Gee 5-44 0-17 1-8 


In order to estimate the relation « =f(a) connecting « and a, it would be desir- 
able to find corresponding values of « and a for all the atoms of table 1. At this 
stage, however, we are only able to estimate a rather roughly. Our values of a 
and « are shown in table 2, in which the values of k are taken from Slater’s rules 
(1930) because these values agree closely with those found by the self-consistent- 
field method. Once again these k-values are appropriate to the atoms in their 
ground states only. ‘The values of ak and «, taken from table 1, may differ slightly 
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from the best values obtained variationally from the less flexible functions (3) 


and (4). 


Table 2. Estimated Values of the Quantities « and a for the Atoms from Li 
to Ne in the first row 


Atoms ak k a a a/e?4 
Li 2°45 0-650 3°77 0-36 1LO0>2 
Be 3-44 0-975 Geno 0:26 Dane 
B 4-44 1-300 3-42 0-20 Pil AO’ 
©: 5-44 1-625 3°35 0-17 Pil MOre 
N 6-44 1-950 3-30 0-15 20.10-* 
O 7-43 22275 3°27 0-14 200m 
F 8-43 2-600 3-24 Oa FAL MOF? 
Ne 9-43 2-925 3:22 0-13 AL MNO? 


From the last column of this table it follows that the ratio «/e2“~21 x 10-5 
throughout the whole series of atoms. 

Similarly, when justifying the other two equations in (5), we first put « = 0 in (1) 
and determine the best vaiues of the parameters 8 and c for the ground states 
(1s)?(2s) *S(p=1) of the series Li to C?*, and the ground states (1s)?(2s)? !S(p = 2) 
of the series Be to C?*. In this way we find the approximate relations aB~2/p and 
c/a} for the whole series of atom and ions. 

It has therefore seemed worth while to carry out the energy calculations using 
the simplified functions (3) and (4) for the component atomic orbitals, and to 
study the ground states of two-, three- and four-electron systems from He to C. 
We shall compare the resulting energies with those associated with other related 
types of wave function. Even with the appreciable simplifications of (1) and (2) 
which are implied in (3) and (4) the amount of numerical work is still considerable. 
The full expressions for the energy integrals are complicated functions of the 
parameter a, and are too long and tedious to be given here. We therefore confine 
ourselves to the final numerical results. Energy tables for various values of a 
have been constructed so that both the energy minimum and the adjustment of 
the parameters for any atomic state which is the lowest of its particular spin 
symmetry, involving only 1s- and 2s-orbitals, can be determined approximately 
by quadratic interpolation. ‘The computations have been carefully checked, 
and it is believed that no errors, other than those due to the accumulation of 
rounding-off errors, are present in the final values. It should be mentioned here 
that all the energies in the tables of this paper are expressed in rydberg units 
(1 rydberg unit=} atomic unit). ‘he experimental values of the total energies 
and the ionization energies are taken from the tables compiled for the National 


Bureau of Standards (1949). 


§ 3. RESULTS AND DISCUSSION 
3.1. Two-Electron Configurations 
Table 3 shows the values of the total energies and parameters calculated for 
the isoelectronic series from He to C** in the ground state (1s)?45 using both 
the wave functions (1) and (3). The same table also lists the Hartree-Fock 
energies, the total energies of the function(1) when «= 0, and also the experimental 
values. Some comments may be given on the figures in the table. Comparison 


of the second and the sixth columnsshows that the 1s-function(3) isalmost equally 
( 21-2 
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Table 3. Comparison of Total Energies for Atoms and Ions in the 
(1s)? Configuration obtained by various Wave Functions 


Atom The 1s- Function 


or ion Uc Ses a) function eae (1) when Exptl. 
Ewe a k ak (1) Se a=0 

He — 5-723 B00" :36607. 146 =. 7 23 ee O95 — 5-807, 

Li —14-472, 3-62 0-688 2:49 —14:-473 —14:-420 —14-445 — 14-561 

Be?4 —27:222 3°36) 1-046) eben — 27-223 2 al) — 27-314 

Bea —43-972 3:23 1:397 4:51 —43-973 -- —43-945 —44-071 

(@A2 = 64-720, 3:15 71-748) SeSi)” —104-722 -- — 64-695 — 64-834 


as good as the three-parameter function (1). For helium both functions give the 
same energy value, up to the third decimal place, as that reported for the Hartree- 
Fock function. ‘This Hartree-Fock energy which is essentially different from 
that reported by Bethe (1929), is taken from Wilson (1935). According to the 
theory, however, the self-consistent-field approximation including exchange 
should give the lowest energy which is obtainable by separated one-electron 
functions. Hence, there may be an error in the Hartree-Fock energy quoted by 
Wilson. ‘This energy should be appreciably nearer to the experimental value, 
and there is reason to believe that the value — 5-734 Ryd earlier reported by 
Bethe (1929) is more correct than the later value —5-723 Ryd. Obviously the 
Hartree-Fock energy for the lithium ion reported by Fock and Petrashen (1935) 
istoo highandincorrect. ‘The same energy for Be?* is taken from data by Hartree 
(1935). It seems probable, however, that we could obtain a lower Hartree-Fock 
energy for Be?* by using the 1s-function given by Hartree in a later paper (1936): 
but the energy integrals would then all have to be recalculated. 

It is interesting to consider the energy values in the second column of table 3 
obtained with our two-parameter function (3). By comparing these values 
with those in column six, we see at once that there is a very slight difference of 
energies of the function (1), more noticeable when the atomic number increases. 
We conclude therefore that, although this defect in (3) is mainly due to the some- 
are poor approximation b/a=2 in (5), our 1s-function (3) is still remarkably 
good, 

The functions (3) and (4) also give a good approximation to the Hartree-Fock 
energy for the lowest triplet state of helium, namely — 4-349 Ryd. 


3.2. Three-Electron Configurations 


The values of the parameters are summarized in table 4 together with total 
energies and ionization energies obtained by the functions (3) and (4) for the 
series isoelectronic with Li in the ground state (1s)?(2s) 2S. The tables 5 and 6 
give a comparison of the quantities given in the second and third columns of 
table 4 with experimental values and energy values associated with other related 
functions. 

. Some comments may be given on the figures in tables 4 to 7. It 
will easily be seen from the tables that our two-parameter function (3, 4) shows 
lower calculated energies than any other separated one-electron paneene “es 
viously reported for the ground state of this series. hus according to the ee 
accepted energy criterion, this function is the best approximation to the Farell 
Fock 1s- and 2s-function, From table 5 it follows that the improvement in total 
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energy is appreciable, decreasing from 0-19°% for Li to 0:03% for C3+. This is 
mostly due to the more flexible 1s-function (3) used in our calculations. 


Obviously the Wilson three-parameter 2s-function gives the best ionization 


Table 4. The Energies and the Corresponding Parameters calculated for the 
Series from He to C3* in the Ground State 


Atom Total Ionization Parameters 

or ion energies energies a k ak 
He- — 5:694 4-62 0-250 1:16 
Li — 14-865. 0-393 6c6r7/ 0-672 2°47 
Be* — 28-553 ib SAl 3-04 i oslisytl 3°50 
Bes —46-749 DET DAYS 1-636 4-50 
Ces: — 69-449 4-728 2-60 2:119 Syesytl 


Table 5. Comparison of the Total Energies with those obtained 
by other Functions 


Atom 2-parameter fn. (3, 4) Wilson’s function Slater’s function 
or ion E vale Diff (%) Ecale Diff(%) Ecale Diff (%) Exptl. 
He- — 5:694 
les — 14-865. 0-61 — 14-838 0-80 — 14-836 0-81 —14-957 
Bet —28-553 0-35 — 28-528 0-44 —28:517 0-48 — 28-653 
as — 46-749 0-24 —46-726 0:28 — 46-700 0-34 —46-860 
Get — 69-449 0-18 — 69-426 0:21 — 69-380 0:28 — 69-574 


Table 6. Comparison of the Ionization Energies with those obtained 
by Wilson’s Function 


Atom 2-parameter fn. (3, 4) Wilson’s function 

or ion Tavis Diff (Ryd) iahonts Diff (Ryd) Exptl. 
1 0-3930 0-0033 0-3931 0-0032 0:3963 
Bet (Negeitl 0-008 1333 0-006 1-339 
[Bere 2-777 0-011 2:780 0-008 2:788 
Cer 4-728 0-012 4-730 0-010 4-740 


Table 7. Comparison of Total Energies and Ionization Energies for Li with 
those obtained by various Analytic Functions 


Total Ionization 


Functions heroes Diff (°%) eat: Diff (Ryd) 
Exptl. — 14-957 03963 

Hartree—Fock 0:3934 0-0029 
Author — 14-865; 0-61 0-3930 00033 
Wilson — 14-838 0-80 0:3931 0-0032 
MYH — 14-838 0-80 0:3926 0-0037 
Zener — 14-837 0-80 03913 0-0050 
Slater — 14-836 0-81 0:3905 0-0058 
Eckart — 14-784 1:16 0:3392 0-0571 


energy, but as can be seen from tables 6 and 7, our two-parameter 2s-function 
is almost equally good, the energy difference (correct to three decimals) increasing 
only from zero to 0.04% for C*+. To facilitate a comparison with the Hartree— 
Fock energy, the figures in the first row of table 6 and in the fourth column of 
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table 7 are given to four decimals; to the best of the author's knowledge, no 
Hartree-Fock energy for the other members of this series is yet available. It 
must be noted that the energies calculated by Wilson’s, Zener’s and Slater’s 
functions are taken from the original paper by Wilson (1933), and the MYH 
energy value has been accurately recalculated up to the fourth decimal place by 
using the best parameters reported by Duncanson and Coulson (1944). 


3.3. Four-Electron Configuration 


The wave functions (3, 4) of the component orbitals have also been applied 
to the members of the series isoelectronic with beryllium. In table 8 are listed 
the values of the total binding energies and the appropriate parameters calculated 
for this series. It may be noted once more that we are solely concerned with the 
atom and the ions in their ground states (1s)?(2s)? 1S. 


Table 8. Calculated Energies and Parameters for the Series from Li- to C?* 
compared with the Experimental Values 


Atom ‘Total energies Parameters E(A?2+)—E(A) 
or ion Ete Exptl. Diff (%) a k ak Calc. -Exptl: 
bat — 14-832 4-10) 07520) 2-13 
Be —29-145 — 29-338 0-66 3-48 0:995 3:46 1:932 2-024 
Bt —48-450 —48-708 0-53 3:13 1-431 4-48 4-478 4-637 
C25 — 72-766 — 73-093 0-44 2:93 1:874 5-49 8-045 8-259 


Table 9. Comparison of Total and Ionization Energies for Be with those 
obtained by various analytic Wave Functions 


: Total energies E(A?*)— E(A) E(At)— E(A) 
Punccicns ey Diff (%) Calc. Diff (Ryd) Calc. Diff (Ryd) 
Exptl. —29-338 2-024 0-685 
Boys —29:274) 0-22 
Hartree-Fock —29-159® 0-61 1-924 0-100 
Author — 29-145 0-66 1-923 0-101 0-590 0-095 
Wilson —29-119) 0-75 1-924 0-100 0591 0-094 
MYH —29:119 ® 0-75 1-924 0-100 
Zener —29:115 0-76 1-921 0-103 
Slater —29-113) 0-77 1-918 0-106 0-596 0-089 
Fock— 

Petrashen — 29-060 0:95 1-865 0-159 


‘) This value obtained by the poly-detor variational method comprises also some 
contributions from the angular correlation energy of the electrons, and it is only included 
here for the completeness of the table. 

®) The Hartree-Fock value for the ionization energy, namely 1-924 Ryd, is taken from 
Hartree (1936); by adding the energy value of 27:235 Ryd for Be?+ as reported by Hartree 
(1935) we get the total energy of 29-159 Ryd. 

® This total MYH energy has been accurately recalculated by the author using the 
best values of the parameters reported by Duncanson and Coulson (1944). 


‘) These energy values which were not available for Be, have been variationally 
determined by the author. 


The results presented in table 9 are very interesting and show clearly that 
the two-parameter function (3, 4) also gives a better approximation to the total 
Hartree-Fock energy than any other separated one-electron function previously 
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reported for the ground state of Be. It follows from table 8 that the goodness 
of the function is nearly the same for the whole series. It must be remembered 
that Boys’s poly-detor function does not use separated orbitals, but that it does 
take into account the mutual polarization of the electrons. 

When considering the results given in the fourth column of table 9, it will 
be seen immediately that both Wilson’s and MYH’s functions give the same 
energy value to three decimals as the Hartree-Fock function. However, since 
the Hartree-Fock function must give the lowest energy, this is a very strange 
situation, which leads us to believe either that the Hartree-Fock energy for Be 
is still incorrect, or that there is some error in our own energy calculations. For 
that reason we have checked our own numerical work with great care, for in the 
MYH case when the parameters already determined by Duncanson and Coulson 
were used no error was detected. Although Wilson’s and MYH’s 2s-functions 
are apparently very good approximations to the Hartree-Fock function, our 
two-parameter 2s-function gives almost an equally good approximation as can 
be seen from the same column in the table. When the goodness of a function is 
determined by the well-known criterion, namely the lowness of the calculated 
energy, it is obvious that the very simple Slater’s function is also a fairly good 
approximation to the 2s-orbital in a (2s)? group. The results which are given 
for the ionization energy E(A*+)— (A) in the last two columns of the table, are 
a little confusing. It will be seen that Slater’s function gives the best energy 
difference, even much better than Wilson’s function, but this is doubtless due 
to an erroneous energy value for Bet calculated by Wilson (1933) when the 
Slater function was used. Finally, it must be noted that, to the author’s 
knowledge, so far no Hartree-Fock value for the ionization energy E(At) — E(A) 
is available. 
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Abstract. The departure from exact 180° angular correlation of quanta resulting 
from positrons annihilating in various materials has been measured. This 
provides data as to the momenta of the centres of mass of the annihilating electron— 
positron pairs. It does not appear possible to account for the data on the 
assumption that the positron achieves thermal energy by lattice collisions before 
annihilating, so that such measurements may not be simply related to the 
momentum distribution of the more loosely bound electrons in the absorbing 
substance. 


§ 1. INTRODUCTION 


HE departure from exact 180° angular correlation between annihilation 

quanta in the two-quantum annihilation process has been measured with 

some precision by various workers (de Benedetti et al. 1950, Argyle and 
Warren 1951, Griffiths and Warren 1951, Maier-Leibnitz 1951). It may be 
shown from conservation of momentum and energy that the residual momentum 
p of the mass centre of the annihilating positron and electron is given by the 
expression p = mc, where 6, is the departure from exact 180° angular correlation 
of the two quanta emitted, m is the rest mass of the electron, and c is the velocity 
of light. ‘The expression is valid in the region where @ is a small angle. 

In his book Heitler (1944) shows that positrons of initial kinetic energy 
approximately 1 Mev lose energy in passing through a solid by ionization and 
excitation processes, until they reach an energy so low that such processes do 
not occur. Only 2 or 3%, of the positrons are annihilated ‘in motion’ and the 
subsequent rate of annihilation is determined by the number of effective electrons 
per unit volume. ‘This slowing down process to energies of a few tens of electron 
volts would take only 10-1! to 10-12 second. 

In order to analyse the final stages of the annihilation process more exactly, 
de Benedetti e¢ al. (1950) postulate that subsequent energy loss may occur by 
inelastic collisions with the lattice and that, in a metallic solid, the positrons are 
thermalized in a time of the order of 10-1 second. Such thermalized positrons 
may then diffuse through the lattice, preferentially occupying interstitial positions 
due to the Coulomb repulsion by the positive ions, and hence annihilate with the 
outermost electrons. In this way de Benedetti et al. show that the average 
residual momentum p,, depends partly on the momenta of the thermalized positron 
and more particularly on that of the annihilating electron. Consequently it 
was possible that measurements of p,,, might give information as to the momentum 
distribution of the outer electrons in solids, in contrast to the average momentum 
of the complete electron configuration obtained from measurements of the profile 
of the Compton line in x-ray scattering. 


The Angular Correlation of Annihilation Radiation 305 


: The experimental work referred to above showed that the relation between 
N(c), the coincident counting rate in the plane of the measurements determined 
by the two annihilation quanta detectors, and 6 was a very simple one viz. : 
N(c) oc exp(—6/0), the relation being a very good fit in some cases and poorer 
in others. ‘The values of the average centre of mass momentum may be deduced 
from such data using p,,=2mceé, (de Benedetti et al. 1950). ‘The values so 
determined, although of the right order of magnitude, did not vary in any systematic 
way among the substances investigated. It seemed of interest to repeat the 
measurements with rather greater precision and with a wider variety of positron 
absorbers in the hope that the final details of the annihilation process might be 
elucidated thereby. 


§ 2. EXPERIMENTAL 
(1) Source of Positrons 


All the measurements were made at the Laboratories of Atomic Energy of 
Canada Ltd., Chalk River, where, owing to the high neutron flux available from 
the heavy water nuclear reactor, extremely thin yet powerful sources of ®Cu 
positrons could be made. Activated copper foils, less than 0-0005 in. thick, 
gave a high flux of positrons with very little internal annihilation (less than 10°). 


(11) Counting System 

A coincidence circuit of the Bell and Petch type was employed (Bell et al. 
1952). The detectors were two 1in.x1lin.x+in. crystals of trans-stilbene 
mounted on the ends of two 11 stage E.M.I. photomultipliers (type 5311). The 
coaxial lines from pulse shapers in the head amplifiers were shorted by a stub 
giving a resolving time of 4x 10-*% second. ‘This resolving time was measured 
in two ways: firstly by using true coincidences from a positron source and varying 
the length of line between a pulse shaper and the shorted stub and plotting 
coincidence rate against pulse delay time, and secondly by taking random 
coincidence rates using the counters at large angles from the 180° position. 


(111) Geometrical Arrangement 


The counters and source were mounted at a height of three feet from the 
floor in the middle of a large room to reduce scattering effects. One counter was 
rigidly fastened to the end of a table; the other was attached to the carriage of 
a travelling microscope to allow a precise determination of 6. ‘The source consisted 
of a sandwich of activated copper foil placed between two sheets of absorber of 
sufficient mass to stop all the emerging positrons within them. This sandwich 
was placed in a slot cut into the end of a round rod, 1 in. in diameter, of air filled 
polystrene (styrofoam) of density 0-02 g cm *, which was in turn fastened to 
the top of a block, 6 in. x 4 in., for rigidity as shown in figure 1. For absorbers 
in the form of powders, holes of the correct depth were carved into styrofoam 
blocks which were then filled, clamped together on the copper foil, and positioned 
on the main styrofoam pillar. 

The apparatus was arranged as in figure 2. ‘The source (1 cm x 3 cm) was 
turned through a small angle to decrease the gamma-ray path through the source 
itself and also to present a source of constant width for different thickness of 
absorbers. ‘The angie in the horizontal plane subtended by the source at the 
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detector was 0-08°; that of the detector at the source was 0-25°. The 180° | 
counter-source—counter position was established roughly with a tightly stretched 
thread, and was more precisely determined in each material by counting over 
a small angle at the 180° position. 

| 


Cu Foil 
Absorber Absorber 


(i Styrofoam | 
|r rs ES : 
ee ae | 


: Fixed Counter Stilbene Stilbene: 
fi Crystal Crystal 
me Ix | «IA edie 4 
j 145 cm jooes ee 
Styrofoam | _. | Fixed 
’ 4 Movable Source Counter 
Movable Counter Sous 
Absorber-——> =s=:.—.0-0005" Cu Foil 
Source ik Se 
Figure 1. Positron source. Figure 2. Experimental arrangement. 


(iv) Counting Rates 
The activity of a source at the beginning of a run was of the order of 200 
millicuries. ‘This gave a single channel counting rate of about 80000 counts 
per minute and a coincidence rate at 6=0° of about 1000 counts per minute. 
The chance coincidence rate was about 0:5 count per minute. ‘This allowed the 
true coincidence rate to be measured out to @=1-8° at which point the true rate 
became equal to the chance rate. 


§ 3. CORRECTIONS TO THE OBSERVED DATA 


(a) Counting corrections. ‘The values obtained for the observed coincidence 
rate were corrected for the source decay, the accidental coincidence rate and for 
the dead times of the circuits. 


(b) Geometrical corrections. The finite width of both the source and the 
counters contributes little to the shape of the (V(c), #) curve, the effect being a 
slight decrease in the slope and hence of 6) (Griffiths and Warren 1951). This 
has been neglected here since the prime purpose of the experiment was to make 
a comparison between curves obtained with different absobers rather than to 
determine accurately the absolute magnitude of the quantity 6, and to this end 


the source and counter widths were kept as constant as possible for all the materials 
investigated. 


_(¢) Scattering corrections. Compton scattering is negligibly small for the 
thickness of absorbers used in the experiment. Likewise scattering from the 
surroundings has no significant effect on the measured coincidence rates. 
Rayleigh scattering has been demonstrated by Moon (1950) to be up to 100 
times as great as Compton scattering at small angles. Measurements made by 
Storruste (1950) were in agreement with the cross-section values as calculated by 
Franz (1935) for this process. The cross section for scattering in the case of 
high Z absorbers is large enough to be significant, as shown in the calculated 


COINCIDENCE RATE COUNTS PER MINUTE 
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corrections to the experimental data in figure 3, where the broken curve represents 
the plot of the uncorrected values of the coincidence rate against angle in each case. 
In the case of low Z elements, such as lithium, the Rayleigh scattering cross section 
is also of negligible magnitude. 
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COUNTER DISPLACEMENT (cm) COUNTER DISPLACEMENT (cm) 
Figure 3. Effect of correction for Rayleigh Figure 4. Angular correlation for annihilation 
scattering. in copper and ‘Teflon. 


The cross sections were calculated for single Rayleigh scattering of quanta 
from inside the region of geometrical overlap into angles outside of this region. 
Since the number of coincident quanta outside of this region was much smaller, 
their effect on the scattering correction was not significant. A numerical 
integration was therefore carried out over the experimental (Nc), 0) curve. 
As an example, with a gold absorber the cross section for scattering into 10~4 
steradian (the angle subtended by the detector at the source) varied from 
7 ~<10-** cm? at 0-4" to 1x 10-* cm? at 2:0°. The large Z dependence reduced 
these values by a factor of 1000 in the case of lithium. In no case did the 
integrated effect account to more than 0-8 count per minute at an angle of 1-2°, 
which was the value observed for uranium when the coincidence peak height was 
1600 counts per minute. 


§ 4. RESULTS 
(1) Annthilation in Copper 
A comparison of these results (figure 4) with those of previous workers shows 
that the results obtained are very similar. The value obtained for 4) (3-80 x 10°? 
radian) uncorrected for finite source and counter width, agrees with the value 
given by Griffiths and Warren (1951), 3-81 x10-* radian. The thickness of 
absorber was increased by a factor of 6 to determine the effect of scattering. 
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The similarity of results obtained from the thin and thick source verifies the 
assumption concerning the small influence of scattering. An exponential type 
of dependence between N(c) and @ of the form N(c) = No exp (— 4/4) appears to 
hold quite accurately over the angular range studied. 

The only other case found of such a close, simple exponential type of 
dependence was for a Teflon absorber. This is displayed on the same plot 
(figure 4). 6, for Teflon, however, was different from that of copper, being 
ZO x10 radian: 

(11) Other Substances 


A series of metals, salts, insulators and co-valent compounds were used as 
absorbers in an attempt to establish a dependence of the shape of the (Vc), @) 
curve on some property of the positron absorber. ‘The thickness of the absorber 
in each case was the mass thickness required to stop the positrons completely 
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Figure 5. Angular correlation for annihilation Figure 6. Angular correlation for annihilation 


in Ag, Au, Cd, Pb. nav ES (OOM, tS, (CSCI, I, IKON, Wall. 


within it. Since the source assembly was turned through a smal} angle (figure 2) 
substantially constant source widths were used, except in the case of materials of 
very low density suchas lithium. The geometrical regions of overlap, determined 
by a straight line between the extremes of the counters and the source, are marked 
on all curves. The results are displayed in figures 5, 6, 7. 

The statistical fluctuations varied from 2°, on the peaks of the curves to 6%, 
at the tails. ‘The counting rates were not normalized to a fixed source strength 
as the display of the measurements would then become very confused. 
Normalization of the curves with respect to source strength, and a further 
correction due to the variation in photoelectric absorption among the various 
substances, does, in fact, give a set of curves which are closely superimposed. 

It is immediately obvious that a ‘good’ exponential dependence of the 


coincidence rate with angle is not a general rule. Groups of materials have the 
same general shape. 
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The results for a group of metals, figure 5, exhibiting similar dependence of 
N(c) on @ but varying in electronic shell structure and therefore having momentum 
distributions for outer electrons which would not be expected to be the same, 
seem to rule out dependence on this property. 

In figure 6 the results are displayed for several metals and salts, covalently 
bound compounds, and an insulator. There would seem to be no pronounced 
dependence of the shape of the (N(c), @) curve upon lattice structure or chemical 
binding. In particular the measurements made with the lithium halide absorbers 
do not show any significant variations with a change in the nature of the negative 
ion. 
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Figure 7. Angular correlation for annihilation in Be and Li. 


One anomalous curve was obtained, figure 7. ‘There appears to be an 
inflection in the (Vc), @) curve for a beryllium positron absorber at about 1-1°. 
In view of the magnitude of statistical fluctuations existence of this inflection can 
be questioned. ‘The momentum of the annihilating pairs giving this inflection 
would be 2-65 me/137. 

Thus to summarize: 

(1) No curves, with the exception of those for copper and Teflon, appear to 
be simple exponentials. . . | 

(2) The table shows that the values of p,, are independent of density, atomic 
number and valency. Likewise there appeared to be no dependence on lattice 
spacing, lattice structure or chemical binding. ‘These values for Pay were obtained 
from the average slopes of the (log Nc), @) lines over the range from the end of the 
geometrical overlap region to a point at which the counting rate had diminished 
by a factor of eight. Such values serve only for comparison purposes so that 
they are given with an accuracy to +5%. : pata 

(3) Most of the curves for N(c) as a function of @ show a marked similarity 


in shape, particularly in the tails. 
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Table. Average Momenta of Mass Centre of Annihilating Pair 
(using mean slope of logarithmic plots) 


Pp A Pav 
Absorber ij A (g cm~*) (deg x 10-*) (mc x 107%) 

hai 3 a 0:53 2°6 Dee 
Be 4 8 1:8 D8 4-6 
E 6 12 2°3 BOS 5-0 
Meg 12 24 1-7 3-0 6:0 
Al 13 D7 Med} 2-4 4-8 
S 16 32 2:0 2:4 4-8 
Fe 26 56 7-9 3-4 6-8 
Ni 28 58 8-9 3-4 6:8 
Cu 29 63 8-9 3°8 7:6 
Ag 47 107 10°5 B08) 6°6 
Cd 48 iil2 8-7 309} 6-6 
Sn 50 118 TB 38) 6:6 
Au 79 197 19°3 Sos 6:6 
Pb 82 208 11-4 Sy 6-4 
U 92 238 18-6 Do 5-4 
LiCl 2-0 Del) 5-4 
Lil 3°5 2) 5-4 
CXC 3°9 Del 5-4 
CCl, 1-6 2:7 5-4 
Teflon 2:0 2:9 5S 


§ 5. CONCLUSIONS 


It is considered that these measurements were sufficiently accurate to have 
shown variations in average electron momenta in various compounds, if the current 
ideas of such momenta are correct, and furthermore if the positrons had reached 
‘thermal’ velocities in the various materials before annihilation. In view of 
the short lifetimes of positrons in various solid substances, as measured by Bell 
and Graham (1952) and others, and the fact that the lifetimes calculated on the 
basis of range-energy relationships for electrons are in fair agreement with these 
values, it would appear the the energy losses due to lattice excitations as postulated 
by de Benedetti et al. may not occur. 

An attempt to explain these results might, perhaps, be aided by a measurement 
of the (V(c), @) dependence through a change in state, liquid to solid, in order to 
check possible diffraction effects, and also by a measurement of the dependence as 
a function of temperature. It would also be of interest to see if there is a variation 
in the dependence of N(c) on @ in materials such as amorphous and crystalline 
quartz that exhibit different positron lifetimes (Bell and Graham 1952): 
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The Electrical Conductivity of Cadmium Oxide at Low Temperatures 
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Abstract. Measurements of the variation of conductivity with temperature in 
the range 1°K~250°K together with similar measurements by Wright (1951) in 
the range 100°K-700°k are compared with the theoretical expression for the 
conductivity in an ionic crystal derived by Howarth and Sondheimer (1953). 
The comparison gives the number of free electrons and the characteristic tem- 
perature for each specimen. ‘The resistance at zero temperature is discussed in 
relation to impurity scattering and crystalline boundary resistances. 


§ 1. INTRODUCTION 


ADMIUM oxide has a cubic ionic lattice structure. In general it exists 

with a non-stoichiometric excess of cadmium atoms which take interstitial 

positions in the lattice. The concentration of these ‘impurity centres’ 
in compressed powder specimens depends largely on the previous treatment, both 
thermal and mechanical (Wright 1951). In the case of heavily compressed and 
very heavily sintered specimens, which concern us here, it is considered that 
the impurity centres are ionized at all temperatures so that the concentration 
of free electrons is constant (Wright 1951). Howarth and Sondheimer (1953) 
have derived an expression for the resistivity due to the thermal vibrations of the 
lattice ions on a wave-mechanical basis, assuming a single vibrational frequency 
for the lattice. ‘lhe experimental results extended down to 1°K will be com- 
pared with the theoretical expression for the resistivity for the special case of a 
constant concentration of free electrons and high degeneracy. 


§ 2. MEASUREMENTS 


Specimens of sintered cadmium oxide were prepared by heating the 
compressed powder at 1000°K for 24 hours. ‘The specimens were ground to 
small rectangular slabs about 20mmx4mmx1mm. Each specimen was 
clamped at either end by two pairs of copper terminals; one of each pair acting 
as potential probes and the other two as current leads. Continuous readings of 
temperature and resistance were made in the range 20°K—250°x whilst the specimen 
was heating up, the temperature being measured with a platinum resistance 
thermometer. ‘This thermometer and the specimen holder were wrapped 
together in metallic foil, and the rate of heating was kept to less than 1°k per 
minute, so that the temperature of the thermometer and the specimen should be 
appreciably the same. Measurements were also made in the range 1°k—4°xK 
using the cryostat attached to a Simon liquifier, and in this case the temperature 
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was measured from the helium vapour pressure. In both cases the specimens 
were surrounded by an atmosphere of helium. The graphs show the results of 
two separate runs of measurements on two different specimens. 


§ 3. Discussion 
Howarth and Sondheimer give the following expression for the conductivity 
in an ionic crystal : 
_ 16a*Mi,k? T?(e? — 1)G(CzT) 1 
c= See = = a ec (1) 


in which a is the interatomic lattice distance, 1/M the sum of the reciprocals of the 
ionic masses, 2 =hvy RT=©/T (where © is the characteristic temperature of the 
substance), and ¢ is the Fermi energy of the conduction electrons. CG bis 
a complicated function of ¢, x, and T which, for high degeneracy, takes the form 


: Cran lie Cs) 
G(¢, 3S) fh = R272 De ai /<)-e steers (2) 
This gives with equation (1) 
32OMRE 5. [ O 
C= oe T sinh? (7) SO ood 6 (3) 
() 
= AT sinh? (or) co G00 (4) 


where 4 is a constant for any given specimen and depends on the number x of free 
electrons per unit volume and hence on the impurity concentration of the specimen. 
In the degenerate case considered here 


. A (3n\28 
SS are (sr) i eee (5) 
so that from equations (3), (4) and (5) 
313 a MRA /n\4i3 
A= Sars) . mere 0D) 
Thus Wer MOAR 8 | * ip Ge Ree (7) 


where 4 is measured inohm !cm'! deg tandz in cm *. Equation (7) assumes 
a crystalline density of 8-0 g cm? and that the effective electron mass is equal to 
that of a free electron. 

The actual resistance is assumed to be the sum of a temperature-independent 
residual resistance (due mainly to the scattering by the impurity centres but also 
to the scattering at intercrystalline boundaries) and to the resistance due to the 
thermal vibrations of the lattice. Thus the resistivity takes the form 

1 
P=Ppot AT sinh{0/27) ee ava: (8) 
Jones (1951) has pointed out that this is not always true even using a particle 
treatment since the fact that two sources of scattering give rise to a free path 
formed by a reciprocal law from the independent free paths does not necessarily 
imply the additivity of the resistivities. In the case of the specimens considered 
with a highly degenerate electronic band this would not affect the problem 
provided that a mean free path could in fact be defined (Howarth and Sondheimer 


1953). 
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Suitable values of p,, 4 and @ are chosen to give the best possible graphical 
agreement. ‘I'he functions (8) with those values inserted are shown on the graph 
as full lines. The expressions for neighbouring values of © are shown as broken 


oS 
co) 


Specimen 1 Resistivity (ohm cm) 
Specimen 2 Resistivity (ohm cm) 


Temperature (°K) 


lines. ‘The values of pp, A, x and © are given in table 1 together with those 
for measurements made by Wright (1951) on more highly compressed specimens 
in the range 100°K—700°K. 


‘Tablet 
Specimen ‘Temp. range (kK) A (ohm~! cm! deg!) nn (cm~*) © (K) po (ohm cm) 
Bl 20-250 Bs HOR O2? 560 Ss Ome 
B2 1-250 2-0 Sx 1022 450 2350 
Wi 100-700 1-8 7X10? 800-1000 1:3x10= 
W2 100-250 8-0 DSO20 680 PENS) 


The values of © vary considerably from specimen to specimen. They do 
not bear any obvious relation to x or A. Measurements are at present being 
made on the variation of specific heat with temperature for various specimens. 
Comparison of values of © obtained from resistance measurements with those 
from the measurements of the specific heat would be uncertain since the assump- 
tion of a single characteristic frequency is far from exact. 

The values of 7 obtained do not justify the assumption that ¢ can be treated 
as a constant except at temperatures below about 250°k. It will be seen from 
table 1 that in the case of the specimen W1 the characteristic temperature rose 
from 800°K to 1000" in the range of temperatures above 250°K. This is equiva- 
lent to a larger conductivity at higher temperatures than that calculated from 
equation (8) and may be due to the spreading of the upper energy levels as the 
non-degenerate state is approached. In view of the necessary simplifying assump- 
tions no great reliance can be placed on values of x deduced from resistivity 
measurements. Indeed, using similar specimens Wright has deduced values of 
n of the order of 2x 10! from Hall effect measurements. The high apparent 
values of x obtained from the conductivity may merely imply a low effective 
electronic mass. 
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Itis important to note that in addition to the assumptions given above the value 
of G(¢, 2, T) is only given exactly by equation (2) at high temperatures. 
Considering the assumptions made (e.g. m and ¢ constant, Py ndependent of 
temperature), the fit of the theoretical curve to the points is very satisfactory. 
Small inconsistencies do not show up in the figure. For example for all specimens 
and all runs there were small irregularities near the oxygen point. These may 
be due to the effect of changes of oxygen pressure or they may be a true anomaly. 
Since the conductivity is dependent upon oxygen pressure (Blakemore 1950, 
Hogarth 1951) measurements below the oxygen point will always be difficult to 
interpret. 

Using a classical model an extension of the Conwell-Weisskopf (1950) equation 
for the residual resistance due to impurity scattering gives 
po= 0:0 108 or 42 ohm’cm. 9 a (9) 


‘Table 2 gives the values of py obtained from this equation for two specimens with 
extreme values of 7. The deviations of the observed from the calculated values 


Table 2 
Specimen Po (calc) Po (obs) n 
B2 Grae One 24x10 Speloz2e 
W2 Feel Oe SEOs RS SMO 


of py may be accounted for by: (1) The value of m used in equation (6) is that for 
the free electron. Ifa lower effective mass, as is used frequently in semiconductor 
work, is applicable this would lead to lower values for py calculated than those 
given in table 2. (11) Equation (9) assumes each scattering process by impurity 
atoms to be independent. This is not the case for a concentration of 
impurity of the order of 10?'cm*. Consideration of this effect would again 
reduce the values of p, calculated in table 2. (i) The effects of intercrystalline 
boundary resistances have been ignored. Consideration of this would clearly 
make the values of p, calculated in table 2 larger. Other experiments would be 
necessary to eliminate these boundary resistances but the fact that specimens with 
the same vaiue of have approximately the same value of py suggests that they 
may in fact be small. 

Measurements were made in the range 1°—4°« and it was found that the change 
in resistance over this range was less than 1 part in 10? of the change of resistance 
from 1°K to 300°K. Thisis in agreement with equation (8) using the values of the 
constants obtained above. ‘These measurements were also of interest in showing 
the absence of superconductivity in a substance whose temperature variation 
of resistance resembles that of metals to some extent. 
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The Effect of Radiative Corrections on a Charged Spin 12 Particle 
in a Constant Magnetic Field 
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Abstract. As an alternative approach to the problem of determining magnetic 
moments the S-matrix formalism for a Dirac particle in an electromagnetic 
field is re-expressed as an integral equation of the Feynman type for a one- 
electron wave function. For a constant magnetic field, the equation reduces 
to a differential equation which may be solved for the energy eigenvalues in 
a non-relativistic approximation with arbitrary radiative correction terms. 
Provided conditions resulting from gauge invariance are satisfied, application 
of charge renormalization shows that the cyclotron frequency is unaltered in 
all orders. ‘The magnetic moment derived is the same as that derived direct 
from the S-matrix. 


§ 1. INTRODUCTION 


s is well known, the S-matrix formalism has been applied with conspicuous 
success to the calculation of the anomalous magnetic moment of the 
electron. Similar calculations have also been carried out for nucleons 

though with less success because of the large value for the meson coupling 
constant. 

The basis of most of these methods (see for instance Case 1949, Karplus and 
Kroll 1950) has been to consider the matrix element between two free particle 
states for scattering by a weak periodic potential. This matrix element is then 
compared with the corresponding matrix element produced by the addition of 
a magnetic moment term to the free Hamiltonian. 

In other work, radiative corrections to the Hamiltonian for a free particle 
(Schwinger 1949, 1951) or a particle in a magnetic field (Gehenniau and Villars 
1950) have been computed, giving directly the spin dependent energy of the 
particle in a constant magnetic field, the experimentally measurable quantity, 
as is also given by the work of Luttinger (1948). Both types of method give the 
same result for the lowest order anomalous magnetic moments, but it is not 
obvious that they would continue to do so in fourth and higher orders. 

‘The latter methods show directly to the order calculated that all radiative 
energy corrections directly proportional to the magnetic field can be ascribed 
to the anomalous magnetic moment. In particular, radiative corrections to the 
non-relativistic cyclotron frequency are absent. 

The purpose of the present paper is to show how a Dirac equation for a 
particle in a constant magnetic field, modified by arbitrary radiative terms (mesic 
or electrodynamic) can be solved in non-relativistic approximation to the first 
order in the magnetic field strength, thus providing a more direct basis for the 
computation of the anomalous magnetic moment. 


“I 
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In addition, the energy eigenvalues give the cyclotron frequency. If the 
correction terms satisfy the Dyson condition for charge renormalization, and 
certain conditions resulting from gauge invariance, this frequency is unaltered 
to all orders in e, g. Applying the same conditions to the spin dependent part 
of the energy, the equivalence of the method with the conventional S-matrix 
method is shown. 


§ 2. DERIVATION OF EQUATIONS 
We may start from the integral equation formulation of Feynman (1949). 
The single particle wave function ¢(«) of a Dirac particle with charge e, mass m, 
satisfies the equation 
(x) =7 | one Ob oscae 51) yan. | le hea gtraee (1) 
where the integration is over a closed three-dimensional surface of space time 
enclosing the point x, do,’ has the direction of an inward drawn normal, the 
y, are the Pauli matrices and the usual summation convention is implied. 
Natural units are used throughout. 
The kernel A(x, x’) satisfies 
Fd Eo) rat Ol Ee 39 | dx” Oi Amie NG 3k (geo eee (2) 
G(x",x’”) is defined as the sum over all possible irreduciblet graphs which 
may be inserted into a single Dirac particle line, and which have no external lines 
other than those involving interactions with the external electromagnetic field. 
Both mesic and electrodynamic corrections are included. It is assumed that 
all renormalizations have been explicitly performed. Thus only renormalized 
masses and coupling constants appear in the equations. KA ,(x,x’) is the 
propagation factor for a Dirac particle satisfying the equation 
-i(y nig, 1m) KA (aya \=o(x—~ ): Sarl oe 
Substituting (2) into (1) operating with the free Dirac operator and using (3) we 
obtain the equation 


0d A mr 
-i( Ya +m) i) = = | antl ee TH 0 Pee Weert (4) 
It is convenient to split G into parts involving different numbers of interactions 
with the eee ae field. We write 


G(x, x’ > | Diy Dy {NT ge (Hy 5 Ky... Ny) A, (%1)- »- Ay, (%p) 


2). 

SICAL ON EA yah oe a eee (5) 
The tensor indices will be left understood except where confusion may arise. 
A” is independent of the potentials and can therefore be expressed as a function 
of the 2+ 1 coordinate differences «— x’, x,—x',...*,—%’. ‘Transforming (4) to 
momentum space, we obtain 


(yp —im)b(p) = > | dl, ...dI,A"(pj ly «»+, by)A(h)--- An (>- > I) 
—e | dlyA(I)(p—1) * saa annals aR 2.7 (6) 


+ Irreducible here means that the graph cannot be divided into two parts by a line 
cutting the open golygon of Dirac lines. 
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where 
Wo) = | dpp(p)e”*;  A(w)= | alae" 
AN (0, 205 oy.) = (2ry-+D| dp dl,...dl, A"(p; by -+-ty) 
x expt { p(s —x)— > L(x,—x') } : 
r=1 


For a constant electromagnetic field /,,, we may choose 


SS + = 
. 
. 
. 
Cae 
“NI 
— 


L 


pias, 
A) =31F asap (Oh)], 


Equation (6) then becomes 


en ae 
EB (>, ao Jick) im | i( p)= yy (eee oa Oe 


Vt 


aileang 
«| eg MnO DD petri cree (8) 


Py By 


§ 3. SOLUTION OF EQUATIONS 


We wish to solve (8) where F’,, is a weak magnetic field .7 in the z-direction 
(Fyy= y,;= 4% other components zero). Neglecting the terms on the right-hand 
side, the resulting equation is simply solved. A full discussion of many solutions 
is given by Johnson and Lippman (1949). If we suppose the x component of the 
momentum is diagonal, and for convenience zero, the energy eigenvalues are 
given by 

Eb? =m? +e (2n+s+1) 
where 7 is any positive integer or zero. 
The corresponding normalized eigenfunctions for s= +1 are 


[ ¢,(m+E) 1 [ 0 | 
| | 
into f bei meer Real en (10) 
| 0 } (2eHn)i?d, 4 
| [Det (n+ 1)P%, a5 t 0 J 


where ¢,, is a normalized solution of 


| | a 8 \ ett BB 
| resp riot (1; ~ Ps ) & =a) ~B |bn=0 
2 


Pp Op + \ op,” ops” 
eae (11) 
corresponding to an eigenvalue 
Ei = Bt (20) i an eee (12 
and 
N= (ZEB) ee ee (13) 


The wave functions are infinitely degenerate as they must be to ensure 
invariance of the energy under translations in coordinate space. ‘This condition 
is automatically satisfied by a gauge invariant theory. 

‘Taking these functions as unperturbed solutions, we can now assess which 
of the perturbing terms can contribute only amounts to the energy of O(. #3?) 
and neglect these. Since this will involve neglect of the small components of 
relation (10) in which & is involved in the combination “n the approximation 
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will necessarily be non-relativistic. From equation (11), it is immediately seen 
that p,, p, are measured in terms of a characteristic momentum of Of Fe); 
Thus p? +m? is O(#). The lowest order contribution arising from a given A” 
arises when it occurs in a scalar product of the form 


Br PF 0 0 
ML. My Myry es “nn OD, | Pope 
4 


" 


A” 


and this is clearly O(.%"?). Thus only terms with n <2 need be considered. 
Expanding the right-hand side of (8) in powers of p?+m? and neglecting terms 
which are clearly O(.7**) the remaining terms allowed by relativistic invariance 
may be reduced to the form 
A° = bo(yp —im)(p? + in?) 
11, = Lb, + thayp }+ y, {tbs + byyp + bsyl + be(lp)} 
+ Putb; + ibyyp + thoy! + byo(Ip)}+ ry dyl)(yp) 
A? 5b eyiy, + bisV uy YP +1084) + DO Da ieee (14) 


Here the 5; are numerical coefficients. ‘The Dyson renormalization procedure 
fixes the form of .\° and also asserts the relation 


Dat Dp Oa— Ind Nery ee aoa (15) 


Equation (10) shows that the expectation value of non-diagonal combinations of 
the y matrices for any state is O( #12). All matrix elements between states 
with different s values vanish. ‘Thus with the neglect of terms of O(#?) (8) 
becomes 


Jes 0d 0 Tee by 0 d 
[ vp—im+ le 5p, ’* ap, Lapre e 9 98 Pr ap, use ore 
es 0 0 ie, fO7 OF 
——— — —p,— ss === rar = () Aiewelaieie 1 
=F am (45 5 Pe GP, ) 7F 2m e& a Ops” ) Juco) ( 6) 
where 
Go=2m(mby,—bs), —¢, = S(e— by ~ mb,), me, 
Co=m(mb,—b,—b,), C3 = $n (Bq + Oy, + mby3 + mb ,;). | Fon OOM 
If we now write 
0 0 
Le | ve tim +e, (v155, n=) | 5 Ot ce (18) 


it is readily verified that all non-diagonal terms in the resulting equation give 
only energy contributions O(.#?). ‘Thus we obtain 


(i a) nee 0 0 
[ +m +H {Qe = €9)03 +1(2c, + Cy) @ a, — pr am) — 3mbo3 | Py OP, + Pe aps 


92 2 
2 aN (ieee —1 | Se ee nh By) 
gy (ape * apa) p : oe 
If a 
Pi= {4(2q, + 6) AL Gh cos G, p= {3(2c, Gat }Y 2 S10. 0 garen a (20) 


and X is a constant eigenvector of a, with eigenvalue s then equation (19) is 


satisfied by 
emg | aah (saNiathukg en X03 Eee (21) 
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Here ,F,(—.N; C; kg) is a hypergeometric function. M is any integer and 
the remaining quantities are defined by 


(2c, +c)? mb,s(2cy+Cy) g pe 8 ] 
= SF — =U, = + ; 
p 4(Cs 3 ots r 8(¢3 a c") fy areas (B/ ) eS, 
aA ee leas A—2M S wouctay (22) 
CoA eee tk * 2 4k? 
A=m — BE? + Hs(2c, — Cp). J 


For the solutions y to be integrable, the hypergeometric function must be a 
polynomial. NN must therefore be a positive integer or zero. In addition, to 
satisfy the condition of invariance of the solutions under translations in coordinate 
space, each energy eigenvalue must be infinitely degenerate. ‘This requirement 
can only be satisfied in view of (22) if B=k=1 thus fixing the values of «=3, 
y=0 and therefore },=0. We thus obtain the energy values from (22) and (17) 
on applying the renormalization condition (15) 
E2=m?+eH\2N+M+|M|4+1}+sH# {e—b; —2m(mb,, —5;)}..... (23) 

It will be observed that the non-spin-dependent part of the energy is exactly 
the same as (9) for a particle without radiative corrections, as a direct result of 
gauge invariance and the renormalization condition, and thus the cyclotron 
frequency is unchanged. ‘The only effect is the extra contribution to the energy 
of the anomalous magnetic moment. ‘This is directly deduced to be 

bs; + 2m(mb,, — bs) 


aS Bohr magnetons.  —_.... (24) 


S$ 4. EQUIVALENCE WITH SCATTERING MATRIX CALCULATIONS 


The method of abstracting the magnetic moment from the scattering matrix 
has frequently been described. ‘The matrix element for a single scattering of 


a free particle by a single Fourier component of the electromagnetic field may 
be written 


(PYM Mp —1) = —iU(p)\ah(p — 1A, (2) 
=b(p)[L.im( by ap 508 a. bi1) SAD bs > bz} a ty, (Mm? by —mb,— bs) 
+10 yy, 05 + 3(b; — mbs — 2m*b,,)} + OP?) b(p — 1A, (2). 

The free particle properties of ¢(p), %(p—/) and b,=0 are used in deriving the 
latter form. he term J, gives zero contribution because of the gauge condition 
and the y,, term is zero because of relation (15). The term a,,l, may be directly 
inte rpreted as the interaction with the electromagnetic field of an additional 
magnetic moment of magnitude e '{b; + 4(b;—mb,—2mb,,)} Bohr magnetons. 
Use of the renormalization condition (15) shows that this is exactly equal to (24). 


§ 5. CONCLUSIONS 


The equivalence of the scattering matrix and energy eigenvalue methods 
for the determination of the anomalous magnetic moment has thus been 
demonstrated. In addition the complete absence of radiative corrections (mesic 
or electrodynamic) to the non-relativistic cyclotron frequency has been shown. 


Radiative Corrections in a Magnetic Field 


is) 
i) 
— 


ACKNOWLEDGMENTS 


I should like to thank Dr. W. K. Burton, Dr. J. S. R. Chisholm and 
Professor J. C. Gunn for discussions and comments on the manuscript. The 
work was carried out during the tenure of a Nuffield Research Fellowship. 


REFERENCES 


Case, K. M., 1949, Phys. Rev., 76, 1. 

Dyson, F. J., 1949, Phys. Rev., 75, 1736. 

FEYNMAN, R. P., 1949, Phys. Rev., 76, 749, 769. 

GEHENNIAU, J., and ViLuars, F., 1950, Helv. Phys. Acta, 23, 178. 
GREEN, H. S., 1953, Proc. Phys. Soc. A, 66, 873. 

Jounson, M. H., and Lippman, B. A., 1949, Phys. Rev., 76, 828. 
KarpLus, R., and Kroii, N. M., 1950, Phys. Rev., 77, 536. 
LutTIncer, J. M., 1948, Phys. Rev., 74, 893. 

SCHWINGER, J., 1949, Phys. Rev., 76, 790; 1951, Ibid., 82, 664. 


4 
bho 
bo 


€ 


On the Identification of X-Ray Satellites 


By D. J. CANDLIN 


Department of Mathematical Physics, The University, Birmingham 
Communicated by R. E. Peierls; MS. received 8th November 1954 


Abstract. The wave numbers of Kz satellites from Z = 19 to Z = 42 are calculated 
with analytical wave functions, and the spectroscopic terms from which the 
observed lines are derived are identified. 


§ 1. INTRODUCTION 


HE Classic experimental papers on Kz satellite wavelengths, intensities and 

widths are those of Parratt (1936c) for Z= 16 to 32, and of Shawand Parratt 

(1936) for Z=30 to 46. Of the earlier results the most extensive are those 
of Ford (1932), including elements down to Z=12, but naturally the resolution 
is not so good as that of the later work. Other measurements have been made in 
France by Hulubei (1935, 1937), Groven (1949) and Morlet (1950), confirming 
Parratt’s results and filling in some gaps in the table of elements. 

In all this work the lines observed are a’, 3, #3’, x, and «,” (the a, , group) and 
another line, «”, nearer the principal «,, doublet. Wentzel suggested that 
satellites were due to atoms doubly ionized in the inner shells. Parratt (1936 a) 
showed that the excitation potential of the «3 , group in titanium was approximately 
the sum of the K and L ionization potentials, so that this group could arise by the 
knocking out of a K and an L electron from the atom by a cathode electron, followed 
by the jumping of an L electron into the K hole with emission of the «; , quantum. 
The «” line has an excitation potential approximately equal to the sum of the K 
and M ionization potentials, according to Parratt (1936 b: Z=20); this line 
would be explained on the Wentzel theory as K-' M!>+L-! M1, 

‘The most recent experimental work is that of Edamoto (1950), who has used a 

high resolution spectrometer for the elements Z = 25 to 30. He gives wavelengths 
for a3", %4,%3,%,, a’, 2”, and a number of other lines of longer wavelength (nearer the 
principal doublet), which in most cases do not seem to lie on smooth curves against 
Z. ‘hese may be due to impurities in the target or to coupling of the K hole with 
holes in outer shells. For some of the elements Edamoto observes two lines, which 
he calls %»', %)", of shorter wavelength than a,’. 

Theoretical work on Kz satellites using Wentzel’s hypothesis has been done 
by Wolfe (1933) and by Kennard and Ramberg (1934), but their conclusions did 
not agree, owing to the scarcity of experimental data. For a review and further 
references see Hirsh (1942). 

In the present work the expected structure of satellite lines due to K-1L-! + L2 
transitions for eleven elements between Z= 19 and Z=42 is calculated using first 
order perturbation theory and hydrogen-like wave functions. ‘The detailed 
agreement with experiment is fair, but the general trends with Z allow unambiguous 
identification of the observed lines. In §3 the structure for four elements is 
calculated using improved wave functions, and the interpretation is confirmed. 
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§ 2. PREDICTED SATELLITE Wave NUMBERS, 
USING HyDROGENIC WAVE FUNCTIONS 


In this section the calculation of the displacement of the mean satellite lines 
trom the mean principal line is given. By mean line is meant the energy difference 
between the mean of the initial and final configurations. This displacement is 
obtained by calculating the diagonal matrix elements of the total Hamiltonian 

2 2 2 
Deane 
t re U uw UG 
together with relativistic corrections to order «2, using antisymmetric combi- 
nations of hydrogen-like wave functions, with effective charge Z—o. 

Consider first the mean line ls'12p-1+ 2p. Let «, B, y, 8 be the configura- 
tions 1s''2p~!, 2p-*, 1st and 2p"! respectively. ‘Then the energy displacement 
required is E,—E;—E,+£,. Following Condon and Shortley (1951, chap. VI) 
we find that terms derived from e?/7,; involve two single-particle wave functions in 
each of the initial and final states, and the other terms only one. The terms 
involving only electrons with principal quantum number x > 3 are almost equal for 
a and f, and again for y and 6. ‘The discrepancies which remain nearly cancel, 
giving a negligible contribution. Similar considerations hold for terms from 
e?/r,, involving one electron with m >3 and one electron withn=1 or 2. Here the 
cancellation will not be quite so complete; in terms of an asymptotic expansion in 
Z, the remainder is O(1/Z) instead of O(1/Z?) but we still neglect it. From terms 
involving only Is electrons the energy} contribution is 


—(Z?—o*) — 4a,2(Z—0')4 for a single Is electron, 


wee & 
and 2(Z?—o2)—  (Z—o')§+ 5 (Z—o) for two 1s electons. 


Similarly, for 2s or 2p electrons, 


+ (Z?—o?) ae (Z—0")? for a single 2s electron, 
177293). 0 7 lings 7g for two 2s elect 
4 (27 —a") 39 Cao es 756 ( a) or two 2s electrons, 
é Teese = <5 1341 Wit: 
(Z2=0") z3 (Z—o')*+ 640 (Z—o) for four 2p electrons, 
Doe 447 i 
3 (Z2—o? : ~ (Z—o')* 128 (Z—c) — for five 2p electrons, 
Ogee 134155 he 
and — § (Z7—o0*)— i (Z—o )* + 256 (Z—c) for six 2p electrons. 
From terms derived from e?/7;, involving one 1s and one 2s electron the contribution 
290 ,, ; 
1S Fyo—-t Go= =79 (Z—<c) per pair 


(for example, 1s 2s? involves two such pairs, and 1s22s? four). Similarly, for Is 
and 2p electrons it is 


Wasps! 
(eG 56) 
+ In this paper the Rydberg unit 1s used, and where conversion is necessary it is taken 
- to be 13-52 electron volts. The fine structure constant a» is taken as (ALS 


ee (Z—<c) per pair, 
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and for 2s and 2p electrons 


151 : 
Fy-+G,= a2 (Z—c) per pair. 


These formulae are derived from chapters V and VI of Condon and Shortley 
(1951) and use the same notation. ‘The screening constant o will of course be 
different in the different terms. It is found (e.g. Pauling and Goudsmit 1930) 
that agreement with experiment is better for ordinary x-ray spectra if the screening 
constants for the electrostatic and spin-orbit energies are allowed to be different, 
and for this reason o and o’ have been written above. Different screening 
constants should also be taken for the F’s and G’s in the ‘ mixed electrostatic’ 
terms. 


-o 


?; . -R,* (outer) ar, | dr, 
2 


i= | R,? (inner) | z Re (outer) dr, + | 
0 Jo n 
for two shells (e.g. 1s and 2s), one of which is classically outside the other. Here 
the second of the two integrals within the square bracket makes a much larger 
contribution than the other, so that F, is approximately Z—o times the hydrogen 
value, where a is a screening constant for the outer shell. With the G’s, however, 
the main contribution comes from the overlap region, and o will be intermediate 
between the values appropriate to the two shells involved; but since the G/2 1s less 
than one twentieth of the F in the two cases (1s2s and 1s2p) in which the 
difference in o is large, the o appropriate to the outer shell is taken for all terms. 

With these assumptions the displacement of the mean line, E,—E,—E,+E;, 
is 0-118Z + Aa? Z3 +a constant term of order 1, where A isa linear combination of 
the Ca 

A (oie — 2o;, a, + Dog |) 

Pe (Ga, = Gag ope Ong?) 

+ (Sogn — 409)/ — 699” + 5agp’). 
It will be noted that only the differences of the o’ within any one shell are involved, 
and these were estimated from charge distributions in published Hartree fields to. 
give d=0-08+0-11. Thus the displacement of the mean satellite due to an extra 
2p hole is 

0-118 + (0-08 + 0-11) x»)? Z3 + constant. 
Similarly that due to an extra 2s hole is 

0-103 + (0-10 + 0-25) a»? Z3 + constant. 

For the structure of the set of satellite lines, the F’s, G’s and ¢’s required were 
obtained as follows. For the 2p~? level F,(2p, 2p) was taken as Z—o, times the 
hydrogen value and ¢,,, as Z—a, times the hydrogen value. Garstang (1951) has 
analysed the levels of the 1s? 2s? 2p* contiguration (oxygen I sequence) as given in 
Miss Moore’s compilation (1949). E(!D)—E(?P) in Garstang’s work is 6F,; 
E(*S) cannot be used since the 1s?2s?2p1!S, and 1s?2p*!S, levels perturb each 
other. Reduction of these results gives screening constants which tend with 
increasing Z to the limits oy =4-4,0,=2-8. For the present application an addition 
varying from 0:29 for Z= 19 to 0-45 for Z =42 was made to allow for the screening 
by electrons with n > 3, estimated from self-consistent charge distributions. For 
the set of ions considered by Garstang, the levels of the 1s? 2s 2p° configuration are 
also available, and values of G, (2s, 2p) and Cy, for the 2s-1 2p! configuration were 
derived and fitted to similar formulas, giving o)=3:10 and o,=2:92. The 


On the Identification of X-Ray Satellites 32 


nn 


allowance made for outer shells varied from 0-31 for Z=19 to 0-70 for Z=42. 
For the ls"'2p and 1s"! 2s~! configurations only crude estimates for the screening 
constants could be made, based once again on the self-consistent distributions. 
The values oy = 2:5 and o, = 3-0 were used in both cases. 


Figure 1. Predicted ‘ Ka,’ and ‘ forbidden’ satellites. [The ordinates are measured 
from the weighted mean of the main doublet. The region within broken lines, 
which contains the ‘ Ka, satellites’ and all the experimental points, is shown on 
an enlarged scale in figure 2. 


With these values the separations of the expected lines from the weighted 
mean of the main doublet were calculated. Out of twenty possible dipole lines, 
nine have approximately the right slope to account for the observed satellites at Z 
between 30 and 40; these can best be described 1n terms of 77 coupling, as being due 
to the hole transition 1$/. > 2p3), coupled with an extra 2s,/., 2p). or 2p3/2 hole, each 
of these possibilities giving three lines, according to the J values involved. ‘These 
lines may be called ‘ Kx, satellites’, and lie within the broken lines in figure 1. 
The two due to the hole transition 131). 2p,5—> 2ps/.? (lines A, B in figure 1) have 
much shorter wavelength, and that due to 1s,/.2p3. >2p,).” (line C in figure 1) 
has much longer wavelength, but all three are forbidden in both LS andj coupling, 
and may therefore be expected to be weak in the intermediate region. ‘The 
remaining eight lines are due to the hole transition 1s—>2p,). coupled with an 
additional 2s or 2p hole, and may be called ‘ Kx, satellites’. ‘They are also shown 
in figure 1 (between Kx, and Ka, at the higher Z values). It appears from the 
experiments of Parratt, that a satellite whose intensity is of the order of 1°% of that 
of the main doublet would be unobservable if it lay within four or five half-widths 


WwW 
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of one of the doublet components. This would prevent the observation of 
any of the ‘ Ka, satellites’, for their intensity may be expected to fall with increasing 
Z (like that of the observed satellites) in such a way as to compensate for the 
increasing separation of the predicted lines from the main doublet. 


Figure 2. Predicted ‘ Ka, satellites’ and experimental points. ‘To display the results. 
clearly, the ordinates are measured from the lower broken line of figure 1, which 
divides the Ka,—Ka, interval in the ratio —1:10. For the labelling of the 
predicted lines see table 1. 


In figure Z the ‘ Kz, satellites’ and the experimental points are shown. The 
term independent of Zin the‘ mean line’ calculation could not be reliably estimated 
and was taken to be — 1-15 for 1s"! 2p-1 > 2p? and — 1-40 for 1s-1 2s-+2s-1 2p} 
to give the best fit at the higher values of Z, where the assumption of hydrogen-like 
wave functions is more satisfactory. With these values, the line due to the hole 
transition 18,/. 284. (1) > 2sy/2 2pg (1) (line k, figure 2) would be masked by «, 
and it will be seen from figure 2 that the remaining eight predicted lines for 
Z=27 to 42 agree well enough with the experimental points to allow the origin of 
the satellites to be unambiguously identified, as in table 1. It is assumed there 
that the experimental line «, is an unresolved doublet. At lower Z the ‘Ka, 
satellites ’ also lie in the interesting region, but in any case our assumptions are not 
good enough here. In particular, we can no longer neglect terms of order 1/Z. 


Table 1 
Predicted line Correlated 
observed line 
Label in fig. 2 Hole transition involved - 
a 18})22py)2(1) ae 2P1/22P3/2(1) Xp” 
b 181/22p3/9(1) ria 2P3/2"(2) Os” 
c 181/2281/2 (0) — 281/22P3/2 (1) Og. 
d 18})22py/2(1) = 2P1/22P3/2(2) os 
€ 181/22p4/2(0) > 2P1/22P3/2(1) if3 re 
f 18}/22p3/o(2) = 2ps/2"(2) X3 
g 181/22ps/o(1) > 2ps)2°(0) 3” 
h 131/228)/2 (1) > 281/22P3/2 (2) a 
k 184/228y/2 (1) + 281/22ps/2 (1) None 


No calculations of expected intensities have been made, but it is interesting to 
note that the variation of line width against Z (Parratt 1936 c, Shaw and Parratt 
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1936) of as’, x, and «, is very different from that of «’. In table 1 de) a, and ox, 
are assumed to arise from the 1s-+2p~! configuration and «’ from the 1s-!2s~, 
Also the relative intensities for x,', x, and x, at Z=40 are roughly those to be ex- 
pected, if one uses the jj coupling values of Condon and Shortley (1951) and 
assumes that all the 1s! 2p states are equally excited. However, the curious 
fall in total intensity at Z=38 is due to lack of excitation, as is shown by the 
continuity of the line widths against Z, and the last assumption may not be justified. 


$3. IMPROVED WAVE FUNCTIONS 


In this section the satellite separations were calculated with the analytical wave 
functions of Slater (1932) which were found to agree very closely with published 
Hartree fields. ‘The relevant wave functions are 


a -a— ) 
| ties ome! 
R= je" 97" e-"" 
Re are Feb a” 


where the coefficients a, b, c, f, g are chosen so that each wave function is normalized 
in the sense 
leet dealt 
“0 
R,, and R,, are orthogonal, and the two terms of R,, are equal for yr=2. The 
parameters «, f, y, «, ¢, 7 are given by Slater for five medium light elements, and 
depend so nearly linearly on Z that interpolation can be used for other elements. 
It is assumed that wave functions of this form may still be used when the atom is 
ionized in x-ray shells, if the parameters are adjusted. 
The analytical expressions for the F’s and G’s required may be obtained by 
straightforward reduction of the integrals defining these quantities. ‘To obtain 
nS. am fs 1dU(r) 
5 Puce wae 
where U is the effective potential for 2p electrons,t U is expressed in terms of Ry, 
by means of the Schrédinger equation 


7 bed bape ee 
— 1 Se + (U4 js Ray ERap 


where Fisaconstant. ‘This gives 


4 to" ‘oe ae RO) 22 dR», a P 
ly= | | 7Rey 21 ( a dr, 


and provided that errors in R,,, are O(7*) at the origin, as Rp, itself is, the errors in 
¢,, from this formula are much less than one might have feared. 

The structure of the lines arising from the configuration change 1s'' 2p} 2p 
was calculated for Z=19, 29, 35, 40. According to Slater, y=Z—0-30 for a 
neutral atom in this range. If it is assumed that this screening is due to the Is 
electrons themselves only, a reasonable conjecture is to put y=Z—0-15 for an 
atom with one Is electron missing. In the 2p wave function the first term is 
predominant inside the maximum and the second outside. In the 2p ? configur- 
ation it is reasonable to assume that the effective nuclear charge is increased by 1/2 
inside the maximum and 3/2 outside, so that « and 8, which vary roughly as 2/2 


R,,2(r) dr, 


+ In this paragraph atomic units are used. 
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plus a constant, are increased by 1/4 and 3/4 respectively, compared with the 
neutral atom. Similarly 7 is increased by 1/2. For the 1s-+2p~? configuration 
x, n and B are increased by 5/8, 3/4 and 7/8 respectively. The results are shown in 
table 2, with the results of the calculations of §2 and the experimental lines, 
adopting the assignments of table 1. It will be seen that the agreement for Z= 19 
is still poor, but for the other elements it is improved. Particularly gratifying is 
the close coincidence of the two lines correlated with «,. It should be mentioned 
that the adjustable constant in the ‘ mean line’ was reduced from — 1-15 to —1-19 
for the calculations of this section. 


Table 2 
Line 

Element Oy” Os, Oy Os Oy” 
(a 1-98 1-34 1-40 1:28 1:19 1-14 
Ix (19) <b 2:18 13) 1-63 1:23 1-16 110 
Le a les® 1:69 1:42 22 
(a 3-90 3-38 3-08 3-06 DTD 2°42 
Cu (29) < b 4-06 Sosy 3:26 2°95 2:69 2-44 
c 4-09+ 3-40 3-08 2:74 2-50 

fa 5°53 Slit 4°57 4-56 4-01 3-68 

Br (35) < b 5°53 Sol2 4-59 4-44 4-00 3°77 
Le = 5-11 4-49 3-95 a 
fa 7-14 6:74 6:07 O22 5-46 4-96 

Zr (40) < b 7:19 6-95 6:13 6:08 S510) 5:17 
c == 6-74 6:09 5:49 — 


Row a contains values calculated from Slater wave functions, b those from hydrogen-like 
wave functions, and c the experimental values. 

+ It may be that a at 3-85 should be correlated with the calculated values, instead 
of a)” as shown here. ‘These two lines are only observed in three elements, and there is 
naturally some ambiguity. 
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Abstract. ‘The theoretical interpretation of aromatic hydrocarbon spectra in 
Paper I of this series is used as a basis for interpreting the effects of inductive 
substituents on the spectra of these molecules. It is shown that of the four main 
bands in the hydrocarbon spectrum, the « band of Clar is the most sensitive to 
substitution, and relations are derived between the intensity increase and the 
wavelength shift in the observed bands for various positions of substitution in 
benzene. ‘The theoretical results are shown to be in reasonable agreement with 
available data on the fluorobenzenes. 


§ 1. INTRODUCTION 

N the first paper of this series (Dewar and Longuet-Higgins 1954), to be 

referred to as I, a general interpretation was given of the near ultra-violet and 

visible spectra of aromatic hydrocarbons. ‘The essential feature of this inter- 
pretation was that the wave functions of the lower electronic states were simply and 
definitely specified in terms of molecular orbital configurations. ‘Though such 
wave functions cannot claim any great accuracy, their compact form makes them 
particularly useful for discussing the effects of perturbations on the observed 
spectra. 

There are two main ways in which a substituent may affect the electronic 
structure of an aromatic hydrocarbon. In the first place, if the substituent 
possesses z-electrons it may enter into conjugation with the aromatic system. 
This is normally described as the mesomeric effect. Secondly, the substituent 
will as a rule modify the potential acting on the z-electrons of the hydrocarbon. 
This effect may be described as an inductive perturbation, and will predominate 
when the electrons of the substituent are most firmly bound. Of these two 
effects the latter is easier to treat theoretically, because a purely inductive sub- 
stituent will not change the effective number of z-electrons, so that the wave 
functions of the perturbed z-electron system may be expanded in terms of 
those for the unperturbed hydrocarbon. It should be emphasized that this 
procedure is only possible when the mesomeric effect is small, or can be allowed 
for. Only the inductive effect will be discussed in this paper; the theoretical 
results obtained will therefore be of rather limited application, 


§ 2. THEORETICAL ASSUMPTIONS 
In the Lcao mo theory (Coulson and Longuet-Higgins 1947), the one-electron 
Hamiltonian is completely specified by its matrix elements between the various 
pairs of atomic orbitals in the system. ‘The same therefore applies to any one- 
electron perturbation, in particular to the inductive effect of a substituent. If 
+ Now at Department of Theoretical Chemistry, University of Cambridge. 
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this perturbation is denoted by h’, it is reasonable to suppose that its most im- 
portant matrix elements are those of the type 


B= [POR PO dr, nae (2.1) 


where ¢, is the 2p orbital of one of the substituted carbon atoms. Furthermore, 
5, may be presumed to depend only on the nature of the substituent, and not on 
the position of attachment. If the non-diagonal matrix elements J b Oh’ ddr, can. 
be neglected compared with 5,, then the matrix elements of H’ = 2,h’; between the 
various electronic states of the hydrocarbon are linear in the 6,, and may be 
evaluated once the wave functions of these states are known. It is then a simple 
matter, in principle, to determine the perturbed wave functions and their energies 
in terms of those of the unperturbed system. This programme would strictly 
require a knowledge of all the unperturbed wave functions and the matrix elements 
of H’ between them. However, it is a familiar result of perturbation theory that 
the largest terms in the expansion of a perturbed wave function arise from those 
unperturbed states whose energies differ least from that of the unperturbed wave 
function. It will therefore be a reasonable approximation to ignore completely 
the Rydberg and other high-energy states of the hydrocarbon, and to expand 
the lower electronic states of the substituted molecule in terms of the corresponding 
lower states of the hydrocarbon. To be specific, we suppose that under inductive 
substitution the ground state and the upper states of the «, p, 8 and f’ bands 
mix only with one another. ‘To generalize this assumption we should need to 
know the energies and wave functions of other electronic states, and no such 
other states have yet been identified with any certainty. 


§ 3. APPLICATION TO ALTERNANT HyDROCARBONS IN GENERAL 


‘To demonstrate the application of the theory we shall first consider inductive 
substitution in a general alternant hydrocarbon, possessing no centre of symmetry 
and no orbital degeneracy. A typical example would be phenanthrene. 

In I it was shown that if the highest bonding and lowest antibonding orbitals 
are written %,,_1, %,, and #41, +2 respectively, then the lowest excited elec- 
tronic states can be represented as follows : 

Ee =tnt mas 
Vs Van Paseo we) 
eas ra Vis. bn 44 
ne Sae\ Cm en DT ied aon +1) : 
The symbol ‘ will be used to represent the ground state. 
The matrix elements of H’ between these five electronic states are determined 


by its matrix elements between the component configurations. These may be 
evaluated from the following formulae: 


(Grn) A}, 'b,)d7=0 unless p=/ or gq=m, 

= | b,,h'b, dr lip lg 2m, 

= ie [ur’hyar it g=m, pel; 
| JOM, HV dr = V/2| Whar 
[OnE )de=W'+ [gh dye — [phd 


where WV [YH 'Y odr. 
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"The matrix elements of 4’ between the molecular orbitals are in turn determined 
by the perturbations 3, and the atomic orbital coefficients in the expansion 


p= 2.Cu? Te 


‘The matrix elements of H’ between the five states are set out in table 1. The 
relative simplicity of these elements is due to the fact that for an alternant hydro- 
carbon, the atomic orbital coefficients of a pair of ‘conjugate’ molecular orbitals 
are equal in magnitude and either equal or opposite in sign (Longuet-Higgins 
1950). It will be observed that inductive substitution causes Y’, and YW, to 
interact with ‘t’,, Y°, and ‘’,’, but that the latter three states do not interact among 
themselves, nor does ‘¥’, interact with the ground state. 

One other point of interest in table I is that the elements H’,,, and H’,,, are 
equal in magnitude but opposite in sign. We shall return to this point later. 

To calculate the energy shifts in the observed bands on substitution we make 
use of the second-order energy equations 


4 a re J i) (Fo3') 2 (E1og" )? | ea / A ” | 

AF, oz te Pe T |Ey—E, + (j= HE; T Ey = Ey! AW oes + EB, G 2) 
seri ve, ise te se AB" | ii! 

ME. Hyyl + pe + pe + et RAR +A 


etc. In these equations the energy denominators are obtained from the electronic 
spectrum of the hydrocarbon. When the equations (3.2) are subtracted to give 
the change in energy of a band, the first order terms Hp,’ and H,,,’ cancel, so that 
the observed spectral shifts should be purely second-order. For a molecule in 
which all the substituents are identical, the displacement of each band should be 
proportional to 5? where 4 is characteristic of the substituent. 

To complete the theoretical discussion it is necessary to consider how the 
intensities of the bands are affected by inductive substitution, and for this purpose 
one must evaluate the transition moments between the various electronic states. 
Since the dipole moment M is a sum of one-electron operators, the rules for 
evaluating the transition moments M,, are precisely analogous to those for deter- 
mining the matrix elements Lag ‘The transition moments between the states will 
form a matrix of the same type as that shown intable 1. ‘Table 2 gives this matrix, 
where M,=fd,erd,dr. The diagonal elements vanish because the electron 
distribution is uniform in each of the five states (see I). 

From table 2 one can draw some general conclusions about the intensities of 
the various bands. The change in transition moment for ‘I’, >‘, is given by the 
equation red a7 te Phe h Speen 63) 

OM et Oe tk pe Ls 
For o=p, f or f’,M,, is zero unless p=, in which case Hy, =0 ; and H,,” 
(pc) is zero unless p=0 or p=, in which caseM,,=0. Hence both sums on 
the right-hand side vanish, and there should be no first order change in the 
intensities of the p, 8 and f’ bands. 

This general result, based on the assignments 

Dies = ue Loe ) and Ye =Ymn—1 Pte 
remains valid, as we shall see, when owing to orbital degeneracy the states 'T’, and 
‘',, are more correctly represented as linear combinations of these two con- 
figurations. In general then the « band is the only one whose intensity will be 
appreciably changed by inductive substitution. 
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‘To find the change in intensity of the « band we put ¢=« in equation (3.3), 
and obtain 


We have calculated the relative magnitudes of the momentsMy,, My; and Mo; 
for several molecules neglecting overlap between adjacent atomic orbitals. Com- 
parison with the observed intensities of the bands indicates that although our 
wave functions give the correct order of magnitude for the intensities, they are not 
sufficiently accurate to give exact values. ‘The magnitudes of M,,,, M,; and M.,,. 
cannot therefore be reliably obtained from theoretical calculations. 

If however the contribution from the first three terms in equation (3.4) can be 
neglected, or is identically zero as in the special case of a molecule with a centre of 
symmetry, then the increase in intensity of the « band on substitution is deter- 
mined by Mo,, Mo; and M,,, which may all be estimated from the observed 
spectrum of the hydrocarbon. 


§$ 4. APPLICATION TO BENZENE 

Benzene belongs to the symmetry group Dg, which gives rise to degeneracy 
in the molecular orbitals, and causes the f and f’ bands to coincide. ‘There seems 
to be general agreement about the assignment of the lowest three electronic 
bands (G6ppert-Mayer and Sklar 1938). ‘Table 3 summarizes the relevant 
information. 

In the second column of this table y,, x2, x3, Xa, represent the singlet configu- 
rations (3 14), (bs ty), (be bby), (bo 1;) respectively; the molecular orbitals are 
to be taken in their real forms, with atomic orbital coefficients as in figure 1. 


Figure 1. Molecular orbitals of benzene (real forms). 


It was noted that in table 1 the elements H,,,’ and /7,,,’ were equal in magnitude 
but opposite in sign. Therefore when through orbital degeneracy the states 
{’, and ‘f’,, must be represented by the sum and difference of the configurations 
x, and y,, the matrix element #7,’ becomes zero. Table 4 gives the matrix 


elements of H’ between the five electronic states under consideration. 


/ Gon (ed Sloax eae ‘ Aika ’ us Cc = =A iH 
iM 0 Reel ues conn) ii "Ceo ORG Oa Ns Nive oes 


(0) Dar he 12 i ; Z 
M 0 OG ==2 OZ TOROS Sees as 
REO re ore 0 MM 0 0 on 
ies a F " i} 
tots E> RT Le! a) ai oe 0) MM 0 g i 
GA42 10 485) Ty AUB = te 
RO = oor OG Nee 0 0 iM “h 
0 ro) al : 
a ws A oh Os 


IUIZUIG ul SOILS ITUO TDI] oy} UdIMJ9aq SUOTIPIOIUT “'Y 29" YT, 


J. N. Murrell and H.C, Longuet- Higgins 


= — ING oN 0 ih 
700-0 “EL-+ oat (X aXe A oe 
OL-0 °S6-S lg (OX LIX)EA ae 
69-0 69-9 "yl SO oa 
eee LX AXEA ay 
(/) Yyisuars (Ad) As1oUd 7 : : 
sae | LiX@) UONROX EMIS JUDLUIUSISSy joquiég 


9U9ZUNg Jo SITES STUODIOI] IU YT, Ae 7987, 


334 


The Electronic Spectra of Aromatic Molecules: LI 335 


‘The energy shifts in the observed bands on substitution are consequently 
given by the equations 


bp loa le Gna © edge) 
Reg « eae i 0p i 
0 00 we E, oe i a E; == (ne e} DE, +AE, 5) | (4 1) 


{ (fap) | (Hae)? | | 
—VAW bape Sy AW Yes 708 | 
jE a a le a 
‘Table 5 gives the calculated second-order energy displacements in terms of 
29 > my ' é; 
6°. ‘The values of AZ,’ are seen to be proportional to the numbers given by 


Sklar (1942) and Forster (1947), 


Table 5. ‘The Calculated Second-Order Energy Changes of the Lowest 
Electronic States of Substituted Benzenes 


AE, = Fie a 


Substitution : aes ee a) aon DE si 
52 52 52 52 52 

1 0-0352 0-0567 0-0187 0-0567 0-0166 
1.2 0-0498 0-0567 0) 0-0267 0:0799 
ES 0-0913 0-0567 00747 0-0267 0-0467 
1,4 0 0-2269 0 0-2269 0) 

(ap ans: 0-0851 0 0-0187 0-0498 0-0166 
2, 4 0-0352 0-1702 0-0187 0-1401 00467 
i les ess 0-1681 ) 0:1681 0 0 

De 3A 0-0498 0-0567 0 0-1702 0 

Ices See 0-0913 0-0567 0-0712 0-0267 0) -6467 
ez Ax 0 0)-2269 0 0-0567 0-1702 
os ad 0-0352 0-0567 0-0187 00267 0-0467 
LP oe Ae SO 0 0 0 0 0 


‘The matrix elements for the dipole moment operator M are similar to those of 
H’ in table 4 ; in particularM,,, and My, are zero. Just as in the general case 
the p, 8 and f’ bands are unaffected in intensity by substitution, and equation 
(3.4), which gives the transition moment of the transition ‘I’)’>‘T,’, becomes 
Fos M,; ie op" Mig a Fg Mog ae FA ip: Mop: 
E,— Es Ey—Ey,  £E,—Es E,— Ey 
(This equation holds generally for molecules in which there is orbital degeneracy 
in the highest bonding and lowest anti-bonding molecular orbitals.) Further- 
more, benzene has a centre of symmetry and the transitions between the excited 
states are forbidden. Equation (4.2) thus becomes 
2S Hag Mog a Fay’ Moy (4.3) 
Fon (ere aa 
Now in benzene itself My, and My, are perpendicular vectors of equal magnitude 
and E,=E,. We may therefore write 
((Aiap')® + (Hap’)*} (Moa) 


/ 
Mo. a 


/ 
M,., 


NZ 
(Mou ) 7 (i= Es)" 
2s AE "(Moa)" 4 4 
= eee by (4.1). @ ice 3 O00 ( : ) 


Furthermore, the intensities of the £, 8’ band in benzene and the « band in 
the substituted molecule depend on (M,)” and (M,,,’)? according to the equations 


Tog = F(Eg—Eo){( Mog) + (Mog)?} = 2k(Ep— Eo) Mog)” 
and Pe Pr EPR NONI Hoel yg iyi ng ese (4.5) 
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where k is a constant. Therefore the intensity increase and second-order part of 
AE, are connected by the simple relation 
Led Es (4.6) 
AE," 2(E,— E;)(E;— Eo) 


a 


§ 5. COMPARISON WITH EXPERIMENT 


It was emphasized in $1 that the theory developed in this paper would apply 
only to those substituents which could be considered as exerting a purely inductive 
effect on the z-electrons of the aromatic system. ‘The monatomic substituent 
which most closely conforms to this requirement is probably fluorine, since its 
valence electrons are very tightly bound. 

Sponer (1954) has recently carried out an extensive investigation of the 
electronic spectra of some fluorinated benzenes, and has measured the change 
in frequency and intensity of the «-band relative to benzene. ‘These data are 
collected in table 6, together with our calculated values of AE,” and AE,” — AE)’. 


Table 6. Comparison of the Observed and Calculated Data for the « band of 
some Fluorinated Benzenes 


Substitution AE,’ AR! AE” (ESE aye. (RE Ls ee ee 
(ev) (ev) (ev) (ev) (f) 
1 —()-056782 —()-021582 4-6875 —0-0335 ()-0073 
il, 3 —(0:056752 + 0:034582 4-6987 —0-0223 0-0080 
1,4 —()-226982 —():226982 4-5666 —0-1544 0-0208 
iW ee — (170282 —0-135082 4-6012 —0:1198 0-0176 
il, BS 0) -(Q-168162 4-7753 +0-0543 0-0004 
WOR mS) —(0:226962 —()-226962 4-5370 —0-1840 — 


In figure 2, the calculated second-order change in energy of the « band for 
these fluorobenzenes is plotted against the observed change in energy. 


13 
-0:20 -0:16 -O12 -0:08 -004 0:04 
( A Ea -AEp) (ev) 


obs 
-0-04a/ 
-0-08a/" 
-012a” 
-0:16a’”” 
-0-200”" 
-0-240” 
Figure 2. Comparison of the Figure 3. A graph of 
observed change in energy 
of the a-band on fl a (AB AE ons/n 
ea n fluoro- against 
substitution with the (AE,” —AE,”)/n52 
lo 0 


calculated second-order 


for the 
energy change. fluorobenzenes. 
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According to our simple theory the line drawn in figure 2 should go through the 
origin, since the first-order terms Hy,’ and H,,,’ are equal; actually the line passes 
below the origin. ‘Two possible explanations suggest themselves. If interactions 
involving electronic states of higher energy had been included, there would 
probably have been a larger decrease in the energy of ‘I’, than in the energy of ‘’y, 
leading to a larger expected decrease in the energy of the x band. An alternative 
explanation is that there is a difference between the first-order terms H),/ and 
H,,,’ proportional to the number of substituents. ‘The change in energy of the 
g band is then related to the first and second-order terms by the following equation 


(AB, = ABs)5, =n AH (AE 2AB,") 


where 7 is the number of substituents and 4 the first-order energy difference 
H,,,—H '. A plot of (AE,—AE,),,,/n against (AE,” —AE,")/né? is shown in 
figure 3, which is seen to be a noticeable improvement on figure 2. 

Some theoretical justification for this second explanation can be obtained 
from the fact that the atomic orbitals in the ground state will be slightly smaller 
than in the excited states; there would be little difference between the size of 
the atomic orbitals in the four excited states. This would mean that 6 would have 
a smaller absolute value for the ground state than for the upper states. This 
difference would produce no noticeable change in the second-order term AE,", 
but would lead to significant (negative) first-order terms H,,’— Hp)’ etc. If we 
attribute the first-order term entirely to a difference in the element Hy’, then 
the first-order term 4 should be the same for each of the four main bands. 

From figure 3 the values of 8 and A for fluoro-substitution are found to be 


6=—0-751 ev, d= —0-017 ev. 


Aloq*!0° (f) 


0 02 O04 O06 08 410 12 
— AE)" (Eq’-£o,) (ev) 
Of 


Figure 4. A graph of the observed increase of the a-band Alo, against —{AE,”(E,’ —Ey')}/3" 
for the fluorobenzenes. 
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The increase in intensity of the x band is related to the intensities of the p, 8 and 

B’ bands by the formulae given in § 3. A graph of AJ), against 

—(AE,")(E,’ — Ey )/8” 
is shown in figure 4 for the fluorobenzenes. ‘The points should in fact lie on the 
broken line whose slope is — {/,,8?}/{2(E,,— E,)(E;— Eo)|. It is seen from figure 4 
that although the relationship is linear to a good approximation, the points fail 
to be along the line which has the theoretical slope. 

It is interesting also to compare the data for chlorinated benzenes with our 
theoretical results. Here it appears that the linear relationships which were 
observed for fluorine substitution are not so well satisfied. If we attempt to inter- 
pret those data by our equations, the change in energy is seen to be nearly all 
due to the first order term A, which increases seven-fold on going from fluorine 
to chlorine whilst the value of 8 decreases. However, this behaviour is almost 
certainly connected with the increase in importance of the mesomeric effect 
together with the decrease of the inductive effect as the halogen series is 
descended from fluorine to chlorine. 


§ 6. DISCUSSION 


It has been shown how the simple wave functions used in I for describing the 
lower electronic states of aromatic hydrocarbons provide a convenient basis for 
a perturbation theory of the spectral changes produced by inductive substituents. 
This treatment explains the most striking change in the spectrum of an aromatic 
hydrocarbon on substitution, namely that the intensity of the « band is greatly 
enhanced, whilst the p, 8 and f” bands are little altered in intensity. 

The data which are available on the spectra of fluorinated hydrocarbons are 
rather limited, but there is good agreement between our calculated energy shifts 
and the observed data of Sponer. ‘This agreement is not so good when the 
mesomeric effect becomes appreciable, as is the case in the chlorobenzenes. 

Dewar and Bavin (private communication) have recently measured the ultra- 
violet absorption spectra of the monofluorophenanthrenes. We have failed 
to interpret their results in terms of the present theory, using Hiickel orbital 
coefficients for evaluating the matrix elements. Pople in paper II of this series 
(Pople 1955) has shown that the general results proposed in I only apply strictly 
when the self-consistent field orbitals are used. As it happens, the forms of the 
orbitals in benzene are the same when calculated by either method, but the use 
of Huckel orbitals may well be the source of discrepancy in our calculations on 
phenanthrene. 

Lastly, the fact that interactions with high energy states have been neglected 
will mean that more reliance can be placed on our theoretical results for the « and 
p bands than for the f and f” bands, since the latter occur at shorter wavelengths. 

Mofhtt (1954) has given a similar discussion of inductive substitution using the 
so-called perimeter model. Relating all cata-condensed hydrocarbons to the 
corresponding cyclic polyenes, he has arrived at similar conclusions with regard 
to the effect of substitution on the intensities of the four principal bands. 


ACKNOWLEDGMENTS 
We wish to thank Professor M. J. S. Dewar for helpful discussion. One of 


us (J. N. M.) also wishes to thank King’s College London for the award of a Layton 
Research Studentship during the tenure of which this work was carried out. 


Phe Electronic Spectra of Aromatic Molecules: II] 339 


REFERENCES 


COULSON, C. A., and Loncvuet-Hicers, H. C., 1947, Proc. Roy. Soc. A, LOZ Ge 
Dewar, M. J. S., and Loncuet-Hicors, H. C., 1954, Proc. Phys. Soc. A, 67, 795. 
Forster, T., 1947, Z. Naturforsch. A, 2, 149. 

GOppeRT-Mayer, M., and SKLAR, A. L., 1938, F. Chem. Phys., 6, 645. 
Loncuet-Hicers, H. C., 1950, ¥. Chem. Phys., 18, 265. 

Morritr, W., 1954, F. Chem. Phys., Pipe SOXG). 

POPEn, J AL 4955, “Proc. Phys. Soc. A, 68, 81. 

SKLaR, A. L., 1942, F. Chem. Phys., 10, 135. 

Sponer, H., 1954, ¥. Chem. IETONS A DPA, Devil 


340 


RESEARCH NOTES 


The Mean Free Path of Slow Neutrons in Nuclear Matter 


By-Gy BAO] MOR 


Physics Department, The University of Melbourne, Australia 
Communicated by L. H. Martin; MS. received 22nd November 1954 


He variation of the low energy neutron-nucleus cross section with mass 

number 4 indicates a size-resonance effect which is particularly marked 

near 4=150 (Adair 1954, Scott 1954a). Such resonances are predicted 
by the optical model of the nucleus, which also accounts for the diffraction 
effects observed in the scattering of fast neutrons (Feshbach et a/. 1953) and 
protons (Woods and Saxon 1954) by nuclei. But quantitative agreement is 
obtained only if account is taken of the absorption of the nucleons in the 
target nucleus, by the adoption of a complex interaction energy of the form 
V=—V,(1+7¢). ‘The effect of absorption in reducing the size-resonance effect 
in the low energy neutron cross section has not previously been allowed for, 
and the observed variation in cross section will set an upper limit to the nuclear 
absorption coefficient. 

‘Taking the accepted value of the nuclear well depth of about 40 Mev with the 
usual linear relation between the nuclear radius R and A‘? leads to a resonance 
near A= 150 for KR=337, where 27/K is the wavelength of the neutron when 
inside the nucleus. ‘The scattering length a divided by R may be expressed simply 
in terms of the logarithmic derivative of the wave function at the nuclear boundary. 
For a rectangular potential well the result may be written down in terms of 
quantities which are complex when account is taken of absorption, and one must 
take the modulus of the expression fora. ‘The values obtained for a) R are graphed 
in part (a) of the diagram, and it is seen that the variation in a near resonance is 
strongly reduced by comparatively small values of the quantity ¢ determining the 
magnitude of the nuclear absorption. 

A potential well with rounded edges must, however, be used in order to obtain 
close agreement with the observed angular distribution of the scattering of fast 
protons (Woods and Saxon 1954). One such form of well was therefore tried, 
illustrated in the inset figure to diagram (b), which permits relatively quick 
computation. ‘The slope of the potential near the rim of the nucleus was taken to 
be the maximum slope of the potential used in the proton calculations mentioned, 
but the potential was taken to be constant well inside and well outside the nucleus 
instead of weakly exponential, with rounding-off at the inner and outer edges of the 
well. ‘Then the wave function, which is complex when absorption is introduced, 
has a simple analytic form over the interior region of constant potential. ‘The 
wave function was then extended to the nuclear boundary by numerical integration 
of the pair of coupled differential equations (Milne 1953) into which the wave 
equation splits, when the real and imaginary parts are separated. From the 
logarithmic derivative of the wave function follows at once the value of a/R. 

The results are shown in diagram (6). ‘The effect of taking a rounded potential 
well is to increase the variation in @ near resonance, as might be expected (Scott 
1954b). Using a potential well with a slightly longer tail like that of Woods and 
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Saxon or Scott will not increase the variation much more. The points denote 
values obtained by Adair (1954) by averaging experimental values of the low 
energy cross section over narrow resonances. Comparison of the experimental 
and theoretical variations in a R indicates that the value of Cis less than 0-1. 


(a) (4) 


Illustrating the variation of scattering length a for slow neutrons as a function of the nuclear 
radius R for mass numbers near 150, for different values of € which specifies the nuclear 
absorption, and for two forms of potential well (shown inset). The experimental 
points are taken from Adair (1954). 


The results of Scott are based on the assumption of a random variation in the 
phase of the wave function inside the nuclear boundary, and on experimental 
values of a which were not averaged over resonances and which exhibit a larger 
scatter than those obtained by Adair from the published data. Scott obtains a 
fit with these values with neglect of absorption, and with a rounded potential well 
similar in form to that used here but for the length of the tail. Any but very small 
values of € would appear to reduce the variation in @ sufficiently to upset the 
agreement. 

The small value of € suggested here for thermal neutrons is of the same order as 
the value of 0:05 obtained by Feshbach et a/. (1953) for neutrons of energies 
0-1-3 Mev. But itis notably smaller than the value of 0:24 obtained by Woods and 
Saxon for 20 Mev protons. One would not expect the mean free path of neutrons 
in nuclear matter to be so much greater than for protons, so that the results would 
indicate an increase in the mean free path at low energies. After all, a large mean 
free path for bound nucleons, which have negative energy, 1s indicated by the 
success of the independent particle model of the nucleus. 

Finally, we may remark that the maximum variation in a/R is greater at the 
lower resonances corresponding to KR=27 and 137, being 30% and 85°, 
respectively for €=0-1 and for a rectangular well, as against 20%, for the resonance 
at KR=31n. Greater variations are also apparent in the experimental results for 
elements in the region of the lower resonances (Adair 1954). 
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Positronium Formation in Gases and its Pressure Dependence 


BY 1G, . BO. eMOHR 


Physics Department, University of Melbourne, Australia 
Communicated by H. S. W. Massey ; MS. received 1st November 1954 


HE annihilation of positrons in gases takes place partly from the free state, 

and partly from the bound state known as positronium. ‘The fraction 

of positrons which decay in the second mode is given by the approximate 
formula (Deutsch 1953): 

(V,+6-8—V;)/V,<probability of positronium formation <6:8/V; ...... (1) 
where V, is the first excitation energy and I’, the ionization energy of the gas 
molecules. This result is of interest in that it predicts an increasing probability 
of positronium formation with decreasing ionization energy of the gas molecule. 
However, the inequality in (1) is derived with over-simplified assumptions, 
and its reliability is therefore open to question. It is consequently of interest 
to calculate the fractions of positrons which annihilate in different ways for the 
case of atomic hydrogen, for which the cross sections for the various processes 
involved have been calculated. 

Firstly a positron may either lose energy in various amounts in excitation or 
ionization collisions with the hydrogen atoms (Mott and Massey 1949), or it 
may capture an electron from a hydrogen atom to form ortho- or para-positronium 
in either the ground or the excited states. ‘Then, if the positronium is formed in 
the ground state, it may be excited or ionized by collision with a hydrogen atom 
(Massey and Mohr 1954), or it may decay with the production of two or three 
quanta (Deutsch 1953). If the positronium is formed in the excited state, it 
may drop to the ground with the emission of a quantum (Condon and Shortley 
1935), it may suffer ionization by collision with a hydrogen atom, or it may decay. 
The chain of processes is terminated by the annihilation of the positron. We 
suppose that electron exchange—which quenches the ortho-positronium—does 
not take place, in order to typify the case of gas molecules without an unpaired 
electron spin. 

With so many processes involved, a Monte Carlo type of calculation is indicated. 
Sets of curves are drawn for the positron, for the normal positronium and for the 
excited positronium, the relative spacings between the curves in each set being 
proportional to the relative probabilities of the possible processes the body could 
undergo (e.g. Wilson 1952). It is found much quicker in the present instance, 
however, to follow the life history of the positrons as a whole rather than singly, 
and backwards in time rather than forwards. We note that if a positron manages 
to reach an energy below 6:8 ev through collision losses, it will have insufficient 
energy to capture an electron to form positronium, so that it can only annihilate 
as a free positron. If a positron lands in the energy range 6-8 to 10-2 ev, it will 
be unable to lose further energy in excitation or ionization collisions, and—since 
free positron annihilation is very improbable in comparison—will form positron- 
ium with insufficient energy to do else but decay. Positrons in successive 
energy groups of width 1 ev above 10-2 ev are considered in turn, the fraction of 
them which finally annihilates from either the free or the bound state being readily 
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calculable for the first few groups. Soon one works back to energy groups of 
positrons which will, if they do not first annihilate, lose amounts of energy in 
collision processes which will bring them into one of the energy groups already 
considered, and their ultimate fate will immediately be known. When one has 
worked backwards to positrons of about 50 ev energy, one finds that the propor- 
tions of them which annihilate from the free and bound states respectively no 
longer change noticeably with the value of the initial energy, and the calculation 
may be stopped. 

The results of the calculation, carried out for several different pressures of 
hydrogen, supposed in the atomic form, are shown in the figure. The broad 
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The vertical separation of the curves gives the fraction of positrons which annihilate from 
the free state or from the bound state when they pass through atomic hydrogen at 
various pressures. 


features of the curves may be accounted for in general terms as follows. The 
time of slowing down of positrons is much less than the mean life for free annihi- 
lation; hence practically only those positrons which are ‘trapped’ in the energy 
region below 6:8 ev annihilate from the free state. Positronium formed with 
kinetic energy below 6-8 ev is unable to dissociate in a collision and can only 
decay, three-quarters of it from the ortho form, one-quarter from the para form. 
Ortho-positronium formed with kinetic energy above 6:8 ev is extremely unlikely 
to decay before being dissociated by collision with a hydrogen atom, owing to 
its relatively long life. ‘he shorter-lived para-positronium will, if formed with 
kinetic energy above 6:8 ey, contribute appreciably to the sum total of para- 
positronium decays; but this contribution will arise mainly from positrons with 
energies not too far above 13-6 ev, since the cross section for positron capture is 
largest at 12 ev and falls off rapidly with increasing energy, whereas the cross 
section for ionization of positronium by impact with hydrogen atoms is much 
larger except just near the threshold for ionization. ‘The decay time of para- 
positronium is comparable with the mean time between positronium collisions 
at the lower pressures, so that the amount of para-positronium formed with 
energy above 6:8 ev will increase noticeably as the pressure is diminished. 
According to relation (1) the fraction of positrons which annihilate as posi- 
tronium lies between the limits 1 and } for atomic hydrogen, whereas the values 
calculated here are seen to lie between these limits only for pressures above 
4 atmosphere. In other gases, even above } atmosphere, the fraction of posi- 
tronium annihilation may not satisfy (1), since the calculated result depends not 
na) 
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only on the ionization and excitation energies of the molecules, but to some degree 
also on the relative magnitudes of the cross sections for the various capture and 
loss processes. 

The fraction of positrons which form ortho-positronium has been measured 
for H,, He, N, and A at 1 atmosphere by Pond (1952). If one assumes that the 
ratio of para to ortho formation in these gases is about the same as for 
H at 1 atmosphere, the total fraction of positronium formation lies between the 
limits in (1). 

Experiments on positron annihilation at different pressures have been carried 
out in O, and CCI,F, by Deutsch (1953), the decay time being measured as 
a function of pressure. For O, the decay rate increased linearly with pressure 
above } atmosphere, suggesting that the positrons were annihilating almost 
entirely from the free state, a result also arrived at by Lewis and Ferguson (1953) 
in a study of the form of the annihilation spectrum. For CCl,F,, however, 
the decay rate was almost constant with variation of pressure, indicating that the 
positron annihilation was almost entirely from the bound state. Since the energy 
required to remove an electron from either of these molecules is not greatly 
different from the ionization energy of H, one would not expect this extreme 
variation in the proportion of positronium annihilations. Further experiments 
are needed to clarify the situation. 
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Charge Transfer and Ion-Atom Interchange Collisions 


By D. Ri BATES 
Department of Applied Mathematics, The Queen’s University of Belfast 


MS. received 25th November 1954 


N theoretical studies on recombination in the F layers of the upper atmosphere 
and similar problems it is important to know whether atomic ions can readily 
be converted into molecular ions in collisions with neutral molecules (Bates 

and Massey 1947). 

The most obvious mechanism to consider is exothermic charge transfer which 

in the general case} may be written 


X*++YZ>X+YZt. 


{+ For the sake of definiteness the discussion is restricted to positive ions but it is equally 
applicable to negative ions. 
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Provided the impact energy F satisfies the condition 
YAS GRAY L (AW orld Bl Vids) ae SC (2) 

where / is a number of order unity, M is the mass of the incident ion on the 6O 
scale and AF is the reaction energy in ev, the internal motion is normally able to 
adjust itself almost completely to the perturbation and the encounter is nearly 
adiabatic (Massey 1949). In such encounters the charge transfer cross section is 
small and diminishes rapidly towards zero as the impact energy is decreased. 
This general and well-known picture is in harmony with the measurements of 
Hasted (1951, 1952), Potter (1954) and Dillon, Sheridan, Edwards and Ghosh 
(1955). Except in special circumstances (cf. Bates and Massey 1954) process (1) 
would therefore be expected to be extremely inefficient at thermal energies. 

‘There is however an alternative mechanism, namely exothermic ion—atom 


interchange 
ee Ne a 7 ae ee (3)+ 


‘The characteristics of this are utterly different. Unlike charge transfer it does not 
necessitate an electronic transition. Consequently the adiabatic condition does 
not enter into consideration. ‘The process is essentially an ordinary chemical one. 
It can take place if the energy of relative motion exceeds an activation energy 4, 
which threshold may be a fraction of 1 ev or even vanishingly small. At energies 
much above 4 the ion—atom interchange cross section must fall off because of the 
growing difficulty of redistributing the momentum in the required manner. it 
may be noted incidentally that the mean translational, rotational and vibrational 
energies of the molecular ions formed would be expected to be greater than the 
corresponding energies of those resulting from charge transfer. 

In applications the rate coefficient associated with process (3) is what is of most 
direct interest. It can be expressed in the standard Arrhenius form and in many 
instances is probably quite large (perhaps as much as 107" cm*sec~') since steric 
hindrance can scarcely be unduly severe for such a simple rearrangement. 

Experiments on the passage of beams of atomic ions through molecular gases 
have up to the present been confined to the moderate and high energy regions where 
charge transfer is most favoured. In view of the possibility of ion—-atom 
interchange becoming dominant caution clearly must be exercised in any attempt 
at extrapolating the results of such experiments to obtain an estimate of the cross 
section describing the conversion of atomic ions into molecular ions at thermal 


energies. 
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+ In some cases as, for example, 


OF +0, --037+0 


the two mechanisms give the same products. 
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The Branching Ratios of *°Rb and *’*K 


By E. W. EMERY+ anp N. VEALLT 


+ Department of Medicine, University of Manchester 
t Physics Department, Guy’s Hospital, London S.E.1 


MS. received 25th November 1954 


HE assessment of the relative intensities of the individual components by 

analysis of a complex f-ray spectrum is usually an inaccurate procedure. 

In the special case, however, when there are two £-ray branches, only one 
of which leads to the emission of y-rays, a fairly accurate estimate of the branching 
ratio can be made from a comparison of the rate of emission of y-ray energy, as 
determined by the ionization chamber method (Gray 1949), with the total 
disintegration rate as determined by 47 f-ray counting (Perry 1953). 

“2K and *®Rb have decay schemes of this type. *K goes to the ground state of 
“2Ca by emission of a 3-6 Mev f-ray or by a 2:1 Mev f-ray followed by a 1:51 Mev 
y-ray; *®Rb decays by emission of a 1-80 Mev f-ray or alternatively by a 0-72 Mey 
B-ray followed by a 1-08 Mev y-ray. With y-rays of such energy internal con- 
version is expected to be negligible, and, further, energy is lost in light elements 
almost entirely by the Compton process. In these circumstances the energy 
transferred from y-rays per electron in the medium at unit distance is hv.o,6/47 
per disintegration where ,c, is the Compton absorption cross section per 
electron, and ¢ is the fraction of disintegrations yielding a y-ray. At 1:51 and 
1:08 Mev the values of .o, are respectively 0-847 and 0-916 x 10-* cm?, giving 
a transfer of energy to secondary electrons in 1 g of air at 1 cm of 3-05 kev with 
”K and 0-99 kev with **Rb for each disintegration yielding a y-quantum. 

In the measurements reported here the y-ray measurement was made by 
comparison of the ionization current produced in a graphite chamber with that 
produced by a standard radium source at the same distance. Assuming that the 
energy required for the formation of an ion pair in air is 32-5 ev, and that y-ray 
output trom 1 mg of radium screened by 0-5 mm of platinum is 8-3 réntgens 
per hour at 1 cm, the rate of energy absorption in 1 g of air at 1 cm from 1 mg of 
radium is 1-207 x 10! ev sec-'. With both the isotopes considered here the 
emission of f-ray energy is so much greater than the emission of y-ray energy that 
a significant part of the observed ionization current was due to bremsstrahlung. 
With **Rb a good estimate of this contribution can be made from the effect 
produced under similar experimental conditions by a sample of ®2P, a pure 
B-emitter of very similar energy. Assuming that the bremsstrahlung intensity 
varies roughly as the square of the maximum energy, and allowing for the presence 
of the low energy branch, the bremsstrahlung from 8*Rb would be 4°, greater 
than from a**P sample of the same disintegration rate, and would have contributed 
5% of the observed ionization current. With 42K there was no pure f-emitter 
of comparable energy available, and the effect was estimated by calculation, 
using the total energy emission given by Heitler (1944) and the approximation 
to the spectral distribution suggested by Wyard (1952). At low energies the 
calculation is unreliable owing to uncertainty in the spectral distribution and 
in the allowances to be made for absorption and for the wall effect in the chamber. 
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Radiation of low quantum energy, up to about 0-07 Mev, was therefore estimated 
experimentally by differential absorption in copper, and found to contribute 
2-0°,, of the totalionization. The effect of radiation above 0-07 Mev was calculated 
giving a result of 6°, of the total ionization, and the slight uncertainty as to the 
effective lower limit, corresponding to the cut-off in copper, has little effect on 
the result. With *K, therefore, the total bremsstrahlung effect was 8°), of the 
total ionization, under the particular experimental conditions. 

Aliquots of the solutions used’ for the A-ray measurements were assayed by 

7 P-ray counting, and the disintegration rate was so determined. In view of the 
high energy of the f-rays, self-absorption and source mounting corrections are 
small, so there should be no serious error in these measurements. 

Combining the results of the two sets of measurements, it was concluded 
that a y-ray is emitted in 8-5 + 0-5°% of disintegrations of 8*Rb, and in 10-8 + 0-6% 
of disintegrations of #K. The limits of accuracy have been estimated from 
experience of determining the disintegration rates of B-y emitters of known 
decay scheme by 47 counter and by the y-ray ionization chamber (Perry 1953), 
where it has been found that the two methods usually agree to within 5°. The 
values may be compared with the following, taken from the Table of Isotopes 
phiovanderri af. 1953). Rb: 209%, 33%, 129%: #@Ks 2597, 30%, 17%. wb is 
possible that these variations are due, in part at least, to varying degrees of con- 
tamination with !°*Cs and *4Na respectively. In the present experiments, the 
42K was prepared by irradiation of spectroscopically pure K,COs, and the °°Rb 
was purified by repeatedly recrystallizing the acid tartrate until the 6—y count 
ratio remained constant. 
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LETTERS” TO" THE DDO 


The Nuclear Scattering of Electrons by Uranium 


The differential cross sections for the elastic scattering of electrons by the 
coulomb field of the uranium nucleus have been calculated exactly for the 
energy range 0-145me2-20mc?, m being the mass of the electron. ‘The 
differential cross section, o(@) is given by Mott’s formula (Mott and Massey 
1949) 

h®o(0)= @7(1 — 6") FF *:cosec?(0/2)- GG* sec* (0/2) iene (1) 
where g=«/8, «=Ze/he, B=v/e and kh is the momentum of the incident 
electron. # and G are calculated following the procedure of Bartlett and 
Watson (1940). The ratios R of the differential cross sections obtained from (1) 
to those obtained by using the Rutherford fermula 


o(8) = (Ze?/2me?)?{(1 — 6?) Bt} cosee*(/2)\> re Metre (2) 
have also been obtained. 


The values of the differential cross sections obtained from (1) and the 
ratios R are given in the table. 


Values of o(@) and R 


# =angle of scattering in degrees, = energy in mc? of the incident electron 


E/@ 30 60 90 120 150 180 
(1) Values of o(6) 


0-145 50:165 4-118 1-391 0-744 0-527 0-473 SOE eY ane 
0-314 12-752, 1-269 0-419 0-193 0-113 0-091 ell meCrcmne 
0-666 3°783 0-412 0-130 0-052 0-023 0-016 x 10s2Ceme 
3-350 2:863 0-328 0-097 0-032 0-0080 0-0016 SCUO==2 Gane 
20-000 11-269 1-297 0-380 0-122 0-026 0-00026 10-28 cm? 
(ii) Values of R 
0-145 0-988 1-130 e527 1-836 2:013 2:075 
0-314 1-041 1-443 1-905 1-979 eee 1-661 
0-666 1-147 1-742 2:192 1:975 1-367 1-058 
3-350 1-298 2-072 2-448 1-826 0-708 0-158 
20-000 12320 2118 2:481 1-793 0-593 0-0068 


I am greatly indebted to Dr. E. H. 5S. Burhop for his keen interest in the work. 
I express my sincere thanks to Dr. B. N. Singh for providing every facility to 
complete the work. I also thank Mr. L. S. Singh for checking some of the 
calculations. 


Physics Department, H. N. Yapav. 
Patna University, 
Patna, India. 
20th December 1954. 
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Angular Correlation Parameters for Oriented Nuclei 


The population 1.) of the magnetic substates of nuclei oriented by various 
mechanisms has been exhaustively studied by Steenberg (1953, 1954). It has 
been customary to give the angular distribution of radiation from these nuclei 
as a sum of intensities /,, (#) from the M substates weighted by their population 
W(M) 

T(@)\= WNL) Oo" I me Rss es (1) 


However, in view of the extensive tabulation of various radiation parameters 
(Biedenharn and Rose 1953) for angular correlation studies, it is useful to consider 
orientation from the same point of view. We can then write (1) in the form 
(Steenberg 1952, Tolhoek and Cox 1952) 


1(0)=>.A4,P(cos=) (2) 


where the coefficient A, splits into factors: B,(T), temperature dependent, for 
orientation, C, for the observed radiation, and U, for each intervening unobserved 
radiation, so A,= B,C,U,(1)U,(2)... (see Satchler 1953, Appendix III, and 1954). 
Each factor then depends only on the orientation process, or on the two nuclear 
spins and radiation multipolarity of the relevant transition, and may be tabulated 
independently. ‘Two advantages ensue; the degree of anisotropy of radiation 
may be estimated simply from A,, and the irreducible spin moments of the 
nuclear orientation at temperature JT are given immediately by B,(7) (a measure 
of (M”"),,..). B,(T)/B,(T =0) gives the degree of polarization, and B,(T)/B.(T =0) 
the degree of alignment. 

We find in terms of the tabulated coefficients (ABufB| ABCy) (Simon 1954) 


BJ; T)=>(2J +1)?2?W(M)\(—)’ “JIM — M|JJv0). 
7 
By=1 if =y W(M) =1, and B, vanish for odd v if W(—M)= W(M) (‘alignment’). 
Explicit formulae for W(M) are given by Steenberg (1953). 
A cascade of particular interest is 2’-pole y-radiation following f-decay, 
with a spin sequence J,(j)J,(L)J5. 7 is the total angular momentum carried off 
in the 8 process. The angular distribution of y-rays is given by (2), with 


A, = BS; T)F (LI 2) UAT 1) 


where Aj=1 and U,=((2/)+ 1)(2/,4 1) — Yor? W Sod lida g): Tables 
of y-parameters F, (Biedenharn and Rose 1953), and Racah functions W 
(Simon et al. 1954) have been published. If the linear polarization of the y-ray 


is observed, we replace P,(cos 6) in (2) by 
[P,(cos 4) +«,(L) cos 26 P,?(cos 6)]. 
Numerical values of «,(L) were given by Satchler (1953). 
Curves for J =7/2 and v=1, 2, 4 are given in figure 1 for W(M)=a exp ( — BM). 
The curves for v=2, 4 also apply when W(M)=acosh BM. Normalization is 
such that By=1. Only the B, for v odd depend on the sign of B: 


B,(—B)=(—)'B,(B). 
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Curves for other J values have the same form, with a change in vertical scale ; 
the larger /, the larger B, as indicated by the asymptotic values (p= co, T =0) 
at the side of figure 1. These are given by 

Bi(B= + o)= + [3d /(U + 1)? 
[5.7(2F — 1)/(J + 1)(27 + 3)]". 


I 


Bi B= + 0) 


ae 
ah _ a 
=@4F —— Peed 
Qo ae 
ee sss ee 
e885 02 04 06 08 On mmen2 
Figure 1. Variation of B, 24 with Figure 2. Variation of B, with x=B/A 
when W(M)=a exp (—fM), for in the Bleaney method, for J=7/2. 
J=7/2. Saturation values (B=co, BAIR, when rl — Bi eae 
T=0) of Bs for other J values when x>1. 


indicated at the left. 


Tables of B, . 4 are available at this laboratory for 6=0(0-1)1-0, 1-5, 2-0, ©, 
with J =1(3) 5. 

In the Bleaney method, W(M) depends also on x = B/ A, the hyperfine structure 
constants. ‘The variation of B, with x is indicated in figure 2 for J =7/2; other 
values of J show similar behaviour. When x is small, B,(x)=(1—x?)B,(x=0), 
where the x=0 values are as for cosh BM (figure 1) with B=A/2kRT. Then B, 
departs negligibly from the x=0 value. ‘This approximation is also true for all 
x when the temperature is high. In fact, to this approximation, 


B,=o[J(J +13]! 
By = bP + 1)(2J —1)(2J +3)/5]!2 


where « and 6 are given by Steenberg (1953) for various orientation methods. 


Clarendon Laboratory, TPs Grays 


Oxford. G. R. SaTCHLER. 
23rd December 1954. 
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The Magnetic Ground State of UF, 


Paramagnetic resonance has recently been observed by Ghosh, Gordy and 
Hill (1954) in a powdered specimen of UF;. The resonance was interpreted as 
being due to ions with g,=2-8 and g,=2-1. Since, apart from complexes such 
as the uranyl ion, so little is known of the configuration and types of coupling in 
the heaviest elements, it is of interest to see what can be deduced about them from 
these g values. 

UF, grows with the Tysonite structure, which was described by Oftedal 
(1931). Each uranium has five fluorines as nearest neighbours and six as next- 
nearest neighbours. In the idealized structure the symmetry is trigonal, and 
the five nearest neighbours form a trigonal bi-pyramid. The distortion from 
the idealized structure will be ignored in what follows. 

The crystal field at the uranium was calculated by replacing these eleven 
fluorines and the six nearest U* ions by point charges and ignoring the rest of 
the crystal. Such a procedure is known to give the arrangement of energy levels 
quite well if certain plausible assumptions are made about the magnitude of the 
matrix elements concerned. ‘This calculation gives values for the crystal field 
parameters 4,°, A,°, A,° and A,°, and it shows that A,6~10A,°. ‘This notation 
and the method used to calculate the parameters are from Bleaney and Stevens 
(1953). ‘The field is expanded in spherical harmonics, and 4,” is proportional 
to the coefficient of r” Y,,” (6, d) in this expansion. 

The U** ion has three magnetic electrons. Dawson (1952) has shown that 
in this part of the periodic table the energies of the configurations 5f? and 6d? are 
nearly equal, so that the ground state of this ion is not easy to predict, and may 
even be different in different compounds. A 5f?6d' configuration has also been 
proposed to account for the magnetic properties of UCl;, UBr, and UI; 
(Dawson 1951). 

The configuration 5f* has the ground state *I,,. It is assumed that, as for 
the rare earth ions which have 4f” magnetic electrons, the crystal field is not 
strong enough to break down the coupling by which/ is a good quantum number. 
On the calculated crystal field the ground state should be the Kramers doublet 


cosa|+7/2)+sina| + 5/2), 


in which the states |.J, +6) are admixed to the state |.J,) by the Y,° term in the 
crystal field. .J, is the component of J along the principal axis of the crystal. 
The g values of such a doublet depend only on «, and are 


f= 2 (1+6cos2«) g,= sin 2x, 

The best fit with the experimental results is obtained with «=71°, when g,=2°6 
and g,=1:8. The prediction from the crystal field method is that 2=68°. 
These g values are reasonably close to the experimental ones, and a more detailed 
theory would modify them in two ways : the field would admix states with the 
same values of J, but different values of /, as in the rare earths, and deviations 
from the ideal symmetry would admix states with other values of J, (Elliott and 
Stevens 1953). 

The configuration 6d* could behave either like the majority of ions in the 
3d" group, in which L remains a good quantum number but the spin-orbit 
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coupling is broken down, or like the 4d” and 5d” groups, in which the crystal 
field is stronger than both the spin-orbit coupling and the coulomb interaction. 
In either of these cases the ground state would have g,=0 in the idealized 
symmetry. Another possibility is that the spin-orbit coupling is the most 
important interaction, as its magnitude goes up very rapidly with increasing 
atomic number. In this case there is jj coupling, and the g values of the ground 
state are g,=0-8, g, = 1-4. 

The configuration 5f26d! allows a great many possible types of coupling. If, 
as seems fen the interaction of the d electron with the crystal field and its 
spin-orbit coupling are both much larger than the coulomb interaction with the 
other electrons, then g, is less than about 0-5 in a field of the ideal symmetry. 
The ground state suggested by Dawson, *K,,., would have g, =0 with remaining 
a good quantum number. ; 

It should be pointed out that, although the language of the method of crystal 
fields has been used throughout, the matrix elements calculated in this way have 
only been used for the f electrons. The results quoted for the other configurations 
depend only on the symmetry and the order of the energy levels, which would not 
be altered by a small amount of covalent bonding. 

The configurations considered above are those most likely to occur in the 
U8* ion. It appears that, of the predicted g values for the ground-states, only 
those of the 5f* configuration are near the experimental ones, and the agreement 
is then as good as could be expected in the first approximation. 


Clarendon Laboratory, M. C. M. O’Brien. 
Oxford. 
22nd January 1955. 
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The Second Maxima in the Transition Curve of Cosmic Ray Showers 


If the coincidence counting rate between two or more Geiger counters is 
obtained as a function of the thickness of material placed above them several 
investigators (see Thurn and Bothe 1951) have found that the resultant curve 
shows two or more maxima. ‘The first is readily explained in terms of cascade 
showers; the second sharp maxima is found by some authors under 15—20cm 
of lead, but not by others (George, Janossy and McCaig 1942). For this 
reason it was decided to carry out an experiment on lines similar to that of Bothe 
et al. 

‘The apparatus is shown in figure 1, and is fully described, together with 
all results and conclusions, elsewhere (Harding 1954). Briefly, we have recorded 
the frequency of events in which one counter is discharged in tray A coincidently 
with one in tray B and at least two in tray D as a function of the lead absorber 
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thickness. Results have been corrected for changes in atmospheric pressure 
and are shown in graphical form in figure 2, curve A. The apparatus was raised 
bodily so that tray D was three feet above the ground, and the experiment repeated. 
The results of this second experiment are shown in figure 2, curve B. The 
apparatus was surrounded by side-trays E and only events which did not discharge 
these are shown in the graph. 


\ 
‘9000000009090 ' > 


Thay ARB ao 
Tray E : Tray E 
: Soi! | 
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‘Absorber, | 
| ‘ | Ne 2 03- i ee 
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\ ! | ee), : : ee ot ts — B 
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uj oh ye Ape ey 2 ee ae ee ee | ze | J 
Trays C&D PEQCCOPECOCCe 4 0 5 id i§ 20 25 30 
Rie Floor Thickness of Lead (cm) 
Figure 1. Figure 2. 


The results of figure 2, curve A indicate a secondary maximum between 
15 and 20cm of lead. Unlike the results of other experiments (Thurn and 
Bothe 1951), this is an extended, not a sharply peaked, maximum. ‘The baro- 
metric coefficient of —3°, per cm Hg, suggests that the majority of these small 
showers must be produced by the p-meson component of the cosmic radiation. 
With the apparatus above the ground a secondary maximum was not observed. 

With the apparatus on the ground, it seems likely (Harding 1954) that a number 
of events, sufficient to cause the secondary maximum, could be produced by the 
following mechanism. A single p-meson may pass through the four counter 
trays A B Cand D, decay in the ground immediately below the apparatus, and give 
rise to a decay electron which travels upwards and passes through the tray D 
within the resolving time of the apparatus. If the differential ;.-meson spectrum 
is slightly peaked in the region 15-20 cm Pb, then this process should produce 
events which would show up a secondary maximum under the conditions of the 
first experiment. With the apparatus placed well above the ground, the small 
solid angle © subtended by tray D would considerably reduce the number of 
such events. This accounts for the disappearance of the secondary maximum 
in the second experiment. 

We conclude that if sufficient care is taken to eliminate events caused by 
y-mesons and their associated decay electrons and if the lead absorber is separated 
from the shower detecting trays by about 40cm, then there is no evidence for 
a secondary maximum in the transition curve even when the apparatus is capable 
of detecting narrow angled (3°) showers. In the experiments of ‘Thurn and 
Bothe, when sharp secondary maxima were detected, the absorber and shower 
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detectors were separated by at least 100cm, but if this instrumental difference be 
the reason for the difference in results, the particles produced in these showers 
must possess unusual properties. 


Atomic Energy Research Establishment,f J. B. HarpINnc. 
Harwell, Berks. 


lst November 1954. 
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A Note on the Relativistic Cut-Off 


It has been shown that the introduction of a system of measurement into 
matrix geometry, by a process similar to that of Weyl in his theory of the relation 
between gravitation and electromagnetism, leads to the interpretation of Dirac’s 
equation as a law of gauging (Flint and Williamson 1953). It also suggests a 
generalization of this equation which has been found applicable in theories of 
the nuclear field. In a generalized form the quantum equation contains inter- 
action terms which may be interpreted as arising from scalar, vector or other 
types of field. ‘These terms fall into four groups corresponding to the four 
possible types of field and each is multiplied by a different constant, often denoted 
by the symbol g, (n=1, 2, 3 or 4). The difficulties concerning divergences 
occur in these terms and suggest that some further condition must be included 
in the gauging equation. 

It is well known in the theory of relativity that space-time can be divided 
into three domains, the future, to which signals may be sent, the past, from which 
they may be received and an intermediate region within which no such communi- 
cations are possible. An observer cannot get into causal communication with 
this region. If the coordinates of a point in it are (x, y, 2), if ¢ is the time of an 
event at the point and if the observer be regarded as being at the origin both in 
space and time, the region is characterized by the relation 


x? + y2 + 22 c2f2>0, 
This region could be excluded from consideration by imposing the condition 
that points of importance in physics must satisfy the condition 

(ge pi ie nese actos 4) 


The notation of projective geometry and of five-dimensional Riemannian 
geometry, which has proved especially applicable to quantum phenomena, 
suggests that in the region of matrix geometry the limitation : 


x2 + y2 + 22 — ¢272 + y.2 + 0 
+ Present address, Air Ministry, London S.W.1. 


it This report is obtainable from H.M. Stationery Office, London. Copies may also be 
seen in the Physical Society’s Library. 
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might apply. The coordinate x, turns out to be a scalar quantity from the point 
of view of four dimensions and in applications to particular problems it has the 
character of a fundamental length, J). 
Thus the condition 

Ct? — x2 — y?— 2? +]? 


may be adopted. ‘This is a condition reminiscent of one introduced by Yukawa 
in his theory of non-local fields.. The appropriate place to introduce this idea 
into matrix geometry or matrix mechanics is in the law of gauging, in other words 
the law of measurement. 

Let J,.c denote the minimum interval of proper time and J, the minimum 
relativistic length and let the constants of the various additional terms in the 
quantum equation contain the factor 


tis Qi Bs Qin 
| eXp ey Pm® dv/ 2 exp og es Pinx™ 0 


where m has the values 1....4 and p,, denotes a component of momentum of the 
particle concerned in the transition represented by the interaction term. An 
origin is chosen within a four-dimensional volume vy with linear dimensions /, 
and the exponential function in the denominator has the value appropriate to 
this origin. ‘The integration is made over the volume zp. If ,, is written in the 
form hi,,,A, where /,, denotes a direction cosine, the factor is unity if A>J, but 
vanishes if A</,. ‘The factor is relativistically invariant and thus acts as a 
relativistic cut-off. ‘lhe introduction of the factor in this way into the quantum 
equations makes them at the same time the expression of a law of measurement 
and of a law of limitation of measurement. Professor A. March suggested some 
years ago the introduction of a new law limiting the possibility of measurement 
(March 1951). According to this it is not possible to give significance in physics 
to intervals of length less than J, (~10°-!% cm). ‘This has led him to the introduc- 
tion of a factor similar to that given above to act as a cut-off in the interaction 
terms of nuclear field theories. 


Bedford College, es crNgs 
University of London. E. M. WILLIAMSON. 


22nd November 1954. 
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REVIEWS OF BOOKS 


Statistical Mechanics, by D. TER Haar. Pp. xix+468. (New York: Rinehart, 
1954.) $8.50 (64s.). Also produced in England by Constable & Co. 45s. 


The writer of a textbook on a branch of theoretical physics usually has to 
decide whether to follow the historical evolution of the subject, or to develop 
the subject formally and logically from certain basic assumptions. In most 
cases the former method provides the better elementary approach, and having 
grasped the problems and ideas as they arose historically, the student is in a 
favourable position to appreciate the more rigorous developments. 

In statistical mechanics the opposite is true, and a formal development 
based on a quantum theoretical statement of axioms leads rapidly to an under- 
standing of the range and power of the subject, and does not initially require 
the more sophisticated classical concept of phase space. However this can 
only suffice as a first introduction to the subject, and Dr. ter Haar’s book, which 
tends to follow the historical development, is intended for the student who 
wishes to acquire a deeper understanding of the background to the basic as- 
sumptions, and a wider knowledge of the applications. 

The book is divided into four sections. Section A deals with assemblies 
consisting of independent particles starting from the ideas of Maxwell and 
Boltzmann on the kinetic theory of gases. Section B, which is devoted to 
ensemble theory, follows along the lines of the fundamental papers of Gibbs, 
and thence proceeds to deal with the modifications necessitated by the quantum 
theory. Section C contains applications of the methods of statistical mechanics 
to a wide variety of problems ; and section D consists of a number of important 
appendices which could not easily be fitted into the text of the other sections. 
The bibliographical notes at the end of each chapter are a useful feature of the 
whole book. ‘They give detailed references to the classical original papers, 
as well as to the more recent developments, and Dr. ter Haar is particularly to 
be commended on the brief summaries of the important papers given in these 
notes. 

A substantial portion of the book is devoted to fundamental questions such 
as ergodic properties and Boltzmann’s H-theorem, and the author has here 
been strongly influenced by the work of the famous Dutch physicists H. A. 
Kramers and P. and 'T. Ehrenfest. Appendix 1 entitled ‘‘ The H-theorem and 
the Ergodic Theorem” provides a valuable summary of the various attempts 
which have been made to justify the use of statistical mechanics in describing 
physical systems. Appendix 3 on the Third Law of Thermodynamics is a 
welcome corrective to the many misleading accounts in the literature. It states 
clearly that the Law has complete thermodynamic validity and the so-called 
‘ exceptions ’ to the law arise from systems not in thermodynamic equilibrium. 
‘There are several other useful short appendices ; perhaps we may specifically 
mention those on Irreversible Processes, Intermolecular Forces, and Relativistic 
Statistics. 

Most of the new material in the book is contained in Section C. Some of 
the chapters (e.g. those on rubber elasticity and statistical methods in nuclear 
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physics) give only a brief introduction to a whole field, but are useful to the 
general student since they give an idea of the range of problems to which the 
techniques of statistical mechanics can be applied. By contras¢ the chapter 
on the Equation of State provides a compact summary of this subject, and will 
surely now become a central reference. The chapter on Co-operative Phenomena 
contains an account (albeit rather brief) of Onsager’s outstanding contributions 
to this field, which have previously been available only in original papers. The 
author points out in the preface that no attempt is made to cover all standard 
topics ; many subjects such as liquids, solutions, and lattice dynamics have not 
been considered. 

‘The present reviewer has only two very minor criticisms to offer. The list 
of references at the end of the chapter on Rubber Elasticity does not contain 
the important book of L. R. G. Treloar. The footnote on p. 256 in the chapter 
on Co-operative Phenomena regarding the relation between the binary alloy 
and the ferromagnetic is unjustified for the wider problem when the ratio of 
constituents differs from unity ; the relation established by Rushbrooke is then 
essential to a clear understanding of the problem. 

Dr. ter Haar has provided us with a valuable addition to the literature on 
statistical mechanics, and his book should be warmly recommended to all serious 
students of the subject. C. DOMB. 


An Atlas of Typical Expansion Chamber Photographs, by W. GENTNER, H. MaAtrr- 
Lerpnitz and W. Botue. Pp. x+199. (London: Pergamon Press, 1954.) 
105s. 


The cloud chamber provides us with a very direct visual approach to the 
study of the properties of atomic nuclei and high energy particles bringing in 
consequence a high degree of realism to the many and varied phenomena 
which can be investigated by this means. In an age when atomic nuclei have 
acquired an all too special significance for mankind it is not unusual to hear 
the complaint that the basic concepts of nuclear physics are too abstract to be 
understood by any but the experts. It should not be difficult, however, for 
anyone with a little knowledge of physics to appreciate and understand some 
of the fundamentals merely by studying this collection of cloud chamber 
photographs together with their explanatory captions. 

Whilst this volume deals mainly with the application of the cloud chamber 
to the study of nuclear physics and radioactivity it also includes a representative 
selection of cosmic ray photographs. ‘There are sections dealing with «, f, y 
and x-rays, nuclear transmutations, nuclear fission and artificial radioactivity. 
A description and interpretation in English, French and German accompanies 
each picture and many useful tables, graphs and diagrams have been included. 
This atlas will be of value to all who are engaged either in research or in the 
teaching of nuclear physics and the quality of many of the photographs will 
provide a standard of perfection for those who use the cloud chamber as an 
implement of research. The publishers are, to be congratulated on the high 
quality of the reproductions which has helped to make this volume a remarkable 
tribute to the elegance and power of the tool devised by C. 'T. R. Wilson. 

H, ELLIOT. 
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Nuclear Species, by H. E. Huntiey. Pp. xix+193. (London: MacMillan, 
1954). 20s; 

The expressed aim of this book is to present the systematics of nuclei for the 
honours undergraduate, and for others who are not already familiar with this 
field of study. ~The author also expresses the hope that it may serve as a general 
introduction to the subject of nuclear physics and, no doubt with this in mind, 
has leavened his text with a good deal of descriptive and historical material. 
This permits him in this first chapter to sketch the development of the subject 
from the time of Becquerel onwards, and enables him to round off the work with a 
final chapter on the origin of the elements. 

The main emphasis is, of course, on the ground states of stable nuclei and of 
nuclei with a relatively long life. The reader is introduced first to certain basic 
concepts, such as nuclear size and density, and there follows a description of 
methods of nuclear mass determination. From this point the book is devoted 
almost entirely to a presentation, in charts and tables and descriptive text, of 
what is at present known about the nuclides and their relationships. A theme is 
furnished by the set of empirical rules covering this field, and the author uses 
simple physical arguments wherever possible to show what lies behind them. 
Considerable attention is given to the study of mass defects, binding energies, and 
the stability relations of isobars. This main part of the book comes to an end 
with a discussion of the Weizsicker mass formula; it is followed by a brief 
presentation of ideas concerning nuclear energy levels, with special reference to 
the shell model and nuclear isomerism. 

The book is not entirely up to date. ‘Thus, for example, the author says that 
he is not aware of any other orderly presentation of nuclear systematics ; one 
feels that he should have been able to mention Glasstone’s Source Book on 
Atomic Energy (1950) and Feather’s Nuclear Stability Rules (1952), both of which 
contain much relevant material. Again, in the discussion of measurements of 
nuclear size, no mention is made of the recent studies of mesic x-rays and of 
high-energy electron scattering, which in yielding different results from the 
earlier methods have aroused much interest. And in a later chapter, on isobars, 
it is categorically stated that the existence of both osmium and rhenium at mass 
187 is due to a long-lived instability in the osmium, which is just the reverse of the 
present view. ‘T’hese are not, perhaps, matters of great moment in a work that is 
meant as a textbook. ‘There are, however, some more serious criticisms that 
make it impossible to recommend this book as suitable for students in its present 
form. 

These major criticisms concern errors of fact, on the one hand, and looseness 
of expression on the other. It is implied that nuclear forces are entirely of an 
exchange nature, and that mu-mesons are associated with the nuclear force field. 
It would be hard to sustain either of these views against the weight of present 
knowledge. ‘There is a gross misstatement (p. 15) of what quantum mechanics 
has to say about spins and magnetic moments. The theory of alpha-radio- 
activity (pp. 26-7) emerges in a mangled form that is likely to induce schizophrenia 
in the uninitiated reader. ‘The sketch of the nuclear shell model (pp. 161-4) 
appears to confuse the spin-orbit splitting with the separation of levels of 
different /. But what seems to this reviewer even more alarming, in a work that is 
largely concerned with nuclear masses and mass differences, is a lack of care in 
distinguishing between nuclei and atoms. Thus in tables on p. 17, and again on 
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p. 52, the proton is plainly credited with the mass of the hydrogen atom, whereas 
on p. 107 it is given its correct value. It is a pity that one is driven to make 
such criticisms, for the author has achieved his intention of making out of this 
rather awkward subject a very readable book, and if it were not marred by these 
faults it would have been a pleasing addition to the literature of nuclear physics. 

A. P. FRENCH. 


Table of Sine and Cosine Integrals for Arguments from 10 to 100. U.S. Depart- 
ment of Commerce, N.B.S. Applied Mathematics Series 32 (Reissue of 
Mathematical Table 13). Pp. xv+187. (Washington: U.S. Government 
Printing Office, 1954.) $ 2.25. 


This is a re-issue with minor modifications and additions of a table issued in 
1942 by the Mathematical Tables Project. The interval is 0-01 in the argument, 
and entries are given to 10 places of decimals. Second differences are printed in 
the table, and an ancillary table of coefficients is provided to facilitate the use of 
Everett’s interpolation formula. ; H. H. HOPKINS. 


A Concise History of Mathematics, by D. J. StRuiK. Pp. xix+299. (London : 
Bell, 1954.) 14s: 

Professor Struik has attempted to summarize the development of the main 
ideas in mathematics prior to 1900. The result is a very readable account of the 
subject for those who know rather more about mathematics than he presupposes. 
A particularly useful feature of the book is the inclusion of a good bibliography at 
the end of each chapter. H. H. HOPKINS. 
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Elastic Scattering of Polarized Protons from Complex Nuclei 


By .J..M: DICKSON, Bs ROSE. ann) D. C, SALTER 


Atomic Energy Research Establishment, Harwell, Berks. 


Communicated by D. W. Fry; MS. received 21st October 1954 


Abstract. ‘The degree of polarization obtained when approximately 130 Mev 
protons are scattered from Be, C, Al, Fe, Ag, Cd, Bi and U has been studied as 
a function of the laboratory scattering angle from 10° to 45°. Irregularities in 
the patterns so obtained may be associated with the diffraction patterns of the 
elements concerned. ‘The degree of polarization from Be and C has been found 
to fall rapidly as the proton energy is reduced below 130 mev. 


§ 1. INTRODUCTION 


REVIOUS experiments have shown that a high degree of polarization is 
produced in the elastic scattering of protons from nuclei, and that in certain 
cases the magnitude of this polarization 1s several times the free p-p polariza- 
tion (for example Chamberlain et al. 1954a, Dickson and Salter 1954, Marshall 
et al. 1954). We have studied the elastic scattering of polarized protons from 
complex nuclei as a function of (i) the angle of scattering, (ii) the atomic 
number of the target nucleus and (iii) the energy of the bombarding protons. 


§ 2. EXPERIMENTAL METHOD 


The polarization was examined by the now familiar double scattering 
experiment, first successfully performed by Oxley, Cartwright and Rouvina 
(1954). In this method, the asymmetry e after the second scattering process is 
measured, where e=(L—R)/(L+R), L and R are the normalized counting 
rates for left and right scattering from the second target, and the scattering at 
the first target is to the left. It may be shown (Oxley et al. 1954) that e= P,P, 
where P, and P, are the degrees of polarization produced by the first and second 
scattering respectively. The general experimental arrangement is shown in 
figure 1. 


Figure 1. Experimental arrangement. The details of the scattering geometry are to 
scale. A Internal proton beam of 110 in. cyclotron, B Magnetic deflector 
channel, C Evacuated tube, D Shielding wall, E Counter telescope, ¥ Scattering 
table, G Collimators. 
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2.1. First Scattering Process 


The internal, presumably unpolarized, beam of the Harwell cyclotron was 
scattered by a 10 Mey thick carbon target through an angle of 20° into a magneti- 
cally shielded channel and brought out of the cyclotron tank through an evacuated 
pipe. The extracted polarized beam had a mean energy of 135 Mev and an 
energy spread of approximately 6Mev as determined by absorption methods. 
The energy spectrum of those incident protons which could, by scattering in the 
first target, result in a proton passing out along the shielded channel extended 
from 135 Mev to 166 Mev. 


2.2. Second Scattering Process 


The polarized beam was led through a concrete shielding wall six feet thick 
to the second scattering target, which was set up at a distance of 25 ft from the 
first target. 

The beam at this point had an intensity of 10° protons cm?’ sec“?. 

After the second scattering, the protons were detected in a double-coincidence 
scintillation counter telescope which had an angular resolution of +13°. ‘The 
telescope could be moved in the plane of the scattering to vary the scattering 
angle, and the framework on which it was mounted could be rotated about the 
axis of the proton beam to vary the angle between the first and second scattering 
planes. The axis of rotation of the framework was aligned with the axis of the 
beam with the aid of photographic films placed at the front and rear of the frame- 
work. ‘The alignment could be adjusted to be true within +2’ by a double 
exposure technique, whereby the films were exposed with and without ancillary 
collimators, which were located accurately on the axis of rotation and were placed 
immediately in front of the films. The residual magnetic field in the region 
of the counters was about 7 gauss directed axially along the EMI 6260 photo- 
multipliers of the counter telescope, but did not adversely affect the counters 
when they were set on a counting rate plateau. ‘The deflection of the high 
energy protons due to this field was negligible. 


2.3. Selection of Scattered Protons 
The elastically scattered protons were selected by inserting an aluminium 
absorber in the counter telescope. In order to determine a suitable value of 
the absorber thickness, an absorption curve was taken with the second target in 
place and the counter telescope set to 0° scattering angle. A thickness of 
aluminium corresponding to a point just above the knee of the absorption curve 
was selected, as indicated by the arrow in figure 2 and this was not changed as 


Counting Rate (arbitrary units) 


Rd o8 es ee 

Thickness of Aluminium Absorber (g cm-2) 

Figure 2. Absorption curve for protons in aluminium taken with a second target in place, 
and the counter telescope set to 0° scattering angle. The arrow indicates the 
thickness of absorber used in the measurements of polarization. 


0 


Scattering of Polarized Protons 363 


the angle of scattering was varied. The energy selection achieved by this 
method was sufficient to reveal the characteristic diffraction patterns for the 
elements from Al to In; the minima were somewhat smeared out by effects 
such as the angular resolution of the telescope, multiple scattering in the targets, 
and the counting of some inelastically scattered protons. 


2.4. Measurements at Reduced Proton Energies 

The elastic scattering at energies less than 130Mev was investigated by 
placing appropriate aluminium absorbers in the polarized proton beam and 
reducing the absorber in the counter telescope by the same amount. 

The energy resolution became relatively worse as the energy was reduced, 
since energy straggling was introduced before the scattering. At 66Mev 
bombarding energy the telescope absorber had become zero and the threshold 
for proton counting 37-5 Mey. Observations were repeated at this bombarding 
energy with an extra absorber in the telescope sufficient to raise the threshold to 
59 Mev in order to check on any systematic errors due to the wide band of scattered 
protons which were being detected. 


2.5. Beam Monitoring 

The polarized beam intensity was monitored both by a proton counter 
telescope placed directly in the path of the beam about eight feet behind the 
second target, and by a boron trifluoride neutron counter embedded in paraffin 
wax which detected the general background of low energy neutrons in the 
cyclotron pit. The ratio of these counting rates was constant throughout the 
experiment for each of the second targets, though the value of the ratio depended 
on the target material. 


§ 3. BEAM POLARIZATION 


The polarization of the beam could ideally be determined by two identical 
scattering events, in which the polarizations P; and P, are equal. In practice, 
however, ideal conditions can never be realized due mainly to the wide energy 
spectrum of the internal cyclotron beam. ‘The polarized beam always contains 
a fraction of protons which have been inelastically scattered by the first target, 
but this fraction is not easily determinable. An estimate of the relative numbers 
of elastic and inelastic scattering events in the first target which contributed to 
the 135 Mev beam was made by combining the measured internal proton energy 
spectrum (with multiple traversal effects included) with the energy spectrum of 
protons scattered by carbon at 20° (lab) from a 135 Mev proton beam (Dickson 
and Salter 1954). It was found that there were equal numbers of elastic and 
inelastic events. In the same paper (Dickson and Salter 1954) it was shown 
that, for scattering at 20° from carbon, the polarization for elastic events was 
twice the polarization for inelastic events with less than 60 Mev energy loss, and 
that the asymmetry for elastic second scattering was 0-60. From the above 
data, the polarization of the proton beam was calculated to be 0-68 (with absolute 
limits of 0-60 and 0-78). 

§ 4. RESULTS 

The results of the measurements are shown.in figures 3 to 7. ‘The differential 
cross sections were computed from L and R after correcting for the variation 
with angle of the efficiency for detection of the scattered protons. The variation 


of efficiency is due to the progressive reduction of the proton energy as the 
25-2 


364 ¥. M. Dickson, B. Rose and D. C. Salter 


= 
5 io 0+ 
Cent Beryllium Carbon 
&- 
ae 
§5 0} 10? 
i) n 
~Cc 
Le =} 
©eE iol 
is 10 lor 
oS — 1 1 1 mil 1 
0 10 20 30 40 0 10 20 30 40 
0-6} 0:6b 
5 pete 
es HH +. 
= 
3 pal 04 oH 
2 0-4 ie: 3 
= KH 4. 
~~ 
2 oh 
0:2 4: O2r 
1 1 l + | it eS « 
0 10 20 30 40 0 10 20 30 0 


Scattering Angle (degrees -lab) 
Figure 3. Differential cross section and asymmetry curves for beryllium and carbon. 
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Figure 4. Differential cross section and asymmetry curves for aluminium and iron. 
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Figure 5. Differential cross section and asymmetry curves for cadmium and indium. 
The filled in circles on the cadmium curve were taken for silver and had similar 
errors. When plotted on the same graph, the points for cadmium, indium and 
silver can be followed by the same curve within the accuracy set by the errors. 
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scattering angle is increased. No correction was made for the counting of 
The accuracy of the absolute values of the differential cross 


inelastic events. 


sections is believed to be not worse than +40°% 
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Figure 6. Differential cross section and asymmetry curves for bismuth and uranium. 
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Figure 7. Variation of asymmetry with energy in scattering from beryllium and carbon 
targets at 20° and 30°. The points marked by triangles on the carbon curve were 
taken with extra proton absorber (see text). 


The main features of the asymmetry curves can be summarized as follows : 
(i) There are no changes in the sign of the asymmetry, which is the same as 
that found in polarized p—p scattering. 

(ii) The angular variations are not smooth functions of @ except for the 
lightest elements. 

(iii) Neighbouring elements, Cd and In, produce very similar results (a few 
points obtained for Ag, the other neighbour of Cd were indistinguishable from 
the Cd and In points). 

(iv) The angle of the first maximum and of the first minimum decrease 
regularly with increasing atomic weight. . 

(v) The maxima and minima of the asymmetry curves lie close to the 
maxima and minima of the differential cross section curves. However, these 
are not well defined in our experiment. 
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(vi) The asymmetry in general decreases with increasing atomic weight 
of the target material. ; 
(vii) As the energy is reduced from 130 Mev to 66 Mev, there is a reduction 
by a factor of approximately five in the asymmetry after scattering from Be and 
C at 20° and 30°. 
§ 5. Discussion 


The fact that the sign of the polarization is the same as that in p—p scattering 
means that the mechanisms for the production of polarization in the scattering 
of protons by protons and by complex nuclei are not necessarily different. Various 
papers (e.g. Snow et al. 1954, and Eriksson and Swiatecki 1955) on the theory of 
polarization indicate that, under certain assumptions about the nuclear potential, 
the polarization will vary rapidly near the first diffraction minimum, and may 
even change sign. ‘The results presented here may be regarded as support for 
the former conclusion, but not the latter. In figure 8 theoretical results for the 
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Figure 8. Comparison of theoretical curve of Eriksson and Swiatecki with present 
measurements of polarization in scattering from iron. The polarization was 
determined by dividing the measured asymmetry by the beam polarization of 0-58. 


scattering of 150 Mev neutrons by copper are compared with the present values for 
130 Mev protons scattered by iron. There is qualitative agreement between 
them as to the position of the maxima and the mean degree of polarization, though 
not as regards the magnitude of the variation of polarization. 

However, there is an alternative explanation for the fluctuation of the polariza- 
tion near a diffraction minimum. As stated earlier, with the present energy 
resolution a certain fraction of slightly inelastically scattered protons must have 
been detected at all angles, and this fraction would be expected to have a maximum 
value near a diffraction minimum. Since inelastically scattered protons are less 
polarized than those due to elastic events, a minimum in polarization would be 
expected near a diffraction minimum. It is extremely difficult to distinguish 
between elastic and “ slightly inelastic ’ events at the bombarding energies used 
in these experiments, and considerable development in technique will be necessary 
in order to decide between these two explanations. 

A pronounced dip in the variation of polarization with angle was found close 
to the first diffraction minimum in the scattering of protons from aluminium at 
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280 Mev by Chamberlain e¢ al. (1954b). On the other hand, de Carvalho et al. 
(1954) using a Be target, did not find any such dip either at 310 or at 430 Mev. 
It may be significant that the scattering from aluminium shows a well defined 
diffraction minimum at energies of 95 Mev (Strauch and Titus, private communica- 
tion) and 280 Mev (Chamberlain e¢ al. 1954b) whereas carbon, and presumably 
any smaller nucleus, does not do so at 130 Mev (this paper) and 320 Mev (Richardson 
et al. 1952). The conclusions suggested by (iii) and (iv) are that the effects 
observed here are functions mainly of the nuclear radius, and are not much 
affected by the detailed nuclear structure. The similarity of the curves for Ag, 
Cd, and In illustrates this point, since Ag consists of equally abundant isotopes 
of spin 1/2, Cd of many isotopes, mainly even—even of spin 0, and In of two 
isotopes of spin 9/2 with an abundance ratio of 20 : 1. 

The sharp reduction in the asymmetry below 130 Mmev for Be and C is of 
particular interest. One possible explanation which can be immediately rejected 
is that the beam becomes depolarized during the slowing down process. 
According to the theory of Wolfenstein (1949), the cross section for depolarization 
is 6 x 10°-°%Z?+2Z)cm?, which would produce an entirely negligible effect in 
the aluminium absorber used. Another possibility is that due to the energy 
straggling in the absorber a much greater fraction of inelastically scattered protons 
would be counted at the lower energies, and this would be expected to reduce the 
observed asymmetry. This cannot be a complete explanation, however, for 
measurements made at 66 Mev bombarding energy and with threshold energies 
of 37-5 and of 59 Mev differed by less than a factor of two. 

It is therefore difficult to avoid the conclusion that the polarization for elastic 
scattering from Be and C at 20° and 30° falls very sharply in this energy range by 
a factor of three to five. Measurements on Be and C at 200 Mev (Oxley et al. 
1954) and on Be at 310 and 430 Mev (de Carvalho et al. 1954) indicate that the 
polarization does not change very much above 130Mmev. It would be interesting 
to know the energy dependence of the polarization for medium and heavy 
elements for energies greater than 130 Mev, to see whether the low values at 
130 Mev are due to a similar sudden reduction of polarization with decreasing 
energy. 

There is additional evidence of a preliminary nature from Harvard that the 
polarization effect below 100 Mev is much smaller than at 130 Mev (Strauch, 
private communication). In a double scattering experiment from carbon in 
which both scatterings were made at 20° scattering angles and the mean first and 
second scattering energies were 87 Mev and 66 Mev respectively, the measured 
asymmetry was less than 0-05. From the results presented in this paper, an 
asymmetry of approximately 0-03 would be expected under these conditions. 
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Abstract. ‘The angular distributions and angular correlations of the more intense 
y-ray components in the reaction **Na(p, y)?4Mg have been determined at four 
resonances. ‘Those at proton energies of 310 kev, 515 kev and 679 kev are assigned 
J=2,, J=1* and J=3> formed by p-, s- and d-wave protons respectively. 
The resonance at 593 kev has J =2- formed by p-wave protons and is therefore 
distinct from that in the (p, «) reaction at this energy. The level in “Mg at 
4-24 Mev is assigned J = 2~ and that at 5-26 Mev J =3, probably with odd parity. 


§ 1. INTRODUCTION 

N a previous paper (Flack et al. 1954, to be referred to as FI) we have reported the 
] results of investigations of the y-ray spectra from the reaction ?3Na(p, y)*Mg 
at four resonances between proton energies of 250 kev and 700kev. The 
present paper describes the determination of the angular distributions of the more 
prominent components at each resonance, together with the angular correlations 
between y-rays in certain cascades. ‘The results of these measurements enable 
spin and parity assignments to be made to each resonance and to two lower states in 
*4Mig. ‘The latter deductions are in accord with those of Newton (1955) who has 

investigated this reaction at proton energies above 700 kev. 


§ 2. ANGULAR DISTRIBUTIONS 


The experimental arrangement, which has been previously described, em- 
bodies as y-ray detector a cylindrical sodium iodide crystal 1 # in. diam. x 2 in. long 
with photomultiplier. Pulses from the photomultiplier, after amplification, are 
fed into a 100-channel pulse-height analyser (Hutchinson and Scarrott 1951). 
Measurement of the complete pulse-height spectrum at each angular position of 
the detector and analysis into its components (FI) make possible the determination 
of the angular distributions of all the more intense y-rays at each resonance. 

The decay scheme of the y-radiation is the same at all resonances, apart from 
variations in the relative intensities of the components. ‘This scheme is shown in 
figure 1, the spin and parity values deduced in this paper being given in italics (top 
six figures). 

Table 1 lists the results of angular distribution experiments made at the 
resonances at proton energies of 310, 515, 593 and 679 kev. 


§ 3. ANGULAR CORRELATIONS 


The angular correlation of y, and ys was determined at each resonance and the 
correlation of y, and y, at the resonances at E,=593 and 679kev. In these 
experiments the first y-ray of the cascade was detected at right angles to the 
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direction of the proton beam and the angular correlation of the second y-ray with 
the first was measured in the same plane (correlation 7/2, 4, 0), the second y-ray 
being detected in a scintillation spectrometer similar to the first. Pulses from the 
first ‘spectrometer in the selected energy-band were used to gate the input of the 
pulse-height analyser which received pulses from the second spectrometer, 
thus recording the coincident spectrum at each angular position. The results 
are shown in figures 2 (a)-(f) together with certain theoretical correlation functions 
corrected for the finite solid angles of acceptance of the spectrometers. 


Mev - 
~l2 J= ip 


9- 


BS wen” 
24ny 0 J=0° 
8 
Figure 1. 
Table 1 
Io[Ioo at 310 kev Iy/Ipg at 515 kev —_Ip/Ig9 at 593 kev Ws at 679 kev 
V1 0-82+ 0-02 1-00 + 0:04 0-75 40:03 1+(0:14+ 0-03) cos? 8 
Vy 0-82 +0-04 1-00 +.0-04 0-81 +0-04 1 —(0-38 + 0-04) cos? ( 
V3 1:1 +03 0:93 + 0:20 1+ (0-94 0-2) cos? 6 
V5 0:94+0-15 0-75+0-10 1+2-4 cos? 6 
—1-6 cos* 6 
Ve 0-6740-5 0-72+0°5 
Va 0-89+ 0:2 1:05+0-10 
Ys 0-91+ 0-03 1-:00+0:10 1:03+ 0-03 1+0:°6 cos? 6 
—0-37 cos* 6 


§ 4. INTERPRETATION 


515 keV resonance. ‘This resonance does not emit «-particles to the ground state 
of °Ne (FI); it is therefore most probable that it has odd spin with even parity or 
even spin with odd parity. All y-ray components measured had isotropic angular 
distributions. ‘This resonance level must therefore have either J = 1*, formed 
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by S-wave protons, or J =0-, formed by p-wave protons, since ?*Na has spin 3/2 
(assuming the shell-model prediction to be correct, that 23Na has even parity). 
The angular correlation between y, and yg (figure 2(b)) makes possible a clear 
choice in favour of J=1*. It is interesting to note that there is no measurable 
ground-state y-ray transition even though transitions to the ground state and first 
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Figure 2. (a) y:~ys correlation at ,=310 kev. Calculated curve for p-wave formation 
Webi —— D4 Day = (())) 

(b) yi-ys correlation at E,=515 kev. Curve a calculated for p-wave formation 
0—+2-— +0; curve b, s-wave formation 2 +~2—-0; curve c, s-wave 
formation 132 —~ (0), 

(c) yi-ys correlation at E,,=593 kev. Curve a calculated for p-wave formation 
with F=3-0, 2 +2 +0; curve b, p-wave formation 3 > 2 +0. 

(d) Yy2-y; correlation at E,=593 kev. Curve a, p-wave formation with F'=3-0, 
2 —2-+0; curve b, p-wave formation 3 > 2 > 0. 

(e) yi-ys correlation at E,=679 kev. Calculated curve for d-wave formation 
with F=0, 3 + 2-.0. Interference in first transition between dipole and 
quadrupole radiations. 

(f) ye-ys correlation at E,—679 kev. Calculated for d-wave formation with 
F=0,3+2-0. First y-ray pure dipole. 
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excited state of 24Mg should be of the same type, namely M1. A similar result has 


been noted before in the case of the 669 kev resonance in the reaction 1°F (p, y) ?°Ne 
where the cascade transition predominates (Rae et al. 1950) although both radia- 
tions are of the M1 type (Seed 1953). 

310 keV resonance. This resonance does not emit «-particles tothe ground state 
of 2°Ne (FI) and shows anisotropic y-ray angular distributions. If we restrict 
ourselves to considering formation by p-wave protons it is therefore most probable 
that ithas.J=2-. ‘The anisotropy of the 10-6 mev radiation (y,) to the first excited 
state of "Mg, J =2*, is consistent with this assignment if we adopt the figure 
F =2-4+ 0-25 for the intensity ratio of the contributions of ‘ channel-spins’ 2 and 1. 

The anisotropy of y:, which is the same as that of y,, suggests that the 4-24 Mev 
level in 24Mg has J =2, probably with even parity, since it decays readily to the 
groundstate. ‘The measured anisotropy of y; is consistent with this interpretation, 
theory predicting the value I)/J,) = 0-865 + 0-015. 

The anisotropies of y; and yg were not determined with sufficient accuracy to 
make definite deductions from them. ‘They are consistent with J=3 for the 
5-26 Mev level (an assignment which will be shown to follow from the results at 
the 679kev resonance). ‘The theoretical figures for the two radiations are 
I/Ioo = 1:06+0-01 and 1:14+0-02 respectively after correction for the finite 
solid angle of acceptance of the crystal. 

The angular correlation between y, and yg (figure 2a) confirms the assignment 
J =2- to this resonance. 

679 keV resonance. ‘The presence of terms in cos‘ @in the angular distributions 
of the 4-24 Mev and 1-38 Mev y-rays shows that this resonance is formed by d-wave 
protons. It does not emit «-particles to the ground state of ?°Ne (FI) and therefore 
probably has / =1* or 3* although J =4* cannot be excluded on these grounds. 
J =1* would be formed predominantly by S-wave protons and would not lead to 
the large anisotropies observed in some of the angular distributions. J =4+ leads 
to unique predictions about the angular distributions which are not in accord with 
the experimental results. We are left therefore with the assignment J =3°*. 

It will be noted that at this resonance the angular distributions of y, and y, 
are not the same; at this resonance too (see FI) y,. is considerably more intense 
thany,. ‘These two results suggest that the configuration of this resonance level is 
such as to make M1 transitions to the 1:38mev level unfavoured compared 
with those to the 4-24 Mev level; the angular distribution of y, is then that of a 
M1—E2 mixture rather than showing the pure M1 pattern. 

Some of the increase in intensity of y, may be because transitions to the 4-14 
(J =47) level are now possible. However, from the y-ray intensity figures given 
in Fl one may deduce that only 10-20%, of the transitions y. proceed in this way. 

The angular distributions of y,, y; and y; and the angular correlation between 
y2 and y; can best be fitted by assuming that the resonance is formed almost entirely 
via ‘channel-spin’ 1. We shall therefore put F=0. The calculated distribution 
for a transition J=3+J=2 (dipole), corrected for solid angle, is. 
W(#)~1—0-40 cos? @, in excellent agreement with the result for yy. (An admix- 
ture of 10%, of transitions to the J=4+ state leads to a distribution 
W(0)~1—0-38 cos? 6.) J=3>J =3 (dipole) leads to W(0)~1+ 0-66 cos? 6, in 
agreement with the experimental result for yz. The calculated distribution for 
Ys» corrected for solid angle, is shown in figure 3 (a) with the experimental points. 


The correlation between y, and y; (figure 2(f)) is well fitted by a dipole—quadrupole 
correlation. 
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In order to fit the experimental distribution of y, we must assume a mixture of 
M1 and E2 radiations, in phase, with an intensity ratio I,/I, of about 16. The 
calculated result, corrected for solid angle, is then 


W(0)~1+ 0-26 cos? 6— 0-11 cos? 0. 


It will be seen from figure 3 (6) that this provides a good fit to the experimental 
points. The simple function 1/(@)~1+0-14 cos? 4 is plotted for comparison and 
emphasizes the difficulty of the experimental detection of terms of higher order 
than cos? ¢ except in very favourable cases. 
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Figure 3. (a) Angular distribution of y, at E,=679 kev. Calculated curve for d-wave 
formation with F=0. Second y-ray of 3 dip. 2 quad. Q, 
(6) Angular distribution of y, at E,=679 kev. Curve a calculated for d-wave 
formation with F=0, .J=—3-+J=2, dipole—quadrupole mixture. Curve 5, 
1+0:14 cos? @. 
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‘he angular correlation of y, and y, calculated with the same ratio of dipole to 
quadrupole intensity in the y, transition is in close agreement with the experimental 
points (figure 2 (e)). 

593 kev resonance. This resonance is the most difficult to interpret. In FTit 
was shown that both «-particles and y-rays were resonant at this energy, within the 
experimental error of 1-2 kev while experiments on the scattering of «-particles in 
neon (Goldberg e¢ al. 1954) led to the assignment of J =3~ to a level in **Mg* at 
12-288 ( + 0-015) Mev which can be identified with the 593 kev (**Mg* = 12:275 Mev) 
resonance level in the 74Na (p, «) 2° Ne reaction. 

Table 2 shows the experimental anisotropies with the calculated values for the 
p-wave formation of (a) J =3, (6) J=2. Itisclear that the angular distributions of 
Y3) ¥; and y; are not in accord with the assignment J =3- but can all be fitted with 
J =2- anda ‘channel-spin ratio’? F=3. It will also be seen from figures 2 (c) and 
2(d) that this assignment gives good agreement with the angular correlations 
yi-yg and y.-y; whereas J = 3- does not. 

Preliminary measurements of the polarization of y, at this resonance (Hughes 
and Grant, to be published) show that the transition involves a change of parity. 
Since a level with J =2- could not emit «-particles to the ground state of ?°Ne we 
are forced to conclude that there are two levels in *4Mg with a separation of less 
than 2 kev, one having J =3- and the other J=2>. ‘This result may be compared 
with the reactions 2’Al(p, «)#4Mg and ?’Al(p, y)?*Siin which two levels separated by 
5kev are known, at E,=728 and 733kev, only one of which emits «-particles 
(Rutherglen and Smith 1953). It explains also the great similarity in the y-ray 
spectra from the 310 and 593 kev resonances. 
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Table 2. 593 kev Resonance 


y-ray energy Anisotropy Io/I9o 
(Mev) 
Experimental Theory for J =3 Theory for J=2 
(and F=3) 
10:9 (yx) 0:75+ 0-03 0-705 0:78 
8:0 (y2) 0-81 +0-04 0-705 0:78 
7:0 (ys) 0:93 + 0-20 1-48 1-07 
4-24 (ys) 0:75+0-10 1-56 0-84 
3-9 (ye) 0-72+0°5 0:77 1:17 
2°86 (yz) 0:95+0-1 ilesy7 0°85 


The theoretical figures are corrected for the finite solid angle of acceptance of the detector. 


§5. L—S anD j-7 COUPLING 


It is interesting to see whether the values of the channel-spin ratio F at the 310, 
593 and 679 kev resonances can be related to either the L—S or extreme j-j coupling 
models. ‘The predicted values are : 

310 and 593 kev resonances 


tial Ip=b F=1 
Jp = (3/2) B=4 
L-S 
Na = "Doo 4*Vio* =8D.- F=238 
679 keV resonance 
I Jp =(3/2)* F=2/3 
Fp = (0/2) Wes 52 
L-S 23Na = "Doo 4M e* == "Gar E16 


Within the experimental errors the values of the channel-spin ratio F at the 310 
and 593 kev resonances can be closely fitted by the L—S coupling value of F=2:8 
for formation of a *D, state of odd parity. The extreme j~j coupling does not fit 
the experimental results. At the 679 kev resonance again the jj model is not in 
accord with experiment whereas the L—S model (*4Mg* = 3G,*) predicts a value of 
F of 4 which provides as good a fit with our experimental results as does the value 
F=( assumed in the preceding section. Other possible states in the L—S 
coupling scheme are not in agreement with experiment. 

It must be emphasized that these calculations represent a considerable over- 
simplification of the problem, since a detailed calculation should take account of the 
fact that three particles are contributing to the resultant spin of 23Na; nevertheless 
the results may be taken as evidence that the L—S model provides a better approxi- 
mation to the true state of affairs than does the extreme jj model. 


§6. y-Ray WIDTHS 


Since the absolute yields of the y-rays are known at each resonance, by assuming 
I, > T,, we may derive the absolute y-ray widths. From consideration of the barrier 
penetrability we would expect proton widths considerably larger than the experi- 
mental values and hence the yields must be determined by the y-ray widths. ‘The 
assumption may be further justified by considering the other extreme, Pelee 
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Under this condition the measured yields would be proportional to I, and one 
would expect much larger variations from one resonance to another (ian are, in 
fact, observed. The widths are shown in table 3 and are compared with the 
predictions of the simplified single-particle model (Weisskopf 1951). Two 
conclusions may be drawn from these results : (a) The single-particle model is 
not valid here. This is hardly suprising since at least two particles must be 
involved in the transitions. Also, it is to be expected that at this level of excitation 
there will be considerable mixing of the single-particle states. (b) Experimentally 
there is no consistent difference between electric and magnetic dipole radiations. 
[It should be noted here that there is some doubt about the nature of y, since the 
parity assignment to the 5-26Mmev level (FI) is somewhat speculative.] This 
emphasizes the uncertainty, in any reaction, of assigning multipole orders by 
intensity considerations alone. 


‘Table 3 
E1 
Proton energy Experiment Weisskopf } YAN 
(Mev) (ev) (ev) 
0-310 Py,=0-044 1090 405X100 
Dy, =0-066 425 15.58 a Oise 
0-515 Iy,=0-011 302 3 ox Oise 
0-593 Ry; (0-027 1180 PRs SMO 
Py,=0-051 470 MOE) Se iO)" 
0-679 Py; =0-063 35) 19 See alm 
M1 
Proton energy Experiment Weisskopf | M|? 
(Mev) (ev) (ev) 
0-310 I'y3;=0-015 6-4 Bessy << O—© 
0-515 Iy,=0-089 26-4 Sollee 
Py, =0-022 10-5 DA Sie" 
0-593 I'y,—=0-016 ee) BOD SAN 
0-679 Ty —0-033 27-6 1 SO 
Ty, —=(0-13 11-1 12 seid" 


Transitions from the 5-26 MeV level in *4*Mg. 

Direct transitions from this level to the ground state of 7*Mg were believed to 
occur at all resonances (FI). At the 679 kev resonance where the 5-36 Mev level 
is fed to a sufficient degree to make intensity measurements feasible it is found that 
the ratio of the intensity of the direct ground-state transition E3 to that of the E1 
transition to the 1-38 mev level is about 0-3. Using the single-particle model as a 
guide, the expected ratio is about 7 x 10~°. 

This result clearly throws doubt on the interpretation of this y-ray as being 
the direct ground-state radiation. Invoking the isotopic spin selection rules 
(Radicati 1953) will only reduce the intensity of the E1 transition by a factor of 
approximately 10~4, leaving a further factor 10-4 unexplained. Even after allow- 
ance has been made for the uncertainty of the single-particle model, it seems 
probable that the y-ray (y,) of about 5-4mev energy must belong to a separate 
cascade which is only weakly excited. 
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Transitions from the 4-24 MeV level. 

The two competing radiations are here 4-240 Mev (E2) and 4-24 1-38 Mev 
(M1). Using the single-particle model we would expect an intensity ratio 
1,/I,~1/40. Experimentally the ratio is about 2, showing a slowing down of 
dipole relative to quadrupole transitions by a factor of about 100. This may repre- 
sent only the inapplicability of the single-particle model, nevertheless reductions of 
up to 1000 in dipole transition rates have been observed in some heavy elements 
(e.g. Steffen 1955) and the present example may be related to these. 
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Abstract. A new approximation, proposed by Layzer, is investigated theoretically 
and applied to the excitation by electron impact of the 2?S and 2?P levels of hydro- 
gen (the latter level only in the case of a reversal of the spin of the atomic electron) 
and of the 1s2s!S, 1s2s?S and 1s2p?P levels of helium. The cross sections are 
evaluated for a number of incident electron energies. The theoretical basis of 
the approximation is shown to be unsatisfactory. 

In the case of the final states being S states, a comparison of the cross sections 
calculated by the new method with those obtained by other methods suggests 
that, for slow incident electrons, most of them may be expected not to differ by 
more than a factor of about two from the true cross sections. However, the 
1?S—2?S cross section of hydrogen associated with an antisymmetrical spatial 
wave function for the electrons seems to be too large by a greater factor. No 
reliable comparison data are at present available for the S—P transitions, but the 
results do not seem unreasonable. The approximation is shown to give correctly 
the asymptotic variation of the non-exchange cross sections for large incident 
electron energies, but not the numerical coefficients. The pure exchange S—P 
cross sections fall off too slowly with increasing incident energy. In spite of the 
theoretical defects, there is some hope that the new approximation may prove 
useful, at least as an empirical method. 


§ 1. INTRODUCTION 


NFORMATION on cross sections for the excitation of atoms by slow electrons is 

needed in many connections. ‘The earliest approximation used for calculating 

these cross sections, that due to Born (1926), treats the colliding electron as if 
it were distinguishable from the atomic electrons. In spite of this it is often found 
to give results in a fairly satisfactory agreement with experiment except, of course, 
in the case of collisions involving a change of multiplicity of the atomic state. 
Anattempt at an improvement was made by Oppenheimer (1928), who introduced 
wave functions which were antisymmetrical in the electrons, but it has actually 
been found that for slow incident electrons the apparently better treatment often 
gives far less accurate results than Born’s approximation (Bates, Fundaminsky, 
Leech and Massey 1950). 

Layzer (1951) has advanced a possible reason for this failure and proposed 
an interesting new approximation, based, like the earlier ones, on the first-order 
perturbation theory, and employing antisymmetrical wave functions. Whatever 
the reason for the failure of Oppenheimer’s approximation for slow electrons, it 


+ Now at the Department of Physics, University of Bristol. 
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is certainly worth while to investigate Layzer’s approximation, both theoretically 
and by applying it to some simple cases and comparing the results with those 
obtained by other methods, theoretical and experimental; for, being an 
approximation different from that of Oppenheimer, it may happen to be a better 
approximation, even if it is so for some reason other than suggested. ‘T’he purpose 
of the present paper is to report on such an investigation. 

To be sure, refined methods, giving improved results, have recently been 
applied to collision problems by Massey and Moiseiwitsch (1953, 1954), Seaton 
(1953) and others, but nevertheless Layzer’s approximation would be of value 
should it yield cross sections that do not differ from the true cross sections by 
more than, say, a factor of 2, since it has the great advantage of being comparatively 
simple. 

The theoretical investigation shows the basis of the new approximation to be 
unsatisfactory, but in spite of this the numerical results obtained by it are in 
fairly good agreement with other results. 


§ 2. "THEORY 


We shall employ Layzer’s notation as far as possible. References to equations 
in Layzer’s original paper (1951) will be distinguished by a letter L betore the 
equation number, to avoid confusion with references to equations in the present 
paper. We shall have occasion to use a function C(x), defined by 


(x)= 0 tor x=; 
C(a)=1 toraw>0; Th oo aeces? creeua mee eaes (1) 
C(O) is finite. J 
By means of this function the unperturbed wave functions, as well as the various 
energy operators, can be written in a form suitable for substituting into equations, 


without having to state conditions such as r;>r;, (all 747). Thus, for example, 
equation (L27) may be written as 


(X | B(ak) > = > of? { it L175) oH k) (X' |x), 


#4 

which makes both the theoretical discussion and the actual application much 
easier. 

2.1. Certain criticisms may be made of the theory of the new approximation. 

(a2) The derivation of (L21) is based on Dirac’s (1947) treatment with the 
momentum representation. But if the wave functions (X |A(a#k)) are not 
orthogonal—and Layzer himself admits that they are not—then this treatment 
requires that if we take one of the terms into which the antisymmetrical function 
{XX |B(ak)) may be split—say the term 


geal aa (7 wa RES Se. |) 


which represents the first electron as the colliding electron—then it should be 
orthogonal to the corresponding term (i.e. first electron free) taken out of a wave 
function with a different value of k; and this condition is not satisfied. 

(6) Expression (L36) for V,,; seems to have been derived by applying (L33) with 
f (x) replaced by the first derivatives of (XX |8), in order to evaluate the second 
derivatives at the discontinuity of this function. This procedure is objectionable, 
because the first derivative of (X|B) is not merely discontinuous but has a 
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singularity in the form of a$-function. Should it be answered that equation (L33) 
must be unconditionally valid as we get agreement if we integrate both sides of 
it with respect to x, we may point out that if b3’(~—a) is added to the right-hand 
side, where b is independent of x and 8’ is the derivative of 5 with respect to its 
argument, we still get agreement on integration with respect to x; yet, if we 
multiply the right-hand side by another function g(x) and integrate, the result 
is not independent of b, and we have no right to assume that b vanishes. A correct 
method of obtaining the second derivative is by direct differentiations. Taking 
{«X|8) to be of the form 


(X B)={(r;—-1,)B;+ Cr; -7,)B;, (7;=7;>7,, all co Sg hs eee (2) 


and assuming that 


GAR Ole), ST SP SP Bie, ee (3) 
we obtain 
r ae t Ratt te 0 0 
V5; X |B) = a 10°(7;—7;)B;+8'(7; —7) Bs - (7%; —T;) Arr, (5. - = | (X|P). 


If we attempted to take the terms involving 8’ into account in (L21) by means of 
the relationship 


[e(w)8(w—a)de=—g'@, sees 6) 


these terms would give an infinite contribution (which in certain special cases, 
but not in general, vanishes on further integrations). The reason is that the 
function here represented by g(x) would involve the discontinuous function 
(8*(«'k’) |X) as a factor and would have an infinite derivative for 7,=7,;>r, (all 
k+1,]). Moreover, the last term in equation (4) is twice the right-hand side of 
(L36), suggesting that the factor } should be omitted in the latter.+ 

It may be possible to meet the criticism concerning the infinite contribution 
by assuming the functions (X |) to be not discontinuous but merely rapidly 
varying for 7,>7,>r,, (all RA7,7). This region of variation would have to be on 
the one hand so large that those additional contributions which would tend to 
infinity if we let the extension of this region tend to zero are not unduly great; 
on the other hand, the region of variation must not be so large that the neglect of 
any finite terms in V’,,,, as well as the inaccuracy of the terms given by (L36), 
would affect the results too seriously. If we expect cross sections which are correct 
within a factor of 2, this may prove to be quite satisfactory, but whether or not 
this is so, only a detailed investigation can show. 

(c) The choice of the value 2-1? for ¢ (r,—7;) when 7;,=r,; 1n (L28) seems 
rather arbitrary; 4 would seem to be a more natural choice.t When giving 
the form (L28) of the unperturbed wave function for 7,=r,;>r, (all k4z,/), 
Layzer states he assumes that for such values of the coordinates “ the electrons 7 
and j share equally the status of colliding electron”. ‘The argument seems to 
be that the system must be equally likely to be found in the state 


Sf h(x, Kk) - |s;)K'|a) 


as in the state 5 ,h-?b(x,, k) . |s;){X’ |x) and hence these wave functions must 
be multiplied by the same coefficient and added together; and in order that the 
total wave function should have the same normalization when 7,=7;>r, (all 


+ See, however, § 3. 
26-2 
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ki,j) as when 7,>r;, (all Ri), the coefficient is taken to be 2-7”. However, such 
an argument would imply an incorrect physical interpretation of the wave functions. 
The true meaning of the value which we use for ¢ (0) is that it is an effective value 
which takes into account the rapid variation of the electron density in the 3(N + 1) 
dimensional configuration space when 7,7,;>r,. Considering for simplicity 
the hydrogen atom and a colliding electron, so that 
(X |B) = — U(r — 72) F(Z) FO) + f(r) FC) (2), 

‘VY’ being the hydrogen wave function and F a free wave function, it would be in- 
correct to say that for r,>71y, the system is in such a state that | is the colliding 
electron, and it is in a different state when r,>r,; we must rather say that the 
system is always partly in the state (7, —r,)'t(2)F(1), in which 1 is the colliding 
electron, and partly in the state C(r,—7,)(1)#(2), in which 2 is the colliding 
electron, and both states are such that the density of the colliding electron falls 
rapidly to zero when the distance from the nucleus decreases beyond that of the 
atomic electron. We see the physical meaning of the wave functions particularly 
clearly if we consider the case of the colliding and atomic electrons having different 
spin quantum numbers. 

2.2. The criticisms listed above show that Layzer’s derivation of his formula 
is not satisfactory, but nevertheless we shall now test the formula, regardless of 
the derivation, by applying it to some simple particular cases. ‘The formula 
applied is that originally given by Layzer, without any modification (except, of 
course, that with the normalization that seems to be implied, the matrix element 
in (L21) must be multiplied by (.V + 1)~' to give the scattering coefficient correctly, 
and this factor has been included). As in the case of the Oppenheimer approxima- 
tion, the work essentially reduces to the calculation of a direct integral f and an 
exchange integral g. For the hydrogen atom 


f= — xr] | rire) Va* (ry) exp(— ik’. ry) V(r — 12) Var(raexpk®. ry )dr dry, 


ee A ee at as eee (6) 
oe re | | C(7 12) P* (tp) exp(—tk’, ry) VE (rg 71) F > (ty) exp(k®. ry)d74d72, 
Late bis (7) 


and for the helium atom 


) 1 nA = oF 2 
f= = | | Urals —r) Vero) exp( ik’ Vr rade) 
x V'0(Ka,%3) exp(zk®. r,)dr,drodr75, 


Leia f on : ; 
I DS J (7 —72)0(74 — 73) Fe. *(rayts) exp( —tk'. ry) VC(r2— r)E(r2—1s) 
«To a,¥s)exp(ck’ or; \dtide.dzs) yeas wal Wels Ee ee (9) 

where ‘l’ is the spatial part of an atomic wave function and atomic units are used. 
f and g are used in the same way as in Oppenheimer’s approximation (cf. Bates, 
Fundaminsky and Massey 1950, eq. (58), (59), (88)-(91)). It will be ncticed 
that the only contribution to a g-integral comes from that part of V which is 
denoted by V si as the ¢-factors always make the other contribution vanish. 

The wave functions used for hydrogen were, of course, exact. For helium 


the variational wave functions given by Morse, Young and Haurwitz (iS) 
were adopted. 
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‘The integrations in (6)-(9) can be carried out in spherical polar coordinates. 
‘The S wave functions used in the present work are independent of the angular 
coordinates, which brings about two simplifications : (i) The exchange integrals . 
g tor S-S transitions are independent of the angle of scattering (i.e. the angle 
between k® and k’). (ii) The only contribution even to the direct integrals f for 
S-S transitions comes from V 533- 

The integrations are quite straightforward. The direct integrals f can be 
analytically expressed in terms of K? and the various constants characterizing the 
atomic wave functions, where 

RTO Ko Seis: (10) 
In the case of hydrogen the expression for f was found to be sufficiently simple 
for the scattering coefficient to be analytically integrated over the scattering 
angles; for this purpose the substitution 

KAO = ee, Or) eee: (11) 
was found very helpful. In the case of helium analytical integration of the 
scattering coefficient, although possible, would have been too complicated, and 
therefore the integration over the scattering angles was done numerically. 

The exchange integrals g could be analytically expressed as functions of 
k® +k’ and k®—k’. The exchange integral gave rise to no difficulties of integration 
over the scattering angles, because even in the case of the S—P transitions the pure 
exchange scattering coefiicient, summed over the three degenerate P states, was 
found to be independent of the angle of scattering. 


§ 3. RESULTS 


The cross sections for exciting the 2?5 level of atomic hydrogen are presented 
in table 1. ‘That for a collision which reverses the spin of the atomic electron is 
(for an unpolarized beam of incident electrons, as usual) 


Q0/2=(R'/2k)||gPdo, sane (12) 


where dw is the solid angle differential in the k’-space. In the case of an S-S 
transition this reduces to 27k’g?/k° in Layzer’s approximation. 

Table 2 gives the 14S—2'S and 11S~—23S excitation cross sections of helium. 
In the calculation of the D.W.B.O. cross sections only the s and p waves of the 
free electron were taken into account, the p-wave cross section being calculated 
by the simple Oppenheimer approximation. k° is calculated from the energy of 
the scattered electron by using the theoretical term values corresponding to the 
wave functions of Morse, Young and Haurwitz (1935), rather than the true 
spectroscopic energies. 

The cross sections obtained by the Layzer approximation for the 1'S—21S 
and 1!S~23S transitions in helium appear to be very satisfactory, except for 
energies just above the threshold, where of course this simple method could not 
be expected to reproduce the sharp peak. ‘The close agreement of Massey 
and Moiseiwitsch’s results (D.W.B.O.) for 14S-23S with those of Maier- 
Leibnitz (E.) at low energies makes it very likely that at 6-76 and 20-87 ev the 
former are even closer to the true cross sections, and if this is so, then the Layzer 
cross sections, which are close to those of Massey and Moiseiwitsch, are quite 


good. 
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The results presented in table 1 appear less conclusive, except that there is 
little doubt that the values of Q-, as calculated by Layzer’s method, are too large 
for energies not quite near the threshold. If the distorted wave (D.W.B.O.) 
cross sections should be as near to the true ones as they appear to be in the case 
of helium, then that would imply that the Layzer values of Q* are quite satisfactory. 
The Layzer cross sections neglecting exchange (not included in the table) disagree 


Table 1. The 12S—2?S Excitation Cross Sections of Atomic Hydrogen 


Incident Spin of atomic electron 
electron reversed, 3O% Symmetrical, O* Antisymmetrical, O~ 
energy 
(ev) L D.W.B.O. We 5s IDAWAIOE WW, Ls D.W.B © Ne 
10-2 0 0 0 0 0 0 0 0 0 
15 0-0598 0-067 0-004, 0-529 0-714 0-167 0-050 0:0316 0-002 
19-4 0-0133 0-029, 0-011; 0-204 0:344 0-124 0-098 0-010 0-004F 
26°5 0-00237 EaTih 0-092 
30-4 0-00095 0-011; 0-006 0-0922 OT 0-057 0-0845 0-010 0-007 
34-6 0-00037 0:0794 0:0765 
43-8 0-00004 0:0627 0-0623 
54 0-00000 0-000 0-001, 0:0514 0:0255 0-016 0:0514 0-006 0-005 
L.=Layzer’s approximation; D.W.B.O.=the distorted-wave Born—Oppenheimer approximation 


(Erskine and Massey 1952); 
sections are in units 7a)”. 


V.=the variational method (Massey and Moiseiwitsch 1953). 


All cross 


+ Dr. Moiseiwitsch has informed the author that OQ~=0-0047a,? is the correct value for 19:4 ev 
incident electrons, the figure given in the paper cited being a misprint. 


Table 2. The 11S—2!S and 11S—23S Excitation Cross Sections of Atomic 
Helium 
Scattered 145-215 148-238 
electron = -— ~ -——\ X~ —~ 
energy Remneor Te IDLO), 1B Retneor L. IDEA IBO), 1B. 
(ey) 
0 1-183 O 0 1-161 0 0 0 
0-135+ 1-187 0-017 1-165 0-0051 0:058, 0-046 
0443+ 1-197 0-027 1-174 0-039 
1:26 1222 OFOMSS 0-010, (0-014f) 1-200 0-0145 0:0260 0-017 
6-76 1373 OLOS23 0-039 1:359 = 0-0188 0:0216 
12e22 1500 MnO. O27, 
20°87 1-715 0-0508 0-042; 1-700  0-0056 0:0052 
31-76 1-936  0-0524 0-036; 
L.=Layzer’s approximation; D.W.B.O.=the distorted-wave Born—Oppenheimer 


approximation (Massey and Moiseiwitsch 1954); 
All cross sections are in units 7a?. 


iW) 


E.=experimental 


(Maier-Leibnitz 


+ The value 0-443 ev was so chosen as to coincide with the peak of Maier-Leibnitz’s 
experimental curve for 1'5-2'S. The value 0-135 ev, which is one of the energies used 
by Massey and Moiseiwitsch, very nearly coincides with the peak of the experimental 
curve for 115-238. 


{ Uncertain. 


Table 3. 


for High-Speed Incident Electrons 


The Asymptotic Excitation Cross Sections of Hydrogen and Helium, 


IL: Born’s approx. 
H, 125-2285 O2223(R2) ime 0-444(R°) 
He, 115-215 0-304(Rk°)-? 0:074(R°) 


Unit of cross section : zap” 
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Table 4. The Layzer Cross Sections $Q/ for the 1?S—2?P Transition in Hydrogen 
for Collisions which reverse the Spin of the Atomic Electron 


Incident Incident Incident Incident 

electron electron electron electron 

energy 409 energy 409 energy 409 energy £09 
(ev) (ev) (ev) (ey fF 
Ono. 0) Wilseess) 9 Oeil ZAQ) 16:37. ~=0-0976 39:10 =—0:0395 
10-46 0-126 122 0-166 19-48  0-0737 43-84  0-0368 
LOAZ9 >) SOF156 12-46 0-160 22:87 0-0603 48:84 0-0343 
10:96 0-164 12-81 0-153 ZO 52) 00522 54:12 0-0320 
tiaheull 0-168 13-17 0-146 30-44 0-0468 59-67 ~~ 00300 
i444 O72 13:53. 0-140 34:64 00428 


‘The cross sections are in units wap”. 


Table 5. The Layzer Cross Sections, Q, for the 11S—23P Excitation of Helium 


Scattered Scattered 
electron electron 
energy Fe theor ©) energy Re theor OQ 

(ev) (ev) 
0 1-197 0) 5:59 1-359 0-130 
1-40 1-24 0-150 11-04 1-5 0-079 
2°77 1:28 0-157 19-70 1-7 0-043 
3-82 (35 0-150 30°58 1:922 0-028 


The cross sections are in units 7a)”. 


with those calculated by other methods as seriously (and in the same direction) 
as do the values of O-. The cross sections 09/2, however, depending upon the 
exchange integral only, would seem to agree somewhat better, although the 
Layzer values seem to fall off too rapidly as the energy increases. But there is 
the possibility that the Layzer approximation is more successful in the treatment 
of exchange effects than it is in the treatment of non-exchange scattering. 
Although Layzer apparently intended his approximation to be used for the 
treatment of the scattering of slow electrons, it is interesting to compare the asymp- 
totic cross sections, for incident electron energy tending to infinity, with those 
given by the Born approximation. ‘This comparison is made in table 3, the 
asymptotic Born cross section of helium being calculated from the value 
0-0025 za,)2 which Massey and Mohr (1933) give for the cross section at 400 ev 


incident energy.f 


+ The helium 11S and 2!S wave functions used in the present work are not orthogonal 
and are therefore unsuitable for the application of Born’s approximation. Massey and 
Mohr used a different wave function for 2'S, as did also Fundaminsky (see Bates, 
Fundaminsky, Leech and Massey 1950), whose result does not differ much from that 


of Massey and Mohr. 
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In Layzer’s approximation, as in Oppenheimer’s approximation, the S-S 
exchange cross sections tend to zero much more rapidly than (k°)*, and are not 
considered in table 3. The Layzer non-exchange cross sections behave like 
(k°) ? for k® large, being in this respect in agreement with the Born cross sections 
which latter are quite reliable at high energies. ‘The numerical coefficients, 
however, disagree quite seriously. 

It was suggested in § 2:1 that the expression for V,;; to be used ought to be 
twice that given by Layzer, and that ¢(0) should be taken to be } instead of 2-1”. 
The effect of making both these corrections would be to increase all the Layzer 
cross sections given in this paper by a factor of 2. In most cases this 
would increase the discrepancies, and so it must be admitted that these 
theoretical suggestions receive no support from the numerical results so far 
obtained. 

Lastly, tables 4 and 5 give the 1S-2P pure exchange excitation cross sections 
of hydrogen and helium, respectively, given by the Layzer formula, without 
comparison data. The cross sections given in table 4 are for such collisions that 
reverse the spin of the atomic electron, assuming the beam of incident electrons 
to be unpolarized. 

The peak of the 1'S—2?P excitation function seems to be at least three times 
larger than it could possibly be according to the measurements by Maier-Leibnitz 
(1935) } of the total inelastic cross section, but on the other hand it is six times 
smaller than an estimate based on a combination of the measurements of ‘Thieme 
(1932) and of Woudenberg and Milatz (1941). 

It must be remarked that the asymptotic fall-off of the S-P exchange cross 
sections with increasing k° is too slow; namely, these cross sections behave like 
(k°)- for k° large. On the other hand, the S~P non-exchange cross sections vary 
correctly for large k® in the case of hydrogen (and most probably also in the case 
of helium)—-namely, like (k°)? log (k°—k’), as in Born’s approximation (see, for 
example, Bates, Fundaminsky and Massey 1950). Since there is hardly any hope 
of improving upon the accuracy of Born’s approximation, no numerical calcula- 
tions were done on these cross sections, and consequently we can say nothing 
about the numerical factor in the asymptotic case. 

In conclusion, it may be said that the present approximation gives results 
which are surprisingly good in view of the serious defects in the theory by which 
it is suggested (see § 2.1). In fact, the Layzer cross sections presented in this 
paper agree about as closely with those obtained by other methods as those other 
cross sections agree among themselves. ‘This certainly justifies further work on 
this approximation, which may lead to more definite conclusions as regards its 
usefulness. 
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Abstract. The angular distributions of: neutron groups from the reactions 
*Be(d,n)!’B and #C(d,n)!*N have been measured for a deuteron energy of 
0-86mev. ‘The excitation energies of the first few excited states of 1°B and 4N 
have been measured, and are in good agreement with previous measurements. 
The angular distributions have been analysed in terms of both compound nucleus 
and stripping interactions. Only the fourth excited state of 1°B and the third 
excited state of !4N were found to be formed to a large extent by deuteron stripping. 


§ 1. INTRODUCTION 


1952, Burke, Risser and Phillips 1954) have reported work on the angular 

distributions of neutron groups produced by the bombardment of light 
elements by deuterons of approximately 1 Mev energy. In all these results 
there have been cases where the angular distributions show peaks in the forward 
directions characteristic of stripping, though superimposed on a background 
presumably due to a contribution from compound nucleus formation. 

The present investigation was made to examine in greater detail the reaction 
*Be(d,n)!°B, which had previously been studied by Pruitt et al. (1952) at low 
bombarding energy, and the reaction '?C (d, n)!*N, on which no previous angular 
distribution measurements have been reported at low bombarding energy. 
The present measurements were made using the nuclear emulsion method, and 
a search was made for the weak groups from the °Be(d, n)!°B and !8C (d, n)4N 
reactions corresponding to levels in !°B at 2-85 Mev and in !4N at 3-47 Mev as 
reported by Dyer and Bird (1953) and Mandeville and Swann (1950) respectively. 


P REVIOUS authors (Pruitt, Hanna and Swartz 1952, 1953, Burke and Risser 


§ 2. EXPERIMENTAL PROCEDURE 


A beam of 865 +1kev deuterons was accelerated by a 1-2 mv Philips H.T. 
Set, electronically stabilized to within 1 kilovolt. The voltage was known to 
the same degree of accuracy from a previous calibration. 

The beam was bent through 90° by a permanent magnet and defined by 
two gin. water cooled collimators. ‘Thus a deuteron current of 100ua was 
focused on to a target in. in diameter. 

The target chamber and detector are shown diagrammatically in figure 1. 
The targets were clamped to a water-cooled brass holder at the centre of a = ine 
walled cylindrical chamber. The target holder could be rotated about the axis 
of the chamber and was electrically insulated from the rest of the chamber by an 
ebonite mounting. 


+ Now at the Atomic Energy Research Establishment, Harwell. 
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A light tight brass plate holder containing 2in. x 2in. x 400 micron Ilford 
C2 emulsions was positioned accurately with respect to the centre of the target 
chamber by means of locating studs. The plates were mounted in milled grooves 
cut radially from the target at 5° intervals between — 5° and +170° to the incident 
beam ; the front edge of each plate was located against the front wall of the 
holder at a distance of 20cm from the target. 


tbonite 
Insulation 


Target Tube 


AO 


A&A Water Cooled 
Collimators 


Plate Holder 
Figure 1. 


A "Be target about 30 kev thick was made by evaporating metallic beryllium 
on to 0-005in. thick copper backing. The °C target was prepared by 
Dr. R. Dawton at the Atomic Energy Research Establishment and was 
20 kev thick on 0-005 in. aluminium backing. 

A stilbene scintillation counter was used to monitor the neutron and y-ray 
yield at 90° to the incident beam. 

All the plates used in one particular exposure were taken from the same 
batch in the hope that the composition and moisture content would be similar 
and that the whole set would have the same range-energy relation. ‘The plates 
used in one exposure were developed together so that the shrinkage factor would 
be similar for the whole batch. 

The plates were scanned for neutron recoils using the normal method. The 
criteria for track acceptance were fixed so that only those recoils occurring with 
a projected angle in the emulsion less than or equal to 10° from the incident 
neutron direction, and with a dip angle into the emulsion plane less than, or 
equal to 10° in the processed emulsion were accepted. 


§ 3. NEUTRON SPECTRA 


Examples of the neutron spectra obtained from the two reactions are shown 
in figures 2 and 3. ‘These are not corrected for the variations of (n, p) scattering 
cross section with energy or for escape losses from the emulsion, but represent 
the numbers of counted proton recoils plotted against the corresponding incident 
neutron energies. It will be seen that a certain amount of neutron background 
from the 2H (d, n)?He reaction was observed. ‘The energy of this group varies 
much more rapidly with angle than that of the groups being measured, and it 
was possible to subtract it at all angles, knowing the form of its angular distribution 
at a similar deuteron energy (Allen et a/. 1950). 
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The Q-values of the reactions, and the corresponding excitation energies of 
the levels of the residual nuclei have been calculated from all the angles measured, 
and are shown in tables 1 and 2, compared with previous measurements. ‘The 
errors shown in the present measurement are based on the spread of the measure- 
ments at individual angles, and an allowance has been made for the possible errors 
in the range—energy relation. 
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Table 1. ®Be(d,n)!°B 


Present authors. Hqg=0-860 Mev Pruitt et al. Eqg=0-945 mev 
QO-Values (Mev) Excitn Energy (Mev) O-Values (Mev) Excitn Energy (Mev) 
4-54+ 0-06 0-00 4-43+ 0-08 0-00 
Sepa OAS 0-75 + 0-08 3:69 + 0:07 0:74+0-11 
2:75+ 0-04 lear Oy 2:66 + 0:06 NF 7 ae OAL) 
ASM se OE 2:23+ 0:07 DSO 05 2-:20+ 0-10 
0:77+ 0-04 Bod 7 te OOH 0-76+ 0-05 3-67+ 0-09 


Table 2. ™C(d,n)N 


Present authors. Eqg=0-86 mev Benenson (1952). HEq=3-87 Mev 
O-Value (Mev) Excitn Energy (Mev) O-Value (Mev) Excitn Energy (Mev) 
5:-41+ 0-06 0-00 5:40+ 0-10 0-00 
3:07 + 0:04 2°34+0-07 3:09 + 0:10 D8) a Oe NC) 
1:39+ 0-02 4-02+ 0:07 1:-47+ 0-09 3-85 + 0-08 
0:39+ 0-01 5:02+ 0:07 0:52+0-08 4-80+ 0:07 
0:21+0-02 5:20+ 0:07 0:35+0-08 4-97+ 0-07 


Q-value plots were made for both reactions, combining the data from all angles,. 
in an endeavour to locate the weak groups mentioned above, but no trace of 
either was found. 


§ 4. ANGULAR DISTRIBUTIONS 


The angular distributions were computed by counting the numbers of proton 
recoils in the individual peaks in the spectra. ‘The D-D background was 
subtracted where necessary. Allowances were also made for any other neutron 
background present. ‘The number of recoils was corrected for conversion 
from the laboratory to the centre-of-mass system of coordinates, for variation 
of the (n, p) scattering cross section, and the estimated number of proton tracks 
which escaped from the emulsion and were in consequence not counted. 
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For each level the results at the various angles were fitted by the method of 
least squares, firstly to a polynominal in cos@, secondly to a polynomial in 
cos @ plus a Butler stripping function B,(@) (Butler 1951), the maximum value 
of the Butler curve being normalized to unity. The value of orbital angular 
momentum transferred by the ingoing proton was selected on the basis of the 
result obtained at higher bombarding energies by Ajzenberg (1952) in the case 
of *Be and Bromley and Goldman (1952) and Benenson (1952) in the case of C., 
The procedure followed for fitting the curve was that of Hayes and Vickers (1951). 
This method allows one to stop the fitting when the polynomial in cos@ fits as 
well as the errors on the individual points justify. The results obtained are 
shown in figures 4-11 and are tabulated in tables 3 and 4. 


Table 3..-°Be(din)YB 


Group EX Curve 
Zo 0-00 a (1:00 + 0:12) —(0-63 + 0:24) cos 0+ (0:32+ 0:13) cos? 0 
(0-18 + 0-43)B,(8) 
b (1:06 + 0-05) —(0°57 + 0:04) cos 6+ (0:36 + 0-08) cos? 0 
gz 0°75 a (1:24+ 0:05) —(0-61 + 0-04) cos 8@— (0:09 + 0-07) cos? 0 
Zo 1-79 a (0:22+ 0:04) +(0:17+ 0-03) cos 0+ (0:10+ 0-03) cos? @ 
— (0-04 + 0:07)B,(9) 
b (0:19+0-02)+(0-00+ 0-02) cos 8+ (0:11 + 0-02) cos? 8 
253 2-23 a (0-31 + 0-08) —(0:14+ 0-06) cos 8+ (0-15 + 0-05) cos? @ 
+ (0-28 + 0-11)B,(8) 
b (0-46 + 0-09) + (0-18 + 0-07) cos 0 +(0-10+ 0-04) cos? 6 
—(0:24+ 0-12) cos? @ 
c (0-49 + 0-04) — (0:09 + 0:03) cos 8+ (0:07 + 0:06) cos? 0 
es 3-77 a (0-37 + 0-07)-+(0-10- 0-03) cos @—(0-13 + 0-08) cos? 6 
-£ (0-36 + 0-07)B,(8) 
b (0-66 + 0-09) + (0-07 + 0-08) cos 6—(0-34+ 0-15) cos? @ 
c (0:54+ 0-05) +(0-40+ 0-09) cos 8+ (0°35 + 0-23) cos? 6 
—(0°31+0-10) cos? 6—(0-65 + 0:22) cos? 6 
Hable 4..2°C(d.n)iMIN 
Group EX Curve 
Zo 0-00 a (1:00 + 0:04) + (0:29 + 0:05) cos@ 
gy 2°34 a (0:09+ 0:01) +(0:10+ 0-02) cos 6+ (0:48 + 0-03) cos? é 
Zo 4-02 a (0:63 + 0:02) —(0-049 + 0-03) cos 8-+- (0:27 + 0:04) cos? @ 
fee 5-02 a (0-06 + 0-02) —(0:24 + 0-05) cos 6-+ (1:07 + 0:10)B,(6) 


§ 5, DiscussIoN 

At the bombarding energy used in these experiments the results show that 
both the stripping and compound nuclear modes of action occur, contrasting 
with the results on these reactions at higher bombarding energies where all the 
groups show very much more pronounced stripping. 

The stripping theories of Butler and of Bhatia et al. do not take into account 
the Coulomb potential, but according to Yoccoz (1954), the effect of this is largely 
to broaden the peaks. 

At these bombarding energies there are still signs of structure in the excitation 
functions and so presumably at this excitation energy there are still discrete, if 
broad, levels in the compound nucleus. Because of this, and the fact that the 
lower deuteron velocity means that the particle which is unaffected in the stripping 
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mechanism spends more time close to the nucleus, compound nucleus formation 
should be relatively more probable at low bombarding energies. 

In discussing whether or not a particular angular distribution requires 
a stripping term, or is adequately described by compound nuclear terms alone, 
we must have some idea as to what angular distributions we may expect from 
compound nucleus formation. In both these reactions we are in a region of 
broad overlapping levels but not yet in the continuum. Consequently we 
expect interference terms due to the excitation of levels of different parities. 
These terms, the odd powers of cos@, vanish in the two extremes of sharp 
resonances, and a statistical density of levels. Due to the falling penetrability 
of higher /-waves, terms above cos?@ in the polynomial may be expected to be 
small. For 860kev deuterons approaching *Be the penetrabilities are shown 
in table 5. 

For !8C the relative penetrabilities are almost the same, though the absolute 
values are somewhat lower. 


Table S 
l 0) 1 2, 
Absolute Penetrability 0-33 0-12 0-014 
Relative Penetrability 1 OES) 0-04 


Thus terms in cos*@ should be small unless for some reason a matrix element 
involving an /=2 wave is unusually large, and in any case terms in cos*@, being 
due to interference between /= 1 and /=2 should not be large unless accompanied 
by a significant term in cos*0. 

The compound nucleus and Butler contributions may be incoherent, or 
there may be interference between the two modes. In the former case the 
Butler term and the compound nucleus contribution are additive and the analysis 
described above will give the correct magnitude for the Butler contribution. If 
there is interference the coefficient of all the terms derived above may be incorrect, 
but the presence of a Butler term nevertheless indicates that there is a definite 
stripping contribution. 

The ground state of !°B and the first two excited states are adequately described 
by compound nucleus terms to cos?@ without any anomalies in the coefficients. 
The third excited state needs higher terms and can either be fitted by the addition 
of an /=1 Butler curve or a term in cos*@ which is twice the size of the term in 
cos?4 and half the size of the leading term ; no cos*@ term is required. ‘This 
would be an unusual form for an angular distribution for a compound nucleus 
reaction and for this reason the function involving the Butler term may be 
preferable. The fourth excited state shows the characteristic peak of a stripping 
pattern with /=1. This curve could be fitted with a polynomial in cos@ with 
terms up to cos'6, this term having the largest coefficient. ‘This would be a 
very unusual function for a compound nucleus reaction. At higher bombarding 
energies all these levels are fitted with an /=1 stripping pattern. 

All the levels of 44N examined are fitted by polynomials up to cos?@ except 
for the third excited state which shows a very strong /=0 stripping pattern plus 
a term in cos@. This requires terms to at least cos*@ to fit with a polynomial 
in cos@. This is the only state which requires /=0 in results of Benenson 
(1952) at a higher bombarding energy, all the other levels requiring an f= 
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curve. The results on the fourth excited state are not included in the tables. 
This is a very weak group and the separation in range between the tracks produced 
by this group and those produced by neutrons leaving “N in the third excited 
state is small, particularly in the backward direction. ‘This latter group of 
neutrons is a strong group and consequently the results in the fourth excited 
state were not very reliable, but the neutron intensity from this group was 
approximately isotropic. 


§ 6. CONCLUSIONS | 


Thus at 0-86 Mev deuteron bombarding energy there is evidence that a 
stripping term is needed in two cases ; for one neutron group in each reaction 
studied. There is a further angular distribution for which the best fit is obtained 
with the addition of a Butler terra and for which the alternative polynomial in 
cos@ would be unusual. The remaining angular distributions are all fitted 
adequately by polynomials in cos @ which are quite plausible angular distribution 
functions for compound nucleus formation. 
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Abstract. ‘The energy levels of Be and C have been studied by means of the 
(d, n) reaction using deuterons of energy 686 kev. Evidence of levels in Be was 
found at 2-98 and 7-53 Mey. Investigation of energy levels of #C has shown 
energy peaks at 4-40, 7-63 and 9-72 Mev respectively. The angular distribution 
of neutrons from the "B(d, n)#C reaction also has been investigated. 


§ 1. INTRODUCTION 


trum of low lying states of SBe from the reaction 
SLit+ ?7D>*Be+(nt+Q ae (1) 
which has a QO value of 15-03 Mev. ‘The reaction (1) has been studied by Richards 
(1941) and also by Green and Gibson (1949). Richards measured the energy 
distribution of the emitted neutrons at right angles to the direction of the incident 
deuteron beam, while Green and Gibson measured the neutron spectrum at 0° and 
120° with respect to the initial direction of the deuterons. ‘They found evidence 
of the neutron groups corresponding to the ground state of *Be, followed by a 
broad group for the first excited state, and accompanied by two more levels 
superimposed on a continuous background. Recently Trumpy e¢ al. (1952) have 
studied the same reaction. ‘They found evidence of energy levels in *Be at 2-9, 
4-1 and 5-1 mev. Their analysis suggests two energy levels at 4-1 and 2-92 Mev 
in place of the broad level corresponding to the first excited state of Be. Erdos 
et al. (1953) have resolved the first excited state of *Be into three energy levels 


at 2-2, 2-9 and 3-4 Mev. 
Lately Malm and Inglis (1953) have investigated the “Be energy levels using 


the following reaction: 


[Ts photographic plate technique has been used for the study of the spec- 


Bee BetetO, 9 * | iiaaee (2) 


‘They measured the energy of «-particles with a proportional counter extending 
their investigations from 0 to 7 Mev excitation energy of “Be. ‘They found a 
sharp peak corresponding to the formation of *Be in its ground state having a 
width of 0-06 Mev which is by far the best resolution so far reported. ‘Their 
experimental evidence suggests that there is only one broad energy level at 
2-9 mev which corresponds to the-first excited state of ‘Be. We have studied the 


reaction (1) in order to investigate the energy levels of *Be in general and its first 


excited state in particular. Neutron spectra were measured at three different 


angles, 90°, 115° and 145° respectively. Finally a combined result is plotted in 


terms of excitation energy of 8Be, which will be discussed below. 
PROC. PHYS. SOC. LXVIII, 5—A 27 
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§ 2, EXPERIMENTAL ARRANGEMENT 

A thin lithium target was used and kept cool during the time of bombardment. 
It was bombarded by a homogenous beam of deuterons of mean energy 686 kev 
from the Nuclear Physics Research Laboratory’s 1-Mev h.t. generator. Ilford 
C2 400-micron nuclear research plates were used for the detection of neutrons. 
The plates were held lengthwise so as to receive the incoming neutrons tangen- 
tially. After an exposure of two hours they were developed by the temperature 
control method. ‘The proton tracks in the emulsion formed by the collision of 
incoming neutrons were scanned with a Cooke, Troughton and Simms nuclear 
research microscope with an oil-immersed objective of x 45 and a Kellner eye- 
piece of x 10. The following criteria were used for the acceptance of a track for 
measurement: angle @ of proton in the forward direction <10°, dip of proton 
track <4°. Only those tracks were measured whose range was greater than or 
equal to 199 microns or 4:99 Mev. 


§ 3. ENERGY LEVELS OF {Be 

In addition to reaction (1) with which we are mainly concerned, there is a 

possibility of the reaction 
{Li+7D>2;H6+ 40 +O. eee (3) 

The reaction (3), being a three-body disintegration of low Q, produces a 
continuous distribution of neutrons of low energy in the spectrum of figure 1, 
which was obtained by plotting the excitation energy as abscissa against the neutron 
number as ordinate at an energy interval of 0-22 Mev. The spectrum of *Be 
shows a sharp peak corresponding to the ground state, having a half-width of 
0-5 Mev, followed by a broad peak for the first excited state and a level at 


7:53 Mev which is in agreement with the other reported experimental results 
(Green and Gibson 1949, Richards 1941, Steigert and Sampson 1953). 
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Figure 1. 7Li(d, n)’Be smoothed spectrum 90°, 115°, 145°. 


The peak of the first excited state appears to be slightly asymmetric in shape 
and perhaps suggests a second level at about 4-1 Mev besides the level at 3 Mev. 
‘The existence of a level at 4-01 mev has also been discussed by Titterton (1954): 
A number of authors (Trumpy et al. 1952, Calcraft and Titterton 1951, Brink- 
worth and Titterton 1951, Inall and Boyle 1953), have reported this level, but 
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in some cases (Calcraft and Titterton 1951, Brinkworth and Titterton 1951) the 
Statistics are too poor for definiteness. A number of other authors (Malm and 
Inglis 1953, Richards 1941, Trail and Johnson 1954, Treacy 1953, Kunz 
et al. 1953) have failed to find this level. Our evidence is not sufficient to establish 
this level, and it may be in any case that the 4-1 Mev level appears in some reactions 
but notin others. Titterton (1954) also discusses a level at 5-3 Mev but our evidence 
for this level is inconclusive. 


§ 4. ENERGY LEvELs oF 12C 


We have studied the reaction |B(d, n)!2C using a separated isotopic target 
of 1'B at a mean deuteron bombarding energy of 0-8 mev with Ilford C2 photo- 
graphic plates. Figure 2 shows the neutron spectrum from the above reaction at 
95° to the initial direction of the deuteron beam. This spectrum is measured over 
a plate area of 1:8 x 5 mm for eighteen scans. The total number of tracks in this 
histogram is about 646. Evidence is found for neutron groups at 13-39, 9-33, 
6:34 and 4:42 Mey. Their O values and the corresponding excitation energy 
levels and their peak intensities are given in the table. 


State O (Mev) Energy level (Mev) Peak intensity 
Ground 13-81 0-0 11 
Ist excited 9-41 4-40 28 
2nd excited 6:18 WAS 7 
3rd _ excited 4-10 OTA 36 


The groups corresponding to the ground, first, second and third excited 
states are marked G,, G,, G, and Gz; respectively. At the low energy end of the 
spectrum of figure 2, there is another apparent peak at 2-59 mev which has also 
high intensity. This is probably due to the method of selection of tracks for 
measurement. 


Number 


Figure 2. UB(d,n)¥C; 95°. EH y=0-87 Mev. 


The neutron groups observed in the bombardment of !'B by deuterons arise 
through the reaction 
sl Salt Dare Gy ais Oa eS (4) 
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which has a O value of 13-78 Mev agreeing reasonably well with the experimental 
value given in the table. ‘The continuous distribution at low energies probably 
arises from a four-body type of break-up and is also due to the contamination of 
the target by deuterons producing D—D neutrons. 

The energy levels of 12C have been the subject of previous investigations by 
Gibson (1949), who studied the reaction ';B(d, n)!#C. He found levels in *C 
at 4-47, 7-7 and 9-72 Mev. Johnson (1951) also studied the levels of #*C using an 
unseparated target of boron and found levels at 4:4, 9-6, 10-8 Mev etc., with no 
sign of any group at 7 Mev. Energy levels of "C have also been investigated by 
Bonner and Brubaker (1936). Dunbar et al. (1953) investigated the N(d, «)C 
reaction using 0:62 Mev deuterons and found a level at 7-68 Mev with a half-width 
of 0-31 Mev. Our result also shows a second excited state in *C at 7-63 Mev, 
which is one-fourth of the intensity of the first excited state of 1*C, and its half- 
width is 0-30 Mev. 


§ 5. ANGULAR DISTRIBUTION OF NEUTRONS FROM 'B(d, n)?C 


For the measurement of angular distribution, plates were placed in a circular 
brass plate holder. ‘They were mounted radially about the target in such a 
way that neutrons entered the emulsion surface at grazing incidence. ‘Ten 
plates in all, placed at the angular positions 0°, 20°, 40°, 60°, 80°, 95°, 100°, 
120°, 140, and 160° were scanned. The plates were 2 in. x 2 in. and an area of 
2:5 mm x 0-8 mm of each plate was scanned, measuring in all 4627 tracks. 

The angular distribution of neutrons for any energy level was calculated from 
the total number of tracks in the corresponding peak of each plate. The laboratory 
angle of emission of neutrons for each energy level was converted into the centre- 
of-mass system of angles and the following corrections were applied to every 
group in order to find the relative number of neutrons responsible for each 
energy level: solid angle correction, plate thickness, escape correction, neutron— 
proton scattering cross section. 
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The three angular distributions for three energy levels of 12C computed in 
this way, taking differential cross section as ordinate and the neutron angle of 
emission in the centre-of-mass system as abscissa, are plotted in figures 3, 4 

~s9. 
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and 5, corresponding to the ground, first and third excited state respectively. 
‘The errors indicated are due to the statistics. The angular distribution of the 
second excited state is omitted as it is far too weak a level to give reliable results. 

Superficially the distribution of the ground and the third excited states look 
something like stripping patterns, but they could also be explained in terms of 
compound nucleus formation since they would not involve terms higher than 
cos*@. ‘The same applies to the very similar angular distribution published by 
Burke et al. (1954) which resembles the angular distribution of the first excited 
state shown in figure +. Although the authors themselves suggest a stripping 
mechanism, we have no definite evidence for stripping at 800 kev for the reactions 
studied in this paper. The low energy stripping reactions to be published by 
Green et al. (1955) therefore seem rather exceptional. 
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Abstract. A pinhole camera at the periphery of the cyclotron was used to record 
neutral products of dissociation of molecular ions accelerated to various radii. 
From the numbers of particles reaching different parts of a C2 nuclear plate 
in the camera, the attenuation of the accelerated ions due to collisions with 
residual air molecules could be deduced. "This was compared with the attenuation 
for H,* ions observed in a similar way. The cross section for dissociation 
of these by air is known, so the cross sections for other ions could be determined. 
At a velocity corresponding to 1 Mev per nucleon, the cross sections for D~ and 
HeH+ were found to be respectively 7:6 x 10-!®cm? and 1-0 x 10-!*cm? with 
an accuracy to about 30%. 


§ 1. INTRODUCTION 


HE cyclotron is usually used to accelerate simple bare nuclei, such as 

deuterons or alpha particles. It is, however, sometimes used to accelerate 

molecular ions such as H,t or ions such as N+, which still carry with 
them several atomic electrons. In such cases there is a risk of loss of ions by 
collisions with residual gas atoms in which the ion is broken up or changes its 
e/m and can no longer be accelerated. ‘This effect was investigated quantitatively 
for the H,* ion by Effat (1952), who showed that the cross section for such breakup 
agreed with theory (Salpeter 1950) to within the accuracy of the experiments 
(20%). It was thought interesting to find the corresponding cross section for 
other ions. ‘This was particularly the case for negative ions such as D-, since, 
if such ions could be successfully accelerated, the problem of extraction of the 
beam from the magnetic field would be eliminated. Passage of such an ion 


through the thinnest foil would reverse its charge, enabling sensibly 100% 
extraction to be achieved. 


§ 2. METHOD 


Since the currents of D” ions in the Birmingham cyclotron were known to 
be small, the calorimetric method of measuring the change of ion current with 
pressure, used by Effat, was not attempted. Instead, it was decided to use 
Effat’s results for H,* and to obtain a direct comparison of the attenuation with 
radius of D~ ions with that of H,* at a single pressure. 

To do this, the D~ and H,* ions were not observed directly, but advantage 
was taken of the fact that, in each case, some proportion of collisions gives rise 
to a neutral atom; in the D~ case by the removal of one electron and in the Fe 
case by the removal of one proton. The energies involved in the collisions are 
only a few ev, while the ions have an energy of some Mev in the range investigated. 
Hence the directions of motion of the neutral atoms are not significantly different 
from those of the original ions. If, therefore, we place a ‘ pinhole’ camera near 
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the outside of the cyclotron, those neutral atoms passing through the ‘ pinhole ’ 
will strike the plate at a point from which their original line of motion can be 
derived. If the axis of the camera lies along the radius of the cyclotron, particles 
coming directly from the source will strike the centre of the plate, while particles 
originally revolving in orbits will strike the plate at a distance from its centre 
dependent on the radius of the orbit. Neutral atoms derived from positive 
ions will strike the plate on one side of the centre and those derived from negative 
ions on the other, owing to their opposite direction of revolution in the cyclotron 
magnet field. 


Figure 1. The ‘ camera’ used to receive neutral particles with the front, carrying a slit 
13mm wide, removed and one plate in position. 


The details of the method were as follows: A camera, the form of which 
is shown in figure 1, carried two Ilford C2 nuclear plates at a suitable angle to 
give conveniently measurable tracks, and had in place of the ‘ pinhole’ a long 
vertical slit so as to avoid any errors due to variation of the mean vertical position 
of the beam. 

The camera was placed in the cyclotron with the slit at a radius of 69cm. 
The source was fed with nitrogen rather than with deuterium or hydrogen, the 
arc contamination with these gases being ample to give an adequate ion beam. 
The cyclotron was otherwise run in the normal conditions for acceleration of 
D+ or H,*. An exposure of 2 seconds gave a convenient density of tracks on 
the plates. These received simultaneously neutral deuterium atoms on one 
side of the centre and neutral hydrogen atoms on the other side, pressure and 
other conditions certainly being identical for both. 

After development, by counting tracks across the plate it was possible to 
find the variation with radius of the numbers of ions breaking up. ‘The numbers 
breaking up depend both on numbers surviving to the radius concerned and on 
the collision cross section, and we need some further information to define these 
separately. This information is given by the known law of variation of cross 
section, which is shown by Salpeter (1950) to be inversely proportional to particle 
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energy in the energy range concerned. Using this fact the plate results enable 
us to compare the cross sections for the H,* and D~ at various energies. It was 
also possible, by measuring the track lengths, to determine accurately the mean 
energies and the energy spread of ions at any given radius. 


§ 3. EXPERIMENTAL RESULTS AND ANALYSIS 


Several plates were exposed to the break-up products of H,* and D~ ions, 
and two to the products of HeH* ions which can also be accelerated, at five-sixths 
of the D+ magnetic field and one-third of the normal angular velocity. In 
each case the gas in the cyclotron was simply residual air, due to leakages, at 
a pressure of about 3x 105mm, the effect of the gas from the source being 


negligible. 


A preliminary examination of the plates was made to find the density and 
distribution of tracks and to determine the line parallel to the median plane 
along which this was most suitable for observation. A reference line was 


drawn to correspond to this. 


The lengths of tracks in sample areas at regular intervals along the reference 
line on either side of the centre were then measured to check the correlation of 
the position of tracks on the plate with the radius of the cyclotron from which 


they came. 


In figure 2 is shown the variation of mean track length with distance along 
one of the H,t-D~ plates. The tracks on the negative side are clearly about 
twice the length of those at the corresponding position on the positive side, as 
would be expected if the D and H," ions have the same velocities at corresponding 


radi. 
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Figure 2. Variation of lengths of tracks with 
position on the plate. 
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Figure 3. Variation of measured particle velocity 
with the distance from the centre of the 
cyclotron at which they originated. The 
straight lines show the theoretical values. 


For each of the experimental points in figure 2 the cyclotron radius from 


which the particle came was calculated from the 
velocity of the particles was found using the range-energy 
Rotblat (1950). The relation between these quantities is sho 


position on the plate and the 
relation given by 
wn in figure 3. 
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The two straight lines show the theoretical relation given by simple cyclotron 
theory, and it will be seen that the experimental points lie very close to these. 
The small systematic deviation is believed to be due to the fact that the orbit 
centres did not coincide with the geometrical centre of the cyclotron. In the 
later figures below, this is allowed for by giving the radii of orbits determined 
from the particle energies and the known magnetic field rather than the distance 
of the points of origin of the neutral particle from the centre of the machine. 

The qualitative agreement with theory thus being satisfactory, the main 
task of counting the tracks was undertaken. The number of deuteron tracks 
per unit area was counted over a strip 1mm wide and 20mm long along the 
reference line already mentioned. These readings were divided up into 
suitable areas to give reasonable statistical accuracy. It was not necessary to 
count over such a large total area for the proton tracks owing to their much 
greater density, 1mm? being sufficient for each point. A total of about 3000 
tracks of each kind was counted. 

The geometrical conditions of the experiment are not simple, as the density 
of orbits, the length of are of an orbit from which particles can reach the slit 
and the obliquity of arrival at the plate all vary with orbit radius. Fortunately 
the density of tracks and the above length of arc, on the simple theory of the 
cyclotron, both increase linearly with radius, while particle energy increases as 
(radius)*. In this region of energy the collision cross section certainly varies 
inversely as energy, so that these effects cancel each other completely as far as 
the number of particles entering the slit is concerned, and it is needful only to 
make the small correction (up to 30%) for the obliquity of arrival at the plate. 
Two effects remain which cannot be allowed for: the change in vertical depth 
of the beam and the loss of particles which have got out of phase. Consideration 
of the mechanism of acceleration in the known magnetic field distribution and at 
the radio frequency voltage concerned suggested that these effects will work 
in opposite directions and that neither will exceed 30°% over the range concerned. 
As will be seen later, the results themselves show that the error resulting does 
not have a serious effect. 
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of orbit of original D~ and H,* ions. of original HeH* ions. The D~ line from 


figure 4 is shown for comparison. 
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In figure 4 the number of tracks for unit solid angle is plotted against orbit 
radius for each kind of particle. It is seen that with the exception of extreme 
points, the graphs represent an exponential fall-off of number with radius as 
was expected, the rate of fall-off being much larger for the D~ ions. 

Now, we can calculate from Effat’s results the loss of H,* ions to be expected 
over the range from say 25cm to 50cm radius, for the pressure and radio 
frequency voltage used (3-2x10->mm and 120kv dee-to-dee). This gives 
a calculated loss by a factor of 1-95 +0-15, while the factor given by figure 4 
is 2:25+0-2. ‘This leaves a loss of particles from other causes by a factor of 
1-15 + 0-15, which confirms the statement above concerning the factors mentioned. 

Over the same range the D~ beam falls by a factor of 17. Hence the ratio 
of the cross section for break-up of D~ to that for H,+ is (log (17/1-15))/(log 1-95) 
or 4:0 with an uncertainty of perhaps 20%. ‘This uncertainty is not more 
than the probable absolute error of Effat’s results which was also estimated as 20%. 

In figure 5 is shown, on a different scale, the rather limited results obtained 
from a similar investigation of the break-up of HeH*, accelerated as described 
above, at the same tank pressure, and with an effective radio frequency voltage 
of 128 kv dee-to-dee. 

The main difficulties involved were due to the very short lengths of the 
large numbers of tracks near the centres of the plates and the very rapid fall 
in numbers to near zero further out. ‘The tracks were far too short to measure 
the change in length properly so that no independent check could be made of 
the divergence of the centre of revolution from the geometrical centre of the 
machine. 

Nevertheless, a ratio for the destruction cross section to that for D~ can be 
found and, though the random errors are greater, uncertainty resulting from 
other causes of particle loss is much less. At a given radius the energy is nine 
times lower, but the interval between successive orbits is nine times larger than 
that for a similar particle moving with the normal angular velocity and no 
correction is required if a cross section varying as 1/E is assumed as before. The 
ratio of cross sections is then 13-5 +3. 

The final results may then be put in the form: 


Cross section 


Ion 5 : ; 
(cm* at a velocity corresponding to 1 Mev per nucleon) 
Hy’ 1:9x 10-184 20%, 
iDy= UA < MOOSE SOE, 
HeH* 1-0 510-**4.409, 


the first value being that found by Effat. 


§ 4. CONCLUSION 


The accuracy of this experiment could be considerably improved in several 
ways. ‘The most important of these would be to repeat the exposure of plates 
at several different, known pressures; then the part of the slope in figures 4 and 5 
due to causes other than ion breakdown could be accurately determined for the 
H,* ions, for which alone it can be of importance. This would, however, mean 
a considerable further programme of track-counting which we cannot at present 
undertake. In any case the errors in our ratios probably do not exceed the 
errors in the best absolute values available and an improvement of accuracy 
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may not be important until further theoretical estimates are available for 
comparison. 

The accuracy obtained is already quite adequate to show that the loss of 
negative ions would be very high in any practical particle accelerator in which 
they could be valuable. For a fixed-frequency cyclotron of moderate size, 
a pressure of +x 10-®mm would not be too high, but in such cyclotrons there is 
less difficulty in extracting the beam than there would be in obtaining such a 
working pressure. Negative particles have been observed near the centre of 
a synchro-cyclotron (Lofgren 1951), but with a dee voltage of 50 kv a pressure of 
10-*mm would be needed to avoid serious loss of particles before reaching the 
outside and for a synchrotron in the kMev range it would have to be more 
like 107! mm. 
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Abstract. 'The relative excitation functions of lines and bands in the near infra- 
red spectrum of nitrogen have been determined using photographic photometry. 
The maximum of intensity of the (2,0) and (3, 1) Meinel bands of N,* occurs 
at 60 v while that of the Ni lines at 8200 A resulting from the 3s*P — 3p*P® tran- 
sition occurs at 90 v. 


§ 1. INTRODUCTION 


KNOWLEDGE of the excitation functions of nitrogen band spectra, 
besides being of interest in itself, is of some importance in auroral 
and gas discharge phenomena. Experiments are in progress in this 

laboratory to determine these, using both photographic and photoelectric photo- 
metry with electron beam sources. Whilst photoelectric photometry has proved 
to be the more satisfactory method in the visible region, a sufficiently sensitive 
photoelectric detector has not been available for the infra-red. ‘The present 
paper gives some preliminary results obtained photographically for the near 
infra-red. Kodak I.R.E.R. plates hypersensitized in a weak solution of ammonia 
were chosen for this investigation, as their maximum sensitivity occurs at about 
8000 A, enabling measurements to be made on the (3, 1) and (2, 0) Meinel bands 
of N,t(a?II—x?X,*+) near 8105A and 7878 A respectively. Some results were 
also obtained for the strong group of N lines near 8200 A resulting from the 
3s*P — 3p*P® transition and for the (2,0) first positive band of N, near 7750 A. 
As the usual calibrating source for the determination of light intensity in absolute 
units in the visible, a tungsten filament lamp, is at present unreliable in the near 
infra-red, only relative excitation functions have been obtained. 


§ 2. EXPERIMENTAL PROCEDURE 


2.1. Apparatus 


‘The radiation to be studied was produced in the tube shown diagrammatically 
in figure 1. A was a circular oxide-coated cathode, slightly more than 0-5 cm in 
diameter, mounted on a ground glass joint for convenience of renewal and align- 
ment. In front of the cathode lay the first accelerating electrode B, controlling 
the beam current. D was a second accelerating electrode, controlling the final 
electron energy in the beam. C was a focusing cylinder, held in most cases at 
cathode potential. E was the collision box, maintained at the same potential as D. 
W was the viewing window, about 1 cm square. Directly behind W a further 
slightly larger window was cut in E, and a light trap, in the form of a bent glass 
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cone blackened on the outside, was attached to the tube opposite these windows. 
J and J’ were gauze screens to assist in the capture of scattered electrons. H was 
the electron collector, lined with gauze to counteract secondary emission. At 
accelerating voltages above 50 v, H was made 2-4 v positive to the collision box 
in order to collect slow secondary electrons. M and M’ were two coils coaxial 
with the tube, which give a longitudinal magnetic field of the order of 10 gauss 
in the collision region, which further collimates the electron beam into H. All 


the electrodes were constructed of nickel which had been previously outgassed 
in a vacuum by induction heating. 


cm 


Figure 1. Electrode system for electron collision apparatus. The envelope was Pyrex. 


The tube was operated in a continuously flowing stream of gas from a cylinder 
of commercial nitrogen. ‘The pressure could be controlled by a needle valve, and in 
general was of order of 3 x 10°? mm Hg. Mercury was excluded from the tube 
by traps cooled with liquid oxygen, and no bands or lines other than those from 
nitrogen were observed. 

Contact potentials were checked by setting the plates F F’ mounted above 
grids in the collision box 40 v negative to E, and measuring the positive ion current 
to them for electron accelerating voltages from 12 to 30 v, at constant pressure 
and current. ‘The resultant curve of positive ion current plotted against accelera- 
ting voltage had an appearance potential of 16 v, corresponding to the formation 
of N,* ions in the x?&,* state, whilst a further break occurred at 24-5 v, usually 
taken to correspond to the formation of N* ions by dissociative ionization ; 
these are so close to the standard values (15-7 + 0-2 vand 24-3 + 0-2 v) (Hagstrum 
1951) that contact potential differences can therefore be disregarded. 

The use of currents from 1 x 10-° amp to 2x 10-4 amp did not affect the 
observed values of accelerating voltage at which the formation of N,+ and N+ 
began, indicating that the space charge effects of the electron beam are small. 
A further test for the absence of space-charge effects can be made, as, if present 
they would lead to a non-proportionality of light intensity to beam current, 
which was not found. 

The electron energy distribution in the beam was determined by applying 
retarding potentials between Hand E. Due to disturbing effects, such as secondary 
emission and changes in the positive ion space charge around the collector, these 
retarding runs only give an upper limit to the inhomogeneity of electron energies 
in the beam. However, they did show that, after passing through the collision 
region, at least 90°, of the electrons lay within a 5 v range of the applied 
accelerating voltage, for the range of the latter used in the present experiments. 
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2.2. Measurement of Intensities 


The (density, log intensity) curve of each plate was determined in the following 
manner. A small disc of glass (K, figure 1) ground on both sides, was placed 
directly beneath the viewing window and illuminated by a 6 v 18 w tungsten 
filament lamp, run at a constant current. ‘This lamp was mounted on an optical 
bench placed at about 20° to the collimator of a f/9 Hilger constant deviation 
spectrograph. Varying the distance of the lamp from K and using the inverse 
square law, different known relative intensities of continuous spectra could thus 
be obtained from the disc. 

The beam and illuminated disc were focused on the slit of the spectrograph 
with a large aperture lens, care being taken not to overfill the collimator of the 
spectrograph and to photograph a complete cross section of the beam. 

Seven exposures, each one hour in duration, were made on each plate, each 
exposure consisting of the nitrogen spectrum excited at a certain electron energy, 
and a continuous spectrum of known relative intensity. ‘Iwo principal sets of 
plates were obtained, each set consisting of several plates with exposures taken over 
a range of accelerating voltages from 20 to 200 v at constant pressure and beam 
current. Further plates were obtained to determine the dependence of intensity 
on beam current and pressure. ‘The plates were hypersensitized and developed 
under standardized conditions. 

At wavelengths corresponding to the Ni lines at 8200 A, the (3, 1) and (2, 0) 
Meinel bands of N,*, and the (2, 0) first positive band, inverse calibration curves 
(Sawyer 1944) were plotted from the microphotometer traces of the continuous 
spectra of each plate. Over a range of intensity of factor 8 the majority of the 
points lay on straight lines. 


Arbitrary Units 


i= 40 60 80 100 120 140 
Electron Volts 


Figure 2. Electron excitation functions (ordinates) in arbitrary units for : a, the (2, 0) 
Meinel band; 6, the (3,1) Meinel band; c, the (2,0) first positive band; and 
d, Ge blended Ni lines at 8216-8200 A. Abscissae are electron energies in electron 
volts. 


A number of microphotometer traces were obtained of the cross sections of 
the bands and lines. It was found that the width of the electron beam remained 
at a constant value of about 5 mm to within 5°% or better over the complete range 
of accelerating voltages. It was therefore decided that peak heights of the micro- 
photometer traces gave a true measure of relative intensities, 
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Graphs of intensity of the bands and lines in arbitrary units plotted against 
accelerating voltage are shown in figure 2, for the case where the pressure was 
3-1 x 10° mm Hg and the beam current 4x 10-4 amp. Results indistinguishable 
from those shown in figure 2 were obtained from the second principal set of plates, 
for which the pressure was 2:1 x 10-3 mm Hg and the beam current 4-4 x 10-4 
ampere. 

§ 3. DIscUssION oF RESULTS 
3.1. Meinel Bands of N,* 

At electron energies below 24 v the N,* bands were masked by the (6, 5) and 
(7, 6) first positive bands, but by extrapolation their appearance potentials 
were found to be 18 v, in reasonable agreement with values calculated from 
wavelength measurements (Dalby and Douglas 1951). These N,*+ bands show 
direct proportionality of intensity to both current and pressure, indicating that 
secondary mechanisms of excitation are of little importance in their production. 
The ratio of intensity of the (3, 1) band to the (2, 0) band was definitely less than 
unity. This would be expected from Bates’s tables (1952) of Franck—Condon 
factors, if the process of excitation of the a?II state was, as has been assumed, 

Na(2Dg+) +e +N, *(a2ll) + 2¢, 
but not if it had been 

N,*(x?2, +) + e+N,+(a2Il) +e, 
for which the ratio calculated from these tables is 1-5. 

The broad peak of the excitation function at approximately four times the 
excitation potential is in accord with the changes in electron configuration in the 
first process. 

3.2. Ni Lines 

Because of their relatively small intensity most of the points obtained for these 
lines did not lie on the straight line portions of the calibration curves, which makes 
the results for their excitation function less certain than for the Meinel bands. 
At pressures less than 10°? mm Hg the intensity of the lines was directly pro- 
portional to both current and pressure, indicating that they were mainly produced 
by single electron impact with N, molecules in the x'X,* ground state. At 
pressures above 10°? mm Hg there was, however, some evidence that cumulative 
effects were occurring. 

In the lower pressure range the N1 lines were observed for electron energies 
as small as 24 v and possibly 1 v lower. ‘This is not incompatible with an energy 
of dissociation of 9-76 ev for x'X&,* N, and an excitation potential of 11-8 v for 
the 3p'P®° state from the ground state of N, from which the appearance potential 
of the Ni lines could, on purely energetic grounds, be as low as 21-6 Vv. 


3.3. First Positive Bands 


The maximum of the curve (intensity, accelerating voltage) for the (2, 0) 
band is believed from previous work (Langstroth 1934) to be at about 15 v. The 
present results support this, showing a smooth fall off in intensity as the voltage 
is increased. The intensity of the band was found to be directly proportional 
to current, but not, at the higher pressures used, to the pressure. ‘This is probably 
related to the fact that the light of the first positive bands is partly emitted from 
well outside the electron beam (Thompson and Williams 1934, Stewart, Gribbon 


and Emeléus 1954). 
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Abstract. ‘The p-meson momentum spectrum near sea level in 57° N geomagnetic 
latitude has been measured for strictly defined angles of collection near the 
vertical direction. Results are given, covering the momentum range 
5 x 108 ev/c <p <2 x 10!’ ev/c, which are based on the measurement of about 
60 000 trajectories. 


§ 1. INTRODUCTION 


HE development of direct instrumental methods for measuring the magnetic 

deflection of particle trajectories, the so-called magnetic spectrographs, has 

made possible significant improvements in our knowledge of the sea-level 
cosmic-ray flux. A measurement of the vertical proton flux, made with the 
Manchester spectrograph, has already been described (Mylroi and Wilson 1951), 
while the Melbourne team has published a hard particle spectrum which differs 
considerably from that adopted by Rossi in 1948. 

Measurements of the hard particle spectrum using the Manchester spectro- 
graph have been undertaken in two stages: the first, dealing with the spectrum at 
moderate momenta (5 x 10% ev/c <p<2 x 101° ev/c) where the relevant particles 
are abundant, and the second dealing with the spectrum at higher momenta 
(p >2 x 10° ev/c) for which the available supply of particles is much scantier and 
the difficulties of measurement are greater. ‘The results of the first part of the 
work are given in this paper while those of the second are given in a succeeding 
paper. 

The main advantages shown by the magnetic spectrographs over the earlier 
methods involving curvature measurements in a cloud chamber lie in the higher 
rate of collection which is possible, and in the fact that both the directional 
description of the accepted particle beam as a whole and the relative efficiency with 
which particles of different momenta are registered are strictly defined in terms of 
the geometry of the apparatus. Moreover, difficulties of selection of material do 
not arise in the way in which they affect a cloud chamber spectrum determination. 
In a cloud chamber it is necessary to reject certain tracks either on account of 
technical poorness of the photograph or because of the presence of non-circular 
track distortions comparable in magnitude to the curvature of the track as a whole. 
Unless exceptional measures are taken, the criteria of rejection will be momentum- 
sensitive, and it is not clear that in any of the cloud chamber work these criteria 
have been completely independent of momentum, 
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In the present work, the spectrum refers to particles with trajectories the great 
majority of which lie within 10° from the vertical: the spectrum is accordingly 
described as that of the vertical flux at Manchester (50 m altitude, geomagnetic 
latitude 57° N). 


§ 2. PRINCIPLF OF THE SPECTRUM DETERMINATION 


The spectrum determination with the counter spectrograph (with which 
this paper is concerned) uses the apparatus in the form described by Hyams et al. 
(1950), and the application will be discussed in terms of the treatment given there. 

The instrument does not assign a particular momentum to each measured 
particle, but rather assigns each particle to a certain ‘momentum category’ which 
coversa finite range of momentaand within which the accepted spectrum of particles 
is a function of the incident particle spectrum and of a geometrical factor which is 
discussed in § 2.1 of the paper by Hyams and his colleagues. ‘The data from which 
our spectrum is now derived consist of relative numbers of particles observed in 
the various momentum categories. ‘These must be related to the respective 
accepted spectra of the momentum categories but they must also be related to the 
relative efficiency of collection as between momentum categories. 

The relative efficiency of collection in given momentum categories is a further 
factor which is defined by the geometry of the apparatus. ‘The counts in a single 
momentum category are made up of counts from a number of channels each of 
which is defined by three particular counters, one in each of the three measuring 
levels of the spectrograph. ‘The essential unit of counting is such a channel, and 
the differing relative efficiencies of collection from one momentum category to 
another arise because different numbers of unit channels are available for the 
various momentum categories. We therefore count the number of particles 
recorded in a given momentum category and reduce this to the number of counts 
per unit channel in this category. It is this quantity which is characteristic of the 
integral over the accepted spectrum of particles falling into the particular 
momentum category. 

To derive the incident spectrum, it is convenient to adopt an analytical trial, or 
comparison, spectrum which does not differ greatly from the actual incident 
spectrum, and to compare the actual counts per unit channel in a given momentum 
category with that to be expected had the incident spectrum been of the form of the 
comparison spectrum. In this way a series of small and slowly varying differences 
between the actual incident spectrum and the comparison spectrum are established 
from category to category. 

We have adopted, for the comparison spectrum, a form based on the first-order 
approximation to the process of formation of the sea-level u-meson component. 
At the energies under investigation, it is improbable that the intermediate phase 
between the initiating nuclear encounter and the eventual creation of a j.-meson is 
important, and the uncertain factors in setting down a suitable comparison 
spectrum are the actual j.-meson spectrum at formation, the effective height of 
formation and, to a lesser extent, the mass distribution of the atmosphere between 
the height of formation and sea level. For the present purpose reasonable values 
of the latter factors have been adopted; the assumed spectrum at formation at a 
single altitude has then been adjusted to bring the comparison spectrum inte 
approximate agreement with the measured spectrum. 

The comparison spectrum is, accordingly, 


S(p)= P(t, p) S,(p +p) 
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where S(p), the sea-level spectrum, is given in terms of the effective spectrum of 
formation S, at atmospheric depth ¢, and of the survival probability, P(t, p), of a 
meson existing at depth ¢ to reach sea level with momentum p. The survival 


probability P(t, p) is 
Bl fo) fol ear ae 
P(t, p)= 1 
(t,p)= i + 5 r 


where 7, is the total mass thickness of the atmosphere, fy is the ionization loss 
through the atmosphere, / the scale height of the atmosphere, and 7, p1 the lifetime 
and mass of the y-meson. We have used the following values of the constants : 
t/t) =10, py =2:28 x 10% ev/c, h=7-02km, 7=2-15 x 10-* sec, w=215 m,, together 
with the spectrum at formation 


Si(P+P)~(P +P)” 
where p,=(1—t/to) Py =2-05 x 10% ev/c, y=2-85. Since effective production of 
mesons has been assumed to take place at the 100 mb level, the scale height is 
based on the height to this level over the time of the experiment as given in 
published meteorological data. 

The deviations of the actual incident spectrum from the comparison spectrum 
defined in this way will be shown to be small. They are never greater than + 7% 
through the whole accessible spectrum and vary slowly with momentum. The 
deviations may accordingly, to the accuracy of the experiment as a whole, be 
regarded as constant over the momentum spread of a single momentum category. 


§ 3. "THE GEGMETRICAL CHARACTERISTICS OF THE APPARATUS 
3.1. The Angular Distribution of the Measured Particles 


The particles of a given momentum category (and of given sign) enter the 
apparatus in a cone of semi-angle about 1° in the E-W plane and of semi-angle 
varying up to about 8° in the N-S plane. The mean zenith angle of the cone 
varies from 2° for category 0 particles to 5° for category 7 particles and 9° for 
category 12 particles. ‘Thus, while 50%, of category 0 particles are within 2°, 
and all are within 8°, of the zenith, category 7 particles fall on average 5° from the 
zenith, and may come from an inclination of as much as 10° to the vertical. 

The correction to the measured spectrum arising because the particles in the 
low-momentum categories are collected from a direction inclined to the vertical is 
small but significant to the accuracy of the present work. ‘The numerical data 
given below have throughout been corrected on the assumption of a cos?@ angular 
distribution for the particles concerned; if, as some recent work suggests 
(Kraushaar 1949, Zar 1951, Voisin 1951, Quercia and Rispoli 1953), the angular 
distribution for mesons of a momentum near the zenith is more ee cos? @ the 
intensities in table 4 at the lowest momenta will be increased by about 1:5%. 

The mean angles of collection for the various categories are shown in table 1 
and the zenith angle correction is incorporated in the last column of that table. 


3.2. The Effective Number of Unit Counter Channels in a Momentum Category 


The actual number of counters comprising each of the three ‘ measuring levels’ 
(Hyams e¢ al. 1950) gives a certain maximum number of combinations of counters 
corresponding to a given trajectory deflection, and so to a maximum number of 
unit channels within the momentum category defined by this deflection. ‘The 


effective number of unit channels is reduced below this maximum by the additional 
2o=2 
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condition, imposed by ‘ defining counters’, that the trajectory shall pass through a 
sufficiently uniform part of the deflecting magnetic field. ‘The uncertainty of the 
effective number of channels arises because of the uncertainty in length of the 
active volume of the defining counters. 

The active length of the defining counters is derived from the internal evidence 
of selected categories and is obtained in this way to +0-2cm. Since a change of 
length of defining counters either increases or decreases the number of effective 
channels for a// momentum categories, the relative efficiencies of different categories 
only undergo a second-order change. The indefiniteness of length of the defining 
counters given above leads to uncertainty of the relative efficiency of different 
momentum categories of the order of +1°%. For the purpose of the present work 
this accuracy is entirely adequate; for a more precise spectrum determination it 
would be necessary to establish the ‘ gate’, which is now placed for the particle 
trajectories in the region of the deflecting magnetic field by means of defining 
counters, to a correspondingly increased precision. 


3.3. The Equivalence of Counter Channels 


The description of the relative efficiency of the different momentum categories 
in terms of the number of effective unit channels implicitly assumes that the actual 
counter channels may be regarded as identical. However, these channels are 
certainly notidentical ; there are slight differences in the dimensions of the counters 
forming the three measuring levels; it is also likely that from time to time one or 
more counters may have deteriorated or may have been operated inefficiently. 

The justification for treating all channels as of equal collecting properties can 
be demonstrated if it is noted that the counting rate of a single channel involves the 
product of three factors, one connected with each of the counters comprising the 
channel, and that each counter participates in many channels spread over all 
momentum categories. Hence the effect of the presence of an abnormal counter 
appears in all momentum categories, and it is only to the extent of the difference of 
frequency in which it enters into various categories that it will affect their relative 
efficiency. 

The estimated variation of effective area of the counters used in the measuring 
layer is +3%,. Assuming a normal distribution of variation of area of this 
magnitude, detailed computation of the actual frequency in which particular 
counters contribute shows that the relative efficiency of categories 0 to 8 will be 
uncertain to less than 0-3°%, while the uncertainty up to category 12 will be a 
little greater, but still small compared with the statistical errors of the data given 
below. 

3.4. Numerical Values of the Geometrical Characteristics 


The geometrical factors which define the relative efficiencies of collection in the 
various momentum categories are summarized in table 1. 


§ 4. EXPERIMENTAL Data 


Measurements were made at three values of the deflecting magnetic field. 
This procedure allows a particular part of the momentum scale to be investigated 
using different momentum categories and in this way affords some check of the 


efficiencies assigned to these categories in the previous section, The data are 
summarized in table 2, 
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Table 1 

(1) (2) (3) (4) (1) (2) (3) (4) 

0 2 WEI? 2-00 8 6 453 1-63 

il — 72°8 1-01 9 — 39°5 ibe 

y, — 70°3 1-04 10 ai 34-6 2-14 

3 3 67-3 1-09 11 —— 29°5 Dil 
. + — 63:8 teas il? 9 2) 293 
5 + 59:8 1-23 13 — Dee 3°94 

6 —- Se Les 2 14 10 18-0 4-22 
| 7, — 50-6 1-45 iL) — 14-0 5-40 
| (1) Momentum category; (2) mean zenith angle of collection (deg); 


(3) effective number of unit channels; (4) reciprocal of relative efficiency. 


In table 3, the last column of table 2, which represents the number of counts in 
a vertical unit channel for the appropriate momentum category over an arbitrary 
time interval, is related to the calculated number of counts to be expected if the 
incident spectrum had the form adopted in the comparison spectrum. (The 
comparison spectrum is computed at arbitrary intensity, but the relative intensities 
for the three values of deflecting field have been adjusted to correspond to the total 
numbers of particles of momentum greater than 10®ev/c which have actually 
been observed in each.) 

The values of the last column (table 3) are plotted as a function of momentum 
in figure 1 together with a smooth curve which will be used in the discussion of the 
spectrum. 


0757 
075 


toe 
PA 
en > 
< ra 
z 50 
3 £ 
20-70 = 
= Es 
E 5 
oO 
Oo Qa 
= 3 
ES oe 
g } > 
ao — 
2 065+ 2 
= | 
. £ 
© ro) 
3 s 
S i 3 
< o.69h 

° ; 
= S 
& 060 ‘ i 

; a 

\ Ale: 1 
ifs. = =! S 0 05 10 
0 05 10 


a 
Log p (10° ev/c) Log p (10° ev/c) 


Figure 1. Deflecting field: @ 2:9 10° gauss cm, Figure 2. Spectra, as a function of the com- 
© 335108 gauss cm, "parison spectrum, for the total hard com- 
6:15 x 10° gauss cm. ponent jp. | p, for the total meson com- 
ponent jp, and for negative and positive 
mesons separately. 
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Table 2. Experimental Material for Spectrum Determination 


(1) (2) (3) (4) (5) 

DE) SCN 0) 1044 2:00 3288+ 0:82 
1 3543 1:01 35-61 + 0:60 
x 3075 Os; 32:00 + 0:57 
3 DON 1:09 24:10+0-51 
+ 1490 1-15 17:10+0-45 
5 1173 1:23 14-40+ 0-42 
6 809 ihe 10:70 + 0:37 
7 598 oad 8:70 + 0°35 
8 407 1-63 6-625510-33 
9 275 1:87 Sikes 

10 238 one, D9 ci O262 
11 154 Zoi Sele EWE SK0) 
V2 OF 29S 2°84+ 0:29 

S3c8)5) >< OY 0) 1958 2-00 39:20 + 0°88 
1 4235 1-01 42-56 0-65 
Y 3915 1-04 40-80 + 0:66 
3 3102 1:09 33:70+ 0°61 
4 2333 TEAS 26°80+ 0°55 
5 1702 13 20:90 + 0:50 
6 1136 1I3)72 15-034210:45 
7 038 1:45 1325 Seo 
8 624 1-63 10°13 0-41 
9 423 1°87 8-08 + 0:39 

10 348 2-14 744+ 0:41 
a 275 Pel 6:91+ 0-43 
2 156 Dye ara aE OSS 
il 125 S54: mera ae Uso) 
14 88 4-22 SDSS 
15 67 5-40 3°62 + 0-43 

(OrilS < P 0 1285 2-00 eae Osi 2 
1 3368 1-01 33°85+ 0°58 
Z 4063 105 42:40+0-67 
3 3509 HEOD 38:20 + 0-64 
4 PAN Ibs 3342221062 
5 DA ikezs 28-4910 "59 
6 WSS iLesy 2295-40-56 
7 1444 1-45 2029 0 10555 
$ 1139 IES 18:52+0:54 
y 855 1-87 15:95 40-54 

10 640 2°14 13-68+ 0-53 
(lal a7 Zeal 13-00 + 0-50 
12 S55 8 10-40 + 0-56 
13 295 So 1044+ 0-60 
14 te, 4:22 TD Osta O12 
15 52 5:40 All se OROS 


(1) Deflecting field (gauss cm); (2) momentum category; (3) number of particles 
recorded; (4) reciprocal efficiency function; (5) intensity per channel in arbitrary time 
interval. 
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Table 3. Relation of Experimental Counting Rates to a Comparison Spectrum 
of Index — 2-85 
(1) (2) (3) (4) (5) (6) 
ZOO? 0 1-08 32°88 + 0:82 Sule? 0-642 + 0-016 
| 0-81 35:61+ 0-60 59-4 0-600 + 0-010 
2 0:54 32:00 + 0:57 54:0 Oar WOH it 
3 0:35 24-10+0-51 39°3 0:-614+40-013 
+ 17:10+ 0-45 27 
: \ 0-18 veraes aa 0-672+0-013 
bi! 10-70 + 0:37 154 
7 > 0-00 8:70+ 0-35 11-4 0-749 + 0-018 
8 | 6-62+0-33 8-5 
9 ) Sse 0232 2 
10 Fi 5-09 + 0:32 6:0 
ge eer er as + 0-756 + 0-027 
12 ) 2°84. + 0-29 4-2 | 
S50 x 10? 0 1-18 3920+ 0:88 I), 0:657+0-014 
1 0°85 42-56+0-65 68-9 0-618 + 0-009 
2 0-62 40-80 + 0:66 68-6 0-596 + 0-009 
3 0:43 33:70+ 0°61 Sp) 0-620+0-011 
35 26°80+ 0°55 40-6 
5 Oo 20:90 + 0:50 30°8 0-658 + 0-009 
6 15:03 5 0-45 24-2 
7 Se 56cte OAS 197) 
8 0-00 10:13+0-41 15eS 0-667 + 0-014 
9 8-08 + 0-39 12-6 i 
10 5 7-444+0-41 10:3 4 
11 | 6-91 40-43 9-2 | 
12 es feof ta O23 > Us 
13 spi 4-43 4+ 0-39 6-5 + De 
14 3307/7 are rste} 5:6 
15 3-62 40-43 | 
G-15:%10° 0 1-34. 25:70 40°72 A 14, 0:621+0-017 
1 1-04 33:°85+0°58 Sa 0-622+0-011 
2 0°83 42:40 + 0-67 66°9 0:634+ 0-010 
3 0-66 38:20 + 0:64 62-9 0-608 + 0-010 
4 Oey 33:42 + 0-62 IY 0-606 + 0-010 
5 2849+ 0:59 47-4 
; 0-40 eee ee : 0-587 + 0-009 
pon 20:90 40°55 34-7 | 
8 13°52 0254, 29°8 
9 \ peas 15-95 + 0-54 27-5 Ceol ieee tt 
ne 13-68+ 0°53 22-0 | 
11 13-00 +0-50 19-1) 
12 10:40 + 0:56 16-9 | 
13 | 0-04 10:44+ 0:60 14-8 0-673 + 0-017 
ie | VASO? 12-8 | 
pa 8-21 + 0-65 9-4 


(1) Deflecting field (gauss cm); 
(5) calculated rate; 


(4) measured rate; 


(2) momentum category; 
(6) ‘ratio of rates : 


(3) log p (10° ev/c); 


measured/calculated. 
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§ 5. DERIVATION OF SPECTRUM AND DISCUSSION OF RESULTS 


‘The spectrum described by the data of figure 1 is that of vertical particles with 
the exclusion of electrons. Electrons are eliminated by placing a $ in. lead layer 
over the spectrograph; the number of electrons, which is already small at the 
momenta covered in the present work, is then still further reduced by degradation 
of energy in this layer and electrons may also be rejected on account of multiple 
discharges in the top layer of the spectrograph. 

In figure 2 following Mylroi and Wilson (1951), the smoothed curve of figure i 
is corrected for the presence of protons, while in this diagram also the difference of 
spectrum for the positive and negative meson components is estimated using 
values of the ratio of positive and negative particles given by the full line in the 
diagram of Owen and Wilson (1951). 

‘The curve including particles of both signs but excluding protons has been 
used to derive the adopted form of the spectrum given in table 4. Our measure- 
ments do not lead to a reliabie value of the absolute intensity of the spectrum, and 
so in table 41t has been normalized at momentum 10° ev/c to the value adopted by 
Rossi (1948) : 2-45 x 10-° particles cm-? sec! sterad! (Mev/c) +. 


Table 4. Derivation of the Vertical Intensity of «-Mesons as a Function of 


Momentum 
(1) (2) (3) (4) (5) 
0-5 og 0-676 1-065 Disp 
0-6 e570) 0-680 1-068 22 
0-8 1-518 0-682 1-035 2-64 
1-0 1-417 0-677 0-959 2-457 
ie, 1:313 0-663 0-869 De, 
1-4 1-201 0-645 OMS 1:98 
1-6 1-096 0-631 0-692 (29/9 
2:0 0-908 0-611 0-555 1:42 
2°5 02722 0-599 0-432 1-10 
3 ORS viz; 0-596 0-344 0-878 
+ 0-384 0-598 0-230 0-587 
5 0-266 0-605 0-161 0-410 
q 0-143 0-618 0:0883 02225 
10 0:0677 0-630 0-0426 0-169 
15 0-:0267 0-642 0:0171 0-0436 
20 0-0131 0-647 0-0085 0-0220 


t+ Normalization point. 


(1) p(10° ev/c); (2) S(P)comp.> (3) relative correction factor (figure 2); 
(4), (5) S(p)incia, (em? sec-! sterad (mev/c)~'); (4) unnormalized, (5) normalized (x 108). 


It will be useful to compare the spectrum now derived with forms which have 
been adopted by other workers and which have been widely referred to. 

The earlier work is summarized in a form given by Rossi (1948, p. 543), who 
took into consideration both direct measurements of momentum spectrum and the 
information to be deduced from range measurements to great depths in the earth. 
Rossi gives his estimate of the probable form of the spectrum in a curve which has 
been very widely used. We compare our spectrum with values read from the pub- 
lished curve; since our results do not include an absolute intensity of the particle 
flux we have fitted them for purposes of comparison with Rossi’s curve at 
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p= 10° ev/c, (S(p)=2-45 x 10° particles cm? sec~! sterad-! (mev/c)), and the 
existing uncertainty concerning this absolute intensity (York 1952) will apply to the 
values quoted for the present work. 

The spectrum given by Caro, Parry and Rathgeber (1951) was obtained at 
Melbourne using an instrument similar in principle to the Manchester spectro- 
graph, and of resolution greater than that used in this first part of the Manchester 
work. Caro’s spectrum is based, as is the present work, on near-vertical particle 
trajectories, and measurements upon upwards of 6000 are included. In addition 
to the published curve we have had at our disposal numerical values of the various 
measured points on the spectrum which were kindly supplied to one of us (J. G. W.) 
by Dr. Rathgeber. 
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| Figure 3. The adopted spectrum of this Figure 4. Deviations of other measurements from 
work (full line) and the Rossi the spectrum of table 4. C: Caro e¢ al., 
spectrum (broken line). Curves R: Rossi, broken line : Glaser et al. 


fitted at p=10° ev/c. 


Spectrum measurements in which the total deflection of particles in the mag- 
netic field is observed in cloud chambers placed above and below the pole gap have 
been reported by Glaser, Hamermesh and Safonov (1950). While the statistical 
accuracy of their work is not high (only about 1500 trajectories were measured), 
a useful analytical approximation is given: S(p)~p-*, where x=1:8+0-2, 
25 x l0%ev/e<p=l0Mev/c; x=2:14+0-6, 10Mev/c<p, and we compare this 
approximation with our measurements. 

In so far as the work incorporated in these publications is based upon direct 
observations of magnetic deflection, it is not of great statistical weight as compared 
with the present measurements which are based on about 60,000 trajectories. 

' Our spectrum is compared with the Rossi spectrum in figure 3 and in figure 4 
the deviations of the Rossi, Caro and Glaser spectra from that now determined are 
given as percentages. ‘I'he measured points upon which our spectrum is based are 
included in figure 4 to illustrate the statistical uncertainty of the adopted line. 
The discontinuity in the deviation of the Glaser spectrum from our adopted value 
arises from the analytical form of his approximation. 

Over the range 7 x 108 ev/c<p<11 x 10%ev/c the agreement between the 
Rossi spectrum and our own is striking, no difference greater than +6% being 
found, but at lower momenta our spectrum is markedly flatter than that adopted 
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by Rossi, with a maximum between 5 x 108 and 6 x 10% ev/c rather than between 
4x 108 and 5x 10%ev/c. Even here, however, the difference does not exceed 
about 10%. At the lower momenta, the approximation of Glaser is not relevant, 
while the Caro spectrum shows a strong excess of low energy particles. 

Between p=10ev/c and p=2x10ev/c, there is a very considerable 
difference between the spectra of Rossi and of Caro. ‘The Glaser approximation is 
in general accord with Rossi’s spectrum but the statistical precision of the actual 
measurements of Glaser and his colleagues is low, and these are quite consistent 
with our spectrum. In this range our spectrum falls between those of Rossi and of 
Caro and rather closer to the latter. It seems likely that the actual measurements 
of Caro et al. are, like those of Glaser, consistent with our spectrum. ‘There can be 
little doubt that the Rossi spectrum in this region does not fall off sufficiently 
rapidly with momentum; the reason probably lies in defects of treatment of the 
effect of distortion near to the limit of resolution in the early cloud chamber work, 
which was accorded great weight in this part of the Rossi spectrum. 

Further consideration will be given to the spectrum at momenta above 
10!ev/c in our second paper. Within the range now discussed we think it 
unlikely that the relative intensity as between one momentum and another is 
anywhere in error by as much as 5%, 


ACKNOWLEDGMENTS 
It is a pleasure to record our gratitude to Professor P. M. S. Blackett tor his 
continuing interest in this work, and to thank our colleagues of the spectrograph 
group for their assistance, which made possible efficient operation of the instru- 
ment over long periods. 


REFERENCES 
Caro, D. E., Parry, J. K., and RaTHceEpeEr, H., 1951, Aust. 7. Sci. Res. A, 4, 16. 
GraserR, D. A., HAMERMESH, B., and SaFoNoy, G., 1950, Phys. Rev., 80, 625. 
Hyams, B. D., Mytro1, M. G., Owen, B. G., and Wixson, J. G., 1950, Proc. Phys. Soc. A, 
63, 1053. 
I<rRauSHAAR, W. L., 1949, Phys. Rev., 76, 1045. 
My.rol, M. G., and Witson, J. G., 1951, Proc. Phys. Soc. A, 64, 404. 
Owen, B. G., and Wixson, J. G., 1951, Proc. Phys. Soc. A, 64, 417. 
Quercia, I. F., and Risport, B., 1953, Nuovo Cim., 10, 357. 
Rossi, B., 1948, Rev. Mod. Phys., 20, 537. 
Voisin, A. G., 1951, Phys. Rev., 84, 850. 
York, C. M., 1952, Phys. Rev., 85, 998. 
THR No Mjon MODI, JAVON, IRAE oy HAO 


419 


A Variation-Perturbation Method: I 
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Abstract. A perturbation procedure is used to improve to any order the approxi- 
mate value obtained by the Rayleigh—Ritz variational method for the lowest 
eigenvalue of the one-dimensional Schrédinger equation. As an illustration of 
the method it is applied to the problem of the binding energy of the deuteron using 
central forces. 


§ 1. INTRODUCTION 


HE method most frequently used to determine approximately the lowest 

energy level of a bound system is the Rayleigh—Ritz variational method. 

A trial wave function depending on a number of variable parameters is 
assumed. ‘The expectation value of the energy is then an upper bound of the 
lowest energy of the system. ‘The parameters are varied until the expectation 
value is a minimum. More and more parameters can be used in an attempt to 
approach closer to the lowest energy, until the computational labour becomes 
too great. Unfortunately the method gives no indication of the error in the 
calculated value. In order to overcome this difficulty attempts have been made 
to establish a lower bound. Weinstein (1934) obtained both upper and lower 
bounds, but in practice the method is difficult to apply and the limits are often 
too wide to be of any value. Kato (1949) and ‘Temple (1952) developed an elegant 
method for obtaining a close lower bound, but unfortunately its application 
depends on knowing a lower bound of the next eigenvalue. In practice this 
would be difficult to obtain. It is not sufficient, as is done in one example by 
Temple, simply to evaluate the expectation value in a state orthogonal to that 
assumed for the ground state. An upper bound of the next eigenvalue may result, 
as it in fact does in the particular example discussed by Temple. 

An important development in perturbation theory has been made by Price 
(1954) in expressing a perturbed eigenvalue of the one-dimensional Schrodinger 
equation in terms of an unperturbed wave function. In the present paper Price’s 
results are used to show how the approximation to the lowest energy obtained 
by the variational method may be improved to any order. Makinson and ‘Turner 
(1953) indicated a similar, but much more complicated, formulation up to the 
second order only. ‘The question of the conditions for convergence of the method 
is not discussed in the present paper. 


§ 2, PERTURBATION EXPANSION 


We first establish Price’s results in a slightly different form which we shall 
find convenient for later applications. | We consider real solutions of the one- 
dimensional Schrédinger equation in the interval (a, 6). The wave function is 
assumed to vanish at x = aandx =5, and at nowhere else in the interval ; that is, fora 
given one-dimensional equation we consider only the ground state of this equation, 
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although the equation itself could correspond to a state of a system other than 
its ground state. If 7, is the normalized wave function of the ground state, and 
E, the corresponding energy 
d? . 
~ os a V (ey = Egligee ae eee (1) 
Introduce a perturbation v(x) and let the perturbed wave function be #, and 
the perturbed eigenvalue y+, so that 
2 
— Gyn t V(x + ofeib—= (Bo tebe nee (2) 
Now write ype eig oe) te! eee (3) 
where A(x) may have a singularity at x=a, b, provided that Ay, is zero at these 
points. ; 
Multiply equation (1) by A(x) and subtract from (2). Then on multiplying 
by % we obtain 


d ,dA tye ‘ 
— as Cr ) + tA)? =«Ay,?. Ruel ol fenonce (4) 
Replace v by Av, and expand « and 4 formally 
c= > A, Asie > 4 oe ee (5) 
i I 
Then p24 = | Ie, tery +... +64, 2+(4—2)4, 1lHy2de, | 
‘ aii ike eek (6) 
a) | 
= = | Le,, Aye. (ey = V) Ans |ho"dx. j 
Hence 
je . : dA % : 
“> | vipy?dx ; fe i [ [ey — o]py"dxx ; 
ee ee 
Ep = = (ee) bo Re 
als e dA, \? Agee 
IY ae ie Jet (=) | x yy + Ay yy? WY eiecieene (7) 
“GA dA. 
a 2), Gu des eee | 
aA,* (2 4,\2 dA 4a 
ify Ei i & (Z) | ueae= 0” A : by Ay a ; 


and so on. 
The relationship between A and Price’s Q is given by 


A(x) =exp | OG) See (8) 


Che higher order expressions can be expressed more conveniently in terms of Q 


than in terms of A. One can go from one to the other by equating the coefficients 
of the powers of d in (8). 


§ 3. VaARIATION-PERTURBATION METHOD 
Suppose now that we wish to obtain the lowest eigenvalue and corresponding 
wave function of the Schrédinger equation 


He 3 ; 
= i +V(x\p=Eb (9) 
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with the condition that ys vanishes at the ends of the interval. 

We first adopt the variational procedure and take as our trial wave function dy 
depending on some variable parameters. We suppose 4, is normalized. Then 
the corresponding expectation value of the energy is 


ze [( ae Tat + Va?) dx a es Mee (10) 


malo! 


£, will be a function of the variable parameters which can be chosen to minimize 
iE: 
Now &, and ¢9 are the exact solutions of the Schrodinger equation 
dys 1 d*dq 
aa (= aa + Fy) a en ee (11) 


We can start with equation (11) as our unperturbed equation, and add the 
perturbation 


2( = — 5 ae + V(x) Ey are (12) 


The perturbed equation is then the Be equation (9) which we wish to solve. 
Starting with the wave function ¢, and the perturbation v(x), the perturbation 
expansion of the previous paragraph can now be used to improve the energy value 
to any degree of approximation, provided that expansion is convergent. 

It should be noted that 


“Hh 
a epic me eee (13) 


The idea that an approximate wave function and the corresponding expectation 
value of the energy are the exact solutions of another Schrédinger equation has 
also been used by Laforgue (1954). (The author is indebted to the referee for 
drawing his attention to this paper.) Laforgue’s perturbation expansion is the 
usual one requiring a set of orthonormal solutions of the new equation. ‘The 
present method however, expresses everything in terms of the one initial trial 
function only. This method is of course directly applicable only to a one- 
dimensional equation, but other problems can often be reduced to this form in 
the manner indicated in § 6. 


§ 4. EXAMPLE 


As an example we consider the simple equation 
2 
— =) ti) mm ete (14) 


with % vanishing at x=0 and x=1. The lowest eigenvalue is then known to be 
72 =9-86961, and the corresponding eigenfunction is sin7x. For the initial 
normalized trial wave function we take 


OA Utley, 6 en San (15) 
The expectation value F) is then 
ri 
E,=60 Ib w(l=x)dew=10; 9 eae (16) 


a value already correct to within about 1:3°%; and 
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Hence x*(1 — x)? oe = | (2— 10x + 10x?)«(1 —x)dx 
< “0 
i.e: ai =t—2y0 00 rs (18) 
dx 


The second-order contribution to the eigenvalue is then 
sail 

ég= —30| (1—2n)?x?(1—x)*de—= —1. 
- 0 


To the second order the eigenvalue is therefore Ey) +¢,=9:85714, correct to 
within about 0-13%,. 
Proceeding to the next approximation we have 


2 2 G42" ese AQ pe 1 — were 
Chl es = Pe 14+ (1—2x)?]x2(1 —x)2dx 
5 dA,* 2, ; 
ie io 24(1 —x)(1 — 2x). 
The third-order contribution to the eigenvalue is then 
dA dag sas pen ae 
em icaticr (ore EG 


Hence to the third order the eigenvalue is Fy + €, + €3 =9:°87075, a value correct to 
within about 0-011°%. 

In this particular example it should be noted that successive approximations 
are alternately above and below the correct eigenvalue. Whilst this is not true 
in general, it does reveal that the value obtained at each stage is not the same as 
that which would be obtained by using as a trial function the approximation to 
ys up to this stage. 

For example, from equation (18), 4;=.”—x?+C, where C;, is a constant of 
integration. 

(Incidentally it is clear that since the successive approximation scan be ex- 
pressed entirely in terms of © (in Price’s notation), the arbitrary constants of 
integration occurring in the expressions for A,, A,,..., do not affect the values 
OF e5,.64"505) 

The approximate wave function up to this stage is then 

6) =(1+C,) 1/30 «(1 — x) + 1/30 2(1 — x)? 
We could proceed to determine C, by the requirement that the expectation value 
of the energy in the state d, bea minimum. This is found to give 
C= —3[2—- V(19/7)], 

and the corresponding value of the energy is E, =9-86975, closer to the correct 
value than is obtained even with «,. With C,;=0 (which would correspond to 
putting 4,=0 at v=0), the corresponding value of the energy is 9-87097, a 
value intermediate, in closeness to the correct value, between the second and third 
approximations. 

Again it will not be true in general that the first-order wave function, if now 
used as a trial wave function, will give a better approximation to the eigenvalue 
than the second-order perturbation calculation. Whether it does so or not 
depends on how good the initial trial wave function is. If in the present example 
we take as initial normalized trial wave function 4)/= 4/105 x?(1—x) we find 
the following values : E)’=14, «,’= —3!. The successive approximations in 
this case approach the correct eigenvalue from above : 


eae | nD, 2 F xh 2 
A, =$x—x"—4logx sel Os 
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Taking C,’=0 and using as initial wave function the first-order result, ice. 

= 4/105 x?(1 — x) + $4/105 x(1 —x)(2x — 3x? — 2 log x), 
the corresponding expectation value of the energy is E,’=11-0887, which is 
greater than E,’+.«,’. 

Since in practical problems it is unlikely that the trial wave function will be 
an extremely good one, it is this latter type of behaviour that one can expect, and 
it will be better to use the perturbation expansion to find the eigenvalue rather 
than to start afresh with the perturbed wave function. 


§ 5. DEUTERON WITH CENTRAL FORCES 


Asa second example we deal with the equation arising in the deuteron problem 

when only central forces, of the Yukawa type, are considered 
d* be-* 
ee % Bi ete Oe deen pvdes (19) 
with ys vanishing at the origin and at infinity (Rosenfeld 1948, p. 68). Here 
b= MJ /h?x?, 4=Me/h?x?, where J is the strength of the nuclear potential, 
“1 its range, and « is the energy of the deuteron ground state. Taking a value 

of 7= —0-100 (corresponding to a range of about 1-36x 10-13 cm) we have 
b =2-375 (from Rosenfeld, p. 79, eqn (25)). Hence using this value of b we know 
that the correct eigenvalue is E=7= — 0-100. 

As the normalized trial wave function we take 


Ope ee (20) 
Hence the expectation value of F is 
oe Abe oe ee eee (21) 
The minimum value of Ey is given approximately by »=0-8, the value of Ey 
then being —0-0795. ‘The required perturbation is 


Qu et Cae 
v(x) = 7 Se Ga 
and so 
dA, 3 a 2 r2 2) e— 2% __ hyve (2H tDrldy 
ho? a =4py iS (Zea = ux? — Boxe —bxe lax 


SOA ha (Yale E,)xte-20 — (pu? — Ey) [2uxe** + © au (Qu + Lace @4tDe — @ QH41) 2], 
In order to evaluate ey use is made of the following result from Bromwich (1942, 


p. 488). 

Let 1 cas — 020) + = De Pexp (— ax), 

where >a," 0, D(a =o a_ )=0-: 

then {. Idx = — Yau — F(a — 0 a_J) log 0. 
0 v i 

We therefore find 


ee {ae a eR (u? — Bo)? x (ut — E,*) 
ee 4u2 8wA(wt 1) w(2u+ 1) 


2a \2 
a teen laios 2u—2 log (2Qu+1)+ log 2(u+1)]. 
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Substituting the numerical values for jy, Ey we find «,= —0-0154. Hence to 
second order the eigenvalue is Hy +¢,= —0-0949. The third-order terms are 


much more complicated and involve numerical integration, and so are not con- 
sidered here. However it is clear that the second-order terms alone bring about a 
considerable improvement in the calculated value of the energy. Although the 
initial approximation was in error by about 20%, the value to the second order is 
in error only by about 5%. 


§ 6. DiIscUSSsION 


The method developed in this paper could be applied to a wide variety of 
problems by using the device adopted by Morpurgo (1952) in the triton and 
helium binding energy problems with central forces. In a general system it is 
assumed that the wave function contains as unknown only a single unknown 
function 4(r) of a suitably chosen variable r. Calculation of the expectation value 
of the energy then leads to an integral over r alone, since the dependence of the 
wave function on the other variables is assumed known. ‘The integrand is a 
function of ¢, and so the integral can be considered as providing a variational 
principle for the determination of 4. This leads to a Schrodinger equation for 
¢, and the variation-perturbation method of the present paper can be applied. 
In nuclear problems with Yukawa forces, trial wave functions of the form 
r exp (—pr) with n integral and 7?= &r,,? (1.e. of the type used by Irving (1951)), 
will enable the second-order approximation to be evaluated analytically. 


REFERENCES 


Bromwicn, T. L. Va., 1942, Theory of Infinite Series, 2nd Edn (London: Macmillan). 
IrvING, J., 1951, Phil. Mag., 42, 338. 

Kato, T., 1949, 7. Phys. Soc., fapan, 4, 334. 

LarorGcuF, A., 1954, C.R. Acad. Sci., Paris, 238, 1033. 

MAKINSON, R. E. B., and Turner, J. S., 1953, Proc. Phys. Soc. A, 66, 857. 
Morpurco, G., 1952, Nuovo Cim., 9, 461. 

Price, P. J., 1954, Proc. Phys. Soc. A, 67, 383. 

ROSENFELD, L., 1948, Nuclear Forces (Amsterdam: North Holland). 

TEMPLE, G., 1952, Proc. Roy. Soc. A, 211, 204. 

WEINSTEIN, D. H., 1934, Proc. Nat. Acad. Sci., Wash., 20, 529. 


SO rte meena 


425 


A Variation-Perturbation Method: II 


By L. COHEN 


Mathematics Department, Durham Colleges, University of Durham 


Communicated by L. Rosenfeld ; MS. received 19th August 1954 


Abstract. ‘The method developed in a previous paper is extended to simultaneous 
Schrodinger equations, and is applied to the problem of the binding energy of 
the deuteron with non-central forces. 


§ 1. INTRODUCTION 


N a previous paper (Cohen 1955, hereafter called I) a method is developed 

applicable to problems in which the wave function can be assumed to contain 

as unknown only a single function of a suitably chosen variable. In many 
cases however it is more reasonable to assume that the wave function contains 
linearly a number of different unknown functions of the same suitably chosen 
variable ry (say); this is particularly so for nuclei with non-central forces. 
Calculation of the expectation value of the energy will then lead to an integral 
over r alone, since the dependence of the wave function on the other variables is 
assumed known, the integrand being a function of the unknown functions. 
An example of this extension of Morpurgo’s (1952) device to the case of helium 
with non-central forces is given by Clark (1954). Using this integral in a varia- 
tional principle will yield a number of simultaneous differential equations. 
In the present paper it is shown how the method of I may be extended to deal 
with simultaneous Schrodinger equations in one variable. As an illustration 
the method is applied to the deuteron with non-central forces. In a later paper 
the problems of triton and helium with non-central forces will be considered. 


§ 2. PERTURBATION EXPANSION 


We first extend the perturbation expansion of I to the case of simultaneous 
Schrodinger equations. For simplicity only two equations are considered, but 
the method can readily be extended to more. Let the unperturbed equations 
be two simultaneous uncoupled Schrodinger equations having the same eigen- 
value. They can be represented in the matrix form 


(HeeViuj2eiut  ” ae (1) 


where d? 
as 0 | | V(x) 0 ] 
H = ) Ve 
0 a 0 V(x) 
dx? 


and oa ad 
: bo Bo(*) y 
We require a(x), Bo(x) to vanish at the ends of the interval and at nowhere 
else in the interval. We suppose % (x) and f(x) are normalized. ‘The coefh- 


cients a) and by are arbitrary since the equations are uncoupled. 
PROC. PHYS. SOC. LXVIII, 5——A 


is) 
No) 
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Now add the symmetric perturbation v(«) where 


v(«) ne [ V43(*) Vy9( (x) $s (2) 
Vy1(X) Vg9(X 
With V45= Vo. 


Let E,+e« be the new perturbed eigenvalue, and u the corresponding 
eigenfunction. We can write u in the form 


u=A(x)u; eee (3) 
with [ A(x) 0 
A(x) = 0 B(x) | ee ete ee east (4) 


Here u is assumed to vanish at x=a, x=b but at nowhere else in the interval. 
A(x) may have a singularity at the ends of the interval provided Au, vanishes 
there. ‘lhe perturbed equations are then 


(H+ V+v)Aup=(£o+e)Auy, eae (5) 
Premultiply equation (1) by A and subtract from (5). Since 


a, a dA 
Be VEO EE io aes 
eg Ne wade 


—AH+HA)u, = 
( int Uo by d 4B 
By sax Po dx 


and (— AV + VA)u, =0, we obtain, on putting a/b) =«, the differential equations 


NS Re De 
= =| a" oF =) + U4,A% 9? + a Seriaae | 


d dB 
as (At ) + kVp, Aa Bo + Vo9B Bo? = BB,’. 


d 


We can replace v by Av and expand formally 
A=1+ s\n 4 : B=1+ : n Ee = = n yf 
> k 2A Bia! Ves Dre 0 wepalte (7) 
The first-order equations are therefore 


d dA Vy9%oP 
pili ie 2 peice 7) 20 = 
dx (+ dx ) + 41%" + ee mae | 


A (oy iB. Pe orn [ ee (8) 


For the consistency of these two equations we must have, on integrating from 
a to b, 
“b v 
e= | (@ut%e? + 219% Bo/*) dx= | (KU 21% 989 + UVa28o") dx... 2. (9) 
Pa) a 


This gives a quadratic for x, and so two values for e,. Since we will be interested 
in the lowest eigenvalue we choose the value of « which gives the smaller value of 
<«;. Both «, and « are now determined, and so integrating from a to x we have 


, 4A, 
og? a - | [a= — V41)% 9? — metal | ax 

a ¢ Fo neta (10) 
B= — Rayer 21% qq + (€y — Uae) Bo? |d | 


A Variation- Perturbation Method: II 427 


‘The second-order equations are 


a 
dx 
d dB, 

aoe Bo? ie +KUy,A 1%oPo + VB 1P 0" (S11 By Bo + €585?. 


dA ) U,.8 
g 22 ny Wea ae 1% Bo ‘ ‘ 
(«08S x sie ve 11.44% + tc © = €,A 457 ++ cate 


Integration from @ to 6 apparently gives two values for «,. However A, and 
B, are only determined up to arbitrary constants of integration. We can 
therefore determine, at least partially, the constants of integration by requiring 
that the equations are consistent, i.e. give the same value of «,. Integrating from a 
to b, multiplying the first equation of (11) by x? and adding to the second, we have 
-b 
ales = | [1°01 Aq" +40 12B %9Py +KV1A 1% Py + V22B, By” 
~ @ 


~ 1%, A yet? — €,B, By?) ax 


=f [otk (ot 2) 4.2.2 (a2) 


“ @ 


(from equations (8) provided 71. = 71) 


xg ae aA, dB, 
=-| |e "2. (FL) + + Bot (Fe =) fen 
i.e. 1 TAR ee Se Ch aN dB,\? 
€.= — ae + byt iM Es (=) + by?B,? (=) | Ged ie ee (12) 


The expressions for the higher order approximations are rather more involved 
than in the case of the single differential equation. ‘The quantities 4,, B, and 
so on will enter into these expressions but now of course the constants of inte- 
gration will be sufficiently determined by the requirement of consistency of the 
equations. For example the difference between the two integration constants 
occurring in A,, B, is given by 


[" E (B,—A ee | dx= €g4+ | (@ ) Bae ax, 


Ya 


and it is this difference which also occurs in the expressions for dA,/dx, dB,/dx 
and Es. 


§ 3. VARIATION-PERTURBATION METHOD 


We now consider the coupled Schrodinger equations 
ay, 
= dx +Vy,0+ Vp aka 

d*B 

dx 
where V,.=V2,, and «, 8 vanish at the ends of the interval and nowhere else. 
In order to find the lowest eigenvalue we first adopt the variational procedure and 
take as trial wave function 

eee | 
i= 
boBo 


+ Vo4%+ Vo,8 = EP | 


iS) 

Xe) 
| 

N 
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where %, By are normalized, vanish only at the ends of the interval, and usually 
contain variable parameters. ‘The expectation value of the energy is then 


1 “b manta. ° d? ie 
poeene | | ay to" 3 + Ay2V 44%" — bo? Poe + by? Vo28o" 
0 0 va a 


+ 2aybyb 2th | or a Pi eo os (14) 


We wish to minimize E, with respect to the coefficients a) and b), and to the 
variable parameters occurring in %», By. Minimization with respect to a, do 
requires 


=A) 


roa aay . \ bh f 
a | (—% Ge + V i129? ) dx + by ip V 19% Bo dx = ay Ey 
b 


| rb d . 
@ | Vy1% Bo dx +by | A= Po Fe es + Vashi?) dx = by Eg. i 


J 


In ether words E, is the minimum characteristic root of the matrix 


e da, Ley b 

| ( — hg BED AY a) dx | V ay% fy dx | 

. eee : a: (16) 
| | V 19% By dx | (- Poze Fy + VesPit) dx 


E, will also be a function of the other parameters which may be chosen to make 
E, least. This choice of E, will determine the ratio x = dp/bp. 
Now £, and uy are the exact solutions of the uncoupled Schrodinger equations 


is vies Tei +B) a= Ea | on ie 
Tat (Rae tH) Pee 


We take equations be as the unperturbed equations with eigenvalue and 
eigenfunction Ey and up, and in order to obtain the initial coupled equations (13) 
we must add as perturbation 


aL al 
ele 
ee E Cat P22 


where 1 dy 
TNC ty ax aa Ey + V(x) | 
ld | 

Ug9(x) = — B. a = BM: Vase)? soo" lie tak Uae (18) 


212%) =Vasl) Pey(8)= Vane) = enol). | 
Starting with the wave function uy and the perturbation v(x), the perturbation 
procedure of the previous paragraph can now be applied. 
The first order term ¢, will now automatically vanish as a result of our choice 
of Ey. For consistency we require the coefficients a, by to satisfy equation (9), 


Le, rb dx i 
2 I (- 0 aa a Vira) dx a bg | Vi x%9Po dx = oy 


“Db 


dal Vxtegby xt ba teen ae V , 
10 | VartoBy dx + by | + Veo? ) dx =b Ey. 


Sone: 
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But these are precisely the equations (15) which ap, by) satisfy when they are 
chosen to minimize E,. Having found «, Ey we have 


sane) {* ease » . VistoP. 
ag” Ue ts | | - aX ae + V440%97 — Egug? + ae 4 dx 
‘ J a ~ 


D9 adB Me a 9 7 7 
Po = x | E | - 0% Bo As a V'y989" — EoBy? +b a8 | Gx, 


and the higher order terms are then obtained as before. 


§ 4. DEUTERON WITH NON-CENTRAL FORCES 


As an example we deal with the binding energy of the deuteron with tensor 
forces. This problem has been solved accurately by Feshbach and Schwinger 
(1951) using the variation-iteration method, but it is instructive to apply the 
present method to the problem in order to obtain some idea of its accuracy. 

The two-body interaction is taken to be of the form 


FU ara hai) alee) aes ene (20) 
with r the distance between the nucleons, 


3(¢6, of )(o35") (ean 


Spp= 


and Ueia=ew ix. 


The wave function will have the general form 


ar >| a0) 35 80) |x eee (21) 


where y,, is the (triplet) spin state of the system. ‘The differential equations for 
#(7), B(r) can in this case be obtained directly by equating coefficients of spin 
wave functions. They are (Feshbach and Schwinger 1951) 


— S —-Aflxyn—2y/ 2yAflrw) B= — ne 


" 
= 55 2 dyflewyut | Sa Mle) + Defra) | B= —7%p 
where x=7/7,, T=7,/7 Y=Vi/[Vo. A=MV 72/2, 4 = (Me/h?)"r,, € is the binding 
energy of the deuteron, and «, f are zero at ao oO. 

Feshbach and Schwinger were concerned with the more realistic problem of 
finding the force parameters corresponding to the experimental values of the 
energy and quadrupole moment. For illustrative purposes we here suppose the 
force parameters known and apply the variation-perturbation method to find the 
eigenvalue. We use the following numerical values from Feshbach and 
Schwinger: =0:275, y/7=0-492, r=0-559, A=1-8512, y=0-2305, so that the 
accurate eigenvalue in this numerical case is E= —7?= —0-0756. 

It will be convenient to write = ad -5267 for the particular numerical 
values above. 

Convenient normalized trial wave functions are 


= 2pve#*, B= (2/4/32 ae (23) 
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With these functions the integrals involved in the second-order approximation 
may be evaluated without recourse to numerical integration. The following 
expressions are required : 


ie ay ea n! eed ic 
Aya J ee —m 
Beet Ui i ae +20 mia “8 eile 
“0 
gee n! 
and ylenme dx = : 
ss ss n+1? 
/ 0 m 


in both of which m>0, and n is a positive integer. 
The expectation value of F is 


8b2Avs 8 b,2év? 


ee 2,0 440°? 75 5 9 SboRAv> | SbgPév> 
OF dette bet |. OO" Quee les 33) any et eee Oe 
b 3/2 pel " 
Oe 3) ee | es (24) 


In order that £, be minimized with respect to variation of ay, 4) we must have 


o  AaAu® — 8 y/(2/3) bo u3? v9? | 
Ape? — Dae 12 ares, =ajhy 4 
hae | = 
8 \ (2) 3) anges 7 ; Sb Av? 8b év8 RON DN Ole (2. 
. (ve ea) 2 g 70 (2v + 1) (deat = bk. 


These equations give a quadratic for Ey, and the least root is chosen. It will be 
a function of 4, v which can be chosen (by trial and error) so that Ey is minimized 
with respect to these parameters also. The values finally adopted were p= 0-65, 
v= 1-2, with the corresponding values Ey = — 0-0601, and« = a,/hy =6-0047. (This 
is to be compared with the actual eigenvalue — 0-:0756.) 

Applying the general expressions we have 


to23—— = 6 [ — 43 ( — 2px + 22x?) 24” — 4) u3x @-@ut+De 
0 


— 4B yy x? e- 2" — 4.4/(2/3) (Eli) p32 v2 x2 UHH] dys, (26) 


After integrating and dividing by a, we find 


dA . : és 5 el ; 
Xo — = (u? + Ey)? xe“? — Qype“? — a (Ze 1)ige- Ye 
qe (u+1) @ 
Ea reccesias a (vtetr Pree Ct)? 4 (vptptr)revir 
re -(v-+ 7) 
Sts: |) yee Ae ee (27) 
where _ p—Ey 2Ay82 4 i, 5 
= 2p > q= (2u +1)?’ [= Nige Sa ere leienens (28) 


and p—q—r=( in virtue of equations (25). 
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Similarly we obtain 


dB iin. ee 2 
Bo a = Ria (v?-+ Ey) v3? x? ee — V3 (?— Ey) vt? xe" 


, mie? lee 
—2v2le* — 1 7 c a (2v + 1)3 mxen tbe 
x as 6 
F 2 1 me-¢+Dz —(v-+1)% 
+ 3(2v _ 1)?me“@ +02 -E es + —— 


= a(2v 35 axe <7) a 3(2v ae 7)? ne @+7)& 


(2v+7)ne@t® — ne-@+72 
esl LW ge SS : 


x x 


(utr) @ 
Peepers ee ee 


me 
ke-U+7)z 
Sa Be ye (29) 
where j= ¥3 aa i Sit, re AL Sey 
(Qv+7)’ - 
si - 3Av!2 se nnn (30) 
 (2v4 1)? Cees) 


and /—m+n—k=0 in virtue of equations (25). 
These expressions may be squared and integrated by using the formula in the 
Appendix. On substituting numerical values we find 


-cO a 5 
| 2% (=) dx =()-00955, ie Bo? Gal dx =()-05900, 
0 v 


and so «,=—0-01089. Hence £)+¢«,=—0-0710. Thus although our initial 
approximation was nearly 20%, in error, the value to the second order is in error 
only by about 6%. T’o carry the calculation to higher order in this example would 
require numerical integration, and so is not attempted here. (It should be noted 
that since vg. behaves like x * at the origin, B, will actually behave like log x at the 


origin.) 


APPENDIX 


The second-order contribution to the eigenvalue is obtained by making use of 
the following result o Bromwich 1942, p. 473). 


| 1 , | 
— ~ yn => oa ax) 2 yn-1 Pe A_(n-1) EXP ( ax) 
7 


+ - as a_,exp (—«x) 
xs 
where ae ee 
i 


se [4_in—y” =a) G_y”| = 0, 


De E —aa_O+4 (oP a_ +... 
v 


os | 
ike aes a9 =0. 
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ohee | Idx=-> | ai — ala 49-4 hs 
0 i 


at, ( eee Le e s 1) ; (24a log a) 


—> [a —cgaa_gO+ 22. +(—1)"e,(0)"2a_,O] 0, 
i 


where 


1 1 
=f il a 
o= gopi(Itit +s7) for n>1. 
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Isotope Shifts and Hyperfine Structure in the Atomic Spectrum of Tin 
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Abstract. ‘The spectrum of tin was excited in a liquid oxygen cooled hollow 
cathode tube, and examined by means of a Fabry—Perot interferometer. With 
the use of highly enriched samples of tin isotopes, isotope shifts of all the even 
isotopes were measured in the spark line 5s?6s ?S,.— 5s?6p ?Ps, 46454. The shifts 
between successive even isotopes vary from 0-0015 cm™! for #2Sn and !4Sn to 
0-0067 cm™! for "Sn and ™Sn, and this change occurs in two ‘jumps’. The 
probable error is about 0-0002 cm'!. The corresponding isotope shift constants 
(C values), calculated without allowance for the specific mass shift, vary from 
15 x 10°? cm! to 40 x 10° cm. The hyperfine structures of the line 46454 of 
the odd isotopes “Sn and '°Sn were measured. The ratio of the splittings is 
1-042, in good agreement with the value 1-046 calculated from the nuclear 
resonance values of the nuclear magnetic moments. 


§ 1. INTRODUCTION 


r | ‘HE elements of even atomic number near the middle of the periodic table 
possess large numbers of stable isotopes. By measurements of shifts for 
the different isotopes of one element, the effect of the addition of successive 

pairs of neutrons on the nuclear charge distribution can be studied. It is 
sometimes possible to examine the relative shifts in iso-neutronic sets of 
isotopes in different elements. ‘There are often, however, great experimental 
difficulties in the measurements of shifts in these elements. ‘The shifts are some- 
times extremely small, and the Doppler widths of the lines increase as one proceeds 
to lighter elements. Further, the specific mass shift, which cannot be calculated, 
may not be negligible, though its presence does not affect the detection of irregulari- 
ties in the volume shift. 

Isotope shifts have not previously been measured in the tin spectrum, though 
Tolansky (1934) noticed broadening in two lines which he attributed to isotope 
shift. 

Tin possesses ten stable isotopes, three odd and seven even. ‘The atomic 
number is 50, and the mass numbers and natural abundances of the isotopes are 
as follows : 

Mass numbers 112 114 115 116 ne ARs OS 0: 22 li24: 

°, abundances 1-0 0-68 0:34 14-4 7:54 24-1 8:62 32:5 4:7 ay) 

With the use of highly enriched isotopes supplied by the Atomic Energy 
Research Establishment, Harwell, measurements have been made of the isotope 
shift in one of the lines of the atomic spectrum of tin. Some of the results of this 
work have already been published (Hindmarsh, Kuhn and Ramsden 1954) but 
partly in an uncorrected form owing to the lack, at that time, of mass analysis data. 

The hyperfine structures of the same line of the odd isotopes Sn and '°Sn 
have also been observed and measured. 

+ Now at the Atomic Energy Research Establishment, Harwell, Didcot, Berkshire. 
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§ 2. EXPERIMENTAL METHOD 


2.1. The Choice of Lines 


Preliminary experiments with natural tin revealed that some of the lines in 
the visible and ultra-violet regions of the tin spectrum were broader than expected. 
No splitting of the lines attributable to isotope shift was observed. The choice of 
lines for work with separated isotopes was limited to the brightest lines of the 
tin spectrum, as only these could be excited with appreciable intensity with the 
limited quantities of separated isotope available. The line 5s*6s ?S4j.-5s6p *P3)2, 
\ 6454, of the spark spectrum seemed likely to show a comparatively large isotope 
shift, and was also well suited for comparison with the theory, owing to the 
relatively simple electron configurations. 


2.2. The Light Source 


The light source used in this investigation was a hollow cathode discharge 
tube similar in design to that described by Kelly, Kuhn and Pery (1954), with an 
interchangeable cathode block made of high purity aluminium. It was, however, 
made larger, having a cavity of depth 2 cm and diameter 1 cm in order to allow 
the discharge to be run at low pressures. This was necessary in order to reduce the 
relative intensity of the molecular lines of helium, which carried the discharge. 

Considerable research was devoted to discovering how best to excite the tin 
spectrum with the milligramme quantities of enriched tin isotope available. 
This proved to be very difficult. ‘The following method was finally adopted. The 
tin was introduced into the cathode cavity in the form of stannous sulphide, 
a suspension of which in water was spread round the roughened walls of the cavity. 
When the water evaporated the cavity was left coated with a uniform deposit of 
stannous sulphide. With about | mg of tin introduced in this manner, the spark 
line \ 6454 was bright enough at first to be photographed in half an hour, but 
gradually faded with continued running of the discharge. Currents of about 
50 ma and exposure times of up to four hours were used. Helium was found to 


be the best carrier gas. Liquid oxygen cooled charcoal traps were used, but it 
was not necessary to circulate the gas. 


2.3. The Spectrograph and the Fabry-Perot Interferometer 


‘lwo identical discharge tubes, one for each of a pair of isotopes under exami- 
nation, were connected to a vacuum line. They were tilted so that their axes 
met in the spectrograph axis, and were contained in a plane normal to the spectro- 
graph axis. A mirror was fitted to a mount so that light from either one or the 
other discharge tube could, in turn, be reflected into the spectrograph. Lenses 
formed an image, 1-5 times enlarged, of the hollow cathode discharge on the 
spectrograph slit. Great care was taken to align the optical system accurately for 
reasons which are discussed later. 

A Hilger spectrograph of focal length 50 cm was used, with a 65° prism of 
refractive index 1-75, in order to separate A 6454 from neighbouring lines. 

‘The etalon plates were made of fused silica and were 6 cm in diameter. In 
use the aperture was stopped down to 5 cm. The plates were coated with very 
thin silver films of reflectivity 75°% and transmission 20%. Under these con- 
ditions, the instrumental width with a 2 cm spacer was about 0-02 cm-! while the 
Doppler width at 150°k was about 0-013 cm}. The resulting loss of resolution 
was an advantage for the measurements of some fringes which were blends due to 
the isotopic impurity of some samples. By making the line width considerably 
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larger than the splittings (the largest splittings were about 0-006 cm!) it was 
ensured that the measured position of the fringe represented the centre of gravity 
of the components forming the blend. Also the loss of intensity when the 
instrumental width is much smaller than the Doppler width would have been a 
serious drawback to the use of dense films. 

The etalon was mounted between the collimator and prism of the spectro- 
graph, and it was enclosed in an air-tight box. The etalon and spectrograph were 
in a room thermostatically controlled to about +0-1°c. 

Separate photographs of the centre portion of the ring systems of the two 
isotopes of a pair were taken, with photographs of the cadmium red _ line, 
\ 6438, before the first and after the second tin exposure, and between the two tin 
exposures. 

All the isotopes were examined using at least two and sometimes three, 
different etalon spacers. Spacers of 1-5 cm, 2 cm, and 2:5 cm were employed. 

Figure 1 shows photometer tracings of the isotopes 42Sn and ”°Sn. The 
two tracings have been superposed so that the centres of the ring systems coincide. 
The magnitude of the isotope shift and its relation to the line width are thus 
displayed. 


Dae eee 


Figure 1. 


For the investigation of the hyperfine structure of the line A 6454 of the odd 
isotopes “Sn and !°Sn, only one discharge tube was used. The etalon films 
were somewhat denser to provide adequate resolution. 


2.4. Sources of Error 


‘There is a number of possible sources of error to be considered in the isotope 
shift measurement. Spurious shifts may be recorded if the optical path between 
the etalon plates varies during an exposure. Any such shift was revealed by 
comparison of the ring diameters of the three photographs of the cadmium red 
line A 6438, mentioned above. Only plates with a total shift of less than 0-01 of 
an order between the first and third cadmium exposures were used, but a 
correction to the apparent isotope shift was made, when necessary, to allow for 
the etalon shift. Such a correction could be made roughly by subtracting from 
the apparent shift one half the total shift between the first and the third cadmium 
photographs. However, there always appeared on the plates, near the tin line, 
a number of unidentified sharp single lines. Invariably at least one of these was 
suitably exposed. The ring diameters of the suitably exposed line were compared 
on each of the two photographs, and the order difference between them applied 
as a correction to the apparent isotope shift. 

Very serious systematic errors may arise in any measurement of the relative 
positions of two lines from two different discharge tubes. If the distribution of 
intensity over the surface of the etalon is not precisely the same for the two 
discharge tubes, the two tubes are effectively using different parts of the etalon, 
and plate imperfections could cause a serious error. ‘This was the reason for the 
care taken in the aligning of the optical system. ‘The illumination condition was 
checked by filling the two discharge tubes with krypton (to provide narrow lines) 
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and photographing light from a krypton discharge in each of the two tubes. 
The diameters of interference rings from the two tubes agreed to better than 
1/300 of an order. A further check was obtained in the case of one pair of isotopes 
by exchanging the two cathodes. An error in illumination would be detected 
when the etalon was dismantled and reassembled with the same or a different 
spacer. ‘The new adjustment would be slightly different from the old, so that any 
error caused by illumination differences would differ by a quantity of the same 
order as the error itself, and so a systematic difference in the results would be 
recorded. 

Another source of error is the presence of unwanted spectral lines overlapping 
the tin line. Their presence would be revealed by a change of spacer, when a 
systematic difference would be apparent between the results from different spacers. 

No systematic difference of any kind was ever observed, and it was therefore 
concluded that the effects described in the last two paragraphs were smaller than 
the random errors of measurement. 


§ 3. RESULTS 

The following were the results obtained from measurements of the plates with 
a travelling microscope. The limits quoted are probable errors, and the figures 
in brackets are the total numbers of orders measured for the isotope concerned. 
Mass numbers of isotope pair 112-114 114-116 116-118 118-120 120-122 122-124 
Uncorrected isotope shifts 6-5(11) 25117) 4-5(26) 4-2(17) —-1-2(8)_-1-7(13) 

CO? can) stale ap OS,  —ai0Pil oO 2 te O25) eee 

‘These results were subsequently corrected for isotopic impurities in the 
samples. ‘The assumption was made that the measured position of a fringe was 
the centre of gravity of the blend formed by the principal component and the im- 
purities. ‘This must be very closely true as long as the fringe appears symmetrical. 
In fact, no asymmetry was ever observed, either on photometer tracings or 
by direct inspection of the plates. In some of the isotopes the correction was large, 
but knowledge of the mass analyses of the specimens allowed it to be made with 
sufficient accuracy. ‘The final results obtained after correction in this way are 
quoted in the following table. ‘The errors given here are outside limits of error, 
being four times the probable error. Though the results are, of course, too few 
to make a proper statistical treatment possible, it is believed to be very improbable 
that the true values lie outside the quoted error limits. The sign of the shift is 
such that the lighter the isotope, the higher the frequency of the component. 


Isotope pair 112-114 114-116 - 116-118 118-120 220=122 122-124 
solani’ (IO? can) 6-7 6:2 4-7 a) ils 185) 
ar O)>7) +0-6 st 29 ag 57 aE) HOES 


The analogy of one of the observed ‘jumps’ in the values of the shifts with 
that found in the iso-neutronic isotopes of cadmium has been pointed out pre- 
viously (Hindmarsh, Kuhn and Ramsden 1954) ; the significance of these 
results regarding nuclear structure will be discussed in another publication. 

Results of measurements of the isotope shift due to the nuclear volume effect 
are commonly expressed in terms of the isotope shift constant C, introduced by 
Kopfermann (see for example Brix and Kopfermann 1949). ‘The isotope shift 
ofa term, A7, may be written as A7’= CB, where C depends on nuclear properties 
and 8 on the atomic wave function. If the shift is entirely due to an s electron 
f is given by the expression 


B =(aaq?/Z)$?(0) 
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where aj is the radius of the first Bohr orbit, Z the atomic number and #°(0) the 
square of the Schrédinger wave function at the centre of the nucleus. The 
magnetic hyperfine structure splitting of the same term, if due to the same s 
electron, is given by 
8 7a,)>Ra2g 
AW = ; a /?(0) em 
where « is the fine structure constant, R the Rydberg constant and g, the nuclear 
g factor.t Thus 
3 x 1838 

~ 8Ro?Ze, 
AW was measured for the odd isotopes 1!7Sn and "Sn (see below) and g, has 
been determined for these by nuclear resonance (Proctor 1949). In this way B 
was determined. It was assumed that the shift due to the 6py. electron was 
negligible compared with that due to the 6s electron. This method of evaluating 
8, which avoids the calculation of 5?(0), has been described by Brix and Kopfer- 
mann (1951). ‘The C values can now be evaluated if allowance can be made for 
the mass shift. It was impossible to allow for the specific mass shift, and since 
only one line has been examined there is no experimental evidence for the presence 
or absence of an appreciable mass shift. All that can be done is to allow for the 
normal mass shift and ignore the specific mass shift. The following C values 
are thus obtained. 


AW. 


Cre Sa sn on) 40 «10> em 
CoC sn— "sn *"*sn)=30%10 cm 
Cr (CS Rin Sha) — 1h ANOS? Gaal 


The specific mass shift is unlikely to cause an error of more than 
+10x 10cm“! in the C values. The fact that C, agrees with the C value for 
the cadmium isotopes with the same neutron numbers (due allowance being 
made for the difference in nuclear charge) is an indication that the specific mass 
effect is small in both elements. 

The expected form of the hyperfine structure of the line 6454 for the odd 
isotopes of tin both of which have nuclear spin }, is shown in figure 2. The 
nuclear magnetic moment is assumed negative in these diagrams. ‘The dotted 
component M is that due to the even isotopes, which exist as impurities in the 
samples of enriched odd isotopes. ‘The hyperfine structure of this line was 
observed using natural tin by ‘Tolansky (1934) and using an enriched sample of 
115Sn by Gurevitch (1949). In all the investigations, including the present one, 
the components S’ and S” were completely unresolved, appearing as one com- 
ponent S. The results of the present measurements were as follows ; outside 


errors are quoted. ne 
Bon 9Sn. 


LS LM LS LM 
Splitting (10-* cm~') 200-6+ 1 US Se4eetes 209-0+1 COs & 


The reason for the greater uncertainty of the measurements of the distances LM 
was that the component M was subject to considerable distortion by the nearby 
strong component S. 

The magnetic moments determined from nuclear resonance measurements 
are (27Sn)= —0-995 n.m. and (19Sn)= —1-041 n.m. Thus the ratio of the 


+ The relativistic factor y(j, Z) has been omitted; it is insignificant for the present 


calculation. 
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Figure 2. 


moments of the two isotopes is 1-046, while the ratio of the measured hyperfine 
structure splittings LS is 1-042. The agreement is within the experimental 
error of the spectroscopic measurements. ‘The present measurements also agree 
with Tolansky’s values obtained with natural tin, though our accuracy is 
higher. Allowing for the calculated splitting of the upper term ?P3), the 
measured splitting of the lower term ?5,). is 0-221 cm™ for 1!9Sn. ‘This compares 
with 0-248 cm~! calculated using the nuclear resonance value of the magnetic 
moment and the Goudsmit-Fermi—Segre formula. In this case, as in alkali 
like spectra (Kelly, Kuhn and Pery 1954) the formula gives too high a value for the 
hyperfine structure splitting. 

It should be possible to obtain the isotope shift of the odd isotopes from such 
measurements as those described above, but the number of plates taken was not 
sufficient to give the required accuracy. 
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OLLOWING the impressive and rather surprising success of the so-called 

‘free electron model’ in dealing with conjugated and aromatic molecules 

(Ruedenberg and Scherr 1953, Scherr 1953), Coulson (1954) has investigated 
the applicability of the ‘free-electron network approximation’ in the case of 
metals—the electrons being supposed to move freely in a constant potential along 
different crystallographic axes—and has obtained results strikingly similar to those 
obtained in the tightly bound approximation. 

It seems interesting to investigate as to how far this agreement is sensitive 
to the form of potential function chosen, i.e. whether it will survive if one 
changes over to a non-constant potential; this is of particular importance because 
(as Coulson himself has remarked) for impure metals, in the presence of atoms 
of different kinds, it would be absurd to suppose that the potential function is 
even approximately constant and thus the free electron hypothesis would be 
inapplicable. On the other hand, as results obtained from such manifestly 
different starting points as the tight binding approximation and the free electron 
network approximation are strikingly similar, one may expect that many of these 
results essentially depend on their common features (e.g. periodicity of potential 
leading to Bloch type wave functions and lattice structure) and would persist 
even if one changes over to a non-constant potential in the network approximation. 

In the present note we shall consider the case of a simple cubic lattice and 
shall assume that our wave functions satisfy precisely the same conditions as in 
Coulson’s paper (1954) except that now the Schrddinger equationf is 


with similar equations for 6 and C, where 
Sa? : 
Ga Rp C3 A i nn eri (2) 
About V, we shall only assume that it is periodic with the periodicity of the lattice. 
Further, owing to the cubic symmetry, it would be a symmetric function of x, y 


and z. 
The general solution of (1) will be of the form 


Ain =fi(x) + af2(x) 
Bise=Ay) + Ofely) tte ees (3) 
Cr =h(2) + P22) 


+ The symbols and the notation used have the same significance as in Coulson (1954) 
except where specifically indicated. 
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where f, and f, are two independent solutions of (1) and we take them to be norma- 
lized according to the following conditions 


: ; be Beene (4) 
f'(0)=9, fo) =4o J 
where primes denote differentiation and qgy=q(x=y=2=0). The Bloch 
condition requires 


Aia,3,n= exp(—7K [Aw ) + afe(e)] ete. ss (5) 
and the condition of continuity gives 
af(l)+[fi()— expK)]=0 | 
f(t) + LA exp CK, Dy he eee (6) 
cf!) + [A — exp @K,2)] =. 
The vanishing of grad % leads to the equation 
alqo— exp (—1K J) fo'(D)] + bq — exp (—?K,)fo'(D] + lgo— exp (— KD fo] 
—f, Dlexp(—1K,J)+ exp (—1K,)) + exp(-—2K,)|=05 areas (7) 
‘The equations (6) and (7) are consistent only if the determinant of the coefficients 
vanishes and this condition gives 
[AOA O)-AOA'Ollexp (—7K 1) + exp (—1K,/) + exp (—1K,1] 
+qlexp (7K ,/) + exp (KD exp 7K) 37, O) = 3a ft =O" a ae (8) 
As f,, fg are solutions of equation (1), we have fq fo’ —f2f,’=constant. And in view 
of our normalization (4), the constant is equal to gy. So that equation (8) becomes 


29,(cos KJ+ cos K,/ + cos: Kyl) — 375 (1) — 30g J\2) 0 sae (9) 
Now expanding f,’(/) and f,(/) in Taylor’s series and using (1), (2) and (4), we get 
ta D= fs O)-fe (OWS cctice 


= q) (1—- ay + higher powers of q)/) 


— qo (terms involving derivatives of V atx =y=z=0 but not E and K) 
— (terms involving derivatives of V at x=y=2z=0 and powers of 
E-V 
and a similar expression for f,(/). Finally we obtain for (9) 
cos K,J+ cos K,/+ cos K,/=3(1 —497,/7 +...) 
— [terms involving derivatives of V at x=y=2z=0 but not £] 
— [terms involving derivatives of V and powers of E— V’]. 
The first group of terms on the right is essentially the same as Coulson obtains 
on the free electron approximation, the second group merely shifts all the energy 


states by a constant amount, while regarding the third group of terms we note 
the following. ‘The first term is, apart from a numerical coefficient, 


Sx? al V 
PA geht ek? aes 5 
fo “72 & jt 


and if we take (0V/dx))~V,//~(E — V,)/l, this term is of the order q,4/4 and hence 
can be neglected in the region where the free electron approximation gives results 
in agreement with the tightly bound approximation. A similar consideration 
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holds good for the succeeding terms and thus one sees that even a change over to 
a much more general non-constant potential does not materially affect the WETS) 
relation. One is thus led to expect that the free electron model may be applicable 
to the case of impure metals as well provided the periodicity of the potential is 
not seriously affected. 
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HE chiet difficulty in the treatment of the electronic interactions in metals 

by the Rayleigh—Schrodinger perturbation theory is the long-range nature 

of the Coulomb interaction; this interaction gives rise to long-range 
correlation effects which cannot easily be handled by the perturbation theory. 
To obtain an adequate treatment of the interactions it is therefore necessary to 
find some other method of dealing with the long-range correlations. One such 
method is the plasma oscillation theory of Bohm and Pines (1953); Bohm and 
Pines show that in a free electron gas the principal effect of the long-range 
interaction is to bring about the plasma oscillations; these are fairly easily 
discussed, leading to a treatment of the interactions in a free electron gas. It is 
the purpose of this note to indicate a rather more general treatment of the 
problem; this treatment will in the case of a free electron gas lead to essentially 
the same results as the plasma oscillation theory, but will also be capable of 
taking into account the effects due to the core electrons, to the conduction electron 
binding and the ‘damping’ effects which occur in real metals. 

The essential feature of this treatment is the recognition that, so far as long- 
range phenomena are concerned, the behaviour of the system is medium-like ; 
as long as we consider interaction phenomena over distances rather greater than 
the period of the lattice (or the inter-particle distance in a free electron gas), 
the microscopic structure of the system is unimportant, only its average properties 
contributing to the phenomena. 

To treat the long-range interactions we have therefore to give a treatment 
of the electromagnetic field in a medium. It can be shown by a straightforward 
generalization of Wilson’s results (Wilson 1935) that an electric field 


Er) Ef exp at ik) ey exp wer — 1K es ak. (1) 
will induce a current 
Nite) =O ple dty Ge E- 8) yi eaeten (2) 
in a metal, where «,,, and c,,, are tensors independent of r, ¢ provided that k is 
not too large. Thus the current J(r,t) depends linearly upon E(r,t) and 


IPRKONE), IIEDYS, SOX, ION Sa 30 
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(d/dt)[E(r, t)] and we can regard «,,, and 6, as (w and k dependent) polarizability 
and conductivity tensors, and can define a complex dielectric constant (see Seitz 
1940, p. 631) 


4a 
Cok aaa cy fekettt (3) 


Having shown that the induced current depends linearly upon the electric 
field and its rate of change, we can proceed in the same way as in the theory of 
the electromagnetic field in ponderable media, but must use the Fourier transforms 
with respect to r and t everywhere on account of the w and k dependence of €,,,. 
In particular, we find that the Fourier transform ¢,, of the scalar potential ¢(r, ¢) 
is given, in a gauge in which the longitudinal part of the vector potential vanishes 
(we concern ourselves here with the Coulomb interactions only, neglecting the 
radiation field), by 


4 ~ ~ 
ok = Re a k. Ente» K Oc his (4) 


where p,, is the Fourier transform of the charge density p(r,¢) generating the 
field (as opposed to the charge density induced by the field through the induced 


current). 
“~ 


The quantities ,.% =, hae K, On =k.o,,.k, which are obtained by the 


generalization of Wilson’s results (Wilson dealt only with the case of very small 
k’s which occur in optical theory), are given by 


ne 26 “ 
Ca mu? a mw ay Ny, m (1 a Nyt, Pa) | k. Min (k +) k) iF 
. Ew +t, ne Ey m (5) 
(Ee +k, ne a) ene Ty ; 

men z m “~ 7 

Ceok = mew em! N k’m (1 re Ne +, i) | k. Mi (k ) k) ? 
x (S(Ev 4k, m' Ey. m hw) ig O( Bye +k, nm Eye ie hw)} 2 egies (6) 

where is the particle density of the electrons, 

Me (k’, k) = | Brite m' os “ (p a ah) bem dr oe ereig () 


the y,,, are Bloch wave functions, N,,, is the occupation number and E,,, the 
energy of the state (k, m); the factors (1— Ny st, m) etc. take care of the exclusion 
principle. 

In the case of a free electron gas €,, is very small at some frequency w=, 
near to wp (w,=wp for k=0, and wp?=47ne?/m) if the damping is small. Thus 
any fluctuation of the charge density leading to a non-zero component p,,, @ = Wk 
will by (4) lead to a very large ¢,,,, corresponding to strong oscillations at this 
frequency, which we identify with the plasma oscillations. In the case of a real 
metal such strong oscillations will occur only if ¢,,, obtained from (3), (5) and (6) 
becomes very small for some frequency (or frequencies). 

Two applications of (4) are of especial interest. The first of these is the 
case in which p(r,t) is the charge distribution corresponding to a fast electron 
passing through a metal. This will give rise to a field described by (4). This 
field, treated as a perturbation, will lead to transitions of the electrons of the 
metal from occupied levels to unoccupied levels, the electron making the 
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transition taking up momentum /k and energy fw from the fast electron. The 
cross section for this process can be calculated and is given by 
29, 2,2 
3277? 


Owk 5 k . 
hwk? | Eak |? @ ae v) BRO (é ) 


where v is the velocity of the fast electron. This treatment closely resembles 
the Weizsicker-Williams method (see Heitler 1936, p. 263). 
In the case of a free electron gas in the limit of no damping 
Oak | € cote [? = bw,25(w —— W) 

apart from certain small terms, and the fast electron loses all its energy in amounts. 
of about hwp. In the general case, substitution of (5), (6) into (8) will lead to: 
a rather complicated energy loss spectrum. It should be noticed that (5) and (6) 
already contain the contribution to the polarizability and conductivity of the core 
electrons and inter-zone transitions. Thus (8) will then give the energy loss 
spectrum taking into account the core electron polarizability and damping and 
also the effects of inter-zone transitions. Several treatments of electron pene- 
tration in metals have been carried out along similar lines by various authors 
(Fermi 1940, Kramers 1947, A. Bohr 1948, Halpern and Hall 1948); all the 
previous non-relativistic results can be obtained as special cases of (8). 

The second case of especial interest is that in which p(r, ¢) is the ordinary 
charge density of the metal in the independent electron approximation. This 
will not be constant and uniform, but will show fluctuations. In the classical 
case these fluctuations will be purely thermal, but in the quantum mechanical 
case will be partly of quantum mechanical origin and will not disappear even 
at the absolute zero. These fluctuations will by (4) give rise to a fluctuating 
electric field in the metal. For a free electron gas these fluctuations of the 
electric field will be very strong at w~wp, and will represent the plasma 
oscillations in the metal. Calculation of the energy of this field and the 
modification of the kinetic and potential energy of the electrons by the 
fluctuating field should lead to a value for the correlation energy of the 
metal. Such calculations are at present in progress. It is hoped to give 
further details of this theory in a paper at some later date. 
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The Interaction of Two Excited Hydrogen Atoms 


By M. A. JASWON anp H. AGHAJANIAN 
Department of Mathematics, Imperial College, London S.W.7 


MS. received 26th October 1954 and in final form 17th December 1954 


HE theory of the cohesion of covalent molecules and crystals is based almost 
entirely on an approximation known in the literature as ‘ perfect pairing’, 
i.e. the pairing of the spins of overlapping directed orbitals from neigh- 
bouring atoms so as to enable us to build up a wave function for the system. 
As a means towards making some assessment of the significance of this 
approximation, we have considered it worth while undertaking an investigation 
of a simple system in which essentially the same issues are involved, viz. the 
interaction of two hydrogen atoms each in its first excited state. ‘The relevance 
of this interaction stems from the fact that the first excited state of the hydrogen 
atom is doubly degenerate, thus enabling us to construct hybridized s—p orbitals 
similar to those envisaged in the theory of directed valence. In the present note 
we set up a wave function for this system using the approximation of ‘ perfect 
pairing’, and then compare it with the more accurate wave function in which 
no possible pairing scheme is neglected. 
The interaction of two hydrogen atoms, each in the first excited state, defines 
a state of the molecule in which both electrons occupy excited molecular orbitals 
(m.o’s), and these (using the separated-atom symbolism) will be of the type 
a2s, o2p or 72p, i.e. deriving adiabatically from the 2s or 2p wave functions of 
the free atoms as the nuclei are brought together. Weare particularly interested 
in the lowest stable state of the system in these circumstances and therefore ignore 
the z-orbitals, i.e. those deriving from atomic p-functions perpendicular to the 
molecular axis, since they involve negligible interactions compared with the 
o-orbitals. Of the latter, ¢,2s and o,2p are bonding and, for H,, have comparable 
energies in the molecular field owing to the 2s, 2p degeneracy, thus suggesting 
the electronic configuration (zo,)? 1X, (where zo, 18 a hybrid of o,28 and o,2p) 
as that which defines the lowest able state of the molecule arising from the 
prescribed interaction. The energy of this hypothetical state lies at a level of 
about 24 ev (4-48+2 x 10-4=25-28) above the ground level of the molecule, 
and is therefore quite beyond the range of the spectroscopically observed (doubly 
excited) levels listed in the standard work of Herzberg (1950). It is indeed open 
to doubt whether the state can lead an independent physical existence, for it must 
certainly compete with various alternative excited states of comparable energy, 
e.g. one electron occupying the ground m.o. o,1s and the other promoted into 
the ionized spectrum. However, the issues of interest in the present context 
refer solely to the formal properties of the particular interaction under considera- 
tion, and from this point of view the question of physical status may be dismissed 
as irrelevant. 
At infinite separation R,, of the nuclei the two axially symmetric m.o’s 
o,28—S, o,2p—P are orthogonal and degenerate, and therefore (omitting for the 
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moment the inter-electronic interaction term e?/r,. in the Hamiltonian) define 
the three independent zero order singlet wave functions 


Soe) SCP Ps) POP(2) = Fikes. (1) 
of which some proper linear combination 
S(1)S(2) +e{S(1)P(2) + PAL)S(2)}+ BP(L)P(2) i... ss ss (2) 


constitutes an allowable representation of the state (zo,)? 'X, of the system at 
any finite internuclear distance R. An alternative, more powerful, approach 
is to work with the hybridized m.o’s S+yP=A, S+AP=B which constitute 
allowable representations of stationary states of the system H,* at all R; A and B 
are necessarily orthogonal at all R, degenerate at R,, (where they can be replaced 
by S and P), and are such that B is strongly bonding if 4 is suitably chosen. In 
place of the three singlets (1) we then have 


d= B(1)B(2), Y= B(1)A(2)+ A(1)B(2), Yu =A(IVA(2) se (3) 
but now ¢, alone is evidently the allowed representation of (z7,)? !X, at all R. 
On expanding y;, we have 


ih; = B(1)B(2) = S(1) S(2) +Af S(1) P(2) + P(1)S(2)} +22P(1)P(2), . 2... (4) 


which is seen to be a linear combination of the three original singlets (1); since (4) 
may be identified with (2), we must necessarily have 1:0: B=1:A:A?. 

‘The introduction of the interaction term e?/r,, requires careful consideration 
in relation to the m.o. approximation. We may regard it in the first place as 
a straightforward perturbing potential, relevant at about R, but not at R,, and the 
zero order function (4) may then be used as it stands for calculating a first order 
energy correction. Ina more refined treatment we should allow for configura- 
tional interaction between y%,, %,, and J,,,—a procedure which amounts to using a 
linear variation treatment on the original combination (2). With the integrals 
available it would be quite feasible to determine « and f so that (2) constitutes 
a stationary state, and hence test the accuracy of the less rigorous hybridization 
treatment based on (4), but the work is sufficiently involved to warrant description 
in a separate paper. In view of the marked energy difference between the m.o’s 
A and B, there is a marked (zero order) energy difference between the states (3), 
and we may therefore anticipate, on general grounds, that configurational inter- 
action between these states will not turn out to be an effect of very great importance. 
A compromise procedure, which has been adopted here, is to regard A as a 
parameter to be determined so that (4) constitutes a stationary state with respect 
to the total Hamiltonian of the system; this is an improvement on the straight- 
forward use of (4) as a zero-order function in a perturbation process, but it is less 
accurate than the use of (2), for in (2) we have two independent parameters « and f 
at our disposal in a linear variation process whereas in (4) they are constrained to 
be of the form 1:A:A?. 

To appreciate the significance of %,, we note that 


B = S al AP = (Sq fs S),) ye XPa a Pp) = (Ss, af XP,) + (8), Er Ap») Breyer eas (5) 


where s, stands for a 2s-function centred about nucleus a, etc., 1.e. B may be 
regarded as a bonding m.o. made up from the overlapping hybridized a.o’s 
s, t+APa Sp+Ap, centred respectively about the two nuclei. This means, in 
effect, that ~, represents a state of the system in which s,+ Ap, is paired with 
s, +Ap, to form the dominant pairing scheme, the other pairing schemes being 
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s, +Ap, with s, +p, (represented by ¥,,) and s, +p, with s,+upp (represented 
by wy). Accordingly, the use of #, alone is analogous to the approximation of 
‘perfect pairing’ used with covalent structures, the only difference being that 
ws, includes an admixture of ionic states due to its being a m.o. representation of the 
pairing rather than a valence bond representation. In the present problem we 
have the advantage of being able to compare ¢, with the more correct function (2) 
which is a linear combination of #,, yj); and Wy. 

Fairly straightforward energy calculations (Aghajanian 1954) yield a binding 
energy, relative to two excited atoms at infinite separation, of approximately 
4-4 ey, at an equilibrium separation R)~1-6A, with a vibrational frequency 
approximately 2263 cm~!. At first sight the estimate obtained for the binding 
energy seems anomalously high, but it should be remembered that H, differs from 
other diatomic molecules in several important respects : 

(i) The existence of the 2s, 2p degeneracy, which effect must considerably 
reinforce the cohesion. In the case of carbon, where the self-consistent 2p 
level lies at about 3 ev above the self-consistent 2s level, even the approximate 
degeneracy is effective in producing the strong o-bonding characteristic of carbon. 

(ii) The absence of ion-core electrons, which in other diatomic molecules are 
known to have a marked effect in reducing the stability (Coulson 1952). 

(iii) The extremely high binding energy of the ground state. It is not 
surprising to find the binding energy at least as great as this for a doubly occupied 
m.o. which is excited, since the overlap of the relevant atomic wave functions is 
much more marked than in the ground state. 

On writing B in the form (5), and then forming the mean value of the 
Hamiltonian of the system with respect to B(1)B(2), it may be verified without 
difficulty that we are led to energy integrals of the types (using the cyclic notation 
of Slater 1931) 


Un e im e 
Cyg=%, | — 5—- V7-—— |B Gar end We 
ap a i a ap “a, I 
2 ane 2p 7, PP 
9 9 
O aa e? 
~ Op an rr Bas ig) ap — %a aa By Aus =K, 1 By 
) b 
9 2 
(Ga (ae 
= S / 
J id = da Pr, aos Yn, J aByd — mer Si YpOa 
, 12 Vh92 
2 2 
M : is: 
a2yd — a, By 119 VEO ys FL yys = a2, | ap VOp 
4 12 


where «, stands for an ¢-function centred about nucleus a, etc. The C, present 
no difficulty, analytic expressions for C’,, may be found from Roothaan (1950): 
Qi, Q's, Aug, Fasyo and J’,g,) are given by Kopineck (1950); M,¢,5 may be 
obtained from Barnett and Coulson (1951), and also independently from the 
relation M,,,>>Limp .oJ 4,9: after these had been evaluated by us, the were found 
to be tabulated by Araki and Watari (1951); H,»,5 were integrated on IBM 
computing machines on the basis of the ¢-function technique of Barnett and 
Coulson: they were afterwards found to be tabulated by Araki and Watari. 

The function %,, whether defined by (2) or (4), is not rigorously orthogonal 
to the ground m.o. wave function of the system, for neither o,2s- =2s, +2s, nor 
o,2p—2p,+ 2p) are rigorously orthogonal to the ground m.0. o,ls=1s, + 1s,; 
certainly 2s,, 2p, are orthogonal to is,, but unfortunately they are not quite 
orthogonal to 1s, even though Ry~1-64. This lack of orthogonality implies 
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that ¥; includes a small admixture of the ground wave function, thus leading to 
a spurious lowering of the energy—and hence to a spurious overestimation of 
the binding energy—by an amount estimated to be of the order of 1 ev. 
Unfortunately it has been found necessary to adopt Slater function representations 
of 2s, and 2s,,, for most of the tabulated integrals refér to such functions and not to 
hydrogenic functions. This introduces certain obscurities into the analysis 
and, moreover, has the obvious effect of aggravating the non-orthogonality 
difficulty; nevertheless, since the self energy of each excited atom is calculated 
with respect to Slater functions, they should lead to no marked overestimation 
of the binding energy, and in any case by 1 ev at most. The two sources of 
overestimation have been allowed for in the figure 4-5 ev mentioned earlier. If 
this figure is accepted, our results imply that hybridization is effective in producing 
strong o-bonds between excited hydrogen atoms, and it can therefore be anticipated 
that the hybridized orbitals of Slater and Pauling similarly provide an explanation 
of the extremely high cohesion and elastic constants of diamond. 
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The Use of Overlapping Intervals in Multiple Scattering Measurements 


By D. 8S. SCHONLAND 


University of Southampton 


Communicated by E. H. S. Burhop; MS. received 20th December 1954 


OLLOWING the usual method of measuring multiple scattering (Fowler 

1950), the y coordinates y, of points on the track of a fast ionizing particle 

are measured at equal intervals 7 along the x axis, which is aligned along 
the general direction of the track. From these measurements the quantities 


BO=[Yeer—2Vvat Veale wt wees «i 
can be formed and, in small angle approximation, represent the angles between 
successive overlapping chords of the track of length 7. ‘Then if a) and e are 
the mean square values of the true multiple scattering chord angle and the ‘ noise’ 
respectively for chords of length /7, one can estimate a,” from the equation 


l 
lage Oy eg Eins ines (2) 
; me 
where <b.) represents the measured mean square value of the 8B, and e9 is 
assumed to have been independently determined. 
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The probable (r.m.s.) error in the estimation of a,” by equation (2) has been 
calculated for /=1, 2 and 3, using the method described in a previous paper 
(Schonland 1952, referred to below as 1), on the assumption that the multiple 
scattering and the noise both have gaussian distributions, with correlations 
between the f,,? as given in I equation (3a). 

In the notation of I, the probable error in an estimate of a) is denoted by 
4)F(ay); this is a function of the ratio 7/7», where 7» is the interval length for which 
ay) =e). One may compare the efficacy of various methods of estimating a 
for a track of given total length 7’=Np 7, by plotting \/NoF(a)) as a function 
of T/T q: 

The results are shown in figure 1, where \/NoF(dp) is plotted as a function 


(ii) 


30 
(i) 
S26 BEE 
= we 
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Figure 1. The relative error in the use of equation (2): (i) with J/=1, (i) with /=2, 


(111) with /=3. The broken curve represents the minimum possible error. 


of r/79 (1) for /= 1 (singly overlapping intervals), (i1) for /=2 (doubly overlapping 
intervals), (111) for /=3 (triply overlapping intervals). ‘The broken curve in the 
figure shows the ‘minimum possible error’ obtained when the information 
contained in a set of values of the y;, is used to best advantage (I, §2 (ii)). It is 
clear that equation (2) for the various values of / considered will yield good results 
provided that the basic interval length 7 is properly chosen in relation to 7». 
The best value of / to use for a given set of measurements will be determined by 
the value of 7/7): it may be noted that for 7 > 1-47, the use of singly overlapping 
intervals will be preferable to that of double or triple intervals. 

Another way of exhibiting these results is shown in figure 2 where (i) shows 


T/T 


Figure 2, Relative errors in the use of equation (2), (i) with /=1, and interval 7, (ii) with 
!=2 and interval 7/2, (iii) with /=3 and interval 7/3. 


VV NoF(a) for singly overlapping intervals of length 7 plotted as a function of 7/7, 
(ii) shows the result that would be obtained if the interval were halved and doubly 
overlapping intervals were used, and (iii) shows the effect of trisecting the interval 
and using triply overlapping intervals, both (ii) and (iii) being plotted as functions 
of the basic interval ratio z/r). ‘Thus the difference between (1) and (ii) shows, 
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for a particular value of +/+), what improvement would be gained by halving the 
interval length (and consequently doubling the number of measurements) and 
using doubly overlapping intervals. Similarly, the difference between (i) and (iii) 
shows the effect of trebling the number of measurements and using triple intervals. 

Translated into terms of N, the total number of measurements made on a 
particular track, and taking r= 1-57, which is close to the minima of the curves 
of figure 2, these results give for single intervals with N= N,, F(a))=1-85/4/N,; 
for double intervals with N=2N,, F(a9)=2-32/,/N=1-64/,/N,; for triple 
intervals with N=3N,, F(a ))=2-73/4/N=1-58/4/N,. (In order to obtain a 
value for F(a)) from the figures one uses the relation N= Noto/r-) 

From these figures one may conclude that the extra work required to use 
doubly or triply overlapping intervals is not commensurate with the resultant 
improvement in the accuracy of the estimation. his conclusion is supported 
by the work of O’Ceallaigh and Rochat (1951), and is due to the rather slow 
decrease of the minimum possible error with interval length. 

In the limit of no noise, i.e. as 7/t)—> 00, one finds F(a)) equal to (6-47/N)"? 
for triply overlapping intervals; (4-32/N)"? for doubly overlapping intervals; 
and (2:25)! for singly overlapping intervals, whereas the minimum possible 
error in this limit is (2/V)"?. 

The author would like to thank Dr. E. H. S. Burhop for suggesting this 
problem to him. 
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Nuclear Electric Quadrupole Moment of Potassium 39 


We have applied the ‘double resonance’ method (Brossel and Kastler 1949, 
Brossel and Bitter 1952, Sagalyn 1954, Althoff and Kruger 1954) to an investigation 
of the state 52P, of potassium, and have obtained resonances in magnetic fields 
which produce splittings of the sub-levels both small and great compared with 
the hyperfine structure. Although the experiments are still in progress, it is 
possible at this stage to quote the preliminary values a=1-9+0-2 Mc/s for the 
magnetic dipole interaction constant, and b/a= +1:0+0-25, where 6 is the 
electric quadrupole interaction constant defined by the Hamiltonian 


b 
(CIS yee) 


[3(1. J)? + $(1. 3) — 10+ IJ + 1)] + fes5 
ot Bulls sees tennessee (1) 


This value of a is in good agreement with the value 1-93 Mc/s which is obtained 
from the Goudsmit formula (see Kopfermann 1940) by taking »=0-391, [=3/2 
(Mack 1950) and Z, = 14-8 (Casimir 1936). Using the relation 

se MI 

8B? m 


AH =al.J4 5} 


Dao 


(Davis et al. 1949) and without applying any corrections (Sternheimer 1950) we 
find the preliminary value for the electric quadrupole moment of *°K, 


O= +0:14% 10 *cem* 4237. 


Potassium in the form of an atomic beam traversing a glass bulb is illuminated 
by plane polarized radiation from a water-cooled hollow-cathode discharge in 
which potassium is used in the cathode and neon as the carrier gas. ‘The scattered 
resonance radiation of the second doublet of the Principal Series (A 4044 and 
4047 A) is isolated by filters and received by a photomultiplier in a direction at 
right angles to the incident beam. The resonance bulb is surrounded by Helmholz 
coils which produce a steady magnetic field in the direction of observation, and by 
smaller coils which produce a radio-frequency magnetic field at right angles both 
to the incident light beam and to the steady field. The signal (i.e. the change 
produced by the radio-frequency resonance in the intensity of the resonance 
radiation in the direction of observation) is modulated, amplified, detected by a 
phase-sensitive detector and recorded. 

In the experiments in ‘ strong’ fields (about 24 gauss) the incident light is 
plane polarized with the electric vector in the direction of observation of the 
scattered light, i.e. in the direction of the steady field. Since the ground state 
451). has the same value of J as the 5P,. state, the magnetic sub-levels of this 
excited state are equally populated by the optical excitation, and no radio-frequency 
resonances are observed. ‘Thus the signal is entirely due to transitions in the 
5P3). state in which the sub-levels are not equally populated. The radio frequency 
is held constant while the magnetic field is continuously varied. A small 
oscillating magnetic field at 60 c/s is superimposed upon the steady field and a 
reference voltage from the same oscillator is used for the phase-sensitive detector. 
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The deflection of the recorder is then proportional to the differential of a plot 
of light signal against magnetic field at constant radio frequency. ‘These 
differentiated resonance curves are particularly valuable in detecting and locating 
incompletely resolved lines. 

The resonance curves obtained in these experiments are interpreted as a 
partly resolved pattern of eight lines of equal intensity arising from the transitions 
my= +1/2 +3/2,\m,=0. The lines fall into two overlapping groups of four 
(m, may take the values + 1/2, +3/2), and by means of a quarter-wave plate and 
Nicol prism it has been shown that one group corresponds to right, the other to 
left circularly polarized light. The Hamiltonian (1) predicts patterns of the type 
observed if the ratio b/a is suitably chosen. The intervals in gauss may beconverted 
into Mc's either by the use of the theoretical value of g,, 1:33, or the ratio of 
frequency to field at the centre of the pattern which yields g;=1-35+0-02. From 
a comparison of observed with calculated patterns we arrive at the values of a and 
b given above. 

Slight asymmetries observed in the patterns can be accounted for by cor- 
rection terms which arise because the decoupling of J and_J is not quite complete. 
That the sign of b is the same as that of a is deduced from the orientation of the 
patterns separated by the A/4 plate, from the influence of the correction terms, 
and also from an examination of the resonance curves obtained at frequencies in 
the region of 19 Mc/s where we were able to observe resonances with the 
radio-frequency field parallel to the steady field (A(m, + m,) =0). 

‘The values of a and b deduced above are supported by exploratory experiments 
made in the earth’s magnetic field alone. In these experiments the relative 
orientation of component parts of the apparatus was as above, but the radio- 
frequency current was modulated at 60 c/s, and the resonance curves plotted 
point by point as a function of frequency. Resonances about 2 Mc/s wide were 
observed in the regions of 7-0 and 1:4 Mc/s. We interpret these as due to the 
transitions F =3-2 and 2-1 respectively. Setting these resonance frequencies 
equal to 3a+b, 2a—b, as predicted by (1), yields a=1-7 Mc/s, b=2-0 Mc/s. 
While it is reassuring that these figures are in good agreement with those obtained 
from the ‘ strong’ field experiments, they are regarded as very provisional because 
of the large amplitude of the radio-frequency magnetic field (about 1 gauss) 
necessary to obtain the signals. Both this and the earth’s field will produce a 
perturbation comparable with the interval between F=2 and 1, and the 
theoretical interpretation of these experiments is not straightforward. 


We hope to make a fuller publication at a later stage. In the meantime we 
wish to express our thanks for helpful discussions with many of our colleagues in 
the Clarendon Laboratory, and especially with Dr. B. Bleaney and Dr. H. Kuhn. 
One of us (G. J. R.) is indebted to the Rhodes ‘Trust for a Scholarship. 
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The Yield of ’Li(p,n)’Be* Neutrons for Proton Energies between 
2°5 and 2°9 Mev 


It is now well established that when lithium 7 is bombarded with protons 
of energies greater than 2-378 Mev, two groups of neutrons are emitted, corres- 
ponding to the formation of beryllium 7 in the ground and in a 430 kev excited 
state. Previous results on the ratio of the intensities of the low and high energy 
groups have been reviewed by Ajzenberg and Lauritsen (1952). More recently 
Cranberg (1954) has measured this ratio and found it to be approximately 
10°, for proton energies between 3-9 and 5-4 Mev using a time-of-flight tech- 
nique. The present letter gives results for proton energies between 2-5 and 
2-9 Mev, and for neutrons emitted in the forward direction, obtained with a 
helium 3 fast neutron spectrometer (Batchelor 1952). 

The instrument used for these measurements was more highly developed 
than that described in the previous communication and further details will be 
published in due course. A typical pulse height distribution obtained when it 
was placed 17 inches from a 40-kev thick lithium fluoride target is shown in 
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Figure 1. Pulse height distribution. Proton Figure 2. Relative intensities of the 
energy =2-77 Mev. low and high energy neutron 
groups. 


figure 1. The relative intensities of the two groups, shown in figure 2, were 
calculated from the total number of counts in each peak. Corrections were 


made for the variation with neutron energy of the *He(n,p)3H cross section 
and the wall effect of the counter. 
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REVIEWS OF BOOKS 


Quantum Mechanics, by F. Manpt. Pp. viiit+232. (London: Butterworths 
Scientific Publications, 1954.) 35s. 


Only some eighteen months elapsed between the giving of a course of 
lectures by Dr. Mandl and the printing of this book which he has based on them. 
Such haste is the probable cause of its failings. It is, indeed, little more than 
a somewhat expanded set of lecture notes, and it is difficult to see that it adds 
much to what has already been written on the subject. 

It is intended to ‘‘ bring out the unifying mathematical scheme underlying 
quantum mechanics” and, accordingly, there are few experimental examples 
of the formal theory. It is therefore, presumably, meant primarily for those 
who wish to appreciate and study this scheme. Such a short book cannot and 
does not set out to present original work or to be a treatise on the subject. 
Nevertheless, it can still be useful as a guide for the theoretician and, even more, 
for the experimentalist, provided it is concise, orderly and accurate. 
Unfortunately, this book is lacking in all three qualities. 

It is repetitive and has no clear scheme of presentation. ‘Thus, although 
many quantum mechanical terms have already been introduced and defined, 
it is not until we have read over a third of the book that we come to “ Definition 1.” 
“ Definition 2. Two operators A and B commute, if...” occurs five pages 
after the terms commutator and non-commutability have been used. Most of 
the operator and eigenfunction theory presented in Chap. 2 is unnecessary for 
Chap. 3 and is repeated, more generally, in Chap. 4. 

Although we do not expect mathematically rigorous proofs of all the rules 
and theorems given, they should be true, with mention of the qualifications and 
exceptions, if any, and, preferably, some reference to more thorough discussion 
elsewhere. ‘The more general the statement, the more important this becomes. 
It is surprising, therefore, to find a rule given for the construction of quantum 
mechanical operators for generalized coordinate systems supported only by 
the comment that it is a ‘ natural generalization’, when Dirac has pointed out 
that it has only rather limited applicability and Kemble has given explicit 
examples of its failure. 

The scope of the book is good and the problems given at the end of each 
chapter cover useful ground. The atomic or nuclear physicist who works 
through them with the aid of the hints provided at the end of the book would 
acquire a good background of quantum theory. N.C. B: 


Advanced Level Examples in Physics, by R. V. JouNs and W. F. Ware. Pp: 
vii+ 346. (London: Macmillan, 1954). 16s. 


The authors largely succeed in their aim of supplementing the theoretical 
and laboratory work of students preparing for examinations in Physics at the 
Advanced Level of the G.C.E. and for Intermediate examinations, particularly 
in the case of the weaker candidates. 

The book contains about one thousand examples of graded difficulty, 
arranged by topics, with answers at the end. Each section is preceded by a 
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useful summary of relevant principles and formulae, together with worked 
examples. ‘These examples are very lucidly set out. In the main, arithmetical 
methods are employed in preference to those involving juggling with formulae, 
and ample verbal explanation of the steps is given. In a few cases only, un- 
necessarily long methods of solution are given. 

One or two omissions have been noticed. There are not many examples 
involving the wave theory of light, and there is no mention of this subject in 
the text, nor are there any worked examples upon it. The sections on electro- 
magnetism seem rather curtailed: for example, self induction is not mentioned, 
and there is but a bare minimum on alternating current, inadequate for the 
Advanced Level syllabus of at least one examining body. 

There is a useful set of over one hundred revision examples at the end of the 
book, and many of these are suitable for the brighter students. 

The ‘ real is positive ’ optical sign convention is used. 

R. SHEWELL. 
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Cross Sections for 2s-2p Transitions in H and 3s—3p Transitions in Na 
Produced by Electron and by Proton Impact 


By M. J. SEATON 


Department of Physics, University College London 
MS. received 13th October 1954 


Abstract. Reliable cross sections for 2s—2p transitions in H produced by electron 
and by proton impact are required in certain astrophysical problems. In 
calculating these cross sections it is necessary to allow for strong coupling effects. 
Such effects are also important for 3s—3p transitions in Na produced by electron 
impact, for which experimental results are available. 

The total cross section Q is the sum of components Q! arising from the 
components of the incident wave with angular momenta /[U(/+1)]!”. For 
these a limiting value Q',,., is set by the requirement of charge conservation. 
The approximation adopted is to calculate the O' using the Bethe approximation, 
to accept the values obtained if O'pene<$Q max and to put Q'=101.,, if 
O' gethe 23O max. The conditions for the validity of this approximation are 
examined, some use being made of an exactly soluble schematic modei. It is 
considered that the final results for the H transitions should be correct to within 
+20°,. The results obtained for electron collisions with Na are found to be in 
good agreement with experiment, the approximation used being considerably 
superior to the Born approximation at low energies. 


§ 1. INTRODUCTION 

NFORMATION on the relative population of the 2s metastable state of 

hydrogen is required in at least two astrophysical problems. The first 

concerns the continuum intensities of gaseous nebulae, to which 2s—1s 
transitions with the emission of two quanta may give an important contribution 
(Spitzer and Greenstein 1951, Kipper 1952). ‘The second concerns the micro- 
wave radiation from the solar chromosphere, in which radiative 2s—2p transitions 
might be detected if the population of H(2s) is sufficiently great (Wild 1952, 
Purcell 1952). In order to calculate the relative population of H(2s) accurate 
cross sections for collisionally induced 2s—2p transitions are required. 

Cross sections for electron impact have been calculated by Breit and ‘Teller 
(1940) using the approximation of Bethe (1930) and cross sections for both electron 
and proton impact have been calculated by Purcell (1952) using a semi-classical 
method similar to the method of Weizsacker (1934) and of Williams (1934). 
The method consists in calculating the probabilities of radiative transitions 
induced by the field of the impinging particle, the motion of which is treated 
classically. The results obtained show that, for equal proton and electron 
densities, collisions with protons will be more important than collisions with 
electrons. 
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From a classical standpoint it is obvious that the total transition probability 
per encounter should not exceed unity. The method used by Purcell ensured 
that the individual 2s—>2p,. and 2s 2p, transition probabilities should not 
exceed unity but does not appear to satisfy the somewhat more stringent condition 
that the sum of the transition probabilities should not exceed unity. 

The quantum mechanical analogue of this classical condition is provided by 
the conservation theorem of Mott (1931) and of Bohr, Peierls and Placzek 
(unpublished, see Massey and Burhop 1952, and Mott and Massey 1949, p. 133). 
This gives an upper limit Q’,,,, for the sum of all partial inelastic cross sections, 
Q',,, arising from the component of the incident wave with angular momentum 
A{Ui+1)}¥2. A necessary condition for the validity of the usual weak coupling 
approximations, such as Born’s approximation, is that the calculated values of 
Q';, should be less than Q’,,,, for all values of J. The results of Purcell for 
H 2s-2p transitions suggest that weak coupling approximations will violate this 
condition for the smaller values of / (close encounters), and that it is therefore 
necessary to take strong coupling effects into account. It has previously been 
remarked by Bates, Fundaminsky, Leech and Massey (1950) that the Born 
approximation tends to be unreliable at low energies for strong optically allowed 
transitions, such as 3s—3p transitions in Na, and it appears to be very probable 
that this is also due to the neglect of strong coupling effects. 

The present paper describes calculations made for 2s—2p transitions in H and 
3s—3p transitions in Na produced by proton and by electron impact, using proper 
quantum mechanical methods and allowing for strong coupling effects. The 
conditions for the validity of the particular approximation used are discussed 
and it is concluded that the H results should be correct to within + 20%. The 
results for electron collisions with Na are found to be in good agreement with 
experiment. 

Application of the results obtained for H to the calculation of continuum 
intensities in gaseous nebulae has been described elsewhere (Seaton 1954). 


§ 2. NOTATION AND GENERAL FORMULATION 
2.1. Notation 
Consider particles of mass M; and charge Ze incident on atoms of mass M,. 
For electrons Z= —1 and for protons Z= +1. ‘The reduced mass is 
M = M,M,/(M,+ ™,). 
The relative velocity at large separation, the atom being in energy level 7, is 
denoted by v,, and k,, is defined as Mv,/4. For transitions from energy level n 


to energy level 7’ the cross section is denoted by Q(n->n’) and the corresponding 
collision strength is defined as 


ee 
Qt 70) = woe Onn is ie wel emer eee (1) 


w, being the statistical weight of level 7. 

The term collision strength is suggested by analogy with the line strength as 
used by Condon and Shortley (1951). For radiative transitions between states v 
and v’ with wave functions ¢(v|r,,r,...ry) and #(v'| ry, ry... ry) the dipole line 
strength is defined as 


® N ¢ 
S(v’, v) =e | woe Ih reer be rs | o(y| ry, 0)... fy)dr, dr... dry e ee) 
J j=1 
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The line strength S(n’,7) connecting two degenerate levels is obtained on 
summing (2) over all initial and final states. Both the collision strengths and the 
line strengths are symmetrical in ” and n’ but unlike the line strength the 
collision strength is a dimensionless pure number. + 

If the density of impinging particles per unit volume is N; and the density 
of atoms in state ” is V,, the total number of n->n’ transitions per unit volume 
per unit time is N,N, W(n—n') where 


W(n+n')= | v,O(n—n')f(v,,) dv, 


and where f(v,,) is the normalized distribution function for the relative velocity. 
For a Maxwell distribution with a kinetic temperature T (°K) this becomes 


: $63: x 10-* 
. Wn+n')= aE ECL Se) CRESEC SO reer, (3) 
with % 
3/2 © 
Eyl wt = (37) | Oy’, n)exp(— Mov,2/2eT)d(Mu,2/2eT) ..... (4) 


it being noted that the reduced mass occurs in the Maxwell distribution function 
for the relative velocity. The electron mass is denoted by m. 
The total collision strength may be expanded in the form 


Q(n',n) = OW’, n) 4. (5) 


where the partial collision strength ('(n’,) is the contribution from the initial 
state in which the relative angular momentum 1s /[/(/+1)]!? and the atom is in 
level n. Charge conservation requires that 

Sn nya Che ay (ee ayasa: (6) 
(Mott and Massey 1949, p 133). 

For practical calculations it is convenient to use atomic units (m=1, e=1 
andf#=1). Unless the contrary is stated these will be adopted in the present 
paper. Cross sections in units of 7a,” (8-806 x 10°!’ cm®), where a, is the atomic 
unit of length, are given by 
ny _ 13-600 (n', 2) 4 
O(n dl )= Mw, E, (ev) sie siisirelis ( ) 


where E,,(ev) is the initia! energy of relative motion in ev and M7 is the reduced 
mass in atomic units, i.e. M=M,M,/m(M,+ ™,). 


2.2. Formulation of the Collision Problem 


For reasons of simplicity the general theory will be discussed with particular 
reference to transitions in hydrogen; however the main results obtained are 
applicable for any optically allowed transition. For collisions with H atoms 
the complete wave function may be expanded in the form 


Kr = Doel Meyr) nes (8) 


+ The term ‘ target area’ which is sometimes used in referring to the quantity defined 
by (1) does not seem to be particularly appropriate for a dimensionless quantity. 
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where the (v|r’) are H atom wave functions. This will be a solution of the 
Schroedinger equation if the functions u(v|r) a 


(V2+k,?)u(r| chet (voy [rye [r) ere (9) 


ZL, 
where Viv; v'|r)= jure |r’) ee ner (yr )ar — > Onn ea 10) 


For transitions with initial state v solutions of the equations (9) are required 
with asymptotic form 


u(v| er) ~ exp (ihe) + = fn (O, 8) exp (ihr) 

uo! |r) ~2 fol. dexp (ihr) (0! AY). 
The collision strength connecting states v and v’ is then given by 
Qe y= ||) fle) 


The collision strength Q(n’,) connecting two degenerate levels is obtained on 
summing equation (12) over all states of the two levels. 


Ge 
cs 
— 
— 
Snes 


snodidie) 2) (12) 


2.3. The Born and Bethe Approximations 
The Born approximation may be used if the following conditions are 
satisfied : (i) the potentials V(v; v) and V(v’; v’) are sufficiently small to be neglected 
and (ii) the coupling terms V(v; v’) are sufficiently small to ensure that the transi- 
tion probability per encounter is always much less than unity (cf. the condition (6)). 
When these are satisfied the equations (9) may be replaced by 


(V2+k,7)u(v|r)=0 \ 

(V2+k,?)u(v'|r)=2MV(0'; v| r)u(r|r) 
where v is the initial state and v’Av. The Born approximation collision 
strengths are then given by equation (12) with 


2M ( : 
fl Pry Big) = = Ze | exp {i(k,z—k,.r)}V(v'; v|r)dr i... (14) 


where k,, is a vector of length &, in the 6).., ,,, direction. 

It is convenient to consider first the total 2s—2p collision strength for H 
assuming an effective 2s—2p level separation of AE =| E(2s)—E(2p)|; this will 
be denoted by Q(AZ). It may be shown (Mott and Massey 1949, p. 225) that 
(12) and (14) give 
NP 
Qn 


(with Z27=1). “In Nile expression AK measures the scalar magnitude of the change 
of relative momentum and AE=|k?—k’|/2M, atomic units being used. It 
should be noted that the convention is adopted of neglecting spin statistical 
weight factors, so that equation (14) should be substituted in (1) or (4) with a 
statistical weight of unity for the 2s state. 


The integration over r in (15) may be carried out (Mott and Massey 1949, 
p. 226) to give 


QO Bom(AE) 7 SMP | 


“~ lk—k’| 


hee 


OQpom( AL) = 


Jexp(—iKs)V(2p, m= 0; 2s|r) dr| KdK zA('5) 


=)" 


“hte | 6 ai ; 2dK 
| exp (—iKs’)p*(2p, m=O] r'}h(2s| r') de] T3. (16) 


Inelastic Collisions in H and Na 461 


The Bethe approximation is obtained on replacing} exp(—iKe’) in (16) by 
1—7Kz’, giving 


OBctne(AE) = MS In [( k +k’) y/|R ee We 
where S is the line strength defined by (2). For 2s—2p transitions in H, S=27 
atomic units. 

In practice it is necessary to consider separately the 2s >2p,,. and 2s 2ps)5 
transitions, for which the collision strengths will be denoted by Q’ and Q’ 
respectively. The corresponding energy differences are AE’ =0-0354cm™~! and 
AE" =0-327 cm! (Lamb 1951). In both the Born and the Bethe approximations 
these are given by 

YS ZOAE) and QS AO(AR OL | ade (18) 


2.4. The Born and Bethe Approximations for the Partial Collision Strengths 
On expanding 1/|r—r’| in spherical harmonics the following expression 
for the interaction potential may be obtained: 
V(2p, m,=0; 2s|r)=Z 1/3 Oy, » (0) exp (—tmd)y,(2p; 2s|r)  .....- (19) 
where 


yi(2p ; 2s|7 Jaa) P 


r’) P(2s|r’) Me dr’. .(20) 


P(2p|r’)P(2s|r’)r' dr’ +r ‘i P(2p 


/ 


The functions P. Ost’) ) 7 and P(2p|7’)/r’ are radial functions for hydrogen and 
the Ox, mn, (9) are normalized spherical harmonics 


0, 0=V (3/2) cos @, O, .,= F+/(3/4)sin8. 
Using the usual collision theory expansion for exp (zkz) (Mott and Massey 


1949, p. 20), and carrying out the angular integrations it may be shown that the 
Born approximation partial collision strengths are given by 


16M2 (| 5% ae 
OF pom(AE)= as ! | F(Ar)yy(2p 5 28|7) F(R’) dr 
. /0 


+(4+1)| |" Rldryi(2p3 slr) Falk) dr} | 
where Fiver Gey. Se (22) 


Evaluation of the angular integrals will be discussed in detail elsewhere (Seaton 
1955). 
The asymptotic form of y,(2p; 2s|r) for large r is y, ~s(2p; 2s)/r? where 


s(2p; 28)= | P2p|r")PQs| ry" dr? sa (23) 


and s?=§. An alternative derivation of the Bethe approximation is to replace y, 
by its asymptotic form; thus it is readily shown that substitution of 


2 § 
V(2p, m,=0; ; 2s| r)= Z~ @;,(8) = 


+ This may be expected to give too large a contribution from large values of K (close 
encounters). The expedient is therefore frequently adopted of replacing the upper limit 
of the integral over K by a(k+k’) with a<1. The choice of «a is, however, largely 
arbitrary. This expedient is not adopted in the present paper since an alternative 
method of correcting the Bethe approximation is employed. 
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in (15) gives (18). The Bethe approximation for the partial collision strengths 
is therefore 


7 OO 1 
OD porn(AE) = $72 M28 {i | Jrsaalr) 5 Seaelhr) dr 


sD 


9) 
mat 


aioe) 1 jf 
a) | | Vivaelhr) = Jiys(h'r) ar (ee ecb (24) 


‘The partial collision strengths prove to be very useful in assessing the validity 
of the various approximations made. The functions F,(kr) defined by equation 
(22) are solutions of the equation 

d* (A+1) 
dr ie 


= a | FGnj=0 — \ eee (25) 


For small values of + they behave as r’**! and for large values of 7 they have 
asymptotic form 


F(kr) ~sin (kr = 32m). 7) ER (26) 
The first point of inflexion of F,(kr) occurs at the value 7, of r given by 
R2= MAL): ee (27) 
Forr<r,, F (kr) will be very small. It follows that Q'),4;,, will be a good approxi- 
mation to (2',,., if 
7, Patomic dimensionss =)" 1k eee eee (28) 


If /is such that this condition is satisfied it is also to be expected that the neglected 
exchange terms will be small, since there will be very little overlap between the 
bound wave functions and the wave functions of relative motion. 

The condition for the effect of distortion to be small (Mott and Massey 1949, 
p. 205) is that 2MV(v; v|r) and 2M(v’; v’|r) should be small compared with 
k,? and k,? respectively when 7 >7;. 

Finally the condition that the transition probability per encounter should be 
small is that ©'(n',n) should be much less than (2/+ 1)w,. 


2.5. Evaluation of the Radial Integrals in the Bethe Approximation 
Partial Collision Strengths 


To evaluate the integrals occurring in equation (24) the following relation 
may be used: 

ace) 

| TaelAr Ye n( 7) dr 


Tiettal gel) lace a ae ee ae 
OP [(2-V+D] TU +3/2) FUs(d+l + 1), AC —l);1 olay es pOsscKs © (29) 


(Watson 1948), where k’<k and z=(k’/k)?. The functions F are hypergeo- 
metric functions defined by 
: P(e) & P(a+n)(b+n) 
dh CR ae ve a 

(ae)= Ty aATOne, ellen ie ee ee 
the functions occurring here being of the form F(a,b;a+b+1; 2). It is con- 
venient to introduce the functions E,(@,5; 2) defined by 

D(6+1)l(@+1) 


E(4, 6; 2)= T(a+b+1) FAG. 0 Ob Nee) a ees (31) 
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for which EF,(a,b;1)=1. Using these functions the Bethe approximation 
collision strengths may be written quite generally for any optically allowed 
transition as 

OO athe => 3 M?Z?SC(e, Q) 


DRG Meete: ha te. acta, 32 


O setne = ¢ M2Z?S 


where «=1—2, 


feo) = 2B (1,45 2) 
and | 
: zi-1/2 , AES (33) 
C(e, l)= +1 (2+ 1)[£,(,, —4; 2)]? + le?[B,(2+ 1, 4; 2)}?} | 
for />0. 


Evaluation of the functions C(e,/) is discussed in an appendix to the present 
paper. 
‘The Bethe approximation for the total collision strength is 
O Bethe = = M2Z7S In (14 22?)/(1—2t?)., (4) 
In terms of the energies of relative motion, :=(E’/E) and «=AE/E where E> E’ 
and AF=E-E’. 


§ 3. EVALUATION OF THE PROBABILITIES OF COLLISIONALLY INDUCED 
2s—2p ‘TRANSITIONS IN HyDROGEN 
3.1. The Born and Bethe Approximations 

The coefficients W(2s—>2p,j.) and W(2s—>2psj) will be denoted by W’ 
and W” with subscripts e and p for electron and proton impact. For astro- 
physical applications these coefficients are required for kinetic temperatures of 
order 10#°K corresponding to mean kinetic energies of order 1 ev =8-07 x 10? cm™?. 
Since these kinetic energies are much larger than AE’ or AE” the following 
approximations may be used: 


k+k'=2M2, ceed ot WA cj ee Oe Beare (35) 
The Bethe approximation then becomes 
Dante) =—/ 24 in (Ze AH), = “sieeren (36) 
For the Born approximation the following integral is required: 
[ nee, i ae Pee ode (Ik) 
| exp (—iKa')4*(2p, m=O|r'b(2s| r') de’ = em sees (37) 


Substitution in (17) gives 
OF OL )= JZ in 2Mo/ABL)=ue), actos (38) 


jee: 1 | I ] 
wn=3{5(1- 5)+ > 5(1- 5) +Ina} ees (39) 


where 7 = 1 + 4k’. 

The coefficients W,’, W,", W,’ and W,,” are given in table 1 for temperatures 
of 1x104and 2x10!degxk. Approximation I is the Bethe approximation, 
approximation II the Born approximation and approximation III the semi- 
classical approximation} of Purcell (1952). 

+ For proton impact the results of Purcell have been recalculated allowing for the 
reduced mass (Purcell put M equal to the proton mass). 


with 
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In the semi-classical calculations allowance has been made for strong 
coupling. The quantum mechanical treatment of strong coupling is clarified 
by considering first a particularly simple schematic model. 


3.2. A Schematic Model 
In the schematic model the interaction potentials are taken to vary as 1/r°, 
as in the Bethe approximation, but in addition the approximation is made of 
neglecting their angular dependence. This gives collision equations of the form 


| 


. Ay, 
(V2+k*)u= 2a u | 


Chae (40) 
§ / Jf A 
(V2+k)u' = — u. 
, J 

The Born approximation for these equations is readily evaluated as 

OF a Bon AL) =s(7 A) in 2M). ee eee (41) 
This is seen to be identical with the Bethe approximation (36) if 

ZA=VM 0 — ee (42) 


corresponding to 7A = 12 for electrons and to 7A = 1-10 x 10* for protons. 
The Born partial collision strengths for the schematic model are given by 


me 2 
0, por SE)=(@A)PL+1) | | Traralry reals) dr |. 43) 
‘The integrals are readily evaluated (Watson 1948) to give 
: 7A)? 
1's, Born AZ) = oe girth 


where k’ <k and z=(k'/k)?. Since e=1—2z is much less than unity{t we may 
put z=e- giving finally 


2 
ecGaAE)= eo (44) 


This will give Q'<2/+1, consistent with the conservation limit (6), for 
values of / such that 2/+127A but since e“ will be close to unity{ when 
21+ 1<7A, the expression (44) will violate the condition (6) when 2/+1-is 
appreciably less than 7A. ; 

If the additional approximation is made of putting k=’ an exact solution 
of the schematic equations is readily obtained, although in this case the total 
collision strength diverges. Expanding the functions uw and wu’ into spherical 


harmonics multiplied by radial functions G((r)/r and G/(r)/r, the equations 
satisfied by the latter are 


a K+1) re 

ar 72 +8 | G= A G; eoeeee (45 a) 
@ K+) Ay; 

aaa +8 |G) 5 Pied Lewpeanseics (45 b) 


{ We are interested in values of € of order 10-5 and values of 74 <1+1 104, 
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On adding and subtracting equations (45 a) and (45) uncoupled equations may 
be obtained which have as solutions bounded at the origin} F,; =G,+ G,' where 
F, is defined by (22) and 


A= = —$+4${(214+1)?44AMe aes (46) 
Using the asymptotic form (26) for F, and the usual theory of exact resonance 


collisions (Mott and Massey 1949, p. 146) the following expression for the partial 
collision strengths may be obtained: 


Q's. (AE = 0) = (21+ 1) sin? {4r[(2/ + 1)? +4 AJ}? — dn[(20 + 1)2-4A]¥22. (47) 
For 2/+1>74 this gives 0',,, (AE=0)=(7A)?/(21+1) in agreement with the 
Born approximation (44) for AE=0. 

Some results obtained from the schematic equations are shown in figure 1 
for 74 =10* (close to the value appropriate for protons). The following are 
plotted as functions of /: the exact solution for Q! with «=0; the Born approxi- 
mation for Q' with «=0; the Born approximation for Q! with e=2x 10; the 
limiting value 2/+1. 


OQ 


i 
5 
oe eee os) 
a 


Figure 1. Partial collision strengths / obtained from the schematic equations with 
7#A=10*. A, exact solution for «=0. B, Born approximation for «=0. C, Born 
approximation for «=2%*10-°. The values /, and /) of / are shown for «=0; 
these are defined in the text. 


It is seen that the Born approximation gives {2' to be much too large for the 
smaller values of / and therefore leads to an over-estimate of the total collision 
strength. An improved estimate may be obtained on defining /, as the nearest 


integer less than /,’ where 
Deep, Serer (48) 


The values of ©! may be considered for />/, and for /<J/,. (1) For />J, the 
solutions shown in figure 1 indicate that the Born approximation (44) should be 
reliable. Replacing the sum over / by an integral we obtain 


Soe Ay eit 1 hy ee (49) 
1=1,+1 


where cae 


Ei (x)= | a 

+ Provided that (2/+-1)?>4 | A|, which is all that is required in the present context. 
For a discussion of the difficulty which arises when this condition is not satisfied see 
Mott and Massey 1949, p. 40. 
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(ii) The maximum allowed contribution from / </, is found to be small compared 
with the contribution from />/,; thus with 7A = 104 and « =2 x 10-° (49) gives 


> Q'=9-1 x 107 compared with 5 (Qi) = 25-107 
l=G4+1 1=0 
In consequence {2 is insensitive to the contribution assumed for /</,. We may 
take the latter to be one half of the limiting value, giving 
hi 


SOS LG 1S tae ee (50) 


1=0 
Combining (49) and (50) we obtain 
Oo; AE) =72iMea47 = E1(6ie), ae Seo eee (51) 


for7A=12M. Rate coefficients W calculated using this result are given in table 1 
as approximation IV. In calculating the individual 9’ and Q” the relations (18) 
have been used; this should not cause significant error. 


Allowance for Strong Coupling using the Bethe Approximation 


‘The Born approximation for the schematic equations and the Bethe approxi- 
mation for the correct equations give the same total collision strengths and the 
same general trend for the partial ae strengths, but it may be shown that 
(2. ae. Born (equation (44)) is greater than 0p... (equation (32)) for small values of 1 
and is less than 02' <4. for very large values of /. It is therefore necessary to consider 
the effect of strong coupling using the Bethe approximation as a guide. 


A value /, of / may be defined such that, for!>/), Q'ycthe<$ (27+ 1) ...(52a) 


and that, for l<i, 9 Ol ,a5, 5 (2/461) (52) 
The collision strength is calculated using Q',.4,. for 2>/) and Q'=4(21+1) for 
lad,.) Uhiseives 

Q= Flee > Of eee (53) 


I=+1 

For kinetic energies of order 1 ev it is found that /,=7-8 x 10® for protons and 
/,=8 for electrons. When /</, the factor ¢(e,/) occurring in equation (32) and 
evaluated in the appendix does not differ from unity by more than 4%. Putting 
this factor equal to unity for /<J, we have 


ce lo 
> Oo pethe= =. One ethe 36M? {1+ +> i 


t=h+1 


aa ate Ae (54) 


This gives finally 
Q(AE)=72M? {In(2Mv?/AE)=pu}, ...... (55) 
where j= 8-99 for protons and y = 2-21 for electrons, y being effectively indepen- 


dent of energy within the energy range of interest. Rate coefficients calculated 
using (55) together with (18) are given as approximation V in table 1. 


3.4. Summary of Results for 2s-2p Transitions in Hydrogen and Discussion of 
their Accuracy 


Final results for the rate coefficients are summarized in table 1. ‘The total rate 
coefhicient W is calculated for equal densities of electrons and protons. Of the 
approximations considered approximation V should be the most accurate. 
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Table 1. Rate Coefficients W in cm’ sec! for Collisionally Induced 2s > 2p 
Transitions in H 


T=1X 10" dee k T=2 x 10* deg k 
Approxi- z = = x : 
mation I Il Ill IV Vv I II III IV V 
10*x W,, 8:15 DO 272. Diol 6:07 ra Om 221 eS Ome2- 08 
10* x W,,” 13252 SOOM OO) 3 223 10-18 Grsy/a 2S OES Om 19 
10* x W,’ O27; 225024 e On Oem 2 0:20 Doiltss Orly Oeil Orily 
102 <7 0-45 0-42 0°38 0:30 0°35 os Oosil Oss) Os en7/ 
Total 
10? x W 22-4 14-9 6-1 3-6 Sid 16°8 11-0 Dew Hor 4-7 


W" for 2s > 2p, and W” for 2s + 2ps5 
with subscripts p and e for proton and electron impact. 


Approximations: I Bethe; II Born; III semi-classical (Purcell 1952); IV schematic 
model, with allowance for strong coupling; V Bethe, with allowance 
for strong coupling. 


‘The schematic model results given in figure | indicate that the assumption of 
weak coupling should be justified for />/). For the approximation V results to be 
reliable it is necessary in addition that the following conditions should be satisfied : 
Condition (1). Defining 7p as [/(4)+1)]!?2/k we require that 7, should be large 
compared with the atomic dimensions. _ If this condition is satisfied it follows that, 
for />1,, the difference between Q',,,., and 02’).4), should be small and that the 
neglected distortion and exchange terms should be small (cf. § 2.4). 

Condition (2). ‘The maximum allowed contribution from /</, should be small 
compared with the calculated contribution from /> J). 

For H 2s—2p transitions with }Mv?=1ev, r)=31 atomic units for electron 
impact and 7,=950 atomic units for proton impact. Condition (1) is therefore 
satisfied. The estimated contribution to W from /</, is 18°% of the total for 
te 02 x and.3s, 1597, for T=2 «10t°x;- therefore :condition: (2)is: also 
satisfied. "lhe maximum possible error in the estimated contribution from /</, 
is + 100° but in practice the error is likely to be much less since the 0! for /</ 
will be oscillatory functions of /, as in figure 1, and we may expect the mean value 
for ©! to be not far different from one half of the maximum allowed value, giving 


It may be noted that the exact solution of the schematic equations for « =0 and 
7A = 104 gives 

ly 

> 0-00 le 

t=) 
It would seem reasonable to conclude that the error in the approximation V results 
for W should not exceed} +20%. 


+ Coupling terms other than those connecting the 2s, 2p states will be much smaller 
than the 2s—2p coupling terms, and their neglect should not cause significant error. It 
is also necessary to consider the possibility of radiative 2p — 1s transitions occurring 
during the collision process. An order of magnitude calculation shows that the time 
duration of the collisions will be too small for such effects to be important. 
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§ 4. Cross SECTIONS FOR 3s—3p TRANSITIONS IN Na 
PRODUCED BY ELECTRON AND BY PROTON IMPACT 


4.1. Electron Impact 


The cross section has been calculated using the method of § 3.3 above (equation 
(53)). The energy difference between the 3s and 3p levels is AK =2-104 ev and 
the line strength is S=19-0 atomic units, corresponding to an f-value{ of 0-98 
(Seaton 1951). The values of Q' pote for 1< J) are obtained using table 2A of the 
appendix and the total collision strength is then obtained from 


lo 
Q = OQvethe — a Oeste (gl) = ekeere (56) 


1=0 

Figure 2 gives the cross sections 0 (3s 3p) as functions of the energy E, in 
ev, of electrons incident on Na atoms in the 3s state. The experimental curve 
obtained by Haft (1933) in arbitrary units has been fitted to the absolute measure- 
ments of Christoph (1935) as quoted by Bates et al. (1950). We also include the 
Born approximation calculated by Fundaminsky (see Bates et al. 1950). It is seen 
that for energies greater than about 2 ev above the threshold the approximation of 
equation (53) gives good agreement with experiment. 


100; * 


\ 


80}- 


a 


@ (units of 1@,°) 


F 
| 
| 

60+ | 
y 
I] 
| 


20- 


i n i 1 
0 10 20 30 4 
£' (ev) 
Figure 2. Cross sections (in 7d)") for 3s + 3p transitions in Na produced by electron: 


impact, as functions of the initial electron energy in ev. A, experimental curve 
obtained by Haft (1933) in arbitrary units fitted to the absolute measurements of 
Christoph (1935) indicated by circles. B, Born approximation calculated by 
Fundaminsky (see Bates et al. 1950). C, results obtained using equation (53). 
Table 2 gives the values of J), 7) and the percentage contribution coming from 
/</, fora few representative values of E. It is seen that for low energies the values 
of 7) are greater, but not much greater, than the atomic dimensions. ‘The smaller 
values of r for higher energies are comparatively unimportant since a large contri- 
bution to 2 then comes from values of / much greater than J,. It should be noted 
that the method used gives fair agreement with experiment even when the condition 
(2) of §3.4 is not satisfied, which confirms that 


> 2'=0-5 (y+ 1)?. 
1=0 


Table 2. 3s+3p Transitions in Na produced by Electron Impact 


NE °% from 
Ss E (ev) Sore) ee 
0-5 3°16 3 7 81 
1 4-21 3 6 49 
4 10°52 5 6 38 
5 33-66 6 4 28 


} Spin statistical weight factors are consistently omitted. 
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4.2. Proton Impact 


Results of some similar calculations} for proton impact are given in table 3. 
For the lower energies the results obtained will not be of a high accuracy due to the 
small value of ry and the large contribution from /< lp. 


Table 3. 3s-—>3p Transitions in Na produced by Proton Impact 


logio (E (ev)) Fg Ac Ug) OGs => 3B) % froml<1, 
(77a9") 
2:0 3:8 9 82 
25 5-4 19 78 
3-0 7-0 34 72 
Sia 8:1 ; 54 60 
4-() 8:2 82 43 
7-5 6:0 60 30 


§ 5. CONCLUSIONS 


Strong coupling effects may be expected for the following types of inelastic 
collisions: (i) certain collisions between atoms and electrons involving a change of 
atom spin, (11) strong optically allowed transitions produced by electron impact and 
(111) slow inelastic collisions between heavy particles. 

Processes of type (i) have been discussed in two previous papers (Seaton 1953 a, 
b). ‘The method of the present paper (equation (53)) is applicable for impact of 
charged particles producing optically allowed transitions for which the line strength 
is very large. As an example of the failure of the present method when the line 
strength is not sufficiently large we may consider 1s + 2p transitions in H, for which 
S=1-66. For 51 ev electrons the present method gives QO (1s > 2p) = 2-6 za)? and 
¥)=0-73 atomic units. This may be compared with Q,,,,(1s— 2p) = 1-1 7a,? at 
the same energy, which is itself probably rather too large (Bates et a/. 1950). The 
failure of the present method is to be expected from the small value found for 79. 

It would seem that a suitable modification of the present method, using the 
Born or distorted wave approximation in place of the Bethe approximation and if 
necessary calculating matrix elements other than those directly connecting the 
initial and final states, might be usefully employed for a number of other collision 
processes, especially slow inelastic collisions between atoms and heavy charged 
particles. 


APPENDIX 


EVALUATION OF THE HYPERGEOMETRIC FUNCTIONS 


It is required to evaluate the quantities defined by 


fen (1+ 1E,(L —432) 2 +@[E(41,452)PF} oe (Al) 


for />0 and by 
Cleats ei ge (A2) 


+ The simplest procedure is to choose various values of «Jy and to solve for J) and 
hence for E. The results quoted in table 3 have been interpolated from calculations made 


in this manner. 
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for /=0, where z= 1—e and 
Ses Oh arte D(a+n)1(b+n) 2. 
Ea o'; a= ab): [ltteer (A3) 


n=O 


The expansion (A3) is found to be very slowly convergent for the values of / and « 
of interest and alternative expressions for the functions £, must therefore be 
obtained. It is convenient to consider separately the following cases: (a) 
1<7, 0<e<1, which is important for collisions of electrons with atoms and (4) 
1>1, «<1, which is important for collisions of heavy charged particles with atoms. 
For case (b) it will be shown that, to a good approximation, ¢ (e,/) may be regarded 
as a function of the single variable «/. Case (b) is conveniently subdivided into 
(1) e2<1, (11) ed of order 1 and (iii) €/> 1. 

Case (a): 1<7,0<e<1. The functions £, may be expressed in closed form on 
expanding the coefficients of =” into partial fractions and using the series expansion 
for z¥#In {(1+24?)/(1—21?)}. The following expressions are obtained, valid 
for0<2<1: 


A ae pe eh 
Li ul {424 “ee —p,A)a? ln | 5: | 
i OS a 
—a(A, y== 2 2 —p,A)z Pe | Lae: (A4) 
and 
[BOK A 1,—1/2 . r Lena 
Ay os S)— oa yor nes “eso 
i( »29 7a! ae ) in| 7S | 
v7 os p-—l g” | 
Ls = a(p,aA)z oe ei ae (A5) 
with 
(2p — 1) !!(2A—2p—3)!! ] 
a(p,A)= AGO ail for p<a | 
and ee decree (A6) 
2\—1)!! | 
oe ee == | 
For integral n, (2n+1)!! is defined as 
(27h) las 125. eta (200 ak) ae (A7) 
and the convention is adopted that (—1)!!=1and(0)!=1. Summations such as. 


Ps 
>. are to be taken to be zero if p, <p). 
p=” 
The functions Ey (1, — 3; x) and £,(/+1,3; 2), calculated} from equations 
(A4) and (A5), are given in table 1A for various values of y=(1—e)/e. Table 2A 


gives the functions 
Oe a OQ nethe _ 4 (2/41) 
mez = 3° Tze =3 SOD eee (8) 


for0</<7. Values for/=6 and 7 are extrapolated ; they should not be in error by 
more than two or three units in the last decimal place. 


Tt The author is indebted to Miss J. Nicholson for assistance in computing these 
functions. 
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Case (b): 1>1lande<1. We may put 


z'={exp[In(l—«)]}’>exp(—el) an (A9) 
and 
Clete EL, eee) sears eine | 2geca (A10) 
Case (6), (i): 2>1, «<1, el<1. The expansion 
1 = T(a+n)T(b+n) 
Ey (a,b; 1-e)=1+ ———_ ; 
1 (4, 2 ere oe) 
f 1 
x {Ine 5-20 (n) +U (an) +440) fe ye (A11) 


where ys(x) =d In [T (x)]/dx (Bateman Manuscript Project, 1953, p. 74) is found to 
converge very rapidly if € is sufficiently small and may then be terminated at a value 


Table 1A 
Ell, =35.9/A449)] 


Ne 0-0 0-5 1-0 2:5 4 7 10 15 20 
/= 


1 20000 V1 7603) 16232) 14188.) 1-3208) 102072) taiWis2 101832 eno 
2 20007 92-2510") 20581 1-724" ACS6d0) 1-S99D8 esi) 1238755 sielo27 
3 3:2000 2:7026 2:4132 1:9730 1-7611 11-5457 1:-4332 1-3281 1-2673 
4 3:6571 3:0664 2:7213 2:1935 1:9379 1-6764 1-:5390 1:4100 1:-3350 
5 4-0635 3:3912 2:9973 2:3927 2:-0983 1-:7959 1:6361 1:4857 1:3977 
Ble 4, Vil 
y= 0-0 0-5 1-0 2°5 4 of 10 15 20 
fe oe 
6) 0:6667 0:-7190 0-7536 0:-8136 0-8465 0:8832 0:9041 0:9246 0-:9371 
1 00-5333 0:5948 00-6375 0:7154 0:7604 0-°8129 0-8436 0:8750 0-8945 
2 00-4571 0:5198 00-5646 0-:6495 0-7003 0:7615 0-7983 0-8366 0:8610 
3 0:-4063 0:-4679 00-5130 0:6005 0:6818 0:7209 0-7616 0-8050 0-8329 
4 0:3694 0:-4291 00-4687 0:5619 0:-6175 0-6873 0-:7311 0:7780 0-8087 
5 00-3410 0-3987 0:4432 0:5303 0:5868 0:6588 0:7046 0:7544 0:-7872 
Note that E,(2, —4; 1)=E,(+1, 4; 1)=1 
Table 2. 9 oa VOLS 
ve 0) 0:5 1-0 2°5 4 vi, 10 15) 20 “5 OO 
/= 


0 -000° .0:133. 0-268 07533, 0-684 O.851- 0-945 41-035 ~ 12083) 15333 
1 0-000 2-400 2-531 2-416 2-307 2:194 2-139 2-092 2-068 2-000 
2 O00" 0-670 1-010), 1-250 1-262 1230) 9-202 T1751 59) Tet 
3 0-000 0-209 0-461 0-773 0°846 0:856 0-845 0:829 0-818 0-778 
4 0-000 0-067 0:219 0:507 0-603 0-648 0:650 0°642 0-634 0-600 
5 0-000 0-022 0:106 0-343 0-448 0:°512 0:524 0:523 0:519 0:489 
6 0-000 0-426 0-435 0-441 0-441 0-413 
7 0-000 2 OS57 Orso Westeyil Wesrer Oras 


Note that y=E’/AE where E’ is the smaller of the initial or final energies of 
relative motion and AE is the change of energy involved in the atomic transition. 
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ng of n such that m)</. Using Stirling’s formula we may put, for 1 <M, 
b(n+l)=In(l). For <ng we may also put D(n +) /TQ)=M. Substituting these 
approximations in (A11) gives 

By(l, —} 5 1—e)=1-2 {In (fel) — 1 -(1)}(4e2) 


Noy (2n — 3)! Fees 1 wee 
ee !(n—1)!(n—2)! (Ine!) ys 3yp(m) + 2xp(2n — 1) }(Zeé) 


ne (A12) 
By(lh +4512) 1425 AAT fan (fel) — 5 —3H() + 262m) (Bel) 
Se (A13) 


For el <0-8 and m, <5 it is found that the convergence is sufficiently rapid to give 
the function E, correct to at least three decimal places. ‘These expressions have 
been used to compute the values of ¢ («, /) given in table 3A for 0 <el<0°8. 

Case (b), (ti): 1>1, «<1, lof order 1. The following integrals may be obtained 
(cf. Bateman Manuscript Project, 1953, pp. 114, 115): 


Ei, 4s (2fe28 te (1422+) 4d (A14) 
“ 0 


i 


Ey(b;1-)=| (+e ded ae (A15) 
/~ 0— 


For 1/>1, «<1 we may put (1 +e«#?)"'exp (-—</t?). Changing the integration 
variable to @=arctan?¢ we obtain 


ind 
Ey (4, —4 3 1-—«)=142el ( (SF <5 ) exp (—eltan? 6) a v39( ALO) 
and 
eile 
EL ; | cosGexp(—eltan?@)d0. san. (A17) 
Jo 


‘These forms are convenient for numerical integration. ‘They have been used to 
calculate the values of ¢ («, /) given in table 3A for 0-8 <«l <2-0. 

Case (b), (ii): 2>1,¢<1,«l>1. Since exp (—e/¢?) will decrease very rapidly for 
large ¢ an asymptotic expansion may be obtained on expanding the functions 
(1+#*)'? and (1+ #?)-*? in powers of t and substituting in (A14) and (A15). This 


gives 
Glen )\= Jreles'{1 4 +4(el)-+ +3 = 5 (ely : = A lead Le REN AV eee (A18) 


For «/=2 the terms included in (A18) give err compared with the value 
0-540 given in table 3A; for larger values of «/ the accuracy of (A18) should be 


much improved. 


Table-3A; C(e;t)_tor ll) et 


él fe, 1) el Ce, L) 
0-00 1-000 0-4 1-039 
0-04 1-004 0-6 1-009 
0-08 1-011 0:8 0-962 
0-12 1-019 1-0 0-900 
0-16 1-025 1:2 ():829 
0-20 1-030 1-4 0-754 

1:6 0-680 
1:8 0-608 
2-0 0-540 
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This completes the calculation of ¢ (e, /) for case (b); it is of interest to compare 
the results obtained with those calculated for /=5. This comparison is given in 
table4A. It is seen that, for « <0-2, the values of € (ec, /) for case (b) give agreement 
with the values for /=5 to within a few per cent. 


‘Table 4A 
1=5 I>1, «<1 
el A ~ —<—<—$—_A—_-, 
€ C(e, l) Ge, 2) 
BeoooG 0-6667 0-045 0-205+ 
2-5000 0-5000 0-218 0-366F 
1-4286 0:2857 0-701 0-743 
1-0000 0-2000 y OeOi7/ 0-900 
0-6250 01256 1-047 1-003 
Q-4545 0-0909 Ne O72 1-031 
Ors t25 0-0625 1-070 1-035 
0-2381 0-0476 1-062 1-032 
0-0000 0-0000 1-000 1-000 


t+ Values computed from the asymptotic expansion (A18). 
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General Perturbation Theory in Neutronics 


By E. D. PENDLEBURY 


Atomic Weapons Research Establishment, Aldermaston, Berks. 
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Abstract. A general approach to perturbation theory in neutronics is given, 
and particular cases of one and two energy groups are considered. A method 
is also suggested for the treatment of large perturbations. 


§ 1. INTRODUCTION 


REVIOUS accounts of perturbation theory in neutronics have been given 

by Fuchs (1949), by Glasstone and Edlund (1952), and by Tait (1954). 

Fuchs’ account deals with only one energy group and he approaches the 
problem by way of the one-group integral equation and assumes that scattering 
is isotropic. Glasstone and Edlund’s account (1952) deals with multigroup 
perturbation theory but their approach is from the diffusion equations and 
consequently their treatment is really only applicable to systems which are 
large compared with the mean free path of the neutrons. ‘Tait considers 
two-group perturbation theory and he approaches the problem from the two- 
group integral equations and also assumes that scattering is isotropic, his analysis 
following closely that of Fuchs for the one-group theory. ‘The approach given 
below is different from any of the above, the basis of the analysis being the 
Boltzmann transport equation, and in the first general treatment, anisotropic 
scattering and continuous energy dependence are taken into account. ‘The 
particular cases of isotropic scattering with one and two energy groups are then 
considered. (As an alternative approach these particular cases could be dealt 
with separately from first principles using matrix notation.) In §5 a method 
is suggested for dealing with large perturbations; the method consists essentially 
of the simultaneous perturbation of two or more known solutions and by suitable 
choice of these solutions corresponds to an interpolation, and if sufficient known 
solutions are perturbed simultaneously then results of any desired accuracy 
ought to be obtainable. 


§ 2. GENERAL PERTURBATION THEORY 


Let N(r, v, 2, t)dv be the number of neutrons whose speeds lie between v 
and v+dv at the point r per unit volume, and per unit solid angle around Q 
at time t. Let «(r,v) be the inverse mean free path for neutrons of speed v at 
the point r. Let Bir, (v’, 8’ v, Q)} dsdvdQ/47 be the probability that a 
neutron of speed v’ moving a distance ds at r in the direction Q’ gives rise, by 
fission or scattering, to a neutron with speed between v and v+dv and whose 
direction of motion lies within the solid angle dQ about Q. 'The Boltzmann 
transport equation for stationary media in the absence of sources is then 


ON(r, v, 82, ¢)/dt + vQ. grad N(r, v, Q, t) + va(r, v)N(r, v, 2, t) 
l ’ ! / / ' 
Sean \| v'Bir, (v', X’>0, Q)}N(r, v', Q', t)dv'dQ’. ...... (2.1) 


General Perturbation Theory in Neutronics 475. 


Consider solutions of this equation of the form 
GIN( Oy S258) /OL SAN (BOs S852) a) ere ysiereis (2:2) 
where A is a constant, whence 
N(r, v, 2, 2)= N(r, v, 2) exp (AZ). 
Substitution of this in equation (2.2) gives 
—vQ . grad N(r, v, 2) —va(r, v)N(r, v, Q) 
ie ¢ 
+z 


v’ Bir, (v’, Q'>v, Q)}N(r, v', Q’) dv’ dO! =AN(r, v,Q). 0.0. (2.3) 


In particular, the solution of this equation corresponding with the maximum value 
of A permitted by the boundary conditions will be considered. N(r, v, Q) will 
be referred to as the neutron current density in the direction Q at the point r, 
and, corresponding to the maximum value of A, N(r, v, 2) is everywhere positive. 
This follows from physical considerations. Consider now the adjoint 
equationt of (2.3). 

Suppose L is an operator and is a function of variables which we denote by €. 
If functions P and Q are functions of € then the adjoint operator of ZL, which 
we denote by L~, is defined by 


| PLO dé=|OL* Padé 


where the integrations are taken over all € space. ‘Thus if either N or the 
adjoint function N~* are zero at infinity for a fixed value of & (cf. after equation 
(2.7)) then the adjoint operator of ‘grad’ is ‘—grad’. Also the adjoint operator 


of a 
| [B&r, @', Q'+2, Q)}.... do’ dQ’ 
: | [Ber (v, 20’, Q)}...dv' dQ’. 


‘The adjoint equation of (2.3) is then] 
vQ.. grad Nt(r, v, — 2) —va(r, v)Nt(r, v, — 82) 


a Pale (v, 2-0’, Q’)}N+(r, v', —Q’) dv! dQ! =A+N+(r, v, —Q). (2.5) 


N+ is written thus: N*=N+(r, v, —Q) so that if Q is replaced by — Q in equation 
(2.5) and Pfr, (v, —Q+v’, —Q’)} is written in the form$ yi{r, (v’, Q’+v, Q)! then 
the resulting equation is exactly similar in form to equation (2.3) and so, in the 
physical interpretation of equation (2.5), N*(r, v, $2) represents a neutron current 
density in the direction 2. Thus for a given problem, N+(r, v, &) corresponding 
to the maximum value of A+ will be everywhere positive. 


+ The adjoint equation is considered by Wilson (1950) to derive certain general properties. 
of the transport equation, and in his report he obtains an equation similar to equations 


(2.8) and (2.9) of the present paper. ; 
+ This equation can still be considered even if there is no restriction on the behaviours 


of N and N¢* at infinity. ' 
§ This is quite in order, since, from a mathematical point of view, B is merely a function. 


of r,v’, v, Q' and Q. 
32-2 
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It will be shown later (after equation (2.8)) that A*=A for the maximum 
values of A+ and A. 

Consider now the adjoint equation of a system for which the corresponding 
x’s and f’s are «* and B*. (This can be considered as a perturbed system of 
the original one.) Let the (maximum) value of A+ for this adjoint system be A* 
and denote the corresponding neutron current density by ‘’*(r,v, 8). The 
adjoint equation for this system is then 


vQ. grad F+(r, v, — 2) — va*(r, v)P+(r, v, — 2) 


ae = | e’p* fr, (v, QV’, VE +(r, v', ay 2’) dv’ dQ = AP ti Uv, — Q). 


hd 


Multiply equation (2.3) by v'+(r,v, —Q) and equation (2.6) by vN(r, v, 2) 
and subtract. Integrate the resulting equation over v, 2, and r denoting the 
element of volume by dz to obtain 


— || [[¥ +r, 2, —Q)Q. grad N(r, v, Q) + Mr, v, Q)Q. grad ¥+(r, v, — Q)] 
x dv dQ dr — | | | [a(r, 2) —a*(r, 2)]o*N(F, 2, Q)P4(r, , — Q) dv dQ dr 


+Z| || | Jove e, — @)BFr, (o', @2, Q)jo'N(r, o', Q) de'dedQ!dQdr 


as = ] ENG vy 2) 8* {r, (z, Q-v’, Q’)io" FE +(r, v’, i 2’) dv' dv dQ’ dQ dr 


=(A-A*)| | JONG, 2, Q)¥ +(x, x, —Q) de dQ dr. 


Another similar equation is obtained by considering the adjoint of the unperturbed 
system together with the ordinary equation of the perturbed system. The 
integrals over r in equation (2.7) are taken over all space to infinity; free space is 
considered as a medium for which «=8=0, and there is no restriction that 
the boundaries of the perturbed and unperturbed systems should be the same 
but the particular (hypothetical) case of a non-absorbing scattering medium 
extending to infinity is excluded, and so, with no neutron source at infinity, 
+(r,v, 2) and N(r,v,Q) are zero for all directions entering the sphere at 
infinity. 

Consider the first integral on the left-hand side of equation (2.7). It can be 
written as 


— [|e dv dQ) (Q . grad {¥’+(r, v, —Q)N(r, v, Q)} dr 


which equals 
= | |? dv dQ | Q TE +(r, 7, —Q)N(r, v, 2) dS 
v Js 


where the integral over S is the surface integral over the sphere at infinity, 
1 is the unit vector normal to the surface, and dS is anelement of surface. Since 
the particular (hypothetical) case of a non-absorbing scattering medium 
extending to infinity is excluded and Y’+(r, v, —Q) and N(r, v, Q) are zero for 
all directions entering the sphere at infinity, then for each value of Q, either 
¥t(r, v, —Q) or Nr, v, Q) is zero on the sphere at infinity and thus the above 
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integral is zero. In view of this, and re- writing vw’ for v and 9’ for Q in the 
fourth integral, equation (2.7) then becomes 


= | [Tx [a(r, vy) —a*(r, v)]2e2N(r, v, Q)E+(r, v, — Q) dv dQ dz 


=| [| | {[8te, (0', 22, @)}— Br, (0', @--0, O)}] 
xu N(r, v’, Q’)o'F +(r, v, —Q) do’ dv dQ! dQ dr 
=(A—A*)[[[oN(r, 2, Q)P+(r,0,-Q)dvdQdr, (2.8) 
Consider the case of zero perturbation so that 
a*(r, v)=2(r, 2) 
B* ir, (v', 2'+v, Q)}= Bf{r, (v’, Q’>2, Q)} 
sd (ED, 82) = NFS, 62) 
\*¥=At 
then equation (2.8) gives 


(A—A*) 


(r, 7, Q)N+(r, v, —Q)dvdQ dr=0 


and since for the maximum values of A and A+, N and N+ are both positive 
everywhere it then follows that A=A+. Hence the equation obtained by 
considering the adjoint equation of the unperturbed system together with the 
ordinary equation of the perturbed system is 


-| J [ler 2) —a*(r, v)Je2N*(r, 2, — Q)P(e, 0, Q) do dQ. dr 


Afr, (v', 2’+v, Q)} — Brfr, (0', B+, 2)}] 


ee ’, &/)uN*(r, v, — 92) dv’ dv dQ! dQ, dr 
=) ‘ [[oN+(r, 0, -—Q)¥(r,0,Q)dvdQdr. (2.9) 


Equations (2.8) and (2.9) are exact equations and they are the fundamental 

equations of the present treatment and all the subsequent results are derived 

from them. It is interesting at this stage to consider the general case of a small 

perturbation. The problem of large perturbations will be dealt with in §5. 
Write 


a*(r, 7) —o(r, 0) =Aa(r,. 2) | 
Brin, (oi, 2/0, Q))— Air, (a, Qo, OM) = AGL, (0', Qu, BY} bebe, (2.10) 
| eeu | 
and also put Eire Nee Nigro ten NNN Seg tore (211) 


but it will be seen on substitution in equations (2.8) and (2.9) that AN and AN* 
give only second order contributions and can therefore be neglected. In this 
case equations (2.8) and (2.9) reduce to one and the same equation which is 


— | [[Aa(r, 2)e®N(r, 2, Q)Ni(r, x, — 2) do dQ dr 
o = || | ste, (v', 2’, Q)}o' Nw, v'; QvN+(r, v, —Q) do’ dv dQ! dQ dr 
Tipe ie 


=Ad| | [eN(r, 2, Q)N*(r, 2, —Q) dedQ dr. ee O12) 
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This is the general perturbation equation for smal! perturbations and in the 
next sections the particular cases of isotropic scatter with one and two energy 
groups are considered. From the above equation, knowing N and N* for a 
given system, one can calculate the change AA in A as a result of small changes 
Aw and Af in & and 8. 


§ 3. ONE-GRoOUP PERTURBATION ‘THEORY 


In the case of the one-energy-group approximation all the neutrons are 
considered to have the same mean energy, and the adjoint equation is the same 
as the ordinary equation and so 


N(r, v, 82) = N(r, 2)d(e=v)) = N*(r, R)o(w—%) «ae (6A) 
where v, is the speed of the neutrons in the group and 6(v— vp) is the Kronecker 
delta symbol and has the following properties 

6(u— vp) =0 if ou, 


=i v=o, 
“Vo 


|" Ae)8(e— 4) do = (2). 


Write a(r, v)=a(r) when v=v, and for the particular case of isotropic scatter 
Bir, (vo, X’2, Q)} = B{r, (vp >v)}5(v— vp) = B(r) when v=w.  ...... (3.2) 
Substitution of (3.1) and (3.2) in equation (2.12) gives 


= ECONG Q) Nir, = 2) AQ dr + = [asee(r) a 
=~ (N(e. Q)Nr, -Q)dQdr (3.3) 


where n(r) =| N(r, 9)dQ. Defining the function g(r) by 
AO) = 4 Nr, Q)N(r, — 2) dQ/n?(r) 


equation (3.3) can then be written in the form 


| [AB(r) — g(r) Aa(r)]n2(r) dr = = Vaal) we (3.4) 

4 Up « 
which is the one-group perturbation equation (for small perturbations) and the 
same equation can be deduced from Fuchs’ analysis. If equation (3.4) is derived 
directly from the transport equation omitting the general approach of the previous 
section, the derivation is extremely simple. Even obtaining it as has been done 
here by way of the general equations the derivation is simpler than by way of 
Fuchs’ analysis. 


$4. ‘Two-Group PERTURBATION THEORY 


In the two-energy-group approximation all neutrons are considered to have 


one of two mean energies. Let the mean speed of the neutrons in the two groups 
bev, (z= 1, 2) then 


N(r, v, $2) = Ny(r, 8)8(v— 2) + N,2(r, 2)8(v— 25) \ 
N*(r, v, 82) = N,*(r, 82)8(v — v,) + Ngt(r, 82)8(v — v9). 
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Write a(r, v;)=«,(r) Gai 2) 
and, for the particular case of isotropic scatter, 
Bir, (u; Q'S, Q)} = Bir, (v,>2) }O(v = v;) (2, J= Is 2) brs 
=6,(r) when v=9;. j 
Thust £;,(r) is the probability that a neutron in group 7 gives rise to a neutron 
in group j per unit length of its path. Substitution of equations (4.1) and (4.2) 
in equation (2.12) gives 


- | a Aa,(r)v?N,(r, 2)N,*(r, — 2) dQdr + - 2 2 AB; ,(r)o;0j0,(0)n;*(")dr 


= AAl | D> N(r, QN Ar, -Q)dQdr (4.3) 
where | nr) = [Ne Q) dQ 
and n,*(r) = | N,*(r, 2) dQ. 
Defining g,(r) =4c [Ne Q)N;+(r, —Q)dQ/n(r)n,t(r), vs... (4.4) 


equation (4.3) can then be written in the form 
—| SF Aa(nje2g(rya(nyn (dr + | TT AB (ower yn, +(v) dr 
are a 3 
SAN tenn (nnt (i) diye fo ee (4.5) 


This is the two-group perturbation equation (for small perturbations) and it 
will be observed that it appears to be somewhat simpler than the corresponding 
equation obtained by Tait, but T’ait’s equation can, by a suitable transformation, 
be transformed into a similar equation. 


§ 5. SuGGESTED METHOD FOR DEALING WITH LARGE PERTURBATIONS 

The perturbation equations (2.12), (3.4) and (4.5) derived in the above 
sections are, strictly speaking, only suitable for use when the perturbations 
are small, but they may be used to give approximate results for the case of large 
perturbations. However, this is not always a satisfactory procedure. Suppose 
instead of extrapolating from a known system by means of perturbation theory 
to obtain the solution of the perturbed system, one were to interpolate between 
two known systems, then in general a better result should be obtained. It is 
with this idea in mind that the following method is obtained. 

Consider the one-group approximation and suppose the solutions to two 
systems are known. Let the solutions to the known systems be ,N(r, 8) and 
oN(r, 2) respectively and define 

mry=|N(r,2)d0, amen (6.1) 


Let the «’s and f’s of the known systems be 
a(r) and ,B(r) (v= 1yt2) 
and let «*(r), B*(r) and ‘Y(r, 8) refer to the perturbed system. Write 
a*(r) —a(r) =Ajo(r) 
B*(r)— P(r) =A,B(r) 
A*— A}=AA. 


+ These functions differ from those used in some neutronics reports in that they do 
not include a velocity factor v,/vj. 
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In one-energy-group theory, equations (2.8) and (2.9) reduce to the same, since 
for one energy group N*+(r, 2) = N(r, &) and T'*(r, 82) = Pads &2). A perturbation 
equation corresponding to the one-energy-group form of equations (2.8) and (2.9) 
is obtained for each of the known systems, thus, writing Up =¥ (cf. § 3) 


= | Aven) de { Av(yar | V(r, Q)F(e, — 2) do 
ers || N(r, Q)F(r, — 2) dQ dr 


va) 


| eve (5.2) 
- | AyB(r)on(r)b(r) dr — | Aya(r) dr “N(r, Q)E(r, — 2) dO | 
2 = {| iN(r, 2)'V(r, — 2) dQ dz | 
where Hr) = | P(r, 2) dQ. 


‘These equations are exact—subject of course to the one-group approximation— 
and it seems most natural to expand ’ in terms of ,N and ,N so that 


V(r, Q)= A, ,N(r, 2) + As N(r, 2) 


where A, and A, are taken to be constants. Substitution in (5.2) and elimination 
of A, and A, gives 


|[ 480 =e) | Ava(r) + = | |[ se — G(r) {Aial) 1) | 
x n?(r) dr x n(r)on(r) dr : _0 
|| 4:80- Gilt) {Ssa(e) + = | |[s:80- Geo(r) {Aeo(e) + at | 
x yn(r)on(r) dr x on®(r) dr 
hee (5.3) 
where Gir) = 42 | ;N(v, 2) ;N(w, — Q) dQ) n(r) (1) 


from which an approximation to the value of A for the perturbed system can be 
calculated. Now with equation (5.3) there is not the same need as with 
equation (3.4) for the perturbation to be small, since it is effectively an inter- 
polation between known results. In general, higher accuracy should be 
obtained by making use of more known solutions and thus effectively interpolating 
between 3, 4 or even more systems. In this way it seems likely that results of 
any desired accuracy can be obtained. 

In the genera! case of continuous velocity dependence the procedure suggested 
is similar to that for one-group theory. Let prefix 7 refer to system 7, and for 
simplicity consider only two systems. Let the solutions to the known systems 
be ;N(r,v,&) and the adjoint solutions ;N*+(r,v, 2), then, if V(r, v,@) and 
‘*(r, v, &) are the ordinary and adjoint solutions of the perturbed system, put 


V(r, v, 2)=A,,N(r,v,Q2) +AzoN(r,v, Q) } 
Y+(r, v, Q) = B,,Nt(r, v, 2) + By NtH(r, v, Q) 
where 4; and 8; are taken to be constants. Substitution of these quantities in 


equations (2.8) and (2.9), for the perturbations from systems 1 and 2 in turn 
gives four simultaneous equations and the subsequent elimination of the A, and 
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B; gives a 4x4 determinantal equation from which an approximation to the 
value of A for the perturbed system can be calculated. This determinantal 
equation is the analogue of equation (5.3) of the one-group treatment but 
contains twice as many rows and columns, because in the general case, the 
ordinary and adjoint solutions are distinct whereas in the one-group approximation 
they are the same. As in the one-group case higher accuracy should be obtained 
by simultaneously perturbing three or more known solutions but in practice a 
limit will be set by the computational effort available. 
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On Star Production by u-Mesons Underground 
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Communicated by L. Rosenfeld; MS. received 13th December 1954 


Abstrect. The application of Williams’ method to underground star production 
by -mesons is discussed. It is shown that the virtual photon spectrum derived 
by Williams is not applicable to this process and the appropriate virtual photon 
spectrum is deduced. The results on star production are then re-examined and 
it is shown that photo-nuclear effects are unable to explain the observed cross 
sections. ‘The relationship of this result to the observations on the anomalous 
scattering of j.-mesons is also discussed. 


§ 1. INTRODUCTION 


ECENT experimental results on the scattering of high energy u-mesons by 
nucle: (Whittemore and Shutt 1952, McDiarmid 1954, Rochester and 
Wolfendale 1954, Leontic and Wolfendale 1953) have shown a larger 

number of scattering events of large angle (p0—3kmev@/c, where p is the 
momentum of the u-meson) than can be accounted for by electromagnetic 
processes. On the other hand, processes involving greater energy and momentum 
transfers—underground star production by 4.-mesons—have been explained as 
photo-nuclear reactions produced by virtual photons from the incident meson. 
It is the purpose of the present note to examine the latter type of process in more 
detail and to relate it to the large angle scattering. It will be shown that electro- 
magnetic interactions are not able to account for the production of stars with the 
observed frequency, and that the two processes are consistent with the same 
anomalous -meson—nucleon interaction. 


§ 2. Discussion OF THE WILLIAMS METHOD 


The method of virtual quanta (Williams 1935) for the treatment of radiation 
and collision phenomena has come into extensive use in problems in which 
specifically photo-nuclear effects may be important. 'The method enables these 
effects to be included without the necessity for a detailed theory by making use 
of the experimental results. 

The transition probability in an electromagnetic collision process may be 
written 


P=KI|Cf| Ep seri) tr a eee (1) 
where er is the electric displacement of the perturbed system and Ey is given by 
pecs | E(r,t)exp {a(W/h)t}. aay (2) 
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Here E(r, ¢) is the electric field due to the incident particle at the position of the 
target. 


One may show, using the Moller (1931) potentials, that this field is given by 


E=E’expidq-r—Wt)/fh}, 9 wissen (3) 
Here E’ = hie(ayq—(W/c)a) 
Te SCO (4) 
g 


q=p-p, W=E-E' 
with p, p’, E, E’, the momentum and energy of the j.-meson before and after the 
collision. ‘The wave function of the incident particle is given by 


w=oO(plexp{d(p.r—Et)/A} nae (5) 
and the symbols a, and a are defined by 
a=—O*(p)O(p), a=—A*(p')ad(p). vara. (6) 
In the first Born approximation the transition probability is now 
P=KK\E erexpiq.rn)|t>P. 9 ee (7) 


Willams assumed the electric field to be uniform over the perturbed system 

so that the transition probability could be written 
P=K| EPI fler|z)(?. 

A factor (c/27)| E’|? may be interpreted as a virtual photon flux and |< f|er|7)|? 
may be expressed in terms of the photo-absorption cross section. 

It will be seen that a necessary condition for the application of the Williams 
method is 

gR <h, where R is the dimension of the perturbed system. ...... (8) 
In the case or star production underground we have 


Z 


(f[E’.erexp(iq.r/f)|2)= >. efse* EB’. exp (tq. r,/A)bjdr ...(9) 


n=l 

where zy, is the final nuclear state wave function containing a free proton wave 
and #; is the initial nuclear state wave function. ‘The quantity R in (8) is then 
the nuclear radius. In star production processes the energy transfers, being 
not greater than 159 Mev, are such that they take place to individual nucleons 
with momentum conservation. In fact, the experimental data have been 
interpreted making this assumption (George and Evans 1950) together with the 
use of the Williams method. However, in such cases we have gR>h and so 
the Williams method, at least in its usual form, is not applicable. ‘Thus the 
conclusions of George that the production of stars underground is due to photo- 
nuclear reactions initiated by the electromagnetic field of the incident meson, 
based as they are on the use of the Williams method, should be revised. 

In the following paragraphs we will derive a more accurate expression for the 
virtual photon flux carried by the incident particle appropriate to the case of star 
production by -mesons. 


§ 3. DERIVATION OF THE VIRTUAL PHOTON SPECTRUM 
(i) gR~pOR <h (Williams’ approximation valid) 
It is useful to consider this case here, although the result will be the same as 
that found by Williams, in order to see how the argument should be modified 
for the case gR>h. 
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With E given by (3) and (4) one finds, using (7), the following expression for 
the cross section for scattering into the element of solid angle dw 
4e4p'EE'| q— Wp/El?| < 

cp(q?— W2/c2)? > Jobe * rx dr 


n=1 
The photo-absorption cross section may be introduced by using the relation 


Us 2 2¢ 
> fbe*77,,b5 ial ae = ae ay = ane 
n=1 TDN i 
In order to derive Williams’ result for the total cross section, we must integrate 
over # and ¢ bearing in mind condition (8). The integral over @ is therefore 
cut off at 9=6,,,. which may be defined by @,,,=//pR. This excludes close 
collisions which do not contribute very much to the total cross section provided 
the energy transfer is not too large compared with the nucleon binding energies. 
On substituting in (10) from (11) and carrying out the integrations the result 


2 
dias see (10) 


o—— 


is 


odW = 


22a, dW { Eh V2) 
2  : 12 
mhevW | 8 ucWR oe 


This result agrees with that given by Williams when the lower limit of impact 
parameters, in his derivation, is taken to be equal to the nuclear radius. ‘Thus, 
as has been said above, the use of Williams’ expression for the number of virtual 
photons accompanying the incident particle assumes the limitation gR<h. 


(u) gR~pOR>h 
In this case we will be interested in the case of nuclear collisions in which the 
energy transfer is large compared with the binding energy of a nucleon. The 
nuclear forces will play only a secondary part and we assume that /, contains the 
free proton wave of the struck particle of momentum P. 
The angular distribution corresponding to (7) will then have a maximum 
for an angle such that 


compe V des 
IM, ~ 2M, =W «a vibe ania (13) 
since the matrix element will only be appreciable when P = q which implies (13): 
when q is large. 

The same procedure as that used in §3(i) may now be followed except that 
in this case only a small range of values of @ will contribute to the result. 

Now 2¢dq~(2E?/c?) sin@d#, so that the integration over 6 may be replaced 
by an integration over q; this may be carried out approximately by taking the 
value of the integrand at g=(2M,W)!? and multiplying by A=2h/R. Here 
A is the allowable variation in qg; for values outside this the matrix element 
falls rapidly to zero. ‘The integration over 6 and ¢ therefore yields 

Zi I2 
167! oe J be* 7, exp (7q : F/M pide 
ae Rig 
with q=(2M,W)1?, and assuming g>W. Substituting for the sum in (14) 
from (11), generalized in an obvious way, we have 


4e*hoy), dw P 
micROM,\RWSe | tne (15) 


Co 


o(W)dW= 
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The virtual photon spectrum is thus given by 


4ah d(hv) 


Nv) d(v)= omy (16) 


In order to compare the theory with the experimental observations on star 
production underground we must integrate (15) over the energy spectrum of 
the incident meson. This is given by 


N(E) dE = 2E,2dE|(E+ Ey) 


where £, is the ionization loss at the depth at which the observations are made. 
The averaged cross section is 


o(W)dW = be N(E)o(W) dE dW 


Eas 4ahEy?o, dW 
~ 7R(2M,)2(W+ E,)2Wse (18) 


The cross section for the production of stars of energy larger than « is then 


Sahoyy 


 3(W)dW= 


oa is 7R(2M,)'el? * sees (ag 
This result is to be compared with that found by George (1952), namely 
ger ae 3h log (Egle)? /mr 1-0 Boreas (20) 


With « taken to be 150 Mev, o,,=10-*%cm?/nucleon, andt R=3-6 x 10-¥cm, 
one finds a theoretical cross section of 1:6 x 10~3!cm?/nucleon compared with 
the experimental result (George and Evans 1950, George 1952) of 
~5 x 10°-*°cm?/nucleon. In addition the cross section (19) is independent of 
depth although the experimental results seem to indicate some increase with depth. 
The absence of such an increase from the theoretical results is due to the approxi- 
mations made but more accurate calculation should not show as marked an 
increase as that given by (20). 

One may obtain a rough check on (21) in the following way. When the 
interaction is assumed to be an elastic collision between the p-meson and a 
single nucleon, the cross section for energy transfer W to the nucleus is given 
approximately by 

COWS le LONI Ne YO ee (21) 
Here Z’ is the effective nuclear charge taking into account all photo-nuclear 
absorption processes. We may define 2’ by 
Mc 
gee) 7,23, (CA) iri a ere eS (22) 
where o,), is the photo-nuclear absorption cross section and the integration 
extends over the energy spectrum of the incident radiation. According to 
Levinger and Bethe (1952) the experimental value of Jo,,,dW is 
fopypdW=0-14NZ/A Mevbarns _—_...... (23) 
where Z is the nuclear charge. ‘This is consistent with the value 
o = 10-8 cm?/nucleon used above. 


From (22) and (23) we have 
LEK — ne Perr (24) 


+ The value of R has been calculated assuming that for the photographic plate 4=27. 
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Substituting this value for Z’ in (21) we have 
o' dW=6-4netNZdW/c??M,AW?., = na eee (25) 


If we take N=Z=13 and carry out the same averaging procedure as before we 
find for the total cross section per nucleon 


ol one /M ce 9 a eee (26) 
The ratio of this to the previous result (19) is 
o, |0,~5 (when eae 150) MeV). SID IO.'C (27) 


‘This confirms the result already obtained in equation (19) as to order of 
magnitude. It may be added here that the result (27) is not unreasonable since 
the expression (21) is an upper limit to the inelastic collision cross section (Gatto 
1953). This fact, together with the difference in dependence on « of the two 
results, implies that (19) still over-estimates the effect of the high energy stars. 


§ 4. CONCLUSIONS 


It is interesting to discuss the results obtained above in the light of the 
observations on large-angle scattering of j.-mesons referred to in § 1. 

The anomalous scattering cross section is found to differ from that predicted 
theoretically, on the basis of an electromagnetic interaction, by a factor of the 
same order of magnitude as that found here in the case of the production. It 
seems therefore that the anomalous scattering and star production are due to the 
same anomalous s:-meson nucleon interaction. 

However, it should be noted that the star production involves momentum 
transfers which are larger by a factor of at least three compared with the largest 
transfers observed in cloud chambers. It seems reasonable therefore to suggest 
that the interaction between the meson and the nucleons is anomalous over a 
much wider range of momentum transfers than has been so far observed in cloud 
chambers. 

An interesting difference between the two types of phenomena concerns their 
A (or Z) dependence. ‘The cloud chamber observations appear to be proportional 
to A® (or Z*) whereas in the case of star production, in which it is certainly 
reasonable to suppose that the interaction takes place with single nucleons, the 
cross section should be proportional to A or Z. A reasonable interpretation of 
these observations is that the cloud chamber results correspond to elastic, and 
the star production to inelastic, anomalous interactions. 

It might be added that there is some slight experimental evidence for an. 
increase with depth in the cross section for star production which, if real, might 
indicate an increase of the interaction with energy. 

At this stage it is useful to examine some of the possible consequences of the 
assumption that the anomalous interactions of j.-mesons are due to a new force 
between y-mesons and nucleons. We will assume that it may be represented 
by a square well of width of the order of the nuclear radius. 

The clearest test of the existence of such a force lies in measurements of the 
p-mesic atom. ‘The K and L orbits should be affected to a different extent and 
so the photon spectrum should be different from that to be expected with no 
nuclear interaction, 
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With regard to the scattering cross section, an ordinary force would give rise 
to interference effects with the Coulomb field which would be markedly different 
for j.-mesons of opposite charge. So far the experimental results do not indicate 
any such interference effects. This may be due to peculiarities of the interaction 
itself (for example a sharp boundary) which restrict the range of angles over which 
interference effects are possible, or to the fact that the experimentally observed 
quantity is usually the projected angle and this would tend to smooth out 
irregularities in the differential cross section. 

The cross section for capture of p-mesons with subsequent reaction 
+ P+N-+v could be affected in two ways: the initial state wave function of the 
meson could be changed and the interaction could affect the second and higher 
orders of a perturbation calculation. (When it is assumed that the interaction 
is independent of isotopic spin there is no first order contribution.) Bearing 
in mind the experimental results discussed above, it is safe to say that these 
effects would not be such as to disturb significantly the agreement between the 
coupling constant for the above reaction and that for the reaction 


N>P+e+v 


so that the possibility of a universal Fermi interaction would remain. There 
remain the possible effects on the number of nucleons emitted after u-meson 
capture by the nucleus. At present the usual statistical theory is not able to 
account for the experimental results without rather drastic modifications (Sard 
and Crouch 1954, Lang 1952). However, the existence of a u-meson—nucleon 
force could lead to greater nuclear excitations which would help to explain the 
observed multiplicity. One might also expect a capture probability proportional 
to Z? rather than Z+. This follows when the well depth is taken to be the same 
for all nuclei and the probability that the meson is inside the nucleus taken to be 
that of a meson in a K shell. ‘This Z-dependence is not excluded by the 
experimental evidence. 

In additional the experimental results for the ratio of a u-meson capture 
probability in heavy and light nuclei is larger than that predicted by the theory 
of Wheeler (1949) (cf. Sard and Crouch 1954). An additional ordinary force 
would be expected to produce such an effect since it would tend to concentrate 
the »-meson cloud inside the nucleus to a greater extent for the light than for the 
heavy nucleus. 

Further experiments on the lower energy stars in which the incident and 
out-going u-meson might be identifiable would be of interest in that they would 
give information on the angular dependence of the inelastic scattering. Also 
further observations on the depth dependence of the result should help to 
determine the dependence on the energy of the incident meson of the anomalous. 
interaction. 

Finally, more accurate cloud chamber measurements of the scattering cross 
section in which positive and negative -mesons are distinguished would be 
useful in deciding whether the interference effects, referred to above, exist. 
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Abstract. ‘The principle of the induction electrode and its application to the 
detection of the circulating proton beam in the Birmingham synchrotron are 
discussed. Investigations have been made of the phase width of the bunch of 
protons being accelerated, and of the period of the phase oscillations. These 
provide a confirmation of the theory of Bohm and Foldy concerning the accelera- 
tion process in a synchrotron. A study of the effects of pressure and aperture 
on the circulating beam shows that the requirements are more stringent than 
anticipated from the Blachman—Courant theory of gas scattering in such an 
accelerator. ‘The difference is explainable in terms of characteristics particular 
to the Birmingham accelerator. 


§ 1. INTRODUCTION 


N the Birmingham synchrotron (University of Birmingham 1953) protons 

are injected with an energy of 460 kev into a vacuum tube in the form of 

a hollow ring of mean radius 450cm. ‘They are then accelerated by a 
radio-frequency potential applied to a drift tube called a cee, until at a time 
about one second after injection they attain an energy of 1000 Mev. During this 
time the magnetic field increases from 200 to 12 600 gauss, and the radio frequency 
has to be increased accurately from 0-3 to 9-7 Mc/s so that the particles remain 
close to the mean orbit. The nature of the accelerating mechanism is such that 
only those particles which lie within a certain range of phase with respect to the 
radio-frequency potential may be accelerated. As a result there exists inside 
the doughnut a circulating bunch of protons as drawn schematically in figure 1. 


INOUCTION 
ELECTRODES 


DOUGHNUT. 
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Figure 1. Schematic diagram of the Birmingham synchrotron. 
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The protons oscillate on complicated orbits about the mean orbit, deviations. 
from this orbit being limited by the aperture available within the vacuum tube. 
The effective horizontal aperture is 26cm and the vertical aperture 9cm. ‘The 
tube is located in a magnetic field which varies with radius asr*?. The accelerating 
electrode extends for 96° and in-phase potentials of 300 volts r.m.s. appear on 
each end, so that the maximum energy gain per revolution is 630 electron volts. 
The phase of a particle adjusts itself with respect to that of the accelerating 
potential so that the average energy increment per revolution is about 200 electron 
volts. This is the amount required to keep it on the mean orbit as the magnetic 
field increases. ‘The average pressure in the doughnut is normally 1-3 x 10°°mm 
measured with air calibrated ionization gauges. Most of the results presented 
in this paper describe the beam properties during the first 100 milliseconds of 
the acceleration cycle. The pertinent machine parameters during this interval 
are plotted in figure 2. 


| 
o 


6 


ENERGY_IN MeV 
FREQUENCY IN MCS 


MAGNETIC FIELO_IN GAUSS 
Jl 
° 
uw 


TIME _IN_M. SEC. 


Figure 2. Parameters of the Birmingham synchrotron. 


The possible methods of detecting the circulating beam divide broadly into 
two classes: those which destroy it, and those which leave it undisturbed. In 
the former case the beam is made to move to either the inner or outer wall of the 
doughnut, and is then observed either as an electric current or by means of the 
light emitted from a suitable phosphor. For energies above a few Mev multiple 
traversals of the beam through such a detector become possible, and at about 
100 Mev the detector is quite transparent. At high energies secondary emission 
from the current collector is also a problem. Calibration of the light output 
from a scintillator in terms of number of particles is difficult. However, those 
engaged in injection studies have used current collectors and the beam size 
throughout the acceleration cycle has been measured by use of a potassium iodide 
crystal. ‘The beam has in the main, however, been detected by the induction 
electrode described below. ‘The advantages of a detector which provides 
a continuous record of the absolute beam intensity throughout the acceleration 
cycle are obvious; further it makes possible a study of beam fine structure and 
serves as a useful monitor for other experiments. 

Bess and Hanson (1948) have estimated the magnitude of the electron beam 
circulating in a 20 Mev betatron by observing the e.m.f. induced by its associated 
magnetic field in a toroidal coil wound on a former wrapped around the doughnut. 
‘The beam in a betatron is not bunched and an e.m.f. results only if it is destroyed. 
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We have attempted to observe the proton synchrotron beam by means of the 
radio frequency e.m.f. induced in a simple one thousand turn coil of area 500 cm? 
placed outside the doughnut and to one side of the mean orbit. In principle 
this should be possible; the induced e.m.f. is proportional to the square of the 
radio frequency. At low frequencies the signal is too small in comparison with 
the interference due to radiation from the synchrotron power amplifier, while at 
high frequencies the signal is substantially reduced as a result of the self- 
capacitance of the coil. For these reasons, magnetic induction is difficult to use. 

As an alternative, the electrostatic field associated with the proton beam may 
be converted into an electrical impulse by means of the so-called induction 
electrode. This method was studied by Le Caine (1951) and has also been used 
with success in the Brookhaven cosmotron (Swatz 1953). If an insulated 
electrode is placed inside the vacuum tube, the circulating bunch of protons 
induces charges on the condenser formed by the electrode and ground. This 
results in a train of voltage pulses whose fundamental frequency is the rotational 
frequency of the particles in the machine. 


§ 2. ‘THE INDUCTION ELECTRODE 


The induction electrode consists of an insulated plate over which the 
circulating beam passes. If the azimuthal length ¢ of the electrode is small 
compared with the length of the bunch, the charge induced on the electrode will 
be a constant fraction K of the charge of those protons that are over the electrode 
at the instant in question; K takes account of the fact that all the lines of induction 
from the protons do not end on the electrode. If the bunch has a total azimuthal 
length 46 and contains N protons, and if the number of protons decreases linearly 
from the centre of the bunch to each end, the pulses of voltage induced on the 
electrode will be of triangular form with a peak value 
NedbK 
71s a ee ee (1) 


where e is the charge of each proton and C the capacity of the electrode. These 
pulses may be represented by the Fourier series 
Weak (@ 2 & (sinne\? 
Va DC (¢ Se a2. ) COs not) Mev onenene (2) 
where w is the angular frequency of rotation of the particles. 
If this voltage is amplified and applied to a rectifier which records its peak-to- 
peak amplitude, the rectified voltage will be 


if n=m j 2 
eA PeS, (=*) cos oe (3) 


V= 


YS Ge a8 
where the amplifier is supposed to pass all harmonics from the first to the mth 
with constant gain G. Since by the modulus is meant the peak-to-peak value 
of the series, the term 6/7 is neglected in equation (3). ‘Thus by measuring 
V’ and 6, and knowing the values of the constants, an accurate estimate of the 
number of particles present at any instant during the acceleration cycle may be 
made. When only the fundamental is observed equation (2) may be written 

ave 
~ beKG”’ 


n=1 


8 having been assumed small. 
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At times close to injection where all important harmonics are amplified, the 
number of particles can be estimated from equation (1). At full energy use is 
made of equation (4). According to equation (1) V is proportional to 6, whilst 
in equation (4) it is independent of 6. For a bunch 180° long (@=45°), 
equation (4) is in error by 23%, and for a bunch 120° long by 9%. In the 
present case equation (4) shows that a beam of 4:4x 108 particles produces 
an output potential to the amplifier of one millivolt r.m.s. 

In practice the limit to sensitivity is set at about 10’ protons by the 
interference signals mentioned above. In the absence of these, the limit would 
be about 10° protons because of amplifier tube noise. 

To determine the effect of beam position on the signal induced on the 
electrode, an electrostatic analogue was used. ‘Two representations of the 
beam were used, one a wire of small diameter, the other metal sheets shaped to 
simulate the beam contour determined by experiments described later. The 
potential on the electrode was measured by a Lindemann electrometer. With 
the sheets it is necessary to take care that the charges remain approximately 
uniformly distributed as its position is varied. Figure 3(a@) shows the results 
obtained with an 18 gauge wire and the normal induction electrode drawn in 
figure 4(a). Similar results are obtained for the metal sheets. It is evident 
that there is quite a strong dependence on the vertical position of the beam, but 
only a weak dependence on the horizontal position, over the region of interest. 
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Figure 3. (a) Potential on the normal induction electrode as a function of beam position, 
(6) Potential on a tapered induction electrode as a function of beam position. 


Figure 4. (a) Normal induction electrode. (b) Difference induction electrodes. 


A strong radial dependence is obtained if the induction electrode is tapered 
as in figure 4(b). ‘The results with an 18 gauge wire are drawn in figure 3(d). 
If a difference signal is taken from two adjacent plates with the tapers in opposite 
directions, and compared with the equivalent sum signal from the normal 
clectrode, an estimate can be made of any radial displacement of the beam from 
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the mean orbit. Similarly any vertical displacement could be estimated from 
the difference signal between identical normal electrodes placed one at the top 
and one at the bottom of the vacuum tube. In the Birmingham synchrotron 
the beam is below the middle of the vacuum tube; for this reason the value of 
K for a single electrode is larger than it would be were the beam centrally placed. 

The induction electrodes at present in use are drawn in figure 4. They are 
constructed from sheets of Ferry 0-010 in. thick attached to light Perspex frames. 
Similar Ferry sheets on the undersides of the frames, and the platinum lining on 
the inside of the doughnut, form a common screen. The capacity of the normal 
electrode and the input cable to the amplifier is 203 pr. The signal from the 
induction electrode is amplified and then rectified so that a voltage equal to the 
peak-to-peak value of the amplified signal is obtained. This signal is displayed 
on a long persistence oscilloscope. The gain of the system is constant to 3 dB 
in the range 0-1-10 Mc/s and effectively zero outside this range. The system 
is linear over the range of beam intensities normally encountered. The amplifiers 
are placed inside thick steel tubes to shield them from the magnetic fringing field 
of the synchrotron. ‘The cathode-ray tube of the recording oscilloscope is 
screened from the magnetic field by two concentric mumetal cylinders 0-094 in. 
thick. 

For the study of bunch shapes the output from the radio frequency amplifier 
is connected directly to the deflector plates of a post-deflection acceleration 
cathode-ray tube with a fast time base. The timing pulses for triggering the 
various time bases were obtained from the synchrotron radio frequency control 
room. Figure 5 is a block diagram of the detection system. 
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Figure 5. Figure 6. 
Figure 5. Block diagram of the detection system. 


Figure 6. (a) Trace of a rectified signal from the normal induction electrode. (6) Trace 
of a rectified signal from the difference induction electrodes. (c) Trace from normal 
electrode showing losses of beam. 


Under good conditions the loss of particles is small fromm shortly after the 
instant at which the radio-frequency accelerating potential is applied, until the 
beam has attained full energy. This is shown by the photograph of a rectified 
induction electrode pattern reproduced in figure 6(a). The structure on the 
trace is due to spurious interference. 

Normally the beam intensity is about 3 x 10° particles, but on occasions high 
energy pulses of 5-6 x 10° particles have been obtained. A pattern from the 
difference induction electrodes is reproduced’in figure 6(5). From this it may 
be shown that the centre of the beam is never more than a few centimetres from 
the ideal orbit, verifying that the acceleration radio frequency is always close to 
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the desired value. Figure 6(c) is a photograph of a trace from the normal 
electrode showing several sudden losses of beam. It demonstrates the value of 
a detector which does not require destruction of the beam for its operation. In 
figures 6(2), (b) and (c) the signal is of 120 msec duration. 


§ 3. FREE OSCILLATIONS AND PHASE OSCILLATIONS 


A particle trapped in the magnetic field of a synchrotron will execute free 
oscillations, of the type first described by Kerst and Serber (1941) about the 
equilibrium orbit to which its energy is appropriate. ‘The frequencies of such 
horizontal and vertical oscillations are respectively (1—m)"? and m1? times the 
particle revolution frequency, and in the absence of fresh disturbances, the 
initial oscillations are damped as {Hr(1—n)'?}? and (Hrn?)'? respectively, 
n being the magnetic field index which in the present instance is about 2/3. The 
ratio of horizontal to vertical amplitudes for equal angular displacements from 
the equilibrium orbit is {v/(1—7)}. The free oscillations arise from two 
causes. One is the deviations from the ideal orbit due to scattering by the 
nuclei of the residual gas atoms in the doughnut, and is discussed later. ‘The 
other is a result of the method of fixed energy injection at the outer edge of the 
doughnut into an increasing magnetic field. ; 

The first particle to revolve inside the doughnut will have a small oscillation 
amplitude, and will spiral smoothly inwards as the magnetic field increases. But 
by the time it has reached the centre of the doughnut the incoming particles, 
although having a small angular spread, will have an oscillation amplitude equal 
to the doughnut semi-aperture, for their energy is inappropriate to the increased 
field. No more particles can be successfully injected and it is at this instant that 
the radio-frequency accelerating potential is applied. The average oscillation 
amplitude of the injected particles is half the doughnut semi-aperture. The 
revolution frequency of the particles is independent of their free oscillation 
amplitude. 

Only those particles close to the point of constant phase ¢,, with respect to 
the accelerating potential, which receive an energy eV sind, appropriate to the 
time-rate of rise of magnetic field, continue to move as before. Many of the 
others commence to execute phase oscillations of the type described by Bohm 
and Foldy (1946) in their general theory of the synchrotron. The oscillations 
in phase ¢ are accompanied by associated variations in energy EF and consequently 
radius r. Only those particles which lie within a certain region on the (#, AE), 
or (f, Ar), diagram are accelerated. In our accelerator ¢, is equal to about 20° 
early in the acceleration cycle, and the region of stable phase is 220° long. It 
may be shown from equations (14) and (19) of Bohm and Foldy’s paper that 
the maximum radial excursion is 15cm. Consequently the appropriate (¢, Ar) 
diagram showing the stable region is as drawn in figure 7. Particles inside this 
region will rotate in an anticlockwise direction with the phase oscillation 
frequency along contours of the type dotted in the figure. ‘Those outside it will 
not be accelerated and will quickly be lost to the inner wall of the doughnut. 

As injection occurs at constant energy, the injected particles lie in a strip 
along the ¢ axis of the (¢, Ar) diagram as indicated in figure 7. The difference 
in energy between the first and last successfully injected particles is of the order 


of 1kev only, and is due to the decelerating betatron action of the changing 
magnetic field. 
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For two reasons, as indicated in figure 7, the effective semi-aperture is less 
than the maximum radial excursion due to stable phase oscillations. Firstly, 
the maximum excursion is greater than the true semi-aperture. Secondly, 
the cumulative effect of factors such as any error in the relationship between 
the initial radio frequency and magnetic field, which cause the equilibrium 
orbit to be displaced from the ideal orbit, will also reduce the effective aperture. 
Further the free injection oscillations discussed above have frequencies 
corresponding to periods of a few microseconds, compared to the phase 
oscillation frequency of period about 200 microseconds, and so may be 
considered independent of and superimposed upon the phase oscillations as 
drawn schematically in the figure. Thus, after a quarter of a phase oscillation 
period, the particles will lie in a strip along the Ar axis, and at this time there will 
be a substantial loss of beam to the inner and outer walls of the doughnut. ‘The 
particles lost to the wall of the doughnut for this reason have been observed 
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Figure 7. Phase-stable diagram showing associated features. 


on a current collecting probe near the inner wall by those studying the injection 
phenomena. In figure 8(a) the initial and largest pulse is due to particles with 
the maximum injection oscillation amplitude. The particles lost as a result of 
free oscillations superimposed upon phase oscillations will be distributed 
uniformly between the instant of the large pulse and a time one-quarter of a 
phase oscillation period later. Those lost due to the stable region extending 
beyond the walls of the doughnut will appear after a quarter of a phase oscillation 
period, and those lying outside the phase stable region will be lost to the inner 
wall some time before this. The result is a complex one, but there is clear 
evidence for a small pulse about 50 microseconds after the main pulse. Further 
a small discrete pulse appears about 150 microseconds after the main pulse, and 
is considered due to particles lost after three-quarters of a phase oscillation 
period as a result of gas scattering or instability (see later) between 50 and 150 
microseconds. The phase oscillation period is therefore estimated to be about 
200 microseconds. 
This early loss of beam is also evident in figure 8(4), which shows an induction 
electrode trace using a relatively fast time-base sweep. ‘The initial pulse due 
to the injected beam is followed almost immediately by a substantial drop before 
the beam intensity settles down to a constant level. It will be shown below that 
the fine structure on the trace is due to phase oscillations. It is not possible 
from our measurements to estimate the fraction of the injected particles lost when 
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the accelerating potential is applied, for the induction electrode signal has no 
significance before the beam is bunched. a 
Following the loss of particles one quarter of a phase oscillation period after 
acceleration is commenced, as a result of the aperture restrictions mentioned 
above, the bunch length immediately afterwards will be less than the maximum 
possible value of 220°. The observed value is about 140°. Figure 8(c) 1s 
a photograph of a train of pulses from the induction electrode due to the bunch 
of protons circulating in the machine with a revolution frequency equal to the 
frequency of the accelerating potential. It is apparent that the pulses are 
approximately triangular in shape, and this may be accounted for as conor 
Initially particles are distributed uniformly in the strip of useful length 220 
along the ¢ axis. All particles near the extremities of useful phase will be lost 
about 50 microseconds after the onset of acceleration for there is no aperture 
available to accommodate the free oscillations superimposed on the phase 
oscillations. No particles near the phase ¢, will be lost for the maximum free 


Figure 8 (a) ‘Trace of a signal from a current collector showing early loss of particles 
due to phase oscillations. (b) Normal induction electrode trace showing phase 
oscillations. (c) Train of pulses from the induction electrode. (d) Difference 
induction electrode trace showing phase oscillations. 


oscillation amplitude is just equal to the effective semi-aperture. At intermediate 
phases au assessable fraction of the particles initially present will be lost, and after 
a quarter of a phase oscillation period the bunch of particles, instead of being 
rectangular, will be triangular in form as drawn in figure 7. At later times the 
shape could change, for as we shall see, the particles distribute themselves 
throughout the stable region on the (¢, Ar) diagram. At most the shape could 
become similar to that of a contour in figure 7, but there will always tend to be 
a concentration of particles close to ¢,. The triangles in figure 8(c) are 
asymmetrical as expected. ‘The triangular shape is maintained to the furthest 
instant at which we have photographed bunches, i.e. 120 milliseconds after the 
radio-frequency potential is applied. 

Theoretically then, assuming no other losses, 140/360 or 40°% of the particles 
successfully injected will be accelerated, and of these a further 50°, will be lost 
during the first quarter of the phase oscillation period. 

Equation (2) shows that at low frequencies the signal from the induction 
electrode is inversely proportional to the bunch width. For a strip of particles 
as in figure 8, the bunch width will be seen to oscillate at twice the phase 
oscillation frequency. Thus the signal from the induction electrode will vary 
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in amplitude with a frequency twice the phase oscillation frequency. ‘The 
effect is evident in figure 8(b), from which it is estimated that the initial phase 
oscillation period is 200 micro-seconds. The variation in amplitude is smaller 
than would be expected from figure 7, and vanishes in a time of the order of twenty 
phase oscillation periods. This can be explained as follows: Equation (21) 
of Bohm and Foldy (1946) shows that for large phase amplitudes the phase 
oscillation period depends on the amplitude, increasing with amplitude. 
Further, since the oscillations are not symmetrical about ¢,, the time spent in 
each quadrant of the stable region on the (4, Ar) diagram is not the same. 
Consequently the true distribution of the particles in this region after the first 
quarter of a phase oscillation period is as shown in figure 9(a@) and not as in the 
idealized diagram in figure 7. The width of the band is due to the injection 
energy spread previously mentioned. In figure 9(b) the spreading out of the 
particles in the (¢, Ar) diagram during the first six quarter phase oscillation 
periods is illustrated. To avoid confusion the spread in injection energy is 
neglected. It is apparent that the particles will be distributed throughout the 
stable region after several phase oscillation periods whence the effect will no 
longer be detectable. ‘The magnitude of the variation in amplitude in figure 8(d) 
is still rather smaller than expected from figure 9(d). 
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Figure 9. (a) Distribution of particles on the (¢, Ar) diagram after the first quarter 
phase oscillation period. (b) (¢, Ar) diagram showing the dependence of phase 
oscillation frequency on amplitude during the first one and a half periods. 


The phase oscillations have also been observed shortly after injection with the 
difference electrodes, a typical trace being shown in figure 8(d). In this case 
the frequency of the signal is equal to the phase oscillation frequency; it is 
observable with the difference electrodes as the strip of phase stable particles 
is divided asymmetrically by the point ¢,. After a quarter phase oscillation period 
there are therefore more particles adjacent to say the electrode A than to the 
electrode B (see figure 4(b)). After three quarters of a phase oscillation period 
the majority of particles are adjacent to the electrode B. A symmetrically 
divided strip would yield no signal from the difference electrodes if the beam 
were centred on the mean orbit. The measured period is again 200 microseconds. 
There exist several small discontinuities in the voltage applied to the cee during 
the first sixty milliseconds of the acceleration cycle, which result from the 
method used to tune the cee. Phase jumps presumed to occur at these instants 
cause small losses of beam, and make it possible once more to observe phase 
oscillations. The effect of a phase jump is to cause the loss of all particles 
outside the region of overlap between the old and the new phase stable diagrams. 
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Those remaining will continue to rotate, now in an asymmetrical manner, on the 
(¢, Ar) diagram, and produce effects on the induction electrodes similar to those 
described above which occur shortly after injection. It is found that the 
frequency of the oscillations is constant during the first sixty milliseconds, in 
agreement with theory. The theoretical phase oscillation period is 250 
microseconds, and the observed value 200 microseconds. 

According to the theory of Bohm and Foldy the phase oscillation amplitude 
will be damped as (Ecos¢,/w?K)!4, where K=1+n/(1—n)f?} which in the 
present case means a reduction of only 30% throughout the acceleration cycle, 
and negligible damping, whilst the energy of the protons is non-relativistic. In 
the non-relativistic case the radial oscillations associated with the phase oscillations 
are however damped in proportion to H. 

Unpublished calculations by the late Dr. J. S. Gooden suggested that strong 
phase damping would be obtained if the accelerating gaps were tapered at about 
45° to the radius (see figure 1). The bunch width during the first 120 
milliseconds of the acceleration cycle has been measured, and the results plotted 
in figure 10. ‘The width shortly after injection has already been explained. ‘The 
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Figure 10. Bunch width as a function of time. 


existence of known discontinuities in the radio-frequency accelerating potential 
has already been mentioned. ‘The increase in bunch width during the first 50 
milliseconds is probably due to these. Such an increase is possible only if the 
radial excursions associated with the phase oscillations are damped as expected. 
‘The rate of increase would probably be greater were it not for the fact that gas 
scattering will cause particles with large phase amplitudes to be lost during this 
time. ‘The decrease in bunch width between 50 and 90 milliseconds is clear 
evidence for strong damping. ‘The apparent further increase after 90 milliseconds 
must be considered a result of amplifier response, for at the last experimental 
point only three harmonics of the signal are recorded. 

‘Two further interesting observations have been made. ‘The region of stable 
phase extends in one direction to 7—¢,. Particles at this phase receive the 
correct energy increment per revolution to maintain them on the equilibrium 
orbit, and the point is one of metastable phase. ‘The slightest perturbation, 
however, will cause these particles either to be lost or to oscillate in phase about 
the stable phase position ¢,. At times very close to injection small bunches 
spaced between the main bunches of particles of the type shown in figure 8(c) 
have been observed. ‘The group of metastable particles is observable as a discrete 
bunch because the width of the main bunch is reduced below the maximum 
possible by the injection oscillations, as described above. It has been found at all 
times that the bunched beam becomes completely incoherent within about 
200 microseconds of the radio-frequency accelerating potential being removed. 
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$4. THE EFFEcTs oF Gas SCATTERING AND APERTURE 


Shortly after being injected, the protons will experience small angle deflections 
as a result of Coulomb scattering by the nuclei of the residual atoms within the 
doughnut. ‘These occur at random and soon the particles possess free oscillations, 
the phases of which are uniformly distributed in azimuth. Their properties are 
identical with those of the free injection oscillations. At any instant a particle 
will have a particular amplitude of oscillation, but this amplitude will either 
decrease or increase depending upon whether the H'? damping or the scattering 
due to new collisions is predominant. The scattering will on the average decrease 
with increasing energy. The theory of gas scattering in betatrons and 
synchrotrons has been worked out by Blachman and Courant (1948, 1949) and 
by Courant (1953), and some results from the theory have been presented by 
one of us (Riddiford 1951). Theoretically the r.m.s. gas scattering amplitude 
reaches a maximum at four times the injection energy, and thereafter diminishes 
slowly. ‘The oscillations can be resolved into horizontal and _ vertical 
components, and in the theory only the loss due to vertical scattering is 
considered. After a finite acceleration time almost all particles have experienced 
oscillations of amplitude greater than a certain minimal value in both horizontal 
and vertical directions. 


2 32 
PRESSURE IN MMHG + 10° 


Figure 11. Dependence of beam intensity on the pressure in the doughnut. 


The dependence of beam intensity on pressure has been investigated by 
increasing the amount of air in the doughnut by means of five artificial leaks. 
These are placed one on each of the five pumping manifolds (Riddiford 1951) 
to ensure a uniform pressure in a vacuum system in which substantial pressure 
gradients would otherwise exist. The results are shown in figure 11, the 
pressure being recorded with air calibrated ionization gauges. For our accelerator 
the main loss from scattering will occur for energies up to say 5 Mev and times up 
to say 40 milliseconds (figure 2). A steady loss of particles should, and does, 
continue for some time thereafter, for the distribution of the particles in oscillation 
amplitude is a Rayleigh one, and further the direct loss of particles from single 
scattering is not unimportant (Courant 1953). The effects of varying the 
horizontal and vertical apertures have been investigated, the effective horizontal 
aperture being varied by moving a # in. diameter brass post transversely across 
the doughnut and the vertical aperture by rotating a centrally supported cranked 
rod which extends across the doughnut. Some of the results are shown in 
figure 12(a) and (6). During these measurements the horizontal aperture was 
30cm. The existence of minimal useful apértures is evident. In the vertical 
case it is seen that the axis of symmetry of the experimental curves is about one 
centimetre below the geometrical median plane of the magnet. It was considered, 
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as was subsequently proved, that this is a result of the magnetic median plane 
being lower than the geometrical median plane. ‘The ratio of horizontal to 
vertical minimal apertures is 4:5. Similar results were obtained at a different 
azimuth. 

The pressure and effective aperture are several times more important than 
anticipated from the Blachman—Courant theory. ‘There are good reasons for 
the discrepancy. As stated above the theory assumes that particles are lost only 
as a result of insufficient vertical aperture. The effective vertical aperture 
is substantially less than the available doughnut aperture because of the error 
in the median plane. As the mean square gas scattering amplitude is directly 
proportional to the pressure, this means that in the present case the pressure needs 
to be about 1-6 times lower for a given loss of particles. Further, there is no 
doubt that in the Birmingham synchrotron the horizontal aperture is just as 
important as the vertical aperture. ‘Theory suggests that by the time gas scattering 
has become most important the injection oscillations and more particularly the 
radial excursions due to phase oscillations would be sufficiently damped for 
vertical gas scattering to matter most. But the results presented in figure 10 
have shown that there is apparent anti-damping of the phase oscillations. 
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Figure 12. (a) Dependence of beam intensity on vertical aperture. (6) Dependence of 
beam intensity on horizontal aperture. 


immediately following injection. For this reason the superposition of gas- 
scattering-free oscillations upon the phase oscillations will result in a substantially 
greater loss of particles than would otherwise occur. The phase jumps in the 
radio-frequency accelerating potential responsible for the early instability, 
combined with the effect of what frequency errors do exist, are responsible for 
the ratio of the minimal apertures being substantially greater than the theoretical 
value {7z/(1—n)}"*=/ 2. The radial excursions due to phase oscillations and 
horizontal injection oscillations result in a greater loss of beam for a given aperture 
but would not affect the minimal aperture. Low harmonic magnetic field 
inhomogeneities are known to be small, and in any event would cause a radial 
displacement of the beam as well as an increase in its size. For both azimuths at 
which measurements were taken the beam was symmetrically spread about the 
mean doughnut radius. 

Several precautions were taken in the above measurements. ‘The accelerated 
beam may vary by about 50% from pulse to pulse, largely as a result of variations. 
in the number of particles injected. The experimental points are averages 
from a number of induction electrode traces each normalized to take account 
of variations in the number of particles remaining after the first quarter phase 
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oscillation period. Experiments made using a faster time base and_ traces 
similar to that in figure 8(c) have shown that the number of injected particles is 
not significantly affected by the wires used to restrict the aperture, and that the 
spread in injection angles is small. As the horizontal aperture is reduced the 
loss after a quarter of a phase oscillation period increases rapidly, however, and 
the point at which the plateau such as is shown in figure 8(c) joins the injection 
pulse falls rapidly. This effect is automatically corrected for by the 
normalization mentioned above. Elder et al. (1947) have published results of 
aperture studies with a 70 Mev electron synchrotron, but without an induction 
electrode were unable to separate injection, pressure and phase phenomena. 

The phase width of the circulating bunch of protons depends strongly on 
pressure and both horizontal and vertical apertures, but the shape is always 
triangular. ‘The dependence of the induction electrode signal on bunch width 
has already been discussed. If corrections were not made for this, the beam 
intensity would not vary as rapidly with pressure and aperture as indicated in 
figures 11 and 12. Some typical results are as follows. The average pressure 
in the doughnut was 1-2 x 10-*mm. 


Horizontal Vertical 
Aperture (cm) ei 6) mes 7 
Bunch width 8 msec after injection (deg.) 55 140 45 142 


The reason for the dependence on pressure and horizontal aperture is 
apparent from what has already been said, but that for the dependence on 
vertical aperture is more obscure. It has been shown that early in the 
acceleration cycle the particles at large phase angles will mostly have small free 
oscillation amplitudes. Further it is shown below that there is some preferential 
coupling between large (small) horizontal oscillations and small (large) vertical 
free oscillations. A reduction in vertical aperture causes the loss of particles 
with large vertical and consequently small horizontal oscillation amplitudes, 
thereby reducing the bunch width. 

The beam contour has been determined experimentally by the use of two 

3 


stops as drawn in figure 13. These consist simply of short = in. diameter 


Figure 13. Contour of the minimal aperture, showing the device used for plotting it. 


brass posts which may be inserted given distances into the beam at various radii 
from top and bottom, by longitudinal displacement and rotation of the supporting 
rods. These pass into the doughnut through O-ring vacuum seals. It has 
been shown that after sufficient time each particle has experienced both horizontal 
and vertical free oscillations with certain minimal amplitudes. If the radial 


on 
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position of a post is inside the minimal horizontal aperture, and its vertical 
position is varied, the beam would be completely destroyed when the post is at 
or inside the minimal vertical aperture. The experimental contour of the 
minimal aperture determined in this way is shown in figure 13. It is displaced 
downwards from the median plane as expected, but is not rectangular. ‘This 
means that particles with a large oscillation in one direction do not at the same 
time have a large oscillation in the other direction. Otherwise the contour 
plotted in figure 13 would be inconsistent with the minimal aperture studies 
discussed earlier. The result suggests that a doughnut of rectangular cross 
section has no real advantage over one of elliptical cross section. 

The effect of reducing the average pressure in the doughnut by the assistance 
of liquid air traps, and the use of the results to throw some light on the nature of 
the residual molecules in an oil diffusion pump, are discussed by Coe and Riddiford 
(to be published). 
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Abstract. ‘The commutation relations between fields representing different 
particles are not, as has been suggested, arbitrary. In general, only certain types 
of commutation relations are compatible with a specified Hamiltonian. The 
restrictions on the commutation relations—arising from the requirement of 
canonical invariance of field theory—are derived. 

Further restrictions can be imposed by the assumption that the fermions 
form ‘families’. A family comprises a set of mutually anticommuting particle 
fields. Members of different families commute. As a consequence of the 
family postulate bosons commute with fermions. 

It is shown that the family postulate is consistent with the restrictions imposed 
by canonical invariance and that the two requirements together fix uniquely the 
commutation relations of the baryon-7z system. 


§ 1. INTRODUCTION 


(a) In the first part of this paper (§§1, 2, 3) we show how the commutation 
relations between different fields are restricted by the form of the interaction 
Hamiltonian, and so by the possible transmutations. ‘These restrictions follow 
from the canonical invariance of quantum field theory only, and this part of the 
paper has been kept free from additional assumptions. ‘The results are therefore 
strictly valid and are expressed in theorem 1 of §2. 

This theorem was first formulated in a letter from ‘Takahashi and Umezawa 
(1953). There, however, commutativity of bosons and fermions was assumed, 
implicitly, at the outset} and the results must be compared rather with the second 
part of the present paper (§4) where additional assumptions are introduced. 

Previously Nishijima (1950) had derived restrictions to the commutation 
relations from the integrability condition of the Schrodinger equation. His 
results are included in our Theorem 1. ‘The restrictions, contained in this 
theorem and derived from canonical invariance only, contradict Klein’s (1938) 
conclusion that the commutation relations between different fields are arbitrary. 
We have therefore devoted the last section of this part (§3) to an analysis of 


Klein’s method. 
+ This assumption is taken over by Kinoshita (1954) in a recent paper. He is therefore 


in a position, to derive as did Takahashi and Umezawa in their letter, the existence of 
‘families’. In the present paper we prefer to keep the treatment of the family hypothesis 


separate. 
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(b) Canonical invariance alone can never fix commutation relations com- 
pletely. In order to arrive at more specific results we introduce in §4 a new 
postulate which separates bosons and fermions, grouping the latter into families. 

The existence of families of fermions has already been derived in the above 
mentioned letter. There, families appear as a consequence of the assumption 
made about the commutativity of bosons and fermions. ‘This assumption is thus 
(more or less) equivalent to the postulates of §4 of the present paper (cf. end of 
§ 4). 

(c) Before we enter on the general proof of Theorem 1 we shall sketch, for 
the (nucleon, 7) system, the physical meaning of our way of selecting commutation 
relations between different fields and shall show that the process PN + 7 excludes, 
e.g. the commutation relationst 

[PN] =| Pers = EN ee: 
where P, N, z stand for the wave functions of the particles. 

In quantum field theory canonical invariance guarantees the conservation of 
the probability of finding a set of transmuting particles. For the (nucleon, 7) 
system canonical invariance obtains only in the Hilbert space made up of the 
state vectors of proton states, N+7 states and so on—not in any of these sub- 
spaces separately. A canonical transformation will affect the whcle of the 
Hilbert space, and, because the commutation relations must be invariant under 
any canonical transformation, we expect canonical theory to give rise to some 
restrictions on the types of commutation relations between different particles. 
For the (nucleon, 7) system such a restriction arises in the following way. 

Canonical invariance is expressed by the existence of a unitary transformation 
U{z] connecting the proton field operator to the incoming proton operator, so 
that 


POG) =e.) 0] eros (1) 
for any time t. ‘The proton operator may be expanded as 
PQcit) = PB, 2) falas ac IN Cd ane 0d ae ee (2) 


where a is a c-number function. Since 
[P,P], =[P", P"], =0, 
[ee Nos —( or es ey nS (3) 


This relation, and the one obtained by exchanging proton and neutron, can 
be satisfied in two alternative ways, 

(a) LPS IN| 220% [P32] [NG ar Oe te ee (4) 

(b) [PN ]E=0: [Parl PNG ie Oe ee (4) 
and excludes therefore the above quoted combination of commutation relations. 

To summarize: Canonical invariance requires the bare and the dressed 
proton to have the same statistics since they are connected by a unitary trans- 
formation. ‘This, in turn, leads to restrictions on the commutation relations 
between the operators of the particles belonging to the proper fields. 

These restrictions do not fix the commutation relations uniquely, but leave 
us, for the (nucleon, 7) system, with the two possibilities (a),(b). The second 
possibility is excluded when one considers proton and neutron as different states 


we have 


ap Commutation relations refer, with a few obvious exceptions, to field operators at 
different points at the same time. 
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of one Fermi particle, i.e. as members of the nucleon ‘ family’. We shall later 
($4) generalize the concept of families of Fermi particles and show that this 
construction leads to further restrictions of the commutation relations. 

This, at any rate, will be our starting point. One could as well exclude 
(4b) by postulating that bosons commute with fermions as Kinoshita (1954) 
does. ‘The relationship between these two assumptions will be discussed in § 4. 


§ 2. COMMUTATION RELAFIONS BETWEEN DIFFERENT PARTICLES 


The restrictions on the commutation relations will be derived from the 
equation (11) below. Here we shall give the proof of (11) only for the simple 
case in which the field operator is a canonical variable. Let X(x) and X(x) be 
the field operator in Heisenberg and interaction representation and U(c) the 
unitary transformation connecting them. We introduce the operator 


ie Wale Ae Olaly ene (5) 
which goes over in X(x) if o passes through x, and form the variation of X(x, oc) 
in the point x’ onc: 


e) 
[pee ey 2 J 
tae Sax’) X(x, o) = [oN (ened (RO Ulie|a | ak seen (6) 
where H’ is the interaction Hamiltonian. 
On the other hand, if L’ is the interaction Lagrangian, X(x,o) and X(x) are 
connected by 


X(x,o)=X(x) + \ oe) 


———_ Av(x—x')d?x’. ncaa 7 
be eo) (7) 


Here Ay, defined by 


[Piece (ar ire ee Og eee (8) 
is related to the Green function (‘Takahashi and Umezawa 1953), and 
Qa / L’ 
ees ee A een (9) 


5xX* OX* a(0,X*) ” 
differs from the (negative) source strength 
Set ly OL’ OL’ 
— = Se axe 7 5G KH TF 
only by a divergence. 
Equations (6) and (7) yield 


[X(x), W'(x«’)|_-= —2U[o] a Ax(x—x)} See |} heater cee (10) 
If H’ satisfies (10), it will also satisty 
LL (ey 
Beanie keels oe EE i oO 3 (ale) 


Equations (10) and (11) remain valid, as can be shown, for a general field operator 
X (Takahashi and Umezawa 1953). Either of these equations expresses a 
necessary condition H’ has to obey, and leads to restrictions on the commutation 
relations. ‘lo demonstrate this we prove the following theorem.f 

+ Two different A; may stand for the same particle or may represent particle and 
anti-particle. For the meaning of ‘ commuting’ and ‘ anticommuting’ see footnote on 


previous page. 
PROC. PHYS. SOC. LXVIII, 6—A 34 
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Theorem 1, Each interaction Hamiltonian must contain an even number of 
field operators A,,..., Ay, which anticommute with a field X ; thus each 
transmutation process must involve an even number of such particles. 

For the proof, we suppose that H’ contains an odd number of fields 
A,,...,As,4, which anticommute with a field X. Denoting the remainder, 
which commutes with X, by B and substituting H’=gA,... Ag, ,,B (with g 
a c-number) in the left-hand side of (11), we have 


Dee uae bebe ll 
SIX A od ered ee 
pods AERA eee eae 
A A ee 
Sven Ape alX aes, 


The term containing the commutator [X, A,,,,|- can neither vanish nor give 
rise to a A function, since X and A,,,, anticommute. ‘Thus the above expres- 
sion cannot equal the right-hand side of (11). 

Furthermore, we can prove the following theorem. 

Theorem 2. If a field operator A commutes (anticommutes) with a field X, 
then the hermitian conjugate A* also commutes (anticommutes) with X. 

Indeed, the representation can always be chosen so that a part of the free 
field Hamiltonian containing A*A is treated as an interaction. Applying 
Theorem | to this mass-type interaction we obtain Theorem 2. 

We summarize the results which are obtained by applying Theorems 1 and 2 
to the (baryon, 7) system, the (7,0,7) system, the (lepton, ) system and to 
photons. 

Baryon,z. ‘The processes concerned are 


[la] P+P+7° ; [2a] At++>P+7° 
[1b] P+N4at; [25] A®° +>P4+7- 
[1c] N>P47z ; [2c] A->N+7- 


Theorems 1 and 2 yield the following results : 
(1) 7° commutes with any field, and must thereforet be a boson (from [1a]). 
(11) ‘he members of each of the following sets have the same commutation 
relations with any field : 
at, a (theorem 2) 
P, At, A~ (from [Zalsor el, (lel) 
INAS (from [2], [1]). 


‘That shows that all baryons have the statistics of the nucleons and leads to the 
commutation relations 


[P, A+], =[N, A], =0. 


(i111) All baryons (P, N, A*, A®) have the same commutation relations with 
the charged z-field. Depending on whether we assume the proton to commute 


t+ Our method gives Bose statistics for 7°, 6°, y no matter what the statistics of nucleons, 
electrons and charged pions is assumed to be. 


Commutation Relations between Different Fields 507 


or anticommute with 7~, the processes [1] and [2] yield two alternative sets of 
commutation relations : 
(@)" [Pa] = [Neat SA? a1 20 
EN ee Ne AO ey 
(6) [P, w*],=[N;7*], =[A*%74}.=0 2+ eee. (12) 
Pee NPS Als =[N, A*_ = (ANS |b 0 
[P, A*],=[N, Aq, | =0. 


A decision between these two possibilities can be reached by an additional 
assumption, the family requirement, which we shall formulate in § 4. 
7, 4,7. The decay schemes assumed are 


[3a] O satia ; [4a] r#oat+atta 


[35] 6+ +7=4+7° : [45] 79 79 tata, 
Application of Theorems 1 and 2 shows that 

(iv) 6° and 7° commute with any field, and must therefore be bosons ; 

(v) O*, @, 7*, 7, w*, wm have the same commutation relations with any 
field and commute with each other. The charged 6 and 7 fields have thus the 
same statistics as the charged 7’s. 

u, e, v. If we assume the p-meson to decay according to 


[5] pws se=+v4+y 


we find that 
(vi) #7, w, e-, e obey the same commutation relations with any field and 


anticommute with each other. From this follows that the »* field has the same 


statistics as the electrons. 
Photon. ‘The process of bremsstrahlung, e.g. 


[6] e+P+e+P+y 


shows that 
(vil) y commutes with any field and is thus a boson. 


§ 3. KLEIN’s METHOD 


Klein (1938) has shown that, under certain conditions, the commutation 
relations between different components of a Fermi field, and between different 
Fermi fields (Rosenfeld 1948), are arbitrary. For example, in the case of the 
nucleon system, according to Klein, the neutron can be described by either of 
two wave functions x, yy, of which one anticommutes and the other commutes 


with sp». The two neutron operators are connected by 
reese uart Jim Vaie oy = lie ctoen (13) 
with mp as the proton number operator. Indeed if [y, pp], =0, then 
xx be] =[(— 1)"Pby, Pr] 
=(-1)"P[bx, $e]4—[(— 1)", be] ps 
=i 


Our point is that, in general, one of the two neutron operators turns out to be a 


non-local function and therefore must be rejected. 
452 
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Only for special types of interaction, to which the one considered by Klein 
belongs, are both % and y point functions and only then does Klein’s method 
apply. These are, indeed, just the instances in which our Theorem 1 does not 
lead to restrictions on the commutation relations. An example is the direct 
interaction between two protons and two neutrons, 

H’ = ghppppyiby- 

There are, however, interactions which do not admit the transition (13) from 

by to yx and for which the method of Klein fails. For the interaction 


=p, Qbpd +c, 9» eee (14) 

e.g., with Q made up of y matrices, Theorem 1 leads to the alternative (cf. (4)) 

(2) [¢n%rl =[¢n%x] =9; [br ty] =9 

(6) [du tpl. =[bo%x]+=9; [bp dx] =9. 
Starting from the assumption that ¢, commutes with the nucleon operators 
(case (a)), we can now show that the neutron operator anticommutes with yp. 
Klein’s transformation to commuting nucleon operators is thus not allowed 
since it leads to a non-local neutron operator. ‘The same is true in the case (6), 
i.e. if we make ¢, anticommute with %p and sy : the nucleon operators are both 
point functions only if they commute with one another. We shall give the 
proof for the first case. 

A field operator % is local only if 


[Ee ) ate) a= One Se eee ee (15) 


where x’ and x are any two points on a space-like surface. ‘This is evident from 


os =tUr Nell 2i(x a2) es ee eee (16) 


where } is the operator in the Heisenberg representation connected to % by 
h(x) = Ufo] (x) Ula}. 
If the right-hand side of (16) were not zero, the implication would be that (x) 
is disturbed by z-production at a point x’, separated from x by a space-like distance. 
The condition (15) implies, just as equation (11) did, that the form of the 
interaction Hamiltonian is restricted by the commutation properties of the field 
operators. In our example the field operators (x), p(x) both commute with 
H(x’) of (14) only if they anticommute with cach other. To make a commutable 
set yx, Xp local we have to supplement the Hamiltonian by non-local operators : 


(a2) [y.trl,=0 > H,’=gf x Qbrd, thee. | si 
(5) [x xel-=0 > Hy’ =e(—1)"r(— Ixy Oypg, Fhe. - 

‘This discussion shows, indeed, that for a given Hamiltonian} only one of the two 

scts of field Operators can be local. However, the second one which is com- 

mutable can only be made local by taking the Hamiltonian to be non-local. We 


feel justified in excluding such interactions—as we have done in deriving 
Theorem 1—and, consequently, in excluding the commutation relations 


[on ¢x]-=[ba Pre]=95  [pp, Py]_=0. 
In the same way it can be shown that the combination 
[b. $x], = [a5 bp]. =0 ) [bp, ty], =0 


is excluded if we insist on the field operators being local. We are left with the 
two possibilities (4¢, b) which are compatible with Theorem 1. 


t Klein’s transformation yp=%p; yy=(—1)"P¢y does not transform Hi, tntocives 
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$84. FAMILIES OF FERMI PARTICLES 


Further restrictions can be imposed on the commutation relations between 
different fields by the requirement that all Fermi particles form families. 
A family will be defined as a set of mutually anticommuting fields which commute 
with any field not belonging to the family. Thus we assume that the commuta- 
tion relations 


[4A Asle=O0™~ and [As A.l.=0 amply [4i;As|.=0,-...28 (182) 


and that 
[4 Aely =O and [45 8i=0"- imply (A; Bis, 2... (18d) 


A consequence of (18) is that bosons commute with all fields. 

The family postulate is consistent with Theorem 1 of §2. Corresponding 
to any set of transmutations, commutation relations can be constructed satisfying 
both family postulate and Theorem 1. We prove this by induction, noting 
that Theorem 1 can now be formulated as : 

Theorem 1’. A family of fermions always contributes an even number of 
particles to a transmutation process. 

This is in accordance with the fact that each transmutation process must 
involve an even number of Fermi particles. 

Suppose? that, corresponding to a set of transmutations, the fermions have 
been classified, by means of Theorem 1 and the family postulate, into groups, 
A,, A,’,...; A,",A,’,.--, of mutually anticommuting fields. Any additional 
transmutation process can be dealt with by amalgamating even numbers of these 
groups into anticommuting sets. ‘The groups concerned are, according to 
Theorem 1’, those which contribute odd numbers of fermions to the process. 

The family postulate applied to the process 


[7] N+P +7, 
leads to 


[P, 7+] =[N, 7*]_=0 


and consequently excludes the commutation relations (126) of §2. The com- 
mutation relations of the (baryon, 7) system are therefore fixed uniquely by 
Theorem 1 and the family postulate (see (122)), the baryons constitute an anti- 
commuting set. From 


[8] N+Pt+e+» 


it then follows that the leptons also form an anticommuting set. However, we 
cannot decide whether they, as a whole, commute or anticommute with the 
nucleons ; i.e. whether they constitute a separate family or are part of the baryon 
family. (Since even numbers of both nucleons and leptons are involved in the 
transmutation, Theorem i does not lead to restrictions and Klein’s method is 
applicable.) 

Thus the Fermi particles separate themselves into three groups of anti- 
commuting fields: baryons, muons and, leptons. ‘The processes considered 
hitherto do not enable us to tell whether these groups commute with each other, 


+ From the proof it is evident that we may always start from such a situation. As a 
first step we can assume each group to contain only one fermion. 
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in 


i.e. form separate families, whether they have to be amalgamated into two 
families, or whether all fermions form one family. 
The assumption that the .-meson decays according to 


[9] p= Sepp 


leaves open the possibility that muons and leptons form separate families. On 
the other hand the decay into three leptons 


[10] ut>ettvt+y 
entails that muons and leptons belong to the same family, as does the assumption 
[11] awt>p*+v. 


The existence of a separate baryon family is not contradicted by any known 
process. It could be disproved only by a transmutation violating the conservation 
of number of baryons. On the other hand, the assumption that all fermions 
constitute one family is compatible with any transmutation process. 

If we accept one of the decay schemes [10], [11] we are left with two possi- 
bilities : 

(i) The fermions form two families, the baryon family and the muon-lepton 
family. 

(ii) All fermions belong to the same family. 

From Theorem 1’ it is evident that in any transmutation process the number 
of particles belonging to the same family can only change by an even number. 
If we wish to ensure conservation of the numberf of particles in a family we have 
to make the additional assumption that the phases of particles belonging to 
different families are independent. In other words, we require the Lagrangian 
to be invariant with respect to the transformation] 


where 4, B,,... belong to different families and «, 8,... are arbitrary constants. 

One can, as Kinoshita does, take as the starting point not the family postulate 
(18), but the weaker requirement that bosons commute with any field. The 
results are the same with one exception: the commutation relations between 
members of different families now remain undetermined, whilst (18) requires 
commutativity. It seems difficult to say whether or not experiment can decide 
these commutation relations. If not our commutativity postulate becomes 
amere convention. However, it seems to us that the family concept is incomplete 
unless the commutation relations between different families are fixed. 

A treatment based solely on the commutation relations can hardly be expected 
to lead to a complete theory of families. ‘The commutation properties cannot 
be considered to be the ultimate basis of the family concept which probably needs 
a group theoretical foundation. We expect a more fundamental theory to fix all 
the commutation relations and so to justify our assumption regarding the com- 
mutativity of different families. 


+ The number of anti-particles taken with the negative sign. 
} Anti-particles transform, of course, as the complex conjugate. 
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Abstract. A method of calculating the reduced widths of bound states of light 
nuclei from stripping curves is described. _ It is essentially a comparison between 
the experimental curve and the theoretical curve due to Butler. ‘The comparison 
is done in such a way as to allow for some of the factors neglected in the Butler 
theory, in particular the type of proton—nucleus interaction included in Horowitz 
and Messiah’s theory. 


S$ 1. INTRODUCTION 


HERE exist several theories which predict differential cross sections for 
(d, p), (d, n) reactions (Butler 1951, Bhatia et al. 1952, Horowitz and 
Messiah 1953). In each of these the reduced width y* of the nucleon 
energy level into which the nucleon is captured, appears as a constant multiplying 
factor, 1.e. o(8,)=y?F(0,). For any given reaction F(@,) is determined uniquely 
by assigning values to the radius of the target nucleus, the spins of the initial 
and final nuclei and the orbital angular momentum of the captured nucleon. 


an 


wanna Experimental 


——— _ puller 


Differential Cross Section (arbitrary scale) 


2S: 
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Figure 1. The lack of agreement between theoretical and experimental cross sections over 


the whole range of angles is shown for the typical case ®O(d, p)7O*. The experimental 
curve 1s due to Burge et al. 


The theories usually predict reasonably well the angles at which the maxima 
and minima occur in the cross section, but the relative magnitudes at these points 
are not in good agreement with experiment (figure 1). Hence the value of y 
determined from a comparison of experimental and theoretical curves depends 
somewhat upon the manner of fitting, the uncertainty in some cases amounting 
to a factor of three or four. It is the purpose of this paper to describe a method 


for lessening this uncertainty in the calculation of reduced widths from stripping 
curves. 
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§ 2. THe BuTLer THEORY 
We consider the approximations in the theory which lead to this lack of 
agreement between experiment and theory over the whole range of angles. For 


ease of notation we take the case of (d, p) reactions in which the neutron is captured 
into a bound state with orbital angular momentum, /, equal to zero, i.e. 


d+.A\>p+-e 
Let ¥ be the stationary state for the collision ” +44), V,, the interaction potential 
between particles « and 8, ry, 7» the coordinates of the neutron and proton from 
the deuteron, 7y and 7} their kinetic energies. 

Then Butler makes the following assumptions : 

(1) Vix= Voy, =9, 
(11) Vyp =0 for ry < R the nuclear radius 
(111) Vx, ==) for YN Sslk 
(iv) forry >R, P=¢p+ 
where sp is an incoming plane wave of deuterons satisfying 
(Ty + Tp+ Vyp— E\yp =0 
and @ satisfies (7'y + Tp— E)b =0 being everywhere outgoing in protons. 

The angular distribution of protons is then obtained by smoothly fitting the 
wave function ‘ across the nuclear boundary. 

Interpreting these assumptions physically we see that: (i), (a) all Coulomb 
forces are neglected, (4) the nucleus is transparent to protons and (c) that compound 
nucleus foundation is not taken into account; (ii), the neutron is stripped off 
without reaction on the proton; (iv), the effects of elastic and inelastic scattering 
of deuterons and other energetically possible processes are neglected. ‘The 
assumption (111) that Vyy, for ry >R is a definition of nuclear radius. ‘These 
are drastic approximations and the good agreement between theory and experiment 
is a little surprising. 

However, using formal collision theory we may write Butler’s theoretical 
cross section in the form 


a ,(Ccos d.,) eva DapP ipl COS 0.) | 


where P,,, is the Legendre polynomial of order A,; then b,,P,, represents the 
contribution to the cross section from protons with angular momentum 
hid,(A,+1)}12. The approximations (i) (6) and (c) will be important only for 
A, <A," (say) when the proton is ‘near’ the nucleus. Therefore if we could 
write the experimental cross section oy = | X,,€;,P, |? and find the ratio yb,,/e, 
for X, >A,"", it is hoped that this ratio would be nearly constant. Choosing . 
to make this constant unity a more accurate value of y? would be arrived at. 

b,, may be found directly by drawing the curve ¥j,b;)P,)(cos 9) from the 
Butler theory and analysing it numerically into Legendre polynomials. ‘The 
analytic form for 4,, using Horowitz and Messiah’s notation is 


constant x | Dipl Rpt ap Kar ro (atr dr 
1>R 


but some numerical integration must be done to evaluate this and therefore it 
was found easier to use the former method. For bound states of the neutron it is 
found from the general Butler formula that 5,, is always real. 
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How may we find e,, when we know only | Dap@apPap 2? If ei) were real we 
could take the square root of the experimental cross section, making the resultant 
curve smooth by choosing correctly the + sign, and analyse this into Legendre 
polynomials. In general, however, e,, is complex and hence cannot be calculated 
from the experimental curve. In order to see more easily how we may find 
€,» for A, >A,"™" with some accuracy we consider first a theory in which the inter- 
action of the proton with the nucleus is taken into account approximately. 


§ 3. Horowitz aND Me_ssiAn’s "THEORY 
In this theory of (d, p) reactions an allowance is made for the interaction of the 
proton with the target nucleus by assuming this interaction to be that between 
a proton and an impenetrable sphere. This displaces only slightly the character- 
istic maxima and minima of Butler’s angular distribution but reduces the absolute 
magnitude of the cross section at the main peak by a factor of from two to three. 
If Butler’s cross section is written as 


Seay ot 2 
oR=y I> Dink ap | 
Ap 
then Horowitz and Messiah’s may be written 


oum=y"| ue (0,5 Ci) E ap le 
p 


where c,, is complex. It must be shown that |c;,| < |4, | for A, >A," if we 
are to maintain that Butler’s theory for high A, is good against correction factors 
arising from proton—nucleus interaction. 

A calculation was done for the reaction !®O(d, p)!*O* (0:88 Mev excitation) 
with a deuteron energy of 8 Mev. ‘The results are shown in table 1. 


Table 1. Relative values of the Butler coefficient b,,, of the Legendre polynomial 
of order A,, and the correction factor c,, of the same order from the theory 
of Horowitz and Messiah. 


ry» Rel. value 5; Cap ae Rel. value b;,, Cap 

0) 0:0018 —0O-0021 — 1:0006 4 0:1271 —0O-0486  —1i-0078 

1 —(0-0263 0:0415 -+-1:0293 5 0:0892 —0-:0123 —i-0013 

2» 0-0262 —0-0443 +-4:0322 6 0:0531 —0-:0014 —i-00007 
B 06-1216 —0-:1588 —1°0235 z 0:0327 —0-:0002 —1i1-000004 


It is seen that the magnitude of c,, falls off more rapidly than does 4,, and that 
for A, > 5 the two theories give almost identical contributions. By a consideration 
of the forms of 5, and c,, it can be shown in general that Cip <b; for some d,. 
This is due to the magnitude of the wave function of the outgoing proton (a 
spherical Bessel function) at the nuclear boundary being diminished as A» Is 
increased. 

§ 4. COMPARISON OF o,(@) AND oy y,(6) 


Suppose now that the Horowitz and Messiah differential cross section were 
the experimental result, then only 


oumM— y | MS (b;, =a Ci) Pas ke = | >) AryP ap |? 
Ly) Ap 


would be known. How, with only this information, could yb, and dj, be com- 
pared for high A, in order to yield the reduced width? An answer to this question 
would given an idea how to attempt the comparison between Butler’s theory 
and the real experimental curve. 
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On 


(1) One possibility is to analyse the differential cross sections directly into 
Legendre polynomials i.e. 


aaa eel ie , oum= 2. Dz Py, 
Then 
Sp s > (Co 00) OapP ayy 
ap 2p 

where C/’?’)" is a Clebsch-Gordan coefficient. For a given L, A, +A,’ must 
have the same parity as L and also | L—A, | <A,/<L+A,._ In particular for high 
L, low A,’s are associated with high values of \,’ where b,,, is small. Therefore 
the terms 4,, which are ‘ incorrect ’ for small Aj») are associated with b,,,’s which 
are very small in magnitude. In the example chosen it was found that the major 
contribution to B; came from terms where A,~A,’=L/2. Thus for sufficiently 
high L we expect B;, not to be affected by correction factors due to proton -nucleus 
interaction. 

Using the above example B, was calculated and compared with D,;. The 
relative values are shown in table 2. 


Table 2 
1: 10 1) 12 13 
Dy |B, 0-532 0-752 0-874 0-961 


To reach a stage where the Horowitz and Messiah correction factor to the 
Butler theory is negligible, it is necessary to go to L +12. 

These ratios were calculated directly from 6,, and b,,+cj). If we really 
knew only oy,, it would be impracticable to perform 


1 
| ; Pi(x)o 4 (x)dx 


for L >12 to any degree of accuracy and hence we must consider other ways in 
which the comparison may be made. 

(11) If we write the two cross sections 

(8) = 7) 3 ony(0)=72 [bu( 8) +H (8) P= ye? +h?) 
where hp, /, are real, and plot the contributions from the real and imaginary 
parts 4,” and h,? separately, it may be seen that at the peaks of og,(0), Ah? <h,? 
for the reaction considered above (figure 2). 

This fact may be used to draw approximately the real part of Horowitz and 
Messiah’s amplitude factor hp. At each peak of ogy, [y*(Ap?+h,”)]!? may be 
taken approximately as yh. ‘There is no reason for hp(@) to be discontinuous 
for any particular # and therefore by smoothly joining the peaks, with alternate 
signs, an approximate /p(6), say hy'(0) is found. This is shown in figure 3 
(with the true 4,(@) for comparison) and it is this curve which will be used for 
comparison with the Butler curve b(@). 

There is no necessity to know the imaginary part of the amplitude /,(@) 
since this is small and if h,(0)=~,,A,,,P,) then hy,, falls off rapidly for A, >3. 
Hence /,,, would be negligible in the comparison between hy’ +7hy,) and b,,. 
There are in practice two ways of comparing this approximate amplitude curve 
hy’ with the Butler amplitude curve 4(@). The two curves are analysed into the 
form yah’ ppPip and yLapbipPyy-. Then for A,>A,™", Apap is expected to be 
equal to b,,. Hence we may either (a2) compare directly the coefficients hap 
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and b,, for 4, >A,""" or (6) find the coefficients h',; and b,,, for A, <A,""" and 


Ap 


subtract their contributions from the total curve, i.e. compare 


r min r min 
Dp p 

h’,(@) — SS h' prapP (9) and b(8) — 2 bipPiy(), 
Ap=0 —ip=0 


until a good fit between the remaining curves is obtained. 


4 


L 1 (eae eS et v4 
0 30 60 90 120 150 180 


Op, Angle of Scattering, cms, (deg) 


{ pata n 1 L J 
30 60 90 120 150 180 
Op, Angie of Scattering, c.ms. (deg) 


Figure 2. Figure 3. 
Figure 2. Horowitz and Messiah’s cross section may be written o4y(8) =y? |/ip(@) + 2h4(4) |? 


= {hp(0) +hyP(0)}. Ap? and hy? are plotted for the case ©O(d, p)!7O* to show that at 
the peaks of o(@), hy?<hp?. 


Figure 3. By taking (Ap?+/,")'” at its peaks (circled points) and interpolating a smooth 
curve (dotted line) an approximate /p is obtained, hp’. hp and hp’ are plotted for 

the case !®O(d, p)!"O*. 
Method (a) was used on the curves for !®O(d, p)!7O* drawn in figure 3. The 


relative values of 5,,, Agip, 2’n2z» are Shown in table 3. There is agreement to 
10%, between all three coefficients for A, >5. 


Table 3. The relative values of the coefficients from the expansions 
b(@) = 2 bipP ips h,(@) 7 > hyipP ip; hp(8) x > Lal wp 
AV) Ap 


A) 
»» Bay hrip h' pap 
0) 0-:0018 —0-0003 —0-0085 
1 —G-0263 0-0152 0-0181 
D 0-0262 —0-0181 —0:0168 
3 0-1216 =<O:03)7/1 0-0387 
+ OPU2TAl 0-0179 0:1058 
5 0:0892 0-0767 0:0728 
6 0-0531 0:0517 0-0479 
7 0-0327 0-0327 0:0296 


§ 5. COMPARISON OF o(@) AND op (6) 


The use of the above methods (ii) (a) and (6), depends primarily upon the 


fact that h,°(0)<h,*(@) at the peaks of oy,(0). If the experimental curve is 
written 


o(9) = I> (Crap +t pap) Pap |? = €,,7(0) + €77(8) 
A() 
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and there were reasons to consider that e;?(0)<e,2(0) at the peaks of o,(@) then, 
by using either of the methods described, the reduced width might be calculated 
with a considerably greater accuracy than previously. 

In order to investigate the magnitude of e,(@) write Crip =YOip +O; 1.€. Sap 
is the real part of the correction factor to Butler’s theory. Then 


oy Ine B55 P ip) cS SipP ap) Pe Ciel ip) 


= | yb(8) +5(8)+ ie,(0) [2 

= (yb(@) + 8(@))? + e;°(6). 
At the zeros of the Butler theory, at points 6, say, 
on(Fn) — 82(0,,) 5 é77(On) 


and therefore ¢;°(6,,)<op(@n)- op(9,,) is an upper limit of e;2(0,,), but e;2(6,,) 
may be much smaller than this value. Figure 1 is a typical stripping curve for 
/,=0 and here it is seen that o,(6,,) is small compared with the main peak at least. 
Also e;7(6) is unlikely to show any large fluctuations in magnitude (such as the 
large forward peak) since it must be due to effects other than the pure stripping 
described by the Butler theory. With these considerations it seems probable 
that e;°(8)<ep?(#) at the peaks of the experimental curve. One test of this 
assumption will be to see if, by using the methods described, good agreement 
between e’,;, (derived from the approximate eg;,) and 5, can be found. If 
the assumption is false neither of the methods should produce any agreement. 

Since ep’(@) may be analysed into Legendre polynomials only if it is known 
over all angles, the experimental cross section must be known in absolute magnitude 
over the whole range of angles 0° to 180° in the centre of mass system. Many 
previous experimental workers have been interested only in deducing /, from 
their curves and hence performed the experiments only over a limited range of 
angles as it is only necessary to have the positions of the first one or two maxima. 
There are also experimental difficulties in determining the cross section to low 
angles especially when the reaction has a negative or low positive Q value. 

It is of interest to consider here what effect variations of the approximate 
amplitude curve for large angles have upon the coefficients e’,,,. ‘There are two 
reasons for this. One is that at large angles the peaks are not very high compared 
with the minima and so it is not really sure that e’,?(@)>e,?(@). Hence the 
x (0,,) found are not so accurate as at small angles. In some cases the curve is 
not known for 6>90° and to use the method we may have to guess the remaining 
part of the curve. 

The effect is found to vary with the height of o,,(@) at larger angles relative to 
the height at the main peaks. The main contribution to e’,,,, 1.e. to 


Pw 
2 


1 
| €n (x) Pj,(x)dx 


comes from the first large peak. It was found in the examples taken that the 
percentage of the total e’,;,, contributed by the curve at angles greater than 90° 
is larger for higher A,.. 

If the curve is very small at large angles this contribution is small and e’,,, 
is not sensitive to any ‘reasonable’ variation in the curve at these angles. 
Therefore either of methods (ii) (2) and (b) would be applicable in such a case. 
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However, if the curve at large angles is of greater magnitude (compared with 
the main peak) any variation in it is found to alter the e’,,,, appreciably for high 
\, but not for low A,. For such a case the first method of comparing €' Rap/ Op 
would not give good results, but if the second method were used the coefficients. 
of the polynomials to be subtracted are not sensitive to high angle curve variations. 
Hence a good fit may be obtained between 


Cc 

/ 

e RapL ap and > bipP ip 
» 


— y min 
=X, 


over the lower angles where the stripping contribution is predominant. 

Therefore the first method should be used only for the case where e,,’(@) 
is small at large angles compared to the main peak of the curve. ‘This is usually 
the case for /,=0. For all other cases the second method should be used. 


§ 6. REDUCED WIDTHS FROM THE Reactions !6O(d, p)!*O*, 12C(d, p)!8C, 

4M e(d, p)>Mg* 

(a) 80(4, p)"0* 

This is the reaction to the state of 0-88 Mev excitation with/,=0. The results 
of Burge et al. (1952) were used. From the approximate e,’ the coefficients 
e’ nay Were extracted and these are plotted in figure 4 as e’p;,/b,,. Good agree- 
ment between e’p;, and 6,, is found for A, >3 giving y?=0-36 x 10-18 erg cm 


Taz Bena) neers Rate eepesoas G —— Butler 
y 3A ne Experimental 
0-4 
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aS 5 
Sy Ot 2 
= rt 
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ib \ 
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pow 
a! 1 fe te 1 ie 1 J “2 4 Nee St re 1 1 ae Sl 
(awh eo) aR oe Gh ey, 1-0 U “10 
Ap Cos Op (cms) 
Figure 4. Figure 5 (a). 


Figure 4. eR j,)/bz) is plotted for the case *O(d, p)!70*. For \»23 the ratio is approxi- 
mately constant, giving y?=0-36 x 10~'§ erg cm. 

Figure 5 (a). For the reaction **Mg(d, p)**>Mg* the Butler amplitude curve is plotted with 
the approximate real part of the experimental amplitude curve. 


(6) @C(d, p)?CU, = 1) 


The experimental results were from Rotblat (1951) and Holt and Marsham 


(private communication). Using method (ii) (6) good agreement was found 
between the experimental curve and the Butler curve for y2=0-25 x 10-18 erg cm. 
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(c) *Mg(d, p)*Mg*(Q= 1-69 mev) 


This reaction was chosen for a special reason. The energy level into which 


the neutron is captured has a corresponding level in the mirror nucleus 2>Al which 
is virtual. ‘The reduced width of this virtual energy level has been investigated 
by Koester (1952) using the inelastic scattering of protons from 2{Mg. On the 
assumption of charge independence of nuclear forces these reduced widths should 


be equal. Hence there is a check on the reduced width calculated from the 
stripping curve. 


| Butler \ — Butler 
4 eee Experimental * 3p 
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(0) (6) 
Figure 5 (6). Curves of figure 5 (a) after subtraction from each of the contribution from 


the zero order Legendre polynomial in their respective expansions into Legendre 
polynomials. 


Figure 5 (c). Curves of figure 5 (a) after subtraction of the respective contributions from 
the Legendre polynomials of zero and first order. 


The experimental results were taken from Holt and Marsham (1953). 
Figures 5 (a), (4), (c) illustrate the method of subtracting low order polynomials. 
Unfortunately the experimental curve was known only to 90° (c.m.s.) and the 
remaining portion of the curve was guessed. However it was found that a 
variation of this curve figure 5 (a) produced a change of only 10°% in the final 
reduced width. y? calculated from these curves =0-41 x 10718 erg cm whereas 
Koester gives the value y?=0-37x10-%ergcm. Since Holt and Marsham 
give their experimental cross section to only 15%, accuracy and the value of y? 
calculated from the inelastic scattering depends upon parameters which are not 
known exactly, this is good agreement and seems to indicate that the method 
really does give reduced widths of bound states to quite good accuracy. 


§ 7. MISCELLANEOUS CONDISERATIONS 


In the early discussion the problem was limited to a (d, p) reaction in which 
the neutron was captured into a bound state with /,=0. We now consider the 
effect of raising these restrictions. 

(a) The method should also work for (d, n) reactions but few experiments 


have been done in which the absolute magnitude of such cross sections has been 
measured, 
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on 


(b) If the neutron is captured into a virtual level, the Butler coefficients bin 
are no longer entirely real and hence the method of this paper is not applicable 
to these cases. 

(c) Fort, 20) |X — 4] aa le 

A proton of given 4, may come from a deuteron of angular momentum 
h(A,,—1,) which ‘ moves close to the nucleus’. Hence the method is expected 
not to work so well for /,>0. 

Another point to be taken into account in this case is that usually in stripping 
curves the height of the main peak with respect to the background becomes lower 
as the /, value increases. From the considerations about the value of the cross 
section at large angles in § 5 this means that it is preferable to use the second method 
of subtracting low order polynomials. The two cases 'C(d, p)*®C and 
*4MIe(d, p)?®Mg* were both cases of /,=1 and since in both these cases good 
agreement was found between the theoretical and experimental amplitude curves 
after the subtraction of the low order polynomials it seems likely that the method 
may be used for any normal type stripping curve. 

There is another factor which must be taken into account in using this method. 
‘This is the energy of the incident deuterons. If the energy is too low the Coulomb 
interactions, completely neglected in the Butler theory, are likely to be of major 
importance and thus the comparison of the absolute magnitudes of the Butler 
curve and the experimental curve will not give a good value of the reduced width. 
As the energy of the deuterons is increased the correction factors due to proton— 
nucleus interaction becomes important for higher and higher A, values. "Therefore 
we must go to rather high A,,’s to obtain a constant value for e,,/b,, or subtract 
more and more low order polynomials if method (ii) (4) is to be used. In the 
former case it is difficult to find the coefficients of the Legendre polynomials of 
high order to any accuracy by numerical analysis. 

Theoretically the reduced widths of the energy level should be independent 
of the incident deuteron energy. However, Fairbairn (1954), using an 
‘uncorrected’ method of curve fitting, found variations of a factor of two in the 
calculated reduced widths of two particular energy levels when the deuteron 
energy is increased from 8 to 19 Mev. It will therefore be of interest, when 
sufficient experimental data are to hand, to see if, using the method described in 
this paper the reduced widths calculated from stripping curves are found to be 
independent of the deuteron energy. 
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Wave Propagation in Even and Odd Dimensional Spaces 
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Abstract. In this note we plan to show how the evenness and oddness of 
the spatial dimensions influence the general properties of wave propagation. 

The solution of the inhomogeneous wave equation will be given by a multiple 
integral; one of the integrations is to be performed in a complex time-plane. 
The singularities of the integrand in this plane have an alternating character 
depending on the evenness or oddness of the spatial dimensions. If the 
space is odd-dimensional, the singularities are poles; if it is even-dimensional, 
the singularities are branch points. This, then, will alter profoundly the 
properties of the solution. 


§ 1. INTRODUCTION 


OL’TERRA was the first who clearly recognized the characteristic role 
of the spatial dimensions in wave propagation. 

Suppose a short signal is emitted at the origin of a coordinate system 
in a space. ‘This signal will be observed at a point having the distance 7 only 
after r/c seconds (c being the velocity of propagation of the disturbance). ‘This 
is true, irrespectively of the number of spatial dimensions. However, if the 
space is odd-dimensional, the effect will disappear after a correspondingly short 
time. If the space is even-dimensional the effect will not, in general, disappear. 
In odd-dimensional spaces short signals, as observed at a point, have a sharp 
front and sharp rear; in even dimensional spaces they still have a sharp front, 
but a tail, or diffuse rear. 

The mathematical theory of Volterra was generalized by Hadamard (1952) and 
Riesz (1936). Their methods are very beautiful, and rather sophisticated. 
It is, however, not easy to see why this characteristic difference arises. (For 
an excellent review of Volterra’s and Hadamard’s methods see Courant and 
Hilbert 1937). 

Our aim here is to show, by a very elementary method, how the evenness 
and oddness of the spatial dimensions can give rise to such a profound difference. 


§ 2. OUTLINE OF APPROACH 


The method we will use is an extension of an idea conceived by Herglotz 
(1904) and Sommerfeld (1910). 

Imagine a differential equation Ti ks teeen io ea) = elt is vanmanaly tic 
function of all of its arguments, and u(x,y,...) 1s analytic in x,y,... ‘Then 
one can continue F and u in the complex domain conceiving x=x,+7%y, 
y=y,+ty, etc. as complex variables. As soon as this 1S done the difference 
between hyperbolic and elliptic differential equations disappears, and the 
solution of one type can be used in the construction of the solution of the other 
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type. For our purpose a simplification can be introduced: keeping the spatial 
variables in the wave equation real and letting only the time variable be complex. 
Then we are still able to pass at will from the wave equation to the potential 
equation and vice versa; (the potential equation refers to the same number of 
dimensions as the space-time dimensions appearing in the wave equation). For, 
if the time variable is a pure imaginary we obtain the wave equation ; if it is real, 
the potential equation. 

Our plan will then be as follows: (i) We construct the solution of the 
n-dimensional inhomogeneous potential equation by the standard methods. 
The solution will be given in form of integrals. (ii) We continue it in the 
complex domain introducing a complex «,, (which then corresponds to the time 
variable), and obtain in this way the complete solution of the inhomogeneous 
wave equation, also in the form of integrals. When performing the indicated 
integration in the complex x, plane we must pay due regard to the singularities 
of the integrand in this plane. (iii) Next we show that the alternating character 
of the solutions for even and odd dimensions arises in the following manner. 
If n is even (space-time even, space odd) the integrands in the solution, as 
constructed according to (ii), have a pole in the complex time plane; if 7 is odd 
they have a branch point. If the integrand has a pole the path of integration 
in the complex time plane can be deformed into a small circle around the pole, 
which is then contracted. Hence after performing this integration the result 
will refer to one time value only, to that of the pole. 

If the integrand has a branch point, we cannot let the path of integration 
encircle the singularity; it will have to run along both edges of the branch cut 
and consequently the solution will contain contributions from all times along 
the branch cut. 

As an example we will work out the most important case, when n=4 (the 
spatial dimensions are 3). The solution so obtained contains, indeed, both 
the solution of the homogeneous and inhomogeneous wave equation, i.e. the 
well-known Kirchhoff solutions, and the advanced or retarded potentials. 


§ 3. THE SOLUTION 


The solution of the 7-dimensional, inhomogeneous potential equation can 
be obtained by the standard methods. We use the fundamental solution of the 
homogeneous equation and Green’s theorem. The solution of the equation 


A,v= —f is then given immediately by (A,, is the n-dimensional Laplacian, 
=) 
a Ge [ Cafu 1 dv : f 
ra L-[, alee) — mae +], Bee | 
opie (1) 


Here R?=(x,—&))? +... +(%,—£,)?; @, is the area of a unit sphere in 
n dimensions. S,_, is a m—1 dimensional hypersurface with the surface 
element do, positive outward normal v; it encloses the 2 dimensional volume 
V,, with the volume element d"€=dé,...dé,. V must not have singularities in 
Woe OF 100. oy: 

We shall obtain from (1) the solution of the wave equation in a space of 
n—1 dimensions by putting x, =zct where ¢ is the time variable, c the velocity 
of propagation. Since each integrand is supposed to be an analytic function 


VW 


n> 


Wave Propagation in Even and Odd Dimensional Spaces 25 


of €, regarded as a complex variable, we can alter the path of integration with 
respect to €, from the real axis into some other path in the complex plane if 
attention is paid to the singularities of the integrand in this plane. 

The integrals are of the form [g/R"-2dé,. This applies for the integrands 
involving the normal derivatives as well, if the observer is at rest with respect to 
S,-1- The integrand has singularities where R =0, i.e. where r* + (ict —E,)?=0; 
r=(x,—&)? +... +(x,_,;—€,,)?. Hence the singularities are located on the 
imaginary axis at the points €, =#ct+ir. If n is even these singularities are poles; 
if n 1s odd, they are branch points. 

If we put, for the moment €, =7cr, then 7 is a time variable; only values 
of z less than ¢ are relevant for physical reasons. (In this way only those values 
of f which refer to the past can influence the solution at time ¢.) Hence, if n is 
even we can deform the path from — o to + o along the real €, axis into a small 
circle running clockwise round the point €, =<(ct—r). The value of the integral 
will then be the residue evaluated at €,=<i(ct—r), multiplied by —2z7. 
Consequently the value of v(x,,%9,...,%,_3,%¢ct) will be related to events at 
5 ee eee aaa ig § 

If m is odd, the point €, =i(ct—7r) is a branch point. We introduce a branch 
cut along the imaginary axis, extending from i(ct—r) to —io (and of course 
from i(ct+r) tozco). The path of integration will now run along the cut going 
from —70© to z(ct—r) in the third quadrant, and going back on the other side of 
the cut. 

Then the value of 7(«,, x2,...,X,_4,7@ct) will be related to events taking place 
at points (€,, €5,...,€,4,i¢r) where z takes on all values up to the time t—7/c. 

This shows that the entirely different propagation process in even and odd 
dimensional spaces depends upon the alternating character of the singularities 
of the fundamental solution of the potential equation. 

As an example let us give the solution for the important case »=4. In the 
neighbourhood of €,=7(ct—r) 


ipo if ¥ fds, 
R doa = $ r+ (ict = é,)? dea $ (€,—tct—ir)\(E,—ict+ir) (2) 


= —2zi{residue of integrand at 2(ct —7r)} =af(€1, €a) €3,t—r/c)/r- 


Hence the volume integral in (1) gives 


7| ee Eo, e t—r/C) BE = a aE, 


if we indicate the retarded value of f by [f]. ‘This is the well-known retarded 
potential. (The other pole would give the advanced potential.) 

To solve the surface integral we proceed as follows. ‘Take S, to be a right 
hypercylinder whose base is that closed portion I’ of the physical space in which 
the wave process occurs. 

The axis of the hypercylinder is parallel to the time axis. ‘The surface 
integral will consist of three parts; the two arising by the integration over the 
bases of the cylinder, and one due to the integration over the mantle. It can 
be easily shown that if the cylinder is of infinite length the contributions from 
the bases vanish. Hence, we have to compute only the integral over the mantle. 
On this hypersurface the surface element do can be written as dodf, where do 

35-2 


524 N. L. Balazs 


is the two dimensional surface element of the surface 2 enclosing the three-space 
Tl’. Moreover, v is the outward normal to do. Physically speaking, this 
cylinder contains all those space-time points which will describe the history of 
a process taking place in I’. It is supposed that [ is the same portion of our 
physical space (hence the cylindrical shape), and that the observer is at rest 
with respect to I’ (hence the stipulation that our cylinder should be a right 


cylinder). 
The surface integral can be written now as 
ea Geral 1 dz stad 
ly jaa’ alee) — Ra oda de i =| 05 vi etka 
tab Sel COe 
i = = dé, > do. 
2) ek = ae, | O 


Using (2) with an appropriate change in the meaning of /, we immediately 
obtain 
Pr al ae. = | 
| 4 = pdo— 2m | = 5 | @otes once Ae (3) 
with [v] =v(§, €5,€3; t—7/c). Now 


ate] _ fae] _ 
Ov x Ov 
hence we obtain 


an {te a (2) - sie = | _ =| = | | a ne (4) 


Substitute now (2) and (4) into (1) and observe that w,=27?. ‘The result is 


1f a Hell 1Tev 1 or [dv 
U(Xy, Xa, Xs, t) == — eal {15.(5) we = \- cr Ov Al ae 


tel LAD ppg, TE 


if 


This is indeed the well-known solution of the wave equation, provided the 
observer is at rest with respect to I’. 

It is equally easy to show that proceeding in a completely analogous manner 
we obtain from (1) the usual expressions for wave propagation in a two 
dimensional space, if we take ” to be three. 
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Plasma Oscillations and Energy Loss of Charged Particles in Solids 


By H. FROHLICH anp H. PELZER} 
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MS. received 22nd November 1954 


Abstract. It is shown that the frequencies of logitudinal electric oscillations in 
solids satisfy the condition e(w)=0, where «(w) is the dielectric constant for the 
frequency w/27 which can be obtained from the optical constants m, x. Such 
longitudinal waves include so-called plasma oscillations. It is shown that 
energy losses of fast charged particles in discrete steps fw, (the plasma quantum) 
can be expected only if the quantity «/(z?+«?)? has a sharp maximum at a 


frequency w,. ‘This holds for the alkali metals and for silver. 


§ 1. INTRODUCTION 
ECENTLY Bohm and Pines (1951, 1952, 1953) and Pines (1953) have 


demonstrated that the long range Coulomb interaction of the conduction 

electrons in metals can be treated successfully by introducing the collective 
modes of motion knownas plasma oscillations. ‘These are longitudinal oscillations 
of frequency w,/27 where 


ATEN re ssa (1) 


if N is the number of free electrons per unit volume. Already some time ago 
Kronig and Korringa (1943) (cf. also Kronig 1949) have made use of collective 
electronic motion in order to treat the energy loss of fast charged particles in 
metals. 

The frequency w, plays an important role in the optical properties of a gas 
of charged particles; electromagnetic waves of frequency w<w, are totally 
reflected by such a system whereas they are transmitted if w>w,. In metals 
this property has been found with the alkalis; in many other cases absorption 
and diffraction connected with electronic transitions veil the effect. 

It is the purpose of the present paper to point out that there exists a 
phenomenological connection between the possible frequencies of longitudinal 
electric waves and the optical constants. The theory of plasma oscillations is, 
therefore, a special case of the theory of absorption and dispersion. Furthermore, 
the energy loss of fast particles can be predicted from a knowledge of the optical 
constants, and if the latter are known then it is possible to decide whether or not 
to expect energy loss in discrete steps. 

Phenomenological considerations do not, of course, permit the determination 
of the lower limit for plasma wavelengths or a possible dependence of frequency 


on wavelength. 
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§ 2. CONDITION FOR LONGITUDINAL ELECTRIC WAVES 
If the wavelength of a longitudinal wave is small compared with the 
dimensions of the substance, then 
curl AScur k= eee (2) 


where H and E are the magnetic and the electric field vectors, respectively. It 
then follows from the Maxwell equations that 


= anf] 00 6 0 = eee (3) 
where 
D=]E-+4,,? 7" eee (+) 


is the electric displacement, P the polarization and j the density of the conduction 
current. D and j are correlated to E by the dielectric constant ¢« and the 
conductivity «. Both depend on the frequency w/27. It is useful to eliminate 
the conductivity in favour of a complex dielectric constant (cf. for example 


Frohlich 1949, Al, ii), i.e. to replace (3) by 


oDici=U— 897) eee (5) 
and introduce 
ea) —=470(@)/oo yee (6) 
such that 
€(wr) =€4( 0) +7e5(@) ee (7) 
and ; 
Di@) Sd ajE(a\* |") Pe) eee (8) 


Here the partial waves of frequency w of D and E are represented by the real 
parts of D(w) and E(w). The time dependence of the latter is given by 
exp (—7w1). 

In the absence of free charges (including surface charges) the condition (5) 
for the existence of longitudinal waves reduces to D(w) =0 or with the use of (8) 
to 


e(@) 220-0)» |S) 40) SOP Tin se Ret (9) 
This represents an equation for the frequency w which in general is solved by 
complex quantities w,, 
= Wy — 101 
with positive wy and w,. Hence 
E(w) = E,(w)exp (set) exp a,0)s aun ye ace (11) 
Here E,(,) is independent of time but may depend on the spatial coordinates 
in an arbitrary way provided that the spatial Fourier development of E_(w,) 
does not contain wavelengths of macroscopic dimensions. If equation (9) has 
only a single solution «, then any longitudinal electric field created say at a time 
t=0, carries out damped oscillations with frequency w, and relaxation time 1/w,. 
In special cases, of course, wy) or w, may vanish. In quantum mechanical 
interpretation, the energy of the longitudinal vibrations is quantized in integer 
multiples of fwy (including a zero point energy $hw,). The transition 
probabilities between quantum states are connected with the frequency «. 
It must be realized, however, that w, represents a statistical average on the 


assumption that all other degrees of freedom of the substance are in thermal 
equilibrium. 
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§.3. SPECIAL CasEs 
(1) Debye Dielectric 
In the simplest case of this type assume («, = static dielectric constant) 
e,—1 


e(w)=1+ ae" 


From condition (9) it follows that 
pyaar > me Mee (13) 


In this case, therefore, a longitudinal field decays exponentially proportional to 
exp (—«,t/r). 
(11) Conduction Electrons 
Assume \ free electrons per unit volume in interaction with a frictional 
medium leading to a relaxation time r. This is, for instance, the case of a metal 
where the electrons interact with the lattice vibrations provided that the possibility 
of optical transitions into other energy levels is ignored. In this case 


WwW 1 Ww Ce 
€,(w)=1— 4 DP’ a(w)= An [pot Forno.o ONG (14) 
Hence with (6) and (7), 
2-2 
ea Wy a 
e(w)=1 2] es (15) 
Equation (9) is solved by 
Cipher Be aa cts (16) 
Usually w,7> 1, so that 
G1) fl 27, wyTt > Ce ar em ee (17) 


Clearly this is the case of the plasma oscillations mentioned in the introduction. 


(i111) Lonic Crystals 
For ionic crystals of the alkali halide type, 
(€, wi €, wy 


e(w)=e,+ 5} a 8 BGO B.C (18) 


2 y ° / 
OT at Ome) Te 


where e, is the static dielectric constant, \/<., is the optical refractive index, 
considered here as independent of w, and «, is the frequency of residual waves. 
The above expression is correct only in the limiting case a7 0 in which eg 
is a delta function. ‘This case has already been treated by Pelzer (1954). 
Solution of condition (9) yields 
(jj ees Wit erys yr Le I) SOR sia (19) 

The real part represents a well-known relation (cf. Frohlich 1949 (18-23)). If 
Szigeti’s (1949) formula for «, (e.g. Frohlich 1949 (18-31)), 


Eo t2\2 e*2N 
€g — Ea = 4a (=) Mo® se ceee (20) 
is introduced into (19), then 
L (é—q +2\2 47e*27N, 
woPpm~w2+ es ( a ) M e . DS ge ere (21) 


Here M is the reduced ionic mass, N, is the number of ion pairs per unit volume 
and e* is an effective ionic charge. In the limiting case e* =e and «,,.=1, the 
second term is equal to w,? provided m is substituted for M. 
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§ 4, EneRcy Loss or Fast CHARGED PARTICLES 
If the energy per collision of a particle with charge e and velocity v is small 
compared with its kinetic energy then the rate of energy loss, —dW/dt can be 
expressed in terms of the complex dielectric constant «(w) by a method first 
developed by Fermi (1924). This method has recently been applied by Frohlich 
and Platzmann (1953) to dielectrics of the Debye type (our case (i)). In general 
(cf. their equation (10)), 


dW 2e* (* Wes(w) 
dt 7nvJo €,*(w) + €"(w) 


xKo(a)Ky(x)dw eae (22) 


where K, and K, are the modified Bessel functions and 
x= WP min|V- eS A nat (23) 


Here Pyyin is the minimum value of the collision parameter. It may vary, of 
course, for different mechanisms of absorption in which case equation (22) has 
to be modified appropriately. 

In quantum mechanical interpretation, the quantity 


2e? we,(w) 


TUhw €,7(w) + €9?(w) 


P(@)= whe) Kia) dear 9 ee (24) 
represents the probability that the particle loses in a single collision energy in 
the range between fw and h(w+dw). Clearly the energy loss occurs in discrete 
steps when the quantity ¢,(w)/{«,?(w) + €)2(w)} is very large near one or several 
values of w. ‘This is fulfilled, of course, in the case of discrete optical absorption 
lines. It also holds for our case (11) 1.e. for conduction electrons. For in this 
case, using (15), 


Ey Wy? Tw 95 
ei" ae ex as (w? oa, Te ates + we? ee eT 8 Se eas (25 ) 
If w,7 1s very large, this becomes a delta function, 
i | €,(w) Se! w = 
ga Sea Ue, 5° 1 we W075) ] sete (26) 
Hence with (22), 
~aW jdt =(€/v ws" Ko(%) Ka) Sie ee ne (27) 
where 
w= GPa Ce VL Ne eee (28) 
Also x, <1 for sufficiently large velocity v so that 
Zz 
K,(x,)=log me » Gee as Se ere, (29) 
and hence 
ldW . Aeios , 2v 
v dt ae « v2 . YOpP min ule Y 


a formula which has been previously derived by Kramers (1947) (cf. also Kronig 
1949). It must be mentioned that the above phenomenological treatment leading 
to energy loss in discrete steps iw, breaks down in the case of very close collisions. 
These latter should lead to different energy loss which might better be calculated 
on the basis of a strongly screened Coulomb interaction. 
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It should now be strongly emphasized that the above results have been derived 
on the assumption that the optical properties of a metal near the frequency Wy 
are essentially determined by the free electron contributions. Only then can 
one expect an energy loss in steps /iw,, of the plasma quantum with the probability 
(1/hw) dW/dt per second using (30). ‘The assumption requires that the quantity 

€o(w) 2nk 

ey(w)+es%(w) (nm? +2)? 
should have a sharp maximum near w=w,. Empirically this can be checked 
if the optical constants , « are known. For alkali metals the work of Wood 
(1933) shows that the condition is well fulfilled. These metals should, therefore, 
exhibit the discrete energy loss in steps of hw,. Of the other monovalent metals 
(Cu, Ag, Au) only silver shows a fairly sharp maximum (see figure) which should 
be noticeable in terms of the energy loss of charged particles. No other metal 
to our knowledge shows a sharp maximum of the quantity (31). It might be, 
however, that for some metals such maxima occur in the far ultra-violet where 
the optical constants have not yet been measured. 
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Line Widths in the 9°6y Band of Ozone 
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Abstract. Intensity measurements at low resolution and low pressures in the 
9-6 fundamental rotation—vibration band of ozone are shown to be consistent 
with a mixed Doppler and Lorentz shape for the rotation lines. For collisions 
with air molecules the average Lorentz width for this band is shown to be 
0-078 cm! at 760 mm Hg and 20°c. 


§ 1. INTRODUCTION 

N the study of radiative energy transfer in the earth’s atmosphere it is necessary 

to know the widths of the individual rotation lines which constitute the 

rotation—vibration bands of the polyatomic atmospheric gases. Recent 
advances in infra-red spectroscopy have resulted in the achievement of sufficiently 
high resolution to enable individual lines to be isolated; their widths may then 
be estimated either directly from their profiles or from the dependence of 
integrated line absorption on the thickness of absorbing material. Curtis and 
Goody (1954) have reviewed the available measurements from the point of view 
of atmospheric radiation, and mention may also be made of recent work by Locke 
and Herzberg (1953) on the 4-7 carbon monoxide band and by Adel (1953) 
on the 17 ammonia band. 

It is also possible, however, to deduce the line width from measurements of 
absorption in frequency intervals wide enough to contain many rotation lines, 
provided that details of their shape, spacing and intensity are known. ‘The 
measurements can be made with comparatively simple apparatus, and at the same 
time give useful information on line intensities. ‘This method was employed 
by Matheson (1932) for the 4-7 and 2-4 carbon monoxide bands, and more 
recently by Goody and Wormell (1951) in an investigation of the 7-8 and 8-6 u 
bands of nitrous oxide. ‘These simple molecules have regular rotation—vibration 
bands of equally spaced lines, and the spacing can be readily calculated from the 
molecular dimensions. 

But the rotation-vibration bands of non-linear molecules are of far greater 
complexity, demanding new methods for inferring line widths from low-resolution 
absorption measurements. ‘The problem is especially acute in the case of the 
ozone molecule, whose fundamental band at 9-6 is very active in radiative 
processes in the stratosphere (see for instance Goody 1954) but whose infra-red 
spectrum still presents a number of puzzling features. Consequently particular 
interest attaches to a method by which estimates of line widths, spacings, and 
intensities can be derived from purely experimental sources of information. 

Measurements of mean transmission in this band for ozone amounts up to 
1-5 cm at s.1.p. with the total pressure (ozone plus dry air) ranging from 10 to 
760 mm Hg have been discussed in a previous paper (Walshaw and Goody 1954). 
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Fairly good agreement was found with a statistical model of the band having lines 
of Lorentz shape randomly distributed in position and intensity (Goody 1952); 
in this way it was possible to estimate the ratios of mean line width and intensity 
to mean line spacing. Additional information is required, however, to yield 
absolute values of these quantities. The purpose of this paper is to demonstrate 
that this can be obtained by extending the measurements to lower pressures, 
when Doppler broadening has a considerable influence on the mean transmission. 


§ 2. "THEORETICAL 


‘The shape of an absorption line with mixed Doppler and Lorentz broadening 
is given by (Unsdld 1938) 


Rk @ if" exp(—F)di k 


ee | Av eapeereee GAC ae Me ee 1 
XH TT 1S oe (x — t)* + (4a)? Any TT ( ee ) ( ) 
in which x=(v—vr)/ap, @=2az/ap and ap=(v,/c)(2Re/M)¥? ...... (2) 
where k,=monochromatic absorption coefficient at frequency v, k=line 
intensity = [k,dv from — 0 to +0, vy=frequency of line centre, «p= Doppler 


half-width, «;=Lorentz half-width, c=velocity of light, k=Boltzmann’s 
constant, 4=absolute temperature, 1/=molecular mass. ‘The notation used 
here is that of Goody (1954), though the line-shape function H(x, $a) has been 
defined to conform with the astronomical literature. 

The statistical model enables the mean transmission 7* for a beam of radiation 
traversing an amount m of absorbing material (g cm? or cm at S.T.P.) to be 
determined by an integration over a single line of arbitrary shape. Assuming 
an exponential distribution of line intensities with mean intensity o, insertion of 
(1) in equation (3) of Goody’s (1952) paper gives 

et age aie ES Oy a eee (3) 
ve J wm 1+(om/ap/7)H(x, $a) 
where D* = — In T*. 

From this equation 6D*/xz, was calculated as a function of om/ap\/7 using 
the values of H tabulated by Hjerting (1938). Simpson’s rule was used out to 
x=20; the remaining contribution from the far wings was estimated analytically 
from the approximation Ha/2\ 7x. For pure Doppler broadening (a=(), 
the line shape becomes H = exp (— x”) and insertion of this in (3) gave an expression 
which was also integrated by Simpson’s rule. 


Transmission of Statistical Model with Doppler-Lorentz Line Shape and 
Exponential Distribution of Line Intensities: Values of 6D*/ap 


om|x V7 a=) 0-06 0:20 1:00 
0-1 0-166 = = a 
0-316 0-461 = — 0-504 
1 1-07 —_ 1-14 1-33 
3:16 1-95 2-02 2-20 2-94 
10 2-82 3-06 3°54 5-48 
31-6 3°56 4-16 5°35 9-77 

100 4-18 5-70 8-26 17-0 

316 4-73 8-30 13:8 = 


1000 5:16 ey) = Sia 
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The results of these computations are shown in the table. ‘They are sufficient 
to allow interpolation and extrapolation to a sufficient degree of accuracy for all 
values of the parameters owing to the known asymptotic forms for pure Lorentz 
broadening (Goody 1952) and for small amounts of absorbing matter (the linear 
law of absorption, see for example Goody 1954). 

The behaviour of the mean transmission under the influence of Doppler 
broadening is conveniently represented on a diagram developed for treating the 
previous results for higher pressures (Walshaw and Goody 1954), where 
log,)(D*/m) is plotted as a function of log,)(m/p). If the lines have the Lorentz 
shape, a single curve should be obtained with zero slope at high pressures (to the 
left in figure 1) and a slope of —1/2 at low pressures (broken lines in figure 1). 
The effect of Doppler broadening is to prevent this continual fall-off as the pressure 
is lowered, and, if the pressure is low enough, to make the transmission independent 
of pressure, giving the S-shaped curves shown by the full lines in figure 1. 


“5 -4 -3 =2 
Logi (m/p) 
Figure 1. ‘Transmission in the 9-6 band at 1017 cm™. ™m is in cm at s.1.p. and p in 
mm Hg, and the optical density D*=— In /*. The lines are calculated from 


the statistical model with a /5=1:59 at 760 mm Hg and o/5=6:10 (cm s.7.P.)— ; 
full lines : xp/5=0-0204, broken lines : ap/5=0. The values of m are: curve nN 
0:0074 ; 2, 0:0126 ; 3, 0:0200 ; 4, 0-0327. The different symbols on curve 4 
denote two experimental runs of nearly equal m. 


The four curves in figure 1 are for different amounts of ozone but the same 
value of the Doppler half-width. ‘The Lorentz curves should be superimposed 
to give a single curve for all amounts and pressures, but they have been separated 
by vertical displacements in order to show the effects of Doppler broadening 
more clearly. It will be seen that deviations from the Lorentz curve are more 
obvious for the lower ozone amounts. 


§ 3. EXPERIMENTAL 


The 9-6 band was recorded photographically by a conventional rocksalt 
prism spectrometer using a Hilger d.c. thermocouple with galvanometer ampli- 
fication and a Nernst filament source. ‘The slit width was kept constant and 
equivalent to 6-5 cm™! at the band centre. Experimental runs were made by 
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evaporating into the evacuated absorption tube a suitable quantity of pure ozone 
from the fractionally distilled liquid, and taking spectra after the admission of 
successive amounts of dry air until atmospheric pressure was reached. Control 
spectra of the Nernst filament with the tube evacuated were also taken at the 
beginning and end of each run to enable the ozone absorption to be calculated 
and to give a check on the stability of the apparatus. 

Pressures were measured on a barometer and McLeod gauge using a sensitive 
glass spoon gauge as an intermediate null indicator to avoid contact between the 
mercury and ozone. ‘Ihe amount of ozone traversed by the beam was determined 
from simultaneous measurements of absorption in the ultra-violet bands made 
by a Hilger E.1 spectrometer fitted with a 27M3 photomultiplier and arranged 
for double-beam working through a cross arm of the absorption tube; a mercury 
arc source was used and the results converted to ozone amounts with the aid of 
the absorption coefficients of Ny and Choong (1933). 

The optical path length was 35 centimetres. ‘The measured pressures were 
adjusted to apply to conditions of infinite dilution in air by using the fact that 
ozone molecules are 1-61 times as effective as air molecules in collision broadening ; 
this result was obtained from subsidiary measurements made with a much shorter 
(6-5 cm) absorption tube (Walshaw 1954). 


§ 4. RESULTS 

Transmissions were measured at eight points in the band, and results were 
plotted in the manner described above; figure 1 shows the results for a frequency 
of 1017 cm“! for four different ozone amounts with arbitrary shifts on the vertical 
scale. The results show the characteristic shape which is to be expected if 
Doppler broadening is important, and a very good fit to the experimental points 
can be made by choosing appropriate values for the parameters o/d, «p/d, and 
41,0 at one atmosphere pressure. 

Similar fits were obtained for the results at the other seven frequencies, and 
the values of ~,/6 obtained are shown in figure 2, together with a vertically displaced 
curve showing the run of «;,/6 through the band as obtained from the previously 


= 1 g a 4 es! ': iS esl | ae 
990 1000 1010 1020 1030 1040 1050 1060 1070 
v (cm"') 


Figure 2. Variation of wp/d in the 9-64 band. The points are values derived from the 
comparison of the observations with the transmission function for the mixed Dop- 
pler—Lorentz line shape. The line is the curve of «,,/5 at 760 mm Hg obtained from 
measurements in the Lorentz region with a vertical displacement corresponding to 
logy9 &y,/ep=1°85 at 760 mm Hg. 


reported work at higher pressures. Since values of «1/6 and 0/6 were available 
from this earlier work, it was only strictly permissible to vary the one parameter 
%1,/%p to obtain the best fit to these results.: In fact it was also found necessary 
to vary the value of o/5 in order to produce a good fit. ‘The reason for this is 
not quite clear, but is thought to be due to errors in the measurements of the very 
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small ozone amounts used in these experiments. These errors could be partly 
caused by inaccuracies in the ultra-violet absorption coefficients, and partly by 
adsorption effects on the windows such as those reported by Vassy (1937) and 
confirmed by other experiments in this laboratory. Whatever the cause of these 
errors they only lead to displacements of the curves in figure 1 and not to changes 
in shape, and so do not influence the values of «;,/% deduced from them. 

Figure 2 suggests that this ratio does not vary sensibly over the band and that 
a mean value of 71 +4 (standard error) can be adopted at 20°c and 760 mm Hg 
pressure. 

An estimate may now be made of the. value of the Lorentz line half-width, 
since the Doppler half-width can be found from (2) to be 1:10 x 10~* cm"? at the 
band centre. ‘The resulting value at 20°c and 760 mm Hg under conditions 
of infinite dilution in air is 0-078 cm-!, which is very close to values found by 
recent workers on other infra-red bands using high-resolution techniques. 
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A Search for Capture Processes 
in Alpha-Particle and Deuteron Bombardments 


By H. R. ALLAN anp N. SARMA 


Physics Department, Imperial College, London 
MS. received 8th Fanuary 1955 


A N attempt has been made to detect the process of radiative capture in 


the alpha-particle and deuteron bombardment of various target elements, 
using beams of accelerated particles from the Imperial College Van de 
Graaff generator. No definite evidence has been obtained for any of these pro- 
cesses, but new upper limits have been placed upon the cross sections. 
Three methods of detection were employed: a scintillator counter spectro- 
meter, threshold detection, and detection of induced radioactivity. 


(1) Scintillation Counter Spectrometer 

A 2 in. thick Nal (thallium activated) crystal was used as a scintillation counter 
in conjunction with a fifty-channel pulse height analyser to detect the high- 
energy quanta that would be emitted during any radiative capture. The sensitivity 
of this method was limited by the pile-up of small pulses due to the background 
of neutrons and low energy gamma-quanta. ‘This method has been used previously 
by Sinclair (1954) who set limits of 5 x 10-?9, 10-25, and 5 x 10-78 cm? on the cross 
sections for the reaction (d,y) in deuterium, helium, and oxygen respectively at 
bombarding energies near 1-1 Mev. Using coincidence counting of secondary 
electrons, Fowler, Lauritsen and Tollestrup (1949) set a limit of o<10-3! cm? 
for the D(d,y)*He reaction at near 1 Mev. Bennett, Roys and ‘Toppel (1951) 
and Jones and Wilkinson (1952, 1954) have successfully detected the capture 
of gamma rays in the alpha~-bombardment of lithium; Jones and Wilkinson 
(1953) have also noted the difficulties in extending measurements to other ele- 
ments because of the neutron background from (z, n) reactions. Recently 
Blair, Hintz and Van Patter (1954) have reported the discovery of the reaction 
®He(d, y)? Li. 

In the present experiments, with thick targets, upper limits were obtained for 
the integrated cross sections in the reactions *Be(, y)#C, and *C(a, y)!®O by 
comparing the counting rates in the high-energy channels of the analyser with 
the counting rate due to the 4-43 Mev quanta from the reaction *Be(«, ny)!*C for 
which the gamma-ray yield is known (Halpern 1949, Bradford and Bennett 1950). 
The results are as follows : 


Reaction 1p, Integrated cross section 
Beary) 1600 kev =<oye 10-2 em Mey 
CCR) Oo 1600 kev <3 x 10-2 cm? Mev 


On the assumption that the excitation functions of *Be(«,y)’C and 
*Be(«, ny)!2C are similar in shape, the result for ’Be(x,y)!’C corresponds to a 
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cross section at 1:6 mev less than 3 x 10-2 cm?. For 12C, on the other hand, 
the excitation function is expected to show marked resonances, since the («, n) 
and (a, p) reactions are energetically impossible. 


(ii) Threshold Detector 


In this method, praseodymium was used as a detector of high-energy gamma- 
quanta. These produce in praseodymium a 3-5 minute f+ activity by the reaction 
141Pr(y,n)4°Pr (Hollander, Perlman and Seaborg 1953). This reaction has a 
threshold at about 9-5 Mev and a maximum cross section of about 300 millibarns 
near 15 Mev (Montalbetti, Katz and Goldemberg 1953). A compressed tablet of 
PrO,, 1 in. in diameter and } in. thick was therefore held close to the target for 
five minutes and its subsequent activity examined. In these circumstances, low 
energy quanta could produce no activity, while low energy neutrons produced 
the 19-2-hour B- activity of !4?Pr by neutron capture. Considerable discrimination 
against the neutron-induced activity was provided by the difference in half-lives ; 
further discrimination was achieved by using two Nal(T1) scintillation counters 
in coincidence to detect the annihilation quanta from the positrons, the PrO, 
tablet being mounted between the crystals. 

The limitations of this method of detecting capture radiation arise from the 
production of high-energy neutrons in the target which cause the same positron 
activity by the reaction 4!Pr(n,2n)“°Pr. Such neutrons are formed by the 
(d,n) reactions in “Li, UB, !N, and °F (Ajzenberg and Lauritsen 1952), and 
minute traces of any of these elements on a target are sufficient to mask the capture 
radiation. ‘The cross section for (d,n) reactions may be 10? to 10° times that for a 
(d,y) reaction; the (n,2n) reaction in praseodymium has a cross section some 
ten times greater than the (y, n) cross section (Paul and Clark 1953). Consequently, 
contamination of the target to the extent of one part in 10° or 10% will mask 
the capture process. On some of the targets used, the presence of lithium con- 
tamination was established by detecting the alpha particles from the *Li(p, ~)*He 
reaction, and the amounts were sufficient to explain the radioactivity induced 
in the praseodymium tablet. 

The detection efficiency (determined using the known gamma ray yield from 
the reaction *Li(p, y)*Be (Fowler and Lauritsen 1949)) was found to be 1 in 10° 
quanta, and the smallest detectable yield, with beam currents of 50 microamperes, 
was about 107" quanta per deuteron. Limits were thereby obtained for the (d, y) 
yield with thick targets of beryllium and carbon : 


Gamma yield Estimated o at 

Reaction Ea per deuteron incident energy 
*Be(d, y)"B 900 kev A NOY =< bet< NOOO wank 
1500 kev =< 0m 2 NO 2 crae 
LEG, yn 1500 kev <<) Ogio ZN Gace 


(ii) Induced Radtoactivity 
In some cases, the residual nucleus formed by the capture of a deuteron or 
alpha particle is radioactive and the activity can therefore be used to establish the 
occurrence of the reaction. Such a case has been reported by Weimer, Pool 
and Kurbatov (1943) who bombarded barium with 6 Mev deuterons and found 
“La among the products. The yield was remarkably high, 1/1300 of the yield 


of the (d,n) reaction. Another instance is given by Sharma (1951) who obtained 
%°P by deuteron bombardment of 28Si at 6 Mev. 
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In the present experiments, a search was made for the residual activity formed 
by the reaction **Ne(d, y) *Na. For deuteron capture in neon, a gas target was 
used, 5 microamperes of 1-6 Mev deuterons being admitted to the target chamber 
through a quartz window. Any activity produced in the gas was allowed to settle 
on an aluminium collecting cylinder and then measured with a Geiger counter. 
The background counting rate was reduced by taking measurements 100 ft below 
ground level. 

After bombardment of the neon for some 12 hours, the aluminium collector 
was examined ; the 15-hour period due to *4Na was found to be present, together 
with a 2-hour period due to 'SF formed by the reaction ?°Ne(d, «)!8F. However, 
**Na was also produced when a control experiment was carried out with nitrogen 
in the chamber instead of neon. The cause appears to have been the presence of 
sodium in the quartz window; the *4Na formed by the reaction ?*Na(d, p)?4Na 
could be transferred to the collecting cylinder by recoil. Because of this, the 
occurrence of deuteron capture in Ne could not be definitely established. 
Comparison of the !8F and 4Na yields gave an upper limit of 4 x 10-3! cm? for 
the cross section of ?2Ne(d, y)?4Na at 1-5 Mev. 

The upper limits to the cross sections for the various (d, y) and (, y) reactions 
found above may be compared with the predictions of the usual statistical theory 
of the compound nucleus, according to which (with standard notation) 


G( Kay) = Te 


o(a,n) Ty 

l’., normally lies between 0-1 ev and 10 ev, while I’, may be some tens or hundreds 
of kev. Apart from barrier effects, o(~, n) is typically between 10-*> and 10-*° 
cm?. Thus o(«, y) would be expected to lie between 10-*8 and 10-% cm?, apart 
from any reduction due to the Coulomb barrier. For deuterons, the occurrence 
of stripping complicates the situation, but the relative magnitudes of the (d, «) and 
(d, p) cross sections in light elements, and angular distribution studies, suggest 
that compound nucleus formation predominates in the energy region below 
2 mev. The expected cross section for (d, y) reactions is therefore of the same 
order as for (x, y) reactions. 

The experimental results are seen to be consistent with the theoretical ex- 
pectations. There are indications in the literature that at higher bombarding 
energies, abnormally high yields may occur. One instance is the '**Ba(d, y)°La 
reaction referred to above. Katz and Penfold (1951 a, b) find evidence for a 
giant resonance in the reaction **S(y, d)*?P at a deuteron energy of 6 Mev; a 
detailed balancing argument shows that this must imply a correspondingly large 
(d, y) cross section at this energy. ‘Thus it may be that the detection techniques 
here described would prove adequate at bombarding energies greater than were 
available in the present experiment. 
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The Radiative Capture of Protons of 669 kev in Fluorine 


By A. B. CLEGG, G. A. JONES ann D. H. WILKINSON 
Cavendish Laboratory, Cambridge 


MS received 7th February 1955 


13:50 mev which de-excites by gamma-ray emission to the 2+ state of 

20Ne at 1-63 Mev with a radiative width of 2-2ev (+ 15°) (All References A). 
That the 13-50 mev level whose assignment is established from the reaction 
19F(p, «y)!6O and the level concerned in the radiative capture are the same is made 
virtually certain by the carefully measured excitation functions of Sanders (1952) 
and Sinclair (1954) in which the level positions as observed in the two reactions are 
found to be the same and the widths the same (to within 1 kev). Since this 
level shows by far the strongest radiative transition known in ?°Ne the character 
of the radiation becomes of some interest ; in particular we must enquire 
whether it is M1 (with a strength of 0-064 Weisskopf (1951) units) or perhaps a 
strong E2 (strength 1-8 Weisskopf units). To settle this point we have measured 
the angular correlation between the two cascade gamma rays in the plane at 
right angles to the proton beam. We used Nal(T1) crystals ; one was biased 
to correspond to a gamma-ray energy of 8 Mev so as to be sensitive only to the 
gamma rays of radiative capture and not to those of 6 and 7 Mev from 160 that 
follow the (p, ~) reaction ; the output from the other crystal was recorded by a 
kicksorter if it corresponded to a gamma ray of greater than 0-7 Mev in coinci- 
dence (resolving time 0-5 psec) with a high-energy gamma ray. The back- 
ground of chance coincidences is seen chiefly as gamma rays of 6 and 7 Mev and 
may be accurately subtracted to leave the 1-63 Mev spectrum of genuine coin- 
cidences. he results are displayed in the figure where 6 is the angle between 
the directions of emission of the two cascade gamma rays. 

A least squares analysis yields the distribution 1—(0-342 + 0-054) cos? 
which, when corrected for the finite angular resolution of the detectors, becomes 
1—(0-389 + 0-078) cos?@. Any term in cos‘@ is rather small. The theoretical 
angular correlation for the sequence 1+(MI and E2) 2+(E2)0+ is: 


. , (15 + 75 cos 26 — 80 cos 40 ie 
2 (3 —cos?6) + pe ee +6 V2 cost — 1) 


S WAVE protons of 669 kev are captured by 1°F into a 1* level of *°Ne at 


where 6 is the amplitude of the E2 component relative to the M1 in the first 
gamma ray. It is clear that the E2 component is small and that the transition 
is predominantly M1 (we find that 6 is less than about 0-1 although it would 
be dangerous to base any quantitative conclusion on this figure owing to the 
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influence on the y—y correlation of possible small d-wave proton components 
in the formation of the ?°Ne compound nucleus). 


aoe | 


COINCIDENCE RATE 
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Angular correlation between 11:87 and 1-63 Mev gamma rays from the 
13-50 Mev level of 2°Ne. 


We have also sought the M1 direct ground state transition from this level 
and find its radiative width to be less than 0:02 ev. Since we now know both 
possible transitions from the 13-50 Mev level to be M1 the striking difference in 
their radiative widths demands that a significant re-arrangement take place in 
“0Ne between the ground and first excited states. On the shell model this could 
well correspond to the ground state’s being rather pure 281/24 with the first 
excited state of 281/53 1d5j9 + 284)” Idsjp" + .....- on the basis of which assignment 
we should expect all M1 transitions to the ground state to be forbidden to first 
order. 

At all events the present observations make it unlikely that the ground state 
and first excited states of “°Ne may both be written 1d;).4 and it seems well 
possible that the considerable pairing energy of the 2s,). shell, presumably seen 
reflected in the notorious change of parity at 110 kev in !®F, has effected the 
purification of the ground state of 2°Ne to something close to 2812’. The great 
strength of the observed M1 transition to the first excited state remains note-- 
worthy and in turn implies that the state at 13-50 Mev cannot have too complicated 
a shell-model description. 
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Energies of Normal and Excited Negative Ions 
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ECAUSE of the difficulties associated with direct determinations considerable 

effort has been devoted to the problem of estimating the electron affinities of 

atoms by extrapolation procedures (cf. Massey 1950, Pritchard 1953, Prit- 
chard and Skinner 1954, Margrave 1954). The simplest procedure yielding useful 
results is that of Glockler (1934) in which it is assumed that A, the detachment 
potential of a negative ion, may be obtained from Jy, /, and /,, the ionization 
potentials of the neutral atom and singly and doubly charged positive ions of the 
iso-electronic sequence, by quadratic extrapolation; that is that 


Mest esis 


which may be regarded as a particular case of the energy relations of Bacher and 
Goudsmit (1934). It is found that formula (1) gives correctly the main trend of 
the detachment potentials along a row of the Periodic Table but that the values 
it predicts tend to be too low (Bates 1947). In a modification proposed by Wu 
(1936) the variation principle is invoked to calculate approximations 7, 45, 4, 
and %,, to A, Ip, 1, and J, respectively, and the correction A —.¥ is then estimated 
by carrying out a quadratic extrapolation of the corrections J)—.%,, 1,—-%, and 
I,—.%, which are comparatively small. This modification has been applied in 
the cases of H-, Li-, O- and F- (Wu 1936, Moiseiwitsch 1954). ‘The improvement 
brought about is disappointingly slight. Once again the negative ion appears 
to be an anomalous member of the isoelectronic sequence. 

It was tentatively suggested some years ago (Bates 1947) that in certain cases 
the error arising from the unknown effect characteristic of negative ions might 
partially cancel out in the formula analogous to (1) concerned with excitation 
potentials, these being the difference between the energies of two bound terms ; 
and it was further suggested that the lowest term of the first excited configuration 
of a negative ion would in general lie only slightly below or slightly above the 
limit of the continuum so that its excitation potential (computed in the manner 
indicated) might be taken as giving an estimation of the detachment potential. 
An incidental practical advantage is that the excitation potentials of neutral 
atoms and positive tons are much better determined than are the ionization 
potentials (which in some vital cases are still not known with the high precision 
that is required so that corrections, assessed by differencing, must be introduced 
before they can be used). ‘The method is of course essentially empirical. When 
ic was first put forward there were very few measurements on detachment potentials 
which could be regarded as reliable. The position in this respect is now somewhat 
better and it was therefore thought worth repeating the original computations 
using carefully selected modern spectroscopic data. ‘Table 1 gives the results 
thus obtained in the case of p-shell negative ions which are of the type for which 
the method is best suited. The agreement with the laboratory results is not 
unsatisfactory and is certainly better than that achieved by the other extrapolation 
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methods mentioned. It is peculiar that whereas the calculated values for F~ and 

Cr are apparently rather too large (and by about the same amount) the calculated 

value for O- (which is in the neighbouring family) is apparently rather too small. 
Table 1. Normal Negative Ions 


Detachment potential (ev) 


Negative iont Extrapolation Experiment 
Ba Qp)e ie 0:2, = 
Cape 4s eee 1-2 (or slightly greater)® 
IN-(@p)-, =P (Ql. zero or small 
On(2p)', AP 2°05 2-26, 23°, 2-04 
Pe(2pit ts 4-1, 3 -6& 
AlSGp)= er OF7e == 
Sim(sp) ss) ¢S Gy, — 
P=Gp)*; 22 fal = 
(op), 72 2°55 >1i 
Cleo) es 4-2. 3-88 
* Honig (1954); > Lozier (1934); © Metlay and Kimball (1948); 4 Marriott, Thorburn 
and Craggs (1954); © Bernstein and Metlay (1951); fNeuert and Clasen (1952); 


€ Pritchard (1953). 


+ Consideration is not given to Be~ and Mg~ since special effects arise with negative 
ions possessing only a single outer electron. In the case of the former the 3s orbital may 
lie below the 2p; and in the case of the latter the 4s orbital may lie below the 3p (Bates 
1947). 


For the reasons stated above it would be expected that quadratic extrapolation 
would yield the energy differences between the terms of the ground configuration 
of a negative ion quite accurately. ‘The values derived, which may be of interest 
in connection with the interpretation of electron collision experiments, are 
presented in table 2. In a few instances the predicted excitation potentials are 
less than, or about the same as, the predicted detachment potentials so that 
metastable negative ions (probably Si-(?D), Al-7'D), P-(7'D) and possibly Si-(?P), 
C-(?D)) may exist. If the excitation potential is greater than the detachment 
potential there is generally an almost instantaneous disintegration through a 
radiationless transition into the adjacent continuum. The case of N (1D) merits 


Table 2. Excited Negative Ions 


Configuration =? 3) 
and term (1) (2) (3) (1) (2) (3) 
(np)? 1S Bo 1:25 Al- 1-07 
4D, 0-61 0-44 
Ae 0 OD 0 0-75 
(np)* ?P (Ce 2:07 Si 1:54 
ID) 1-40 0:94 
Gio) 0 13% 0 1°65 
(np)* 'S N- 2:77 P- 2-00 
1D 1:34 ; 0-84 
2p. 0 0-1; 0 1-1, 


(1) Negative ion; (2) excitation potential (ev); (3) detachment potential (ev). 
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special mention. If the estimates given in tables 1 and 2 are correct the total 
energy of this system lies well below that of N(?D) the excitation potential of which 
is 2-38 ev. Consequently the only energetically allowed disintegration 1s 

N= (4D)-N(@8) 469792) 9) eee (2) 
which involves a forbidden radiationless transition. The life of N-('D) towards 
auto-detachment, though still brief, should therefore be less transitory than is 
usual for unstable negative tons. 


Note added in proof. Drs. L. M. Branscomb and S. J. Smith have kindly informed us, 
prior to publication, that they have recently carried out experiments which give the 
detachment energy of O~ to be 1:-45+0-15 ev. This is lower than the usually accepted 
value but is in harmony with the work of Moiseiwitsch (1954) which suggested a value of 
less than 1-7 ev. If the new determination is correct the peculiarity regarding O~ mentioned 
in the text disappears (and for S~ a value of about 2:1 ev would appear to be indicated) ; 
indeed it would seem that the errors in the values obtained by the extrapolation procedure 
of Glockler and that described here both vary smoothly w.th atomic number, as suspected 


originally, and are opposite in sign. 
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Spectroscopic Identification of Diatomic PS and New Band Systems of 
PO and P, 


By K. DRESSLER anp E. MIESCHER 


Physical Institute, University of Basel 


Commuiicated by R. F. Barrow; MS. received 3rd December 1954 


recently. Baer and Miescher (1953) have identified in the near Schumann 

region a new system of emission of NO (8’ bands), which represents a 
transition 2A — x?II (Miescher 1955). For NS, Barrow, Drummond and Zeeman 
(1954) have shown that the well-known bands designated as B system also represent 
a transition *\—x°II. It is of interest to compare the spectra of the analogous 
molecules PO and PS with these results. Whereas no experimental work has 
been done before on PS, two systems belonging to PO are known in the ultra- 
violet. The y bands (2 —?I1) have been examined well, but the analysis of the 
f bands 1s still uncertain. 


7 HE band spectra of the molecules NO and NS have been reinvestigated 
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‘Therefore emission spectra were photographed witha discharge tube containing 
circulating He ata pressure of about 1 mm Hg, witha small additional amount of BsOs 
vapour or P,S; vapour respectively. Prism spectrographs of medium dispersion, 
a 3m grating (2:8 Amm!) for the long wavelength region, and a 1m vacuum 
grating (8-4 A mm‘) served as spectrographs. 


Table 1. Constants for the New Band Systems (cm 4) 


Present Investigation 1X0) SeAill 
AA Vo, 9 (head) Ap TENS! oy GR Cony EN ON icin) amNY, 
1825- 53 096-0 
PO 1930 53 320°8 224-8 1233 7 AG.’ =1454-5 1230-6 ey — DAB 


Ghosh and Ball (1931) 


6 
587-0 321-4 740 


nS 3100 3 3 534 3 
2300- 
PS 25) 40 499-0 — 845 355 610 5 
Per 
1680— We” nen ne 
Peo 4750 59 407 — oO —4igd — — 780-4 2°8 
Herzberg (1932) 
1510- 
1530 66 275 — Ou) w’ =680 


Table 1 contains provisional data of some previously unknown band spectra 
appearing on the plates. ‘henew bands partly overlap with the wide spread band 
systems of P, and S,; but by maintaining suitable conditions of discharge, we were 
able to get clearly measurable plates. 

PO. Five pairs of bands, degraded to shorter wavelengths, have been 
measured. Each sub-band consists of one strong head, accompanied by a close 
pair of weaker heads at a distance of 30-40 cm™! towards longer wavelengths. 
Vibrational analysis shows the new c—x?II system to involve the ground state 
of PO in common with the known f and y bands. 

PS. ‘Two new band systems appear in the region 2300-3100 A. One of them 
shows a doublet splitting (321-4 cm), the other one seems to represent a 
singlet system. ‘The bands of both systems are shaded to the red. 12 single- 
headed bands belonging to the singlet system have been measured, whereas some 
20 double-headed bands (separation 4 cm) were found to fit into the doublet 
system. Apart from the bands of P, and S,, the plates contain only the atomic 
lines of P, S and He, lines of other atoms being completely absent. ‘Therefore 
it is suggested that the spectra mentioned above should be attributed to a molecule 
consisting of P and S. 

Table 2 shows a comparison of the results with known data concerning 
analogous molecules. ‘This supports the assignment of the doublet spectrum to 
PS, and of the singlet spectrum to PS*. Additional support for this assignment 
is provided by a comparison of the following relations between the ground state 
frequencies of molecules formed by elements of the first and second period of the 
periodic system : 


a(Raly a SOR of PS) _ 845 _ 9.36 
BSG) > 23608 ee (NO®) ~ 2372 
w(PS) af MEO =()-39, a(S») fe 726 =) 46 
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In PS as well as in PS+ the level of excitation corresponds to the value known 
for the electronic transitions w7—+v7 or xo->v7 of the neighbouring molecules ; 
and the expected loosening of binding force is found in the decrease of vibrational 
frequency. Ionization of PS, i.e. removal of the antibonding vz electron, results 
as expected in a considerable increase of this frequency. 


Table 2. Doublet Separations and Vibrational Frequencies (cm -*) for Pairs of 
Isoelectronic Molecules 


PT xD I 
Av We We We fh 

NO Da 1904 Ne 2360 1692 69290 

CF 77 1308 NOr 2372 1560 73080 
NS 223 1220 

CCl 138 846 De 
PO 224 1230 Ps 780 475 46940 

SiF 161 857 Roe 845 610 40500 
RS 321 740, 
SPSiCIn = S203 535 


P,. Those plates on which the a!= — x'X bands of P, were strongly developed 
showed some new bands which seem to be part of transitions from two highly 
excited states to the ground state of P,. Four red degraded bands with AA 1683-3, 
1705-5, 1728-2, 1751-4 A probably form a v’-constant progression of a B—x!X 
transition, and two groups of red degraded bands at AA 1510 and 1530 A probably 
represent two sequences of a c—x!% transition. No correlation could be found 
between these bands and those in the visible reported by Herzberg (1932). 

Further details will soon be reported in Helv. Phys. Acta. 
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The Continuous Atomic Absorption Cross Sections 
for Neutral Atomic Systems 


By G. V. MARR + 


Physics Research Laboratory, University of Reading 


Communicated by R. W. Ditchburn; MS. received 17th December 1954 


§ 1. INTRODUCTION 


Y ‘HE calculation of the absorption cross sections o for the photoionization of 
atoms involves considerable difficulties (Bates 1946). Experimental measure- 
ments are possible for certain elements but difficult for those which have 

high boiling points. Measurements have been obtained for the alkali metals and a 


+t Now at the University of Western Ontario, London, Canada. 
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comparison between theory and experiment has been made for these elements 
by Ditchburn, Jutsum and Marr (1953, to be referred to as I). More recently 
measurements have been made on elements with more complicated atomic systems. 
It therefore seems desirable to assemble the available data so as to produce curves 
which show whether there is a reasonable continuity between similar elements and 
which may be used to give estimates for other elements. 


§ 2. ‘THE VALUE OF o AT THE SPECTRAL Heap 


The atomic systems may be divided into types of electron configurations 
denoted by the electrons in the outer shell. Since the experimental observations 
on metallic vapours indicate a maximum value for o at the spectral head, it is 


proposed to use this value (c,,7) as a comparison of the cross sections from element 
to element. 


2.1. Configurations with a Single s Electron in the Outer Shell 

Hydrogen and the alkali metals constitute this type of atomic configuration. 
While no conclusive experimental measurements appear to have been made on 
hydrogen, the indication is that the calculations are not subject to the uncertainties 
of those for more complicated systems, and the theoretical prediction of 6-3 x 10-1 
em? (Trumpy 1931) is probably correct. The experimental work on the alkali 
metals has been summarized in I. Using these values, a plot of log o;, against 
the atomic number 4 is shown in curve @ of the figure. 

The effect of the completed inner shells on this type of configuration is 
indicated by the variation of the absorption cross section from element to element. 
The points are joined by straight lines and the graph shows a minimum in the 
region of atomic number 19 (potassium), after which it rises again towards higher 
atomic numbers. 


0 20 40 60 80 
Atomic Number A 


Plots of log o,, against atomic number, A. Configuration with: a, a single s electron in the 
outer shell; 5, s? electrons in the outer shell; c, s*p electrons in the outer shell; 
d, s*p® electrons in the outer shell. Circles indicate experimental! results, crosses 
theoretical predictions. 


2.2. Elements with s? Electrons in the Outer Shell 
The elements with this type of configuration are the alkali earths and helium. 
A plot of log o;, against A is shown in curve 4, for the available elements of this 
group. The value for helium was obtained from some experimental results by 
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Professor Weissler (private communication) while those for magnesium and 
calcium were taken from the experimental reports of Ditchburn and Marr (1953) 
and Jutsum (1954) respectively. The general trend of the graph is similar to 
that for curve a. As yet little theoretical evidence is available; the calculation 
for calcium by Bates and Massey (1941) neglected polarization effects and pre- 
dicted a value of co; considerably in excess of that observed by Jutsum. The 
approximate calculation for beryllium (Bates 1946) predicted a value of 8-2 x 101% 
cm? at the spectral head, which is about twice the value indicated by curve 6 for 
this element. 


2.3. Elements Containing s*p Electrons in the Outer Shell 


With the exception of boron, no theoretical predictions have been made for 
this group of elements. The absorption for thallium has been observed experi- 
mentaily by Marr (1954 a). An approximate value of 5 x 10-18 cm? is indicated 
for indium (Marr 1954 b) from some observations by Garton (1950). It is possible 
to extend this kind of prediction to gallium and an examination of Garton’s work 
(1952) suggests that o),, is probably less than 4 x 10°!® cm? for this element. The 
curve c plotted in the figure for this configuration is therefore less accurately 
defined than the others. However by including a value of 2 x 10-!® cm? for 
gallium it shows the same general trend as the corresponding portion of curve a. 


2.4. The Inert Gases with s*p* Configurations 


Values of o have been obtained for neon (Weissler and Lee 1953) and for 
argon (Weissler, private communication). ‘These elements have been included 
in curve d of the figure for the sake of completeness. Very little can be said about 
the results until information becomes available for the other elements in this 
configuration. 

§ 3. Discussion 

With the exception of the inert gases, the figure shows that the curves joining 
atoms of similar configurations tend to a minimum in the region of Group II of 
the periodic table. ‘Thus while considerable difficulty must be anticipated in 
making accurate theoretical predictions for this group, it may be possible to obtain 
reasonably reliable predictions for elements with large atomic numbers. While 
the curve a is the only complete one to date, we might expect the curve c to be 
similar in shape since the active electron for both systems is the first electron of 
an uncompleted subshell. 
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Intensities in Band Systems of CH 


By M. E. PILLOW 


Northern Polytechnic, London 


MS. received 24th January 1955, and in revised form 16th February 1955 


observed in many flames, as well as in suitable arcs and discharges. Durie 

(1952) noted some unusual features in the relative intensities of some of 
the bands in the spectra of hydrocarbon flames, and Broida (1953) has made a 
detailed study of a few bands and attempted to relate the degrees of excitation 
of the vibrational and rotational levels.in terms of ‘temperatures’. For this to 
be done, the vibrational transition probabilities are required. These were not 
at the time available, and Broida used a very rough approximation. It has 
therefore appeared useful to calculate these transition probabilities, using the 
distortion method with wave functions approximately normalized (Pillow 1951, 
1952), which is satisfactory at low levels provided that the molecular constants 
used are reliable. ‘The values for these constants used here are those given by 
Herzberg (1950), and are taken mainly from measurements by Geré (1941). 

The values given in tables 1-3 are for the quantity 


Lose oi L pp" dr]?v4 

where &’, %”, are the two vibrational wave functions connected with a band, 
and v (cm!) is the wave number of the band origin. ‘This quantity should be 
proportional to the intensity of the band if distribution among the vibrational 
levels were uniform, that is, at infinite ‘vibrational temperature’. ‘The scale of 
intensity is arbitrary, being so chosen for each system that the value for the (0, 0) 
band is 100. The wavelengths are those for band origins calculated from 
Herzberg’s constants, and agree well where checking is possible with Ger6’s 
measurements (1941) on the Q heads. 


Tote band systems attributed to the ‘molecule’ CH are known, being 


Table 1. System a?A—x?I 


Band X(A) Lara Band (A) Leis 
(0, 0) 4314 100 Dy SI) 3884 2 
(re) 4891 << (252) A321 NY 
(ie 0) 3858 1 (23) 4839 <6 

(leat) A313 98 : (GB; 2) 3918 1 
le) 4858 <1 (Be AOOY 96 


Table 2. System B*2-—x?Il 


Band A(A) Deo Band A(A) Teale Band A(A) lean 
(0, 0) 3888 100 (1, 0) 3634 43 (2a) 3501 36 
(0, 1) 4350 20 (aly 1) 4035 35 (Dy il) 3872 39 
«(O, 2) 4909 3 (ie) 4509 30 Qe) 4306 yy 

(Giees)) 5076 1D @s) 4820 19 


Tables3,, system (c*2—x7 11 


Bande AC) M ede Bande ACA) Leste 


(O, 0) 3145 100 Gill, a) 3156 98 
(Os) 3440 il 2D), 3177 90 


548 Research Notes 


Broida’s intensity measurements were made on the first system, A“A=x271, 
and he derived a ‘ temperature’ from two bands only, (0, 0) and (1, 1), by assuming 
transition probabilities, represented by [fs%b" dr]*v*, to be in the ratio 1:1. ‘The 
corresponding ratio now calculated is very nearly 1: 1, so that Broida’s * tempera- 
ture’ probably needs no modification on this score. 

It is obvious that extremely long exposures would be needed if any sequence 
of this system other than Av=0 were to appear, even faintly, in a photograph of 
the spectrum, and this is the case in practice. 

It is interesting to compare the calculated values for the second system, 
B2y—x?I1, with Durie’s observations. An estimate of the intensity ratio of 
the (1, 1) and (0,0) bands was made by him as 1:4, or 25:100. It can be seen 
from the table that this would indicate populations of the v’ = 1,0, levels in the 
ratio of 25:35, i.e. 0-7:1, which represents a high, but not impossible, degree 
of excitation. On this basis, the intensities of the (1,0), (1,2) bands would be 
reduced from those shown in the table to 31 and 21 respectively. One would 
therefore expect the (1, 2) band to be visible, though somewhat faint, and in fact 
it was observed by Durie, under the conditions considered here, for the first 
time, and identified. The (0, 1) band, which should then appear also, would be 
completely masked by the P-branch of the (0,0) band of the a?A—x?II system, 
and no comparison with this can therefore be made. If the population of 
successive levels fell off in a constant ratio (which is not necessarily to be expected 
in a flame), the bands (2, 0), (2, 1), would have intensities of about 18 and 20 on 
the scale used. ‘The second would in any case be masked by the (0,0) band, 
thus upsetting slightly the ratios considered above, and the first might perhaps 
appear, but very faintly, in a region where faint HCO bands are also present, 
according to Durie. No other bands of this system are to be expected unless 
the excitation of the upper levels is still further increased. 

In the c?X+—x?I system, the Av=0 sequence is the only one at all likely to 
be observed, and this is borne out by experiment. 
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PETTERS ClO THE EDITOR 


Effect of Finite Nucleus on the Radiative Correction 


The radiative correction to the essentially elastic scattering of electrons by 
nuclei has been evaluated by Schwinger (1949) on the assumption that nuclei 


can be treated as point charges.. The scattering cross section can be written 
(Elton and Robertson 1952) 


I(6, AE) = Igi(1 + 8 y2—8,), 

where J/,,, is the cross section in first Born approximation, /,,;5, is the second 
Born correction (Dalitz 1951) and /,,,5;, is the radiative correction. AF, which 
is small, is the energy lost in bremsstrahlung. Now the matrix elements leading 
to f,, and to /;,,5, are proportional to the momentum transform of the scattering 
potential. Hence it follows that 5, is completely independent of the scattering 
potential and, in particular, will be the same for a nucleus of finite size and for 
a point nucleus. ‘This is not the case with 6,,. As the second Born correction 
involves an integration over intermediate states of the potential, 5p. will depend 
on the particular form of the potential. 

It should be stressed that the above argument applies only to light nuclei, 
for which higher order corrections are negligible. For heavy nuclei, the radiative 
correction will certainly not be independent of the scattering potential. 


Wheatstone Department of Physics, DO RaB. ELTON: 
King’s College, 
London. 
21st March 1955. 
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Energy Loss Distribution for Minimum Ionizing Electrons in a Pressure 
Proportional Counter 


The experiments described are an extension of work carried out by Rothwell 
(1951) and West (1953), who found that the energy loss distribution for relativistic 
electrons was broader than that predicted by Landau (1944) in a theoretical 
paper, and by Moyal (1955) in an extension of Landau’s work. West found, 
also, that the distribution showed a tendency to become narrower as the pressure 
of the gas filling in his counter was increased, and it seemed probable that at 
still higher pressures Landau’s value might be reached. Recent theoretical work 
by Hines, however, suggests that Landau’s formula is incorrect, and that higher 
values of width are to be expected. 

The proportional counter used was 7-2 cm effective diameter, fitted with win- 
dows of aluminium foil, 1-0 cm in diameter; and 0-004 in. thick. ‘They were at 
opposite ends of a counter diameter, halfway along its length. he filling through- 
out the experiment was of argon plus a little methane, and energy calibrations 
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were made with 59-8 kev y-rays from 24!Am, and with 20 kev fluorescence x-rays- 


from Pd excited with x-rays from 1°°Gd. 

Minimum ionizing electrons selected by a B-spectrometer were passed through 
the thin windows of the proportional counter, and then into an end-window 
Geiger counter. The pulse from the Geiger counter operated a gating unit which 
allowed the proportional counter pulse to pass to a pulse amplitude analyser. 

Measurements were made of the most probable energy loss Aj, and of the 
width of the energy loss distributions for pressures of gas filling up to ten atmos- 
pheres total pressure. These results are given in the table. The distributions 
obtained were found to be broader than those obtained by West, in the region 
where they overlapped, but they showed the same tendency to become narrower 
with increasing pressure. 


Filling 
Argon (atm) CH,(cm) Ay, Exp. (kev) Apo Exp./A) Landau eZ °%, Width 
9-98 6-0 144 1-14 37-2 3525 
7:94 6-0 108 1:09 301 S627 
5:93 6-0 77 1-06 22°8 40-1 
3-86 2-4 45-1 1-00 14:5 44-1 
2°83 1:8 30:6 0:94 10:7 48-7 
1°83 oy 17-4 0:86 6-9 55:3 


In order to compare the results with those of other experimenters, the widths. 


were plotted against €/J,Z. ‘The mean ionization potential of electrons in an 
atom of atomic number Z is /,Z, and € is an energy chosen so that, on the average, 
only one collision transferring more energy than € occurs in the path length 
considered. Collisions transferring energy in the neighbourhood of € are mainly 
responsible for the spread in the distribution (Cranshaw 1952). 

This resulted in the curve shown in the figure. The broken curve gives 
Landau’s theoretical widths for argon, and it can be seen that, even at high 
pressures, the experimental curve gives considerably greater values of width. 
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Since this work was completed, Palmatier et al. (1955) have published results 
on the Landau distribution for mesons using pressure proportional counters. 
The shape of their curve of distribution width against pressure is similar to that 
for electrons, but indicates broader widths. Hines’ (1955 and private communi- 
cation) theory, however, treats mesons and electrons independently, and he sees 
no reason to suppose that they lie on a common width-pressure curve. 
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The experimental values of most probable energy loss are given in the table. 
For values of €/J)Z greater than 10, the experimental values of A, are substantially 
the same as Landau’s values, but too much weight should not be put on the two 
highest points given, as the value of A, in these cases is considerably greater than 
the highest calibration energy available. 


Thanks are due to Dr. P. E. Cavanagh, and Mr. J. F. Turner for the use of 
their 8-spectrometer, and to Mr. D. West for his guidance during the experiment. 


Atomic Energy Research Establishment, E. F. BRADLEY. 
Harwell, Berks. 
28th March 1955. 


CraNnsHAw, T. E., 1952, Progress in Nuclear Physics, Vol. 11 (London : Pergamon Press). 
IEMINES) Ke@ 1955. Phys. Rev. 975, 1725. 

LANDAU, L., 1944, 7. Phys., Moscow, 8, 201. 

Moyat, J. E., 1955, Phil. Mag., 46, 263. 

Patmatier, E. D., Mzers, J. T., and AsKry, C. M., 1955, Phys. Rev., 97, 486. 
ROTHWELL, P., 1951, Proc. Phys. Soc. B, 64, 911. 

West, D., 1953, Proc. Phys. Soc. A, 66, 306. 


552 


CONTEN ESeOF, SEG LIONS 


Dr. S. P. F. Humpureys-Owen. The Scattering of Light in Sodium Chloride 
Monocrystals ; : : : ; : : 


Miss B. I. H. Haty. Experimental Investigation of the Motions of Electrons in 
a Gas in the Presence of a Magnetic Field 


Mr. J. H. Puieures, Dr. J. C. Woottey and Dr. R. Street. The Influence of 


‘Temperature on Magnetic Viscosity 


Dr. H. K. Heniscu and Dr. W. N. REYNoLbs. Surface Recombination in Germa- 
nium in the Presence of Strong Electric Fields . 


Dr. V. I. Lirrte. The Dielectric Constant of Aqueous Ionic Solutions 


Dr. P.'T. LANpsBERG. The Effect of Field- er Mobilities on the Diffusion 
Theory of Rectification . , , : 


Dr. G. Francis. The Growth of an Electron Avalanche Retarded by its Own 
Space Charge 
Research Notes : 


Prof. L. G. H. Huxtey and Mr. R. W. Crompton. A Note on the Diffusion 
in a Gas of Electrons from a Small Source 


Dr. V. D. Farris. Diffusion in Moving Striations 


Dr. D. H. ParKINSON and Mrs. L. M. RosBerts. A Ree thine ee 
for Use at Helium Temperatures 


Dr. F. E. Hoare, Dr. J. C. MatrHews and Mr. B. Vice” Carbon Resistor 
aly hermometers 5 5 2 2 : 
Letters to the Editor : 
Dr. M. Smo.ietr and Mr. R. G. Pratrr. The Effect of Adsorbed Air on 
Photoconductive Layers of Lead Sulphide 


Contents of Section A . 


388 


390 
392 


553 


The Radiative Capture of Alpha Particles in '4N 


By PCS PRICE 
Cavendish Laboratory, Cambridge 


Communicated by E. S. Shire; MS. received 15th December 1954, and in amended form 
lst February 1955 


Abstract. The N(x, y)!8F reaction has been examined from 1-2 to 2:2 Mev 
bombarding energy. ‘Two narrow resonances have been found; their positions 
have been measured, and upper limits obtained for their total widths. 
The cascade schemes at each resonance have been partly elucidated, and the 
position of another level involved in these cascades has been measured. ‘The 
partial radiation widths of these resonances have been determined, except for 
a statistical factor. Some of the angular distributions have been studied, and 
conclusions have been drawn about the possible values of the spins and parities 
of the levels concerned. 


§ 1. INTRODUCTION 


KNOWLEDGE of the position and nature of the energy levels in !8F has some 
theoretical value, because in the shell model some states of this nucleus 
are represented by a proton and a neutron in orbits outside a symmetrical 

'6Q ‘core’, and it would be useful to learn something about the interaction of these 
outer nucleons. Very little is known about the levels of this nucleus; nine 
excited states have been detected by Middleton and ‘Tai (1951) by using the 
20Ne(d, ~)!8F reaction, but no spins or parities have been obtained. Even the 
spin of the ground state is not known, although the allowed nature of the beta- 
decay of 18F indicates that it must be 0+ or 1°. 

We can confidently predict that a further undiscovered level exists, the 
analogue of the ground states of *O and !*Ne. By applying a correction to the 
difference in the mass defects of 18O and !8F, we deduce that this level should be 
found at 1:1+40-3 Mev; this value is consistent with the recent measurement of 
the positron energy in the decay of !*Ne (Gow and Alvarez 1954). This level is 
unlikely to be identical with any of those found by Middleton and ‘Tai, because 
the appearance of such a level in their reaction is forbidden by the conservation 
of isotopic spin; this theoretical reason is supported by the fact that, in the similar 
reaction !6O(d, ~)!4N, no alpha-particle group is found corresponding to the level 
of isotopic spin unity at 2:31 Mev in !N (Van de Graaff e¢ al. 1952). 

The investigation of the N(z, y)!8F reaction is one way of studying the 
lower levels of 18F, which has not previously been undertaken. Section 2 contains 
a description of the apparatus and methods used, and §3 is an account of the 
experimental results. In §4 their interpretation is discussed. 


§ 2, EXPERIMENTAL METHODS 


~The experiments were all performed: with the Cavendish Electrostatic 

Generator, which produces a beam of singly charged helium ions. ‘The gamma- 

rays were detected in a lin. cube Nal(T'!) crystal, suitably mounted on an 
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EMI 6262 photomultiplier tube. The output of this system was amplified in 
a commercial wide-band pulse amplifier, and fed into a Hutchinson—Scarrott 
pulse height analyser (Hutchinson and Scarrott 1951). The energy of the 
radiation was determined by comparison using five standard sources: annihilation 
radiation (0-511 Mev), 187Cs (0-661 Mev), ®Zn (1-12 Mev), ThC” (2-61 Mev), 
and the 5N (p, «, y)!#2C reaction (4-43 Mev). 

The coincidence experiment described in the next section was performed by 
sending the output from another similar crystal and photomultiplier tube system 
into a single-channel pulse height analyser, which was designed to operate the 
permissive ‘gate’ incorporated in the Hutchinson—Scarrott instrument. 

Three different kinds of nitrogen target were employed. Thick tantalum 
nitride targets were made by heating tantalum foil to 1300°c in an atmosphere of 
dry ammonia; this was made from ammonium nitrate in a way similar to that of 
Malm and Buechner (1950). Moderately thick magnesium nitride targets were 
made by heating to dull redness in dry ammonia a thin layer of magnesium that 
had been evaporated to the required thickness on a molybdenum backing. Very 
thin targets were made by using a tantalum foil as the cathode of a nitrogen 
discharge tube. All these targets gave satisfactory yields in the *N(p, a, y)!2C 
reaction, but only the thick tantalum nitride targets were resistant to prolonged 
bombardment by intense beams. 


§ 3. RESULTS 


A thick target yield curve for quanta above 1 Mev obtained from the bom- 
bardment of tantalum nitride with alpha-particles was obtained from 1:2 to 
2:2 Mev. ‘Iwo steps in this yield curve were observed. 

The identification of the reaction was effected by studying the residual 
radioactivity of the target. After the target had been bombarded for a few hours, 
the beam was shut off and a search for radiation made. A single line at 0-5 Mev 
was observed, and its intensity was found to decay with a half-life of 105+5 
minutes. ‘The only light element that emits positrons with such a half-life is 18F. 

The yield curve was examined in detail near the two resonances, and their 
widths were found to be too small to be measurable. Upper limits were placed 
on these quantities. The absolute resonance energies were obtained by com- 
parison with some narrow resonances in the reaction ?’Al(p, y)?8Si (Brostrom 
e2ial. 1947); 

Table 1 shows the energies and total widths of the “N(x, y)!8F resonances. 


‘Table 1 
Bombarding energy (Mev) 1:530+ 0-003 1-617+ 0-003 
Excitation energy (Mev) 5-600 + 0-020 5-668 + 0-020 
Total width (kev) <1°'5 <<1-0 


The spectrum of the radiation at each resonance was determined by using 
the multi-channel pulse height analyser on three ranges of quantum energy, 
covering altogether the range from 0-5 to 6-0 Mev. The overlapping lines were 
separated by comparison with the spectra of the calibration lines given in the last 
section ; the complex nature of the pulse-height spectrum produced by a single 
line near 2:5 Mev made the identification of all the lines in the spectrum very 
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difficult, and the low intensity of the reaction did not permit the use of a crystal 
pair spectrometer. ‘T’he spectrum analysis given in table 2 is consistent with 
all the results obtained, and these cannot be explained on any simpler system. 


Table 2 

5:60 Mev resonance 5:67 Mev resonance 
Line Energy (Mev) Line Energy (Mev) 
A 5:6+0-1 

B 4°52+0-02 B 4-59+ 0-03 
G 3:00 + 0-05 (ey PLANE (Vo? 

D PS EOS 1D)’ 2755450205 
E 2-104 0:10 Be 2:05+ 0-10 
F 1:075+ 0-010 EF’ 1-075 + 0-010 
G 0-945+ 0-010 


The obvious interpretation of table 2 involves a level at 1-075 Mev excitation. 
A study was made of the pulse-height distribution of pulses from one crystal 
occurring in coincidence with pulses greater than various bias values received 
in the other. ‘This experiment indicated that the line B is in coincidence with 
the line F, with a delay of less than 5usec. The number of coincidences received 
showed that an analysis of the whole cascade scheme by this method was im- 
practicable because of the poor statistics that could be obtained in any reasonable 
observing time; the further study of the cascades was therefore abandoned. 

The angular distributions of the lines A, B and B’ were studied and at the 
same time the intensities of all the lines, integrated over all directions, were 
obtained relative to the 90° yield of 4-43 Mev quanta from the N(p, «, y)!#2C 
reaction. ‘This yield has been determined with an accuracy to within about 
20% by Schardt et al. (1952) and this gives the absolute values of the yields in the 
UN (a, y)8F reaction to the same degree of accuracy. 

It can easily be shown that the total yield of a reaction of this kind at an 
isolated resonance is proportional! to an effective radiation width Ip, given by 
T,=(2J+1)0,0,/T where J is the spin of the level, and T,, [',, and I’ are the 
partial widths for alpha-particle emission and for the radiative transition con- 
sidered, and the total width, respectively. ‘Table 3 shows all the angular 
distributions and partial widths for the quanta identified as the first members of 
cascades; estimates are also given of the values of I’, for all the unanalysed 
transitions at each resonance. 


Table 3 
Line Tp (ev) Angular distribution 
A 0:7+0-2 1-+ (0:20 + 0:26)P,(cos 9) + (0-48 + 0-28)P,(cos 4) 
B 2:°2+0°4 1 +-(0-38 + 0-08)P.(cos 8) —(0:08 + 0:08)P,(cos 8) 
others Sap 1 
B’ 2:2+0-4 1+ (0-44+ 0-04)P.(cos 6) —(0:03 + 0-08)P,(cos 4) 
others Pie | 


No terms in P,(cos #) were found to be statistically significant. 


§ 4. INTERPRETATION 


The cascade scheme is illustrated in the figure, which also displays the levels 
below 6 Mev excitation previously discovered. The 5-60 and 5-67 Mev levels 
can be identified with the level at 5-61+0-10 Mev, and the 1-075 mev level is 
probably identical with the 1-05 + 0-02 mev level of Middleton and Tai (1951). 
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It is not possible to compare the partial widths with theory unless the spins 
and parities of the levels are known. _ It is not possible to derive unique values of 
these from the present results, but a good deal of information about them can be 
obtained. Apart from the angular distributions, there are three considerations 
limiting the possible values of some of the spins and parities : 

(i) It may be assumed that no transitions can occur with a partial width 
greater than one hundred times the value predicted by the formulae of Blatt and 
Weisskopf (1952). This assumption is supported by the survey of available 
experimental evidence given by those authors. The lines A, B and B’ cannot 
then be of higher multipolarity than dipole or electric quadrupole, and so the 
spin of the 5-60 Mev level cannot be greater than 2~ or 3°. 

(ii) On the same assumption, the line F cannot be of higher multipolarity 
than octupole, because its lifetime is less than 5ysec. Hence the spin of the 
1-075 Mev level cannot exceed 4. 


Levels found Levels and Transitions Identified in '4N(a,7) °F 
from ?Ne(d,@) °F Bombarding Excitation Radiationfrom Radiation from 

Energy Energy Lower Resonance Upper Resonance 
5.6120:10 1-617 5-66820-020 


1530 560020020 


A LP 

4-4320:10 ——— NH 4-412*0-020 
31922 0:03 ees " 

Sy) <<< 


2:6120'04 ae 
2:20.20: 05 mas 
£33200 20m 


Cascade }—— 


Unidentified’ 
( Scheme ; 


1:05 50:0 2 1-075 0-010 


(Hii 0:000 


Energy levels below 6 Mev in 18F. (All energies are in Mev.) 


(i) If it is assumed that the reduced alpha-particle width cannot exceed 
five times the ‘ Wigner limit’, it is possible to show by calculating the penetra- 
bilities from the tables of Bloch et al. (1951) that the angular momentum of the 
incoming alpha-particles cannot be greater than 4 at either resonance. ‘Therefore 
the spin of the 5-67 Mev level does not exceed 4 or 5+. 

In order to obtain as much information as possible about the spins and parities 
of the levels from the angular distributions, theoretical distributions were com- 
puted for all the possible values of the spins, using the methods and tables of 
Biedenharn and Rose (1953); as a check, they were also calculated from the 
tables of Sharp e¢ al. (1953). In many cases the theoretical angular distributions 
were rendered ambiguous by one of two factors: the mixing of two possible 
incoming alpha-particle momenta and the mixing of different multipole transitions. 
It was essumed that the latter would not be present except in the case of dipole 
and quadrupole transitions. 

It is possible to predict rough values for the intensity ratios, both of the 
competing alpha-particle waves and of the multipole orders. In the first case 
the estimate is derived from the computed penetrabilities, and in the second from 
the formulae of Blatt and Weisskopf. In many cases the experimental and 
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theoretical distributions could be reconciled only by adopting improbable values 
of these mixing ratios. In compiling table 4 improbable mixing ratios were taken 
to be: a ratio of the intensities of two alpha-particle partial waves differing from the 
penetrability ratio by more than a factor of 5, and a quadrupole: dipole intensity 
ratio exceeding that given by the formulae of Blatt and Weisskopf by more than 
a factor of 10. 

It was found by comparing all these theoretical and experimental distributions. 
at the 1%, level of significance, that isotropic distributions could definitely be 
excluded. Therefore neither of the upper two levels could have zero spin. 
The remaining possible assignments of spins and parities are represented by the 
intersections of rows and columns in table 4; at each intersection a letter is 
placed indicating the degree of agreement between the observed and the theoretical 
angular distributions. ‘The letter A denotes agreement, B indicates agreement 
if improbable values (in the sense explained above) are adopted for the mixing 
ratios, and C indicates definite disagreement. An asterisk added to a letter 
denotes that that assignment involves pure electric quadrupole radiation, which 
on the assumption of the Blatt and Weisskopf formulae would be about thirty 
times too weak. ‘This factor is too small to justify the exclusion of these assign- 
ments from possible consideration; transitions greater than quadrupole can 
definitely be so excluded, and are ‘boxed off’ in table 4. The table contains 
no reference to linc A, as the accuracy of this angular distribution was insufficient 
to exclude any of the assignments consistent with the previous considerations. 


Table 4 
Properties 
of upper | Level 5-60 Mev 5:67 Mev 
levels 
Spin SPE ans Teed Se age ig Mali ere say es ee Me A 
of 1-075 : 
Mev level Parity | - = + — + + — + — 4 a 
if 
0 1 NO a CG. FAS (Ce Ae 
1 ABest eA AS OR ee Rol Ro gat As 
2 BOAT eA Ae, PO. BL Ay AY EB GB kas 
3 CeCe Be eh. | Ch CFC. BA Nee 
= i ed crys) Coens ee 


There is one further consideration. It is improbable that either of the upper 
levels is 1-, because we know that a low-lying 0* level exists with unit isotopic 
spin. It is likely that any 1 level would decay radiatively exclusively to this 
level, and with a partial width near the value predicted by Blatt and Weisskopf 
(1952) for electric dipole radiation; this does not occur, which suggests that 
neither of the upper levels can be 1-. . 

The object of table 4 is to enable exact assignments of spins and parities to 
be made when further information becomes available. 
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On the Scattering of High Energy Electrons 


BY (GaN) FOWLER 


University of Manchester 


Communicated by L. Rosenfeld; MS. received 20th December 1954 


Abstract. ‘The effect of the finite nuclear size on the scattering of high energy 
electrons depends upon the ratio of the small to the large radial Dirac function 
inside the nuclear charge distribution. An approximate expression for this 
ratio is given, valid for energies of the order of 150 Mev. The result is used to 
discuss the model independence of the scattering for the case of uniform and 
shell charge distributions. 


§$ 1. INTRODUCTION 


HE scattering of electrons of energies larger than about 5 Mev deviates 
| from that to be expected when the nucleus is considered as a point charge. 
In fact, provided that the energy of the incident particle is not so large that 
its de Broglie wavelength becomes comparable with the internucleon separation, 
the nuclear protons may be treated as a smoothed out charge distribution giving 
rise to a potential in which the electron moves. Furthermore, it has been shown 
by several authors, for example, Feshbach (1951) and Bodmer (1953), that for 
energies equal to or less than 20 Mev the corrections to the pure Coulomb phase 
shifts are related to the fourth and higher even moments over this nuclear charge 
distribution. In particular the corrections to the s and p phase shifts determine 
the fourth and sixth moments for these engeries. 

In the present paper we consider the information to be obtained from the 
corrections to the s and p phase shifts at higher energies. ‘The results are most 
easily expressible in terms of the potential distribution within the nucleus and an 
approximate expression is obtained, valid for energies less than about 150 Mev, 
for the integral over the potential distribution, which replaces the appropriate 
moment of the low energy case. ‘The value of this average can then be used 
to determine another parameter of the charge distribution. 

In addition, the model independence of the scattering at high energies is 


discussed. 
§ 2, CALCULATION OF THE PHASE SHIFT CORRECTIONS 


The corrections to the Coulomb phase shifts produced by the finite nuclear 


size are given by 
Xj, Sin (Mk, 1 — Nk, RB) 


Pl Xj, C08 (N17 — Nk, x) — 1 
where 
a K(r) ge, x) — Sr, (71) 
i fi) — Karger (71) 
and ‘ 


Ky =fil7)/E(71) 
mire k= ¥(j+}) for j=/x 3. 
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In these formulae the index c refers to quantities calculated for the case of 
the nucleus considered as a point and the functions f, and g, are the small and 
large components of the radial Dirac functions corresponding to the interior 
of the nucleus. The suffixes R, I refer to regular and irregular solutions of the 
radial Dirac equation in the case of the point nucleus. ‘The point 7, at which the 
various functions are evaluated is chosen to be sufficiently far out for the potential 
to be Coulomb, i.e. for p, the charge density of the nucleus, to be zero. It will 
be seen that the corrections to the phase shifts produced by the finite nuclear 
size depend on the nuclear charge distribution only through the K,. 


§ 3. CALCULATION OF K;,, 
In units such that /=m,=c=1, the equation satisfied by K,, 1s 
a as =AB PS U(r) Ke EU) eee (1) 
ar ie 
In the extreme relativistic case, E> 1, this becomes 
dK, — 2kK;, 
Gn 
Bodmer’s method of treating (1) is to use 7?” as an integrating factor and thus 
to convert (1) into the following integral equation for K;,(r): 


—{E—-UG) (1) ee (2) 


K,Q=P*) (U7)- E41 UM) 8 Kae (3) 
~ O 


‘This is solved by successive iteration starting with K,=0. However, the 
function A, has simple poles (Rose and Newton 1951) at the zeros of the large 
component g,.so that this method is only satisfactory when the range of integration 
in (3) does not approach a pole of K;,. At high energies, however, we must 
expect that the range of r comprised by 0 <r <r, does include such a singularity, 
so that for high energies we must look for a different method of solving (2). 

To do this we introduce the phase ¢ of the Dirac functions by the substitution 
(cf. Brait and Brown 1949, Rose and Newton 1951) K;,=tand¢,. One finds the 
following equation for ¢ at high energies, with k+— k, 


dd. Rixe : 
=, = = — sin 26), (Pee) MEAS (4) 
with the boundary condition 
{U(0)—E}_ . 
by = OF for |r|<1. BROIOO (#) 


It should be noted that ¢, will have no singular points in a finite range of r 
since this would lead to an essential singularity in the solution of the Dirac 
equation at a finite point. 

One recovers Bodmer’s first iteration on putting |4,|<1. In this case it will 
be seen that, to be accurate, the energy should be restricted by the condition 
Evmax/(2k + 1)<1 which is not very well satisfied for E=>50mev, unless k be 
large. 

A more accurate approximate result may be found in the following way. 
With 

r= + Ox), 
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where ¢,.° satisfies (4) and (4') with U=0 and ¢,,! is assumed to be small, we find 
for the equation satisfied by 4,1 


db 2 Deeps Ibe es 
haps Ge a ee UO a ee ae wee (5) 


with ¢,! satisfying the boundary condition 


U(O0)r ,. ; 
Pr = ap] for aka = ee (5’) 
¢;. is given by 
pe — tan y4a/e( 27) /J ,_10( Er) ,. are si eiuire (6) 
Equation (5) then becomes 
dd, 2k, 2 
ee : 1 Ta En E |: sire (7) 
+ {J ri r) rilEr)} 


The ratio of Bessel functions occurring in (7) is given in terms of a continued 
fraction (Courant and Hilbert 1931, p. 423): 
Jy-1o(Er) — 2k+1 1 7) 
Jalen) Ee. 23 1 a he 7) 
Er — (2k+5)/Er 
This form permits the values of the function to be bracketed rather closely, but 
for reasons of simplicity we will use only the first approximation. 
The integrating factor of (5) then becomes 


ie a ee 


The solution of (4) which satisfies the boundary condition (4’) is then 


vir) 8. try _ JE E RADY fo jit, 
(0) +b Nr) =| | Ue op 
Se cag [aera 79 1 RG 59 | eR I ee (9) 


When Er <2k+1 we recover the first iteration solution of equation (2). 

In deriving this result we have made two approximations: (i) The result 
(9) is essentially an approximation to the Taylor expansion of ¢,, with respect 
to U(r). Thus it will be most accurate when the term depending on U is small 
compared with the term independent of U. (ii) We have taken the first term 
only in (7’). 

The approximation (ii) is obviously very poor for 7 such that Er >2k +1. 

For such values of 7 we will use the asymptotic expressions for the Bessel 
functions so that 


$,(Er)~ + tan“! (cot Er) = + Er—n/2, k odd, 


or 
$,°(Er)~ + tan“! (tan Er) = + Er, J MAAN 8 Boe oo - (10) 
Substituting this in (5) gives 
1 r 
dd, a 2kd;,1 cos 2Er Pete a: | 
dr is 5”) 
al .e a Oeeeni ro : 
__ *bshees2Br op even, | 


r J 
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The integrating factor then becomes 


exp { oR ie cos (2E7’)/r’ wr’) en A (8’) 


in the two cases. ab 
With + greater than zero and at high energies the integral in (8’) is small, as 
a result of the oscillation of the integrand, so that we find, under these conditions 


UG) dr =.) faa ae (11) 


Ja 


by ~ 


where a is chosen so that (10) is valid for r >a. 

The solution of (4) satisfying the boundary condition (4’) is then found by 
smoothly joining the solution (9) to the solution (11) at the point a. In the 
following we put a=2k/E. Then the approximate solution of (4) is given by (9) 
for Er <2k and by 
P(r) = tam tS py yl Er) /S ¢1/(Er)} 


4k? + (2k + 1)?) 2% 
of 2k) EB 


bea U(r’ 2 iad dr’ + [’ U(r’) dr’ 
aad ee De ipo 


for Er >2k. 
Thus the potential dependence of the result may be written 


wo~ | Oar a 


for Er, <2k 


, 


1 mS pene r P t [. if eee ’ 
or bx '(11) is U(r EO 7 dr’ + ee U(r’) dr 
for E7, 2k: 

These are to be compared with the result 


bra)~| Oar adr 
0 
valid for Er, <2k+1. 


One may say, therefore, that at the highest energies for which the present 


treatment is applicable, say 150 Mev, one gains relatively little new information 
from the phase shifts with k <2. 


§$ 4. COMPARISON WITH THE Exact SOLUTION 


‘he accuracy of this solution may be tested by comparing it with the exact 
solution for the case U=const= —a/R. In this case we have, for R= 1, 


K,(R)=tan $,(R)= 


a + COt(a HR) s 0 th hen (43) 
The comparison is shown in figure 1 for the case of lead with the radius 
given by 7,=R=1-0x10%4'8cm. Also shown is the result found from 
Bodmer’s second iteration. 
It will be seen that the agreement between (12) and the exact solution is reason- 
able up to 150 Mev, except near a singularity of K. 
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It may be shown (Bodmer 1953) that the second iteration is good enough to 
compare different charge distributions up to 50 Mev; we may therefore conclude 
that the present approximate solution (9) or (12) enables a comparison to be made 
up to energies of the order of 150 Mev. In addition the accuracy is such that the 
approximate solution is probably accurate enough for use in the calculation of 
the phase shift corrections themselves for lighter nuclei and higher angular 
momenta up to energies of the order of 100 Mev. 


£ (Mev) 
” ty 130 150 
+3 T ee | if 
{b | Exact 


2 From equations(9)and(I2) 


3 Second iteration 
= , Bodmer (1954) 


30 50 
E (Mev) 


Figure 1. Exact value of K,(v,) compared with various approximations. 


$5. MoprLt INDEPENDENCE OF THE SCATTERING 


At a given energy the 6, may be made model independent by a suitable 
choice of the radii of the different models. This choice will, in general, depend 
on the energy and to obtain model independence over an energy range we must 
require 6, and 06,/0E to be model independent separately. It has been shown 
by Feshbach (1951) that, when only the s phase shift correction is important, 1.e. 
for E<20 Mev, the uniform and the shell nuclear charge distributions give the 
same scattering when the radii of the distributions are in the ratio r,/r,=0-77. 

For energies in the range 20 to 40 Mev, Elton (1953) has shown that the 
scattering is not quite model independent, since, for such energies, the s and p 
phase shift corrections are model independent separately at 7,/r,=0-75 and 
r,/Ty =9-81 respectively. 

For energies larger than 40 Mev we may investigate the model independence 


of the scattering for the shell and uniform models using equation (12). 


The difference in phase shift corrections will depend on the difference in the 
¢,, for the different models. We have assumed an energy such that the s, p and 
d phase shift corrections are important and we have fixed the ratio r,/r, by the 
requirement that the d phase shift correction should be model independent. 

Now for large k it will be seen that the solution (12) reduces to the first iteration 


(or low energy) solution obtained by Bodmer, even for energies as high as 


100mev. Thus we may take r,/r,, =0-83 which gives model independence of the 


d phase shift correction at low energies. 
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With this choice of 7,/7,, we have calculated (4,'"—4,"°)/¢1". The result is 
shown in figure 2. It will be seen that the deviation from model independence 
is pronounced for energies greater than 50 Mev and that beyond 100 Mev the 


tendency is towards model independence, as one would expect from the result 
of $3. 


1 ah 
u ( 60 


1 1 i es 
30 «40 0=«=—(50 70 80 90 100 


E; (MeV) 
Figure 2. Model independence of the scattering, 40<E<100 Mev. 


On would expect that the p phase shift correction would also not be model 
independent but that the deviation would be smaller than that for the s correction. 
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Properties of the Hydrogen Molecular Ion 
V: Transitions Connecting the Lowest Even and Lowest Odd 
m-States with Higher o-States 


By J. T. LEWIS, M. R. C. McDOWELL anp B. L. MOISEIWITSCH 
Department of Applied Mathematics, The Queen’s University of Belfast 


Communicated by D. R. Bates; MS. received 13th January 1955 


Abstract. ‘The transition integrals corresponding to the 2p7,-2so,, 2p7,—3se,, 
2p7,-3do, and 3dz,-3po,, 3dz,-4po,, 3dz,—4fo,, perpendicular type transitions 
of H,* are computed from the exact two-centre wave functions. 


$1. INTRODUCTION 
[os paper, which deals entirely with perpendicular type transitions, 


represents the conclusion of the calculations on the oscillator strengths of 
the transitions of the hydrogen molecular ion using exact two-centre wave 
functions (Bates 1951, Bates, Darling, Hawe and Stewart 1953, 1954). 
In table 1 is shown a list of the transitions of H,+ which have been investigated 
previously both in the united atom and separated atoms notation, while in table 2 
are displayed the transitions treated in this paper. 


Table 1. ‘Transitions of H,* investigated earlier 


United atom notation Separated atoms notation 


S lso,-2poy o(1s)-o0*(1s) 

x 1so,—3poy a(1s)-o*(2s, 2p.) 

xX 1so,—4po,, G(ls)=o7(3sy3p.,.3d,) 
1so,,—4fo, o(1s)-o*(2s, 2p.) 

5 Isog—2p7y a(1s)—7(2p,,) 
2pau-2soy a*(1s)—-o(2s, 2p.) 

X 2pau-3say GPUS) AGS, Dey Sl) 
2poy-3da, a*(1s)—o(2s, 2p,) 

S 2po,-3d7, a*(1s)-7*(2p,.) 

3 2p7,-3d77, m(2p,,)-7*(2p,,) 


Table 2. ‘Transitions of H,*+ investigated in this paper 


United atom notation Separated atoms notation 


2p7-280y m(2p,,)-a(2s, 2p.) 

xX 2p7y-38cy 7(2p,,)-a(3s, 3p,, 3d.) 
2p7y-3do, m(2p,,)—a(2s, 2p.) 
3diy—-3po,, a*(2p,)-o*(2s, 2p-) 
3drg4poy a (2p,)=¢ (38, 3P,, 344) 
3d7,—-4fo,, 7*(2p,)—a*(2s, 2p,) 


The symbols within the brackets represent the atomic orbitals. Odd (u) o-states are 
marked with an asterisk while even (g) o-states are unmarked. The reverse is done for 


the 7z-states. 


The transitions designated with an X have transition integrals which pass through zero. 
Of the others those designated with an S have transition integrals which cannot change sign 
for, as symmetry considerations show, cancellation effects are comp etely absent. 
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§ 2, CALCULATIONS 

If the nuclei are regarded as stationary at a distance R apart, the oscillator 
strength corresponding to the transition between a lower state A and an upper 
state B is given by 

f(A—B|R)=4E(A—B|R)G(A—B)|Q(A—B|R)P?  ..---. (1) 

where E(A—B]|R) is the vertical energy difference in rydbergs, G(A—B) is the 
orbital degeneracy factor and O(A—B| R) is the dipole length transition integral 
expressed in atomic units (Mulliken 1939). ‘This transition integral is given by 


O(A—B|R)t= | Xe*(r[R)rXa(r]R)dr a (2) 


in which t is some unit vector, r is the position vector of the electron and X, 
and X, are the electronic wave functions of the states concerned. 

In the case of the hydrogen molecular ion the wave functions can be written 
in the form 

X(r] R)=AQ|R)MGe| RIO) | ee ee (3) 

where A and p are the usual confocal elliptic coordinates and ¢ is the azimuthal 
angle. A and M can be obtained from the tables given by Bates, Ledsham and 
Stewart (1953) while ® is merely unity for o-states, and cos ¢ or sin ¢ for z-states. 

For z-o transitions equation (2) reduces to 


> CO mk 
O(A — B| R)=7(R/2) | : N2(A2 — 142A, Ap dA | 3 (1 — p?)2M_, Mpdu 
the normalization being such that 


r oO 6p I 7 
(R/2)3 | | A2M2@2(02—:2)dAdudb=1. (5) 


J ~-1/ 0 


| 
(= 1)PAARAA| (1 —p2)!2M My, a | ren (4) 
“ —1] 


1 


r ? 


The ». integrations can be done analytically but the A integrations must be done 
numerically. 
§ 3. Discussion OF THE RESULTS 


In figures 1 and 2 are illustrated the transition integrals Q as functions of the 
internuclear distance R for the six 7~o transitions treated in the present paper. 
The corresponding oscillator strengths are of less interest than the transition 
integrals and have not been displayed since they can be immediately obtained 
from them by using equation (1) and the exact total energies given by Bates, 
Ledsham and Stewart (1953). 

Treated exactly in this paper are the four transitions 

2D ig 250 o 2p7,,-3da,, Jd S Pda: 3dz,—4foy 

which are characterized by the fact that on dissociation the upper state in each 
case has the same principal quantum number as the lower state. In the limit of 
large internuclear separation all the above transitions are allowed due to the 
mixing of the 2s and 2p, states of hydrogen (cf. table 2) and so none of these 
transitions belongs to the sub-Rydberg type (Herzberg 1950) as one might have 
supposed at first sight. It can be seen by reference to figures 1 and 2 that the 
four transitions mentioned above have absolute intensities which are rather 
large in contrast to sub-Rydberg transitions (not of the charge-transfer type) 
whose intensities are generally quite small. 
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The calculation of the relative intensities in band systems depends essentially 
on a knowledge of the behaviour of the transition integrals. It is often assumed 
in such calculations that Q is a slowly varying function of the internuclear 
distance R. However, as was noted in a preceding paper (Bates et al. 1954), for 
certain cases the fractional change in Q can be very large. Thus, for the 
2p7,-3sc, transition, Q changes sign at an intermediate value of R. All the 
transitions which have been investigated so far for which Q passes through zero 
are marked with an X in tables |.and 2. From an inspection of these tables it is 
evident that the wave function of the upper state in each of these cases has at least 
one radial node (none of the wave functions of the lower states involved in any of 
the transitions have radial nodes). Of the remaining transitions those marked 
with an S have transition integrals which cannot pass through zero due to the 
symmetrical arrangement of the nodes. If we exclude these, as large a fraction 
as one third of the transitions so far considered have transition integrals which 
change sign at some intermediate value of the internuclear separation. For more 
complex systems than the hydrogen molecular ion this fraction may be even 
greater as the states of interest will tend to have wave functions with several 


nodes. 
2-5 
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Internuclear Separation (atomic units) 


Figure 2. 3d7g-3poy, 3d7y—-4pay, 3d77g— 
4fo,, transition integrals calculated 
from the exact wave functions. 


Figure 1. 2p7y-2sog, 2p7y~3seg, 2pTy-3doy 
transition integrals calculated from the 
exact wave functions. 


The Lcao approximation has not been used in this paper as a study of the 
results obtained with it in the previous papers of this series indicates that it is not 
reliable. In general, it not only does not give the correct absolute values for 


the transition integrals but it also fails to give the correct slope as has been 
Furthermore, there seems to be no justification for 


ed by some authors. ve : 
assum Mi osition with regard 


the supposition that as one progresses to heavier molecules the p 
to the LCAO approximation improves. 
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Approximate Molecular Orbitals—III: The 2sc, and 3do, states of H,* 


By I. R. CARSON: anp A, DALGARNO 


Department of Applied Mathematics, Queen’s University of Belfast 


Communicated by D. R. Bates; MS. received 7th December 1954, and in final form 
31st January 1955 


Abstract. A modified variational method is used to obtain approximate wave 
functions for the 2so, and 3de, states of H,*. ‘Their accuracy is assessed by 
comparing various quantities computed using them with the exact values of these 
quantities. ‘The dependence of the kinetic and potential energies on the nuclear 
separation is briefly discussed. 


§ 1. INTRODUCTION 


REVIOUS papers of this series have used the Rayleigh—Ritz variational 

principle to determine approximate molecular orbitals of H,*+ for the 

Iso, and 2po,, states (Dalgarno and Poots 1954 to be referred to as I) and the 
2p, and 3dz, states (Moiseiwitsch and Stewart 1954, to be referred to as II); 
the accuracy of these orbitals was assessed by using them to evaluate various 
molecular properties which had been or could be determined exactly. This 
paper deals in like manner with the 2ss, and 3dz, states. 

Each of the states previously investigated has the simplification that it is the 
lowest one of its particular symmetry so that the variational principle can be 
immediately applied to any chosen approximate wave function. For the 2so 
and 3do states however, account must be taken of the requirement that their 
wave functions be orthogonal to each other and also to that of the lower Iso state. 
A further complication is introduced by the fact that the exact potential energy 
curves of the 2sc and 3do states intersect. ‘hus the usual procedure of obtaining 
wave functions of excited states cannot be followed since the energy curves 
corresponding to such wave functions cannot cross (cf.§2). A way of overcoming 
this difficulty is suggested and the orbitals so derived are used to calculate certain 
quantities whose values are compared with the exact results of Bates and his 


collaborators. 


§ 2. CHOICE OF WAVE FUNCTIONS AND METHOD 
Apart from some essentially qualitative considerations of Morse and 
Stueckelberg (1929), Lennard-Jones (1929) and Gilbert (1933), little attention 
has been paid to the problem of obtaining approximate wave functions for the 
excited states of H,+. In the case of the 2sa and 3dae states, the only quantitative 
calculations appear to be those of Pritchard and Skinner (1951) who used a wave 


function 


DD 
Eye} =ay{(1—4r,) exp (— 47.) + (1 — 47p) exp (— 4ry)} 
3doa ’ 


+ ap{r, cos 0, exp (— 47r,) +7» cos, exp(—37%p)} ++ eee. (1) 
+ In the separated atoms notation these are both designated o(2s, Paoy). 
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where r, and r, are the position vectors of the electron relative to the nuclei 
A and B respectively and the ratios a,:a, are determined by minimizing the 


energy E where : 
E=- | ys (v4 ais =) Y dr / | EE Pe ee (2) 
A Ty 


Va 


The function (1) is the familiar LcAo approximation and has the correct form 
when the nuclear separation R is infinite. 

The minimization procedure leads to a secular equation of degree two in 
the energy whose roots are the required values. However although the wave 
functions so obtained are orthogonal to each other, they are not orthogonal to 
that of the lower lsc state.t This defect may be unimportant if the wave functions 
have closely the correct form at any given internuclear distance but even if this 
is not so, the defect may be partially removed by adding to function (1) a third 
component such as aleep (=1.) ee Cat) ae (3) 
from which one obtains a set of three mutually orthogonal wave functions. 
But it is well known that the energy curves associated with such a set of wave 
functions cannot cross (Wigner and Witmer 1928, MacDonald 1933),{ whereas 
the exact 2sc, 3do curves do in fact cross at a value of R= Ry between 4a, and 5a, 
(a)=5:29 x 10-° cm) (Bates, Ledsham and Stewart 1953). Thus the Lcao 
approximation and indeed any approximation obtained by varying the coefh- 
cients of a linear combination of functions cannot be valid both for R greater than, 
and for R less than Ry. 

In order to obtain curves which cross it is necessary therefore to derive the 
orbitals of the 2sc and 3do states by separate treatments with the consequence 
that mutual orthogonality is no longer automatic. However by careful choice 
of trial wave functions, the effect of the departure from orthogonality can be 
rendered unimportant. 

In paper I, Dalgarno and Poots introduced a type of united-atom approxi- 
mation, which is capable of straightforward generalization to excited states. 
It was shown to possess high accuracy in spite of its extreme simplicity.§ 
Moiseiwitsch and Stewart (paper II) found, as was to be expected, that it was still 
better for excited states. If we define elliptical coordinates A=(r,+7,)/R, 
=(7,—7,)/R and (7, 4) is the atomic wave function corresponding to R=0, 
the united atom approximation at any R is obtained according to 


f(r, DN—>4(AR/2, costs), nee (4)4 
Thus Osc) = (4B) expt) ae ee (5) 
b(3do) =A®R%exp(—FAR)(3e2-1), saan (6) 


+ Due to this lack of orthogonality, the wave function corresponding to the lower root 
is properly regarded as a (rather poor) approximation to the 1so orbital so that the 
magnitude of the lower root will tend to be an overestimate. 

} For a simple discussion, cf. Coulson (1952). 

§ Almost all molecular properties calculated using this united-atom approximation are 
simple rational functions of R. 

{| An important property of wave functions obtained by the relation (4) which they 
share with the exact wave functions is that the matrix elements of the Hamiltonian between 
states corresponding to different values of the azimuthal quantum number of the united 
atom vanish at al/ values of R. 
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An obvious improvement to (5) and (6) is to introduce screening parameters 
and it then seems imperative to ensure orthogonality to the lower orbital. We 
choose finally 


¥'(2sc)=(1—aAR)exp(—aAR)+q¥(1sc) na, (7) 
Y(3do) =A®R® exp (—a’/AR)(3n2-1)—q’P(1sc)  —....s. (8) 

where q, q’ are determined by the condition 
| ¥*(2s0)¥(Iso)de = { ¥Y*Bdo)V(1so)dr=0 os (9) 


P ee a 
and «, «’ are varied to obtain minimum energies. 


§ 3. DESCRIPTION OF CALCULATIONS 

The functions studied were of the type (7), (8) with 

(i) a=3, 9=0; «’=3, q'=0; 

(11) «=3, g determined by (9); «’=4, gq’ determined by (9); 

(i) « variable, g determined by (9); «’ variable, g determined by (9). 

The orbital ‘¥'(1sc) was taken to be the best of those obtained in paper I; it is 
extremely accurate at all values of R. 

Using the three functions (i), (ii) and (iii), the 2so—-2pz, 3do-2pz, 2so-2po 
and 3do—2pco transition integrals Q were computed, the wave functions for the 
2po and 2pz states being taken from papers I and IJ. Both the dipole length 
and dipole velocity forms of O were used: 


fd 


Oxt= | yrxedr (dipole length) —...... (10) 
Oe 
Oyt= — AR | xi Vxede (dipole*velocity)” “2.2. (11) 


where x; and y, are the initial and final wave functions, AZ 1s the photon energy 
of the radiation in rydbergs and t is some unit vector. The exact values have 
been computed by Bates, Darling, Hawe and Stewart (1954) and Lewis, McDowell 
and Moiseiwitsch (1955).+ 

In addition the potential energy of the electron in the field of the nuclei has 


been computed: 
eee 


y=—|¥* (= . =) ¥ de | | Ye Pdr, 
a 'b 
Exact values of V can be derived from the exact values of E (Bates, Ledsham and 
Stewart 1953) by the use of the quantal virial theorem (Slater 1933) and, besides 
providing comparison data, give some insight into the difference between bonding 
and non-bonding orbitals. 
§ 4. RESULTS 

The values of z, «’, g and gq’ obtained for (ii) and (iii) are given in table 1 for 
the 2sc state and in table 2 for the 3do state. The total and the potential energies 
corresponding to (i), (ii) and (iii) are compared with the exact values in tables 
3, 4 and 5, 6 respectively, whilst tables 7, 8 and 9, 10 compare the 2so—2po, 
3de—2pe and 2sc-2pz, 3do—3dz transition integrals Q;, and Oy computed using 
functions (i), (ii) and (iii) in expressions (10) and (11) with the exact values. 


+ We are indebted to the latter three authors for allowing us to use their results prior 


to publication. 
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Approximate Molecular Orbitals: III a7 


A comparison of the Lcao energies with the exact energies has previously 
been made by Bates e¢ al. (1953). Their results and some additional values are 
included in tables 3, 4. 


$5. Discussion 
The most encouraging feature of the results is the continued success of the 
united-atom approximation introduced in paper I. The derived electronic 
energy curves cross as they should and even at internuclear distances as large as 
5a) they are much superior to those obtained using the LcAo approximation. 
The inaccuracy of the LCAO approximation should perhaps be emphasized ; 
at R=5, the total energy E’=E+2/R (which is usually the quantity of interest 
to chemists) derived using the LCao approximation is in error by 21% and 76%, 
for the 2so and 3dae states respectively whereas the corresponding errors with the 

united atom approximation (iii) are 4°, and 7%. 
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Figure 1. —V’, T, —E’ as functions Figure 2. —V’, T, —E’ as functions of R for 


of R for the 2sce state. the 3do state. 


When the screening parameters are unvaried, the requirement of ortho- 
gonality leads to little or no improvement in the computed quantities other than 
the 2so energy whose values are much too large in magnitude unless orthogonality 
is imposed. Variation of the screening parameters without ensuring orthogonality 
leads to completely erroneous results in the 2so case but not in the 3do case, 
whose values are frequently slightly improved by neglect of orthogonality. 
The apparent unimportance of orthogonality in the 3do case is due presumably 
to the near orthogonality already ensured by the united-atom approximation. | 

When the screening parameters are varied and orthogonality is imposed, 
there is in general a marked improvement in all quantities. ‘The accuracy 1s 
high except for the transition integrals involving the 2so function computed 
using the dipole velocity formula. That it is unwise to use the dipole velocity 


+ The values obtained disagree with those calculated by Pritchard and Skinner (1951). 
Their work on the 1so state has also been repeated and again we are in disagreement with 
them; contrary to the remarks of Pritchard and Skinner the conclusion cannot be drawn 
from the calculations that hybridization is significant for the 1so state. 

t The essential difference between the 2sc and 3dco wave functions is that at R=0 the 
azimuthal quantum number of one is the same as that of the 1so state whilst that of the 
other is different. 
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form of Q in cases when the photon energy is very small is, of course, obvious ; 
in addition the integral is very sensitive to the position of the node (in A, space) 
of the wave function.t ‘The dipole length formula however is not so sensitive 
and yields quite good results. In the 3de case, the dipole velocity formula is to be 
preferred for small R and the dipole length for large R, the correct value usually 
lying between them. 

The variation with R of the potential energy, V’=V+2/R and the kinetic 
energy T of the 2sc and 3do states is illustrated in figures 1 and 2. It had been 
shown previously that for the 1so and 2pz states (which are bonding), 7 passes 
through a minimum as the atoms approach. However, it is not possible to say 
whether this occurs for the bonding 3do state or not. Apart from the minima in 7, 
figure 1 is similar to the curves for the 1so and 2pz states and figure 2 is similar to 
the curves for the 2po and 3dz states; it may be noted that the 2sc, 1so and 2pz 
are unpromoted orbitals and 3do, 2po, 3dz promoted orbitals. 
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Abstract. An approximate covariant solution of the Salpeter-Bethe equation 
is obtained by a modification of the Fredholm theory. This solution is developed 
to the point where only numerical substitutions are required to obtain the scattering 
amplitudes and differential cross sections for elastic nucleon—nucleon collisions, 
for any energy and any spins of the incident and scattered particles. 


§$ 1. INTRODUCTION 


HE interaction between two nucleons may be studied in the meson theory of 
nuclear forces by means of the Salpeter-Bethe equation (1951), which is an 
integral equation with a double spinor function of the momentum four-vector 
as the unknown. Attempts to solve this equation can be classified according to the 
type of approximation used. The kernel of the equation is usually expressed as a 
power series in the coupling constant (g?/47) which is then cut off somewhere 
near the beginning. Klein, ina series of papers (1953-54) has discussed the validity 
of this type of approximation sufficiently to show that it is not a good one for values 
of the coupling constant in the range 10-25, which are presumably required to 
fit the threshold photo-meson production data. There would, however, be some 
point to the use of even the ‘ladder approximation’, if one could subsequently 
solve the S—B equation in a covariant way. For at the moment there is no theory 
which makes any kind of detailed prediction concerning nuclear interactions at 
high energies, apart from the crude and frankly tentative theory of Fermi (1950). 
Yet nearly all of the attempts to solve the S—B equation (e.g. Brueckner and 
Watson 1953, Henley and Ruderman 1953) have been based on additional non- 
covariant approximations which frustrate from the outset any application to the 
relativistic region. In particular the validity of a common approximation which 
makes the speed of the virtual mesons infinite is not apparent even in the non- 
relativistic region. Any attempt to solve the S—B equation covariantly is therefore 
of special interest. Unfortunately existing attempts due to Edwards (1953) and 
Goldstein (1953) would apply to a system of two nucleons only if their binding 
energy were equal to their combined rest energies. Under this unrealistic con- 
dition, Goldstein obtained a particular solution of the homogeneous equation for 
arbitrary values of the coupling constant. ‘This, however, failed to reveal the exist- 
ence of a bound state ; and the only way in which he could obtain a discrete 
solution was by the addition of a convergence factor to the kernel of the equation. 
The author (Green 1955) has since shown that even this solution was the result 
of a mathematical error, and that the S-B equation with zero total energy has 
a pathological character. 
Goldstein’s essential idea, however, that bound-state solutions can be separated 
from the homogeneous S—B equation by introducing a convergence factor, seems 
likely to be correct in general. McCarthy and Green (1954), using the Fredholm 
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method to solve the integral equation, have shown how to eliminate the cut-off 
mass and obtain a discrete spectrum from the homogeneous equation as well as a 
general formal solution of the inhomogeneous equation. 

The solution of the inhomogeneous S—B equation, which represents the 
amplitude for nucleon-nucleon scattering, can be expressed as the ratio of two 
convergent power series in the coupling constant. The first few terms in these 
series are definite integrals not essentially different from terms in the perturbation 
expansion, they therefore appear in the perturbation calculations of Watson 
and Lepore (1949) and Beard and Bethe (1951). Unfortunately these authors 
succeeded in evaluating the fourth-order integrals only in non-relativistic 
approximation, and it has been necessary to undertake a new and exact com- 
putation for the purpose of the present paper. 

To those unfamiliar with the rapidity of convergence of the Fredholm method, 
it might appear doubtful that a trustworthy solution of the S-B equation could 
be constructed from perturbation material, with a coupling constant as large as 
nuclear theory requires. The efficacy of the method has, however, been amply 
demonstrated in non-covariant calculations by Jost and Pais (1951) and Gammel 
(1954). The purpose of the present paper is to facilitate a test of the method, 
applied directly to the S—B equation. The calculations are carried to the point 
where nothing more than numerical substitutions are required to obtain the 
differential cross sections for nucleon-nucleon scattering, for any energy, and 
for polarized or unpolarized nucleons. ‘The author hopes to confront the pre- 
dictions of the theory with experiment in a subsequent paper. It is expected that 
the results will not suffer by comparison with those of the non-covariant theories. 
But radiative effects and crossed meson lines will probably have to be considered 
before a final judgment on pseudoscalar meson theory can be made. Apart 
from the ladder approximation, the only approximations which will be made 
consist in the neglect of the meson mass yp, compared with the nucleon mass m, 
in terms of order ».2/2m?, and the neglect of terms of order (g?/47)? and higher in 
the Fredholm numerator and denominator. 


§ 2. NEUTRON—PROTON INTERACTION 


For the neutron-proton system, one has to take account of ordinary and 
exchange forces, and the charge independence of the meson interaction will be 
taken for granted. Denote by p one half of the resultant momentum four-vector 
of the system, so that if p, and fy are the initial and final momenta of the proton, 
and p, and p, are those of the neutron, 


2p=Pi+P3=PotPs 
pi=ptk ps=p—k 


Po=ptl Dies P= el Ae (1) 
Since p,, Pa, 3 and p, are free-particle momenta, p,2=m? etc., and 
== —j2 - 
p.k=p.l=0 ; Pam += EF, spaiskos (2) 


where £ and « represent the energy and scalar momentum of each particle relative 
to the mass centre. If 51, sy, s; and s, represent twice the spin of each particle, 
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resolved in its direction of motion, and w,, wy, v3 and uw, are the corresponding 
spinors, one will have 
ptk+m Ex+zikpy;s, 


Heiete Oper DIRT A 
- —k+m Ex—ikpy;s. 
re ee 7 a, ipshecen (3) 


etc., where p=y.p, k=y.k and ys=71 yovs Va: 

If 4), #5, 0; and 0, are the angles made by the directions of the tracks of the 
particles with some fixed direction in the plane of the relative motion one finds 
easily from (3) that 

2 


|, wy |? =spur (uw, %, Uy Hy) 


all = sis5) (1 Cost) + aM 22)"( 1 F Sisq) (1 cos O45), 2. cee (4) 


where #,,=0,—4, ; so that, with the simplest choice of the arbitrary phase factor, 
iy Uy = 4(s, — Sy) 81N (F049) + 3(m/E)(1 +515.) cos(4O19). we eee (5) 


Similarly 

Hs Uy = 3(S3 — 84) Sin (3434) + 3(m/E)(1 + sy84) cos (3654), 

Hy Uy = 5(Sy — $4) Sin (504) + 3(770/E)(1 + 5484) cos (30,4), 

hz Uy = 3(83 — Sa) SIN (3439) + 3(m/E)(1 + S385) COS(3A39), we ees (6) 
where 6,,=6,—6,, etc. If 6 is the scattering angle, one has 

645 =05,=9, but 0,4=0+7 and 0,.=0—7. 
These formulae will enable one to calculate the scattering amplitude explicitly 
and derive the cross section simply by squaring the modulus of the amplitude, 
instead of evaluating spurs of complicated expressions as commonly done. 
The scattering amplitude is 
S.A. = thytiga{ Sug a(R, 1) + Spo, ys(—, l)} Uoytas oe (7) 

where «, f, y, 6 denote spinor components, and Sg yA, /) satisfies the integral 
equation 


Sap, vols) = Fag, yah) +2 | Kapri Sinaia cee (8) 
in which 
Fyp, y(Ps!)=87{ (RL)? — ey sdalY5)0 eee (9) 
and 
(27)* Kap, yo(Ry!) =1g7{ (kL? = pe 
x fy(P +1 =m) Yay fys(P— Im) Nps eevee (10) 
The second term on the right-hand side of (7) takes account of the possibility of 
charge exchange between the nucleons ; the factor 2 on the right-hand side of (8) 
is necessary because both charged and uncharged mesons can be exchanged in 
intermediate virtual processes. 
Writing (8) in the matrix form S= F+2KS, the Fredholm solution is 


ce Pe Ratt ee ee 
~ 122th Kee eR eae 


where 


rf 


Kap (B= | Kepin(AKin ob) vee (12) 
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and tr K, for example, means [ Kg .e(j,j)¢47- Actually tr K vanishes, and tr K® 
only converges when a cut-off factor is added to the kernel K. But, as explained 
by McCarthy and Green (1954), the cut-off mass can be eliminated from the 
solution (11) without spoiling its convergence ; and the final result is to replace 
trK®,trK©,.... by tr K, tr’ KOx oe oviiere th A aon example, is obtained by 
subtracting from tr K® the value it assumes when p=0. 

The Fredholm solution (11), even after the replacement of tr K® by tr’K™, etc., 
is not the most rapidly convergent one which can be devised. The reason for this 
is that, for every solution corresponding to spins $5,, $59, $s3 and 3s, of the incident 
and scattered particles, there is another corresponding to the spins — }5,, — 259, 
—1s, and —3s,. These solutions contribute equal factors to the Fredholm 
denominator, which is therefore the square of a convergent series beginning 
1—tr K®+ ..., whichis a simple factor of the numerator also. Cancelling the 


redundant factor, one obtains 
ELD tate 
S = oe (13) 
1-t’K@+... 
‘The author has made tests with somewhat simplified equations which show that 
this procedure greatly improves the rate of convergence of the solution, and in 
most cases allows a very good approximation to S to be computed from the terms 


actually shown above. 


§ 3. PROTON—PROTON INTERACTION 


The analysis for the two-proton system is very similar, and even somewhat 
simpler since one does not have to consider charge exchange. It is necessary, 
however, to anti-symmetrize the initial wave function of the system with respect 
to the proton spin coordinates and momenta (the final wave function will then be 
automatically anti-symmetrical). The scattering amplitude is therefore 


S.A. = tytsgt S'apya (Ry 1) — S'pu, yo — Ry!) }etoyttas sve ew (14) 
where 5S’ satisfies the equation S’ = F'+ KF and is therefore given by 
“a F+KF+... i$ 
y= fa KOE ete nee ee RA ales Sionciy c (15) 


Here F and K have the same significance as in the previous section. 


§$ 4. COMPUTATIONAL PROCEDURES 
Write 
Aap shh) aaa t dle (pape mon; 
Ky =(ptRP om), Koa (pk) =m", 
A=(k—-j)?—p?, Bet] = A ee ee (16) 
Then, neglecting some terms of order ju2/2m?, 
,+K,—A)(J_+ K_—A)d‘j d*k 


4 A 
ee eT [ J 
tr K ae | TK Eke aoe he (17) 
and 
- _ 18h ( (R+I—™)a(P = j=) pdf 
(KF ) ag, ys = ca) + sali | SSE ee al af eee (18): 
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In evaluating the right-hand side of (17), it is not possible to split up the 
integral without introducing bad divergences. To circumvent this difficulty one 
uses the identity 


(Jet AE t Kh = A) {ff 0 M2 0 0 0 
I,K ,J_K_AP ~2 ) eae) Ou, OB 
X (ay) 4 +OpJ_+ 8, K+ B.K +4yA)-‘4*dx,dx,dB,d8,  ...... (19) 
where Ve =1—a,—%,—f,—f, and the domain of integration is such that «,, 
%, By, 8, and yareall positive. The integrations with respect to j and k are then 


ea out using Feynman’s technique (1949), and new variables x,=«,+;, 
Noe + Ba, Vi oe a, and y,=f.—a, are introduced. One finds 


a a i ea | iy 7 Ly C2 
ra { 2. ee f plese Ze A 3s an 
a (4) | ‘ am MH dx ls ay (OL reyes ¥2, rv» Va) 
with 
é 1 (N-—xM)¢ 
Ses ovis vo) = 7a { 1+ “M(x +76) 
M=}(2x—x2-y%), N=3€(E-ny) +4x0?-2), 
N= %,+%=1—y, y=, +V, 
E=X_—%, Y=Vo—-V1, G=p /m®, C= yl. ..-... (21) 
The integration is very long, and details are omitted here, but will be supplied 
privately by the author to interested persons. If 6=p?/m?=cos?e, the result is 


tr’'K@= (£)" [2In2—34(3+2In 0){1—(}2—c) tane} 
+3(1—tane)(da —c)? + 2 tane{($a7—<¢)(2Insine + Incose) 
+ [ (2InsinB+IncosB)dB+(47+e)In2}).  — ...... (22) 
Rp? Sm", as-is oA case for scattering, «= —72A, where A is real and positive ; 


furthermore such imaginary values are reached by analytic continuation in the 
lower right-hand quadrant of the complex plane. ‘he definite integrals in (22) 
can be expressed in terms of the function 


RI(x) = | 
tabulated by Powell (1943); if 7=tanh , 


“t\In xdx 


i ean 


f tecosnyia tI ee gy eet Ind)? 
“0 


ee —r)—41n(1—7) In(1 +7) +4 {In(1 —7)}? 


and if o=coth A, 
A 
| Insinh pdy = 4[RI{$(1 +0) }— gn? —3(In 2) 
~ 0 


+In2In(o—1)—41n(o—1)In(1 +0) + H{In(o—1)}? 
(tee tie Se nTEDT MINE tock FAN (24) 
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Equation (18) is readily reduced by Feynmans’ technique to the form 
: fly, OE iy i oR 
Cs oa 1672 3(Y JaylYa)Bs an (P)x(P)go ob a: ( Jak )Bo ac f (a, ’ a) 


where 
“sonar Pda) oF ay 
as(1— a) +(1— 2 (by? +6) | 


a=—F(1— cos 0yk*, b =p") C= Rt i ee Bee (26) 


“al rl pal 
R(a, 6, c)= Ja] a | vas} 


This result is, in fact, equivalent to that obtained by Watson and Lepore, who, 
however, used non-covariant approximations to evaluate the integral. It is, 
however, possible to obtain an exact result, after terms of order } .2/m? have been 
neglected. The z-integration is performed first to give 


Sh aaa [ (ASB) 3) 1 a( AB)? \ 
R= | dx| dy Secs (A+B) * (A+BP YS’ 
A=a(l—x?) Baby ee ~\) Wie ie Laie eet (2H) 
When B is negative, B12 means —2(— B)?, and In(A/B) means In(— A/B) +77. 
The only term on the right-hand side of (27) which presents difficulty is the first, 
and this is handled by using 


A-—B Tig Mal ot ME )- c ah M ) 
CEaa s Cee (at+c)dx\ A+B, 


and integrating by parts to eliminate the logarithm from the double integral. 
In this way one obtains after some calculation 


R=R,+R,, 
tanh vw { (? | 
R, ae ‘| (2 sinh w)du +47 IP 
R ane | {in (2sin) dB + 4(4 )In (c/ 7 28 
= Gil toa S CL Ors A Oia eee 
2 ate te é 2\2 i J > ( ) 


where sinh v=a'*(6 +c)? and « has the same meaning as in (22) above. Again 
the definite integrals can be expressed in terms of the RI function by means of (24). 
Further, 

OR, Re sinh? v In (2 sinh v) 


Ob 2at+b+c) 2AWatclatb+c) 
ORia olny oaks 


0c..060b (a+c) 
OR, e Rk, sin®e 
2 


{In (2 sine) — 4 1n(c/a)} 


db b 2ba+c) 
OR, ee! Ry 2 b OR, tane , 
dc (atc)'c¢ Ob” ase aae, rae (29) 


Although c is negative, imaginary quantities arise only through the occurrence 
of « = —7A in the above formulae. 
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$5. THe DIFFERENTIAL Cross SECTIONS 


It is now possible to derive explicit expressions for the scattering amplitudes. 
For n-p scattering, it follows from (7) and (13) that 


F,+ F,+2(KF),+2(KF), 


Sas ene ee ree (30) 
where, according to (9), 
gn) (12),, (34) 
Ne hs 286 5%5 
Fy = tyatlsg Fg yo(Ry l) Uaytlas (k—1P—p’ 
hie g2a/5llByy (82) 
Pe = Ugg Paa,y0( — Ry L) Uaytlas = (k+ TP 
Yn) =U, Velho, CLC. COA eee ea ee (31) 
and, according to (25), 
OR, OR, 
4 J ee 412), (34) (12) (34 (12) (84) 2% 
(KF),= 6n2 4 a deat Pop ab ac , 
(KF), = 4 ; { 144, 2R.+p spon 4 fc (14) (82) ——* OR. mat o> x (32) 
Here R, is the value of R, obtained in the last section, with a@= 2(1 — cos #)K?, 
b= E? and c= —«?, while R, is obtained from R, by reversing the sign of cos @. 


The values of y;, etc. can be obtained as follows: 
Using (3), one computes in succession 


u,klu, = — E-*u,(ikpy;)(tIpy5)uo = — S1Sok? Uo, 
mi kus = ti, {(p+k)k+k(p+l1)}uy= —$(1 +515,)K7Myup, 
a, kpu, = u,k(m — l)uy= — 3(1 —5459)K? Hts, 
UyVslg = —(Ex)-18,0,(7kp)uy = $2(5, — Sq)(k/E)tyug 
and, in the centre-of-mass frame, since 


x2 sin? Oy =y. kk+y. L1—cosO(y.kl+y. Ik) +(kI+k. Dyyyse 7k x I 


Ah asse (33) 
one has 
: (1 +5459)(k + 14 05, Tk x 1) 
U,Yug= ~ Qm(1+cosé=) 
UyYqla= es 1+3(1 +5459) < UUs. 
From these relations one has 
5” = 31(51 — Sg)(k/E)tyus, 
pt?) = m{1 + 3(1 + 5152)(«/m)? sayue, 
Be ad (1 ssa (et) yee eee (34) 


etc., and 
yy {21 = [am] E){1 + A(L + 584) c] mm) (1 + 41+ 8981) (s/m)*) 
+ 4(«/m)?(1+ cos 6)-1(1 + 5455)(1 + 5354) 
+ 3(«/m)2(1 — cos 0)(1 + cos 8) 1(s, + 52)(53 + 54)] @yUgMstt,- 
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One can now substitute from (5) and (6), and use the relations (s, +52)(s; — 52) =9, 
1(1 +5459)(8, +59) =5, +59, etc. to obtain simple explicit expressions for all 
quantities appearing in (31) and (32). 
For p-p scattering, one has, instead of (30) 
iG (irs C8 dh ee (KF), 
—ttr’K® j 
In either case, the differential cross section in the centre-of-mass frame is 


given by 


S.A. = 


DiC.S.= (47) 727 [5.40 dO neers (37) 

Zeros of the denominators of (30) and (36) can occur for p?<m?, 1.e. for real 
values of the angle « defined so that p?/m?=cos?e«. Such zeros would correspond 
to the existence of stable bound states of the pair of nucleons concerned, and 
one would be inclined to fix the value of the coupling constant g to fit the observed 
binding energy of the deuteron. ‘There is, however, an unfortunate ambiguity 
in the value of g obtained in this way, arising from the presence of the term 
proportional to In@, where 6 = }y.?/m?, in (22). It is easily verified that the integrals 
of higher order tr’K®), tr’K® which appear in the Fredholm denominator do not 
depend sensitively on }?/m? so the zero of the denominator ought not to 
depend sensitively on }yu?/m? either. One can show that the term proportional 
to In ($y:2/m?) in tr’K® must arise from a factor of the type 


o 4 ) 
exp { - ($) (2—mtane+etane)In(cu?/m?) 7 


in the denominator of (30), but the value one assumes for c affects—not very 
sensitively, it is true—the estimate one makes of the value of g required to fit 
the energy of the bound state. Without undertaking the prohibitive labour of 
calculating tr’K™ or tr’K™, the best thing which can be done is to regard the @ in 
(22) as an adjustable parameter, and see how well the scattering data and binding 
energy of the deuteron can be fitted with both g and @ at one’s disposal. 
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Abstract. The times of arrival of 17665 local and 2526 extensive penetrating 
showers have been recorded. ‘The showers penetrated various thicknesses of 
lead from 17-5cm to 97-5cm. A variation of the rate of local showers with 
solar time which is correlated with the small diurnal pressure variations appears 
to be statistically established. ‘This variation seems to have a much larger 
barometric coefficient than that derived from the large pressure changes associated 
with the weather. No significant variation of the rate of local showers with 
sidereal time was found. 

Possible variations of the rates of penetrating extensive showers with solar 
and with sidereal time are discussed. 


$1. INTRODUCTION 


ANY experiments on the rates of the various components of cosmic 

radiation have been carried out. ‘There are several admirable summaries 

of the work (e.g. Duperier 1945, Elliott 1952, Proceedings of the 
Bagnéres Conference 1953). ‘The effects have been classified either as variations 
of the primary intensity or as variations produced in the atmosphere. The first 
class may throw light on conditions in interplanetary or interstellar space and 
possibly on the origin of cosmic radiation. ‘The second may give information 
concerning the very high energy nuclear interactions which take place in the 
upper atmosphere. In either case primary particles of very high energy are of 
particular interest. Previously these have been studied by observing the electron 
component of extensive air showers (Elliott 1952, Proceedings of the Bagnéres 
Conference 1953, Farley and Storey 1954, Cranshaw and Galbraith 1954) 
or by observing -mesons deep underground (Barrett et @/. 1954, Sherman 
1954). The present experiment was begun as an attempt to study the develop- 
ment of the nucleon cascade in lead. It was necessary to select high energyt 
primaries (on the apparatus) to do this and, in addition, dense penetrating 
extensive showers were recorded as a contamination. Since both of these 
classes are probably due to very high energy primary interactions at the top of 
the atmosphere it was thought that it might be worth while to study the variations 
(if any) of the rates with time. 

§ 2. APPARATUS 


The apparatus used was a penetrating shower detector (figure 1). It consisted 
of five trays ABCD and E, each of 12 Geiger-Miller counters. ‘The Geiger 
counters were each 50cm long and 3-8cm in diameter. ‘Trays A and B were in 
contact; the axes of the counters in the two trays were at right angles. ‘Tray C 
was separated from B by 60cm air and 10cm Pb. ‘The two lowest trays were 
shielded at both sides and ends by 15cm Pb and each individual counter in them 

+ The average energy of these primaries for 10cm of lead over the apparatus was 
probably approximately 20 kmev. For greater thicknesses it would, of course, be greater. 
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was wrapped in lead sheet in. thick. Tray E was unshielded and placed at a 
horizontal distance of 2m from the centre line of the penetrating shower set. 
Each counter in trays A and B could operate a neon lamp. 

A master pulse required the discharge of at least two counters 1n each of trays 
B, Cand D. If tray E was also discharged the event was classed as an extensive 
penetrating shower; if not, it was classed as a local penetrating shower. 

At first, there was no lead above tray A, then lead 5 cm thick and 4 feet x 4 feet 
in area was place immediately above this tray. Subsequently it was increased 
in thickness in steps up to 82:5 cm and then gradually decreased to zero thickness 
again. From 25th August 1953 up to the present the times of arrival of all showers 
have been recorded. 


Figure 1. Diagram of the apparatus. 


§ 3. RESULTS 


The rates of local and of extensive penetrating showers were determined for 
nine different thicknesses of the lead from 5 to 82:5cm. ‘Thus about 2000 local 
showers were recorded for each thickness. ‘The extensive showers were about 
seven times less frequent. Ideally one should have a well determined rate per 
hour for each of the twenty-four hours of the solar or sidereal day and for each 
thickness of lead. ‘This, however, is not possible with the number of events 
recorded. ‘To increase the statistical accuracy, therefore, the rates have been 
either averaged over all thicknesses of lead, or averaged over four-hour periods, 
or both. ‘The results for solar time are given in figures 2 and 3 with mean values 
in table 1 and the results for sidereal time in figure 4, with mean values in table 2. 


Table 1. Mean (Solar Time) Rates of Local and Extensive Penetrating Showers 


Hours G.M.T. 01-05 05-09 09-13 13-17 17-21 21-01 
Rate of local showers (counts 1-980 1-970 1-858 2-000 2-052 1-888 
per hour) +0:033 +0:034 +0:037 +0-032 +0:032 +0-036 
Rate of extensive showers 0-315 0-251 0-259 0-288 0-279 0-285 
(counts per hour) +0:014 +0-013 +0:013 +0:014 +0:-013 +0-014 

Table 2. Mean (Sidereal Time) Rates of Local and Extensive Penetrating 

Showers 
The showers were recorded from 25th August 1953 to 4th November 1954 

Hours (G.s8.T.) 23-03 03-07 07-11 11-15 15-19 19-23 
Rate of local showers (counts 1-932 1-932 1-949 2-028 1-956 1-961 
per hour) +0:033 +0-033 +0-035 +0:036 +0-035 +0-035 


Rate of extensive showers 0-292 0-273 0-266 0-245 0-293 0-305 
(counts per hour) +0:014 +0:014 +0-:013 +0:013 +0-014 +0-014 


| 
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§ 4. THE SoL_aR VARIATION OF LocaL SHOWERS 


The most obvious feature of the results is an apparent variation of the rate 
ot local showers with solar time (figure 2, upper curve). 
of the maximum and minimum hours the effect has been shown to be statistically 


significant (Dardis and McCusker 1954). 
the x? test on the null hypothesis to the results given in table 1. 


P=0-001 is obtained. A straight line is therefore a poor fit for these points. 


By taking the difference 


An alternative treatment is to apply 


A value of 
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Figure 2. The average rate per hour G.m.T. of local (upper curve) and extensive penetrating 
showers. The straight lines give the average values. The curve on the upper 


graph is for the average hourly value of the pressure at Dublin Airport plotted as 
a departure from mean for the period September 1953 to August 1954 inclusive. 
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Figure 3. The average of local showers per four-hour period beginning 01-05 h. G.M.T. under 
four different thicknesses of lead are plotted as points with their statistical errors. 
The curve gives the average value, over the period of the run, pressure at Dublin 
Airport plotted as a departure from the mean. 
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The apparent minima of the curve lie at 1030 and 2230c.m.T. ‘These times 
coincide with the maxima of the semi-diurnal pressure wave and thus a possible 
connection with pressure is suggested. 
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Figure 4. The average rate per hour G.s.T. of local (upper curve) and extensive penetrating 
showers. The straight lines give average values. 


§ 5. THe DarLy PRESSURE VARIATIONS 


The regular daily variations of pressure at sea level in Dublin are smaail. 
Their amplitude is about 0-2 millibar. These regular changes contain a diurnal 
term, a semi-diurnal term, terms of 6 and 8 hour periods anda lunarterm. ‘The 
semi-diurnal term is a world-wide phenomenon (Wilkes 1949, Mitra 1947). 
It has a very constant phase angle (giving its first maximum at about 1000 local 
solar time) and an amplitude which depends mainly on latitude, being greatest 
at the equator. It is caused by the action of the sun on the atmosphere which 
happens to have a free period of almost exactly 12 hours (Pekeris 1937). The 
diurnal term on the other hand is extremely variable. Both amplitude and phase 
angle vary very largely not only from station to station but also from month to 
month at a given station. ‘Ihe amplitude of the lunar term is only one fifteenth 
of that of the semi-diurnal solar term at sea level. It has, however, been shown 
(Appleton and Weekes 1939) to produce a change in height of the E layer of 
1-7 kilometres. ‘The 6 and 8 hour terms are small. 

In order to compare the pressure variations with the cosmic ray rates the 
average daily variations of pressure (at Dublin Airport) for both the periods of 
the individual runs and for the year September 1953 to August 1954 inclusive 
have been computed. ‘The necessary data were taken from the monthly weather 
report for Dublin of the Meteorological Service of the Department of Industry 
and Commerce. ‘The results (which of course include the terms of all periods) 
are shown as continuous curves in figures 2 and 3. The pressure in millibars 
difference from average is given on the right-hand ordinate. Positive values are 
plotted downwards. ‘The average pressure and the average local shower rate 
have been made to coincide. ‘The different shapes of these pressure curves are 
largely due to the variations in the amplitude and phase of the diurnal term. 
Over the whole period September 1953 to August 1954 this term had an amplitude 
of only 0-03 mb and a phase angle of 15-1°. (For the same period the semi-diurnal 
term had amplitude 0-28mb and phase angle 133°.) However, the average 
amplitude of the diurnal term for the month of January from 1950 to 1954 was 
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0-09 mb and its phase angle 164°. For July for the same period the values were 
0-20 mb and 36:2°. For short periods the variation was even greater; e.g. for 
the period of the 20cm run the values were 0-36 mb and 173°. 


$6. THE BAROMETER COEFFICIENTS 


The appearance of figures 2 and 3 suggests a connection between the local 
shower rate and these pressure changes. ‘To see if this is indeed so, y? tests were 
applied assuming (a) a barometer coefficient of —10°% per cm Hg, (4) one of 
— 50% percm Hg, and (c) one of — 430% percmHg. This last figure was obtained 
by taking the difference of the local shower rates for the minimum and maximum 
periods (10-11 hours and the average of 4-5 and 18-19 hours) and comparing it 
with the change in barometric pressure. A coefficient of —430 + 90% per cm Hg 
was obtained. For these three coefficients values of P of 0-002, 0-02 and 0-6 
were obtained and it therefore seems probable that the barometer coefficient 
derived from these small changes in pressure is greater than — 10°% per cm Hg. 

Many workers have derived a barometer coefficient for local penetrating 
showers using the large changes in pressure associated with the weather. The 
value usually given is —10% per cm Hg (Janossy and Rochester 1944). Our 
own results using the large changes of pressure (which at Dublin may amount to 
as much as 80 mb) confirm this result. At all thicknesses of lead a value of this 
order was obtained with the exception of the run at 82-5cm. Here the barometer 
coefhcient seemed to be significantly less (about —5°% per cm Hg). This, however, 
was not unexpected as other evidence seemed to show that about half the ‘local’ 
events at this depth were caused by p-mesons. ‘Thus it seems possible that 
there is a significant ditference between the barometer coefficient derived from 
the large changes of pressure associated with the weather and that derived from the 
small changes of pressure caused by the regular daily oscillations of the atmosphere. 

The changes associated with the weather are confined to the lower part of 
the atmosphere (below 15 kilometres). The oscillations on the other hand 
produce their biggest effects relatively in the upper atmosphere. Hence if the 
difference in the barometer coefficients is real it seems possible that the rate of 
local penetrating showers at sea level is strongly affected by changes in the 
atmosphere above the 15 km level. 


§ 7. THe LocaL SHOWERS AND SIDEREAL ‘TIME 
Figure 4 shows no obvious change in the rate of local showers with sidereal 
time. This conclusion was confirmed by a x? test on the null hypothesis which 
gave a value P=0-45. ‘Thus a straight line is a good fit for these results. ‘This, 
of course, does not prove that there is no sidereal variation. 


§ 8. THE ExTENSIVE SHOWERS 

The results for the extensive showers are interesting but not conclusive. 
A straight line is a poor fit for the points for both solar and sidereal time. The 
respective values of P from ,? tests are 0-02 and 0-05. For solar time, a curve 
derived from the known pressure curve and a —430°% per cmHg barometer 
coefficient, P=0-25. On the other hand against sidereal time, the extensive 
showers show 2 maximum for the period 19-23 hours c.s.T. ‘This in itself is 
not a conclusive result but this is the period at which the Galaxy crosses our 
meridian and maxima in the rates of soft extensive showers have been found at 
about 21 hours local sidereal time by Hodson (1951), Daudin (Proceedings of the 
Bagnéres Conference 1953), Farley and Storey (1954) and Formaca and Martelli 
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(Proceedings of the Bagnéres Conference 1953). A diurnal sine wave of 10% 
amplitude with its maximum at 21 hours G.s.T. gives a value of P=0-6 on a x? 
test when compared with the results in table 2. An amplitude of 10% is con- 
siderably larger than found by other observers. The showers selected in this 
experiment were, however, both penetrating and of high electron density (~ 200 
particles per m?). 

Thus the position with regard to the extensive showers is rather confused. 
From the work on local showers presented here, and from work on extensive 
showers there seems to be some reason to believe that both variations may occur. 
But since we have averaged over many thicknesses of lead a real solar variation 
may have produced an apparent sidereal variation or vice versa. ‘Thus while 
both variations may occur neither can yet be taken to be established. 


§ 9, CONCLUSION 


A variation of the rate of local penetrating showers with solar time appears to 
be established. It shows a strong negative correlation with the daily variations 
of barometric pressure. It seems likely that the associated barometric coefhicient 
is greater than —10°% per cmHg. A value of —430+90% per cm Hg follows 
from the results. If this difference is significant it would appear that the rate of 
local penetrating showers at sea level is strongly affected by changes in the upper 
atmosphere. | 
Possible variations of the rate of high density extensive penetrating showers | 
with both solar and sidereal time have been found. | 
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Abstract. The lower excited electronic states of some unsaturated hydrocarbon 
radicals and ions are discussed in terms of molecular orbital theory, taking account 
of electron interaction. The following results emerge: 

(i) In the absorption spectrum of an alternant radical there should appear 
two long wavelength bands. These arise jointly from excitations of electrons 
into and out of the singly occupied orbital. The lower frequency band should 
be weak, and the higher frequency band relatively strong. The existence of 
a low-lying quartet level is also predicted. 

(ii) The absorption spectra of the corresponding anion and cation should be 
closely related, the lowest two excited states being for both types of ion a triplet 
and a singlet. 

(iii) The singlet—triplet separation in the ions should be roughly equal to the 
separation of the two low-lying doublets of the radical. 

These generalizations are supported by the experimental data for certain 
triaryl-methyl systems. 


§$ 1. INTRODUCTION 


DD alternant hydrocarbons are conjugated systems with an odd number 

of carbon atoms connected together in such a way that they can be divided 

into two classes, each member of one being bonded only to members of 
the other. According to the number of electrons present, they may be charged 
ions or free radicals. ‘They form an important class of compounds whose spectra 
should be understandable in terms of molecular orbital theory. 

The simplest molecular orbital theory of conjugated hydrocarbons is that due 
to Hiickel (1931) according to which the orbitals are supposed to be approximate 
eigenfunctions of an effective one-electron Hamiltonian. ‘The Hiickel theory 
has been applied to odd alternants by Longuet-Higgins (1950) who showed that 
there are certain non-bonding orbitals restricted to one of the two classes of 
carbon atoms. We shall only consider systems of 2m—1 centres with one non- 
bonding orbital restricted to starred atoms. ‘This orbital will be empty in the 
cation, singly occupied in the radical and doubly occupied in the anion. ‘The 
eigenvalues of the remaining orbitals are symmetrically placed in pairs above and 
below the energy of the non-bonding orbital. 

If the excitation energies are taken to be the difference of Hickel orbital 
eigenvalues, then the lowest excited configurations of the cation, radical and 
anion will all be equally raised above their ground states (figure 1). ‘These 
configurations will lead to a singlet and a triplet level for each of the two ions and 
two doublets for the radical. In addition, the radical will have an excited quartet 
state and two further doublets due to the configuration in which an electron is 
moved from the lowest to the highest of the three orbitals. However, these 
predictions of the Htickel theory are over-simplified because of the neglect 
of electron interaction. A similar situation arises in the corresponding theory 
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of even alternants. In part I of this series, Dewar and Longuet-Higgins (1954) 
suggested an interpretation of the long-wave spectra of alternant hydrocarbons 
in which they allowed for the particular effect of electron interaction in splitting 
levels which were degenerate according to the Hiickel theory. When applied to odd 
alternant radicals, they showed that this led to a splitting of the two lower doublet 
levels. In part II (Pople 1955), it was shown how the conclusions of Dewar and 


—_eo— —ee— 
Cation Radical Anion 


Figure 1. Configurational excitations in odd alternant hydrocarbons. 


Longuet-Higgins on even alternants could be justified in terms of a more rigorous 
theory, based on self-consistent orbitals, in which electron interaction was taken 
into account at all stages. ‘The first aim of the present paper is to develop a 
similar background for the application to odd radicals. This is followed by a 
treatment of the excited states of corresponding singly charged ions, also based 
on the use of self-consistent orbitals. It is important that electron interaction 
should be adequately allowed for in a discussion of the structure of ions, for one 
of the principal weaknesses of the Hiickel theory is its assumption that the energy 
of an electron in one orbital is independent of whether the others are occupied 
or not. In the final section, the general relation between the spectra of corre- 
sponding radicals and ions is reconsidered. 


§ 2. SELF-CONSISTENT ORBITAL FUNCTIONS FOR ALTERNANT RADICALS 


The determination of Lcao self-consistent orbitals for radicals has been 
discussed generally by Pople and Nesbet (1954), who derived equations for the 
coefhicients, and these equations were applied to odd alternant hydrocarbons 
by Brickstock and Pople (1954). 

Pople and Nesbet suggested that the ground state of a radical containing - 
2m—1 mobile electrons should be described by a wave function of the form 


XO az | yy" es Pp? wee Pina | ie (2. 1) 
in which m electrons are assigned to space orbitals ,%...%,,%, with spin $, and 
the other m—1 electrons are assigned to orbitals y,°...%,,_;°, with spin —4. 
They removed the restriction that the spatial orbitals 4° and %,’ be identical, 
so that one could no longer speak of doubly occupied molecular orbitals. 

This description is convenient for a discussion of the unexcited radical, but 
is not altogether suitable for discussing electronic excitations, for the following 
reason. It is known that any eigenstate of a many-electron system must be not 
only an eigenfunction of the Hamiltonian #% (assumed spin-free) but also of 
the spin component S, and the total spin operator $2. The eigenvalue of $2, 
namely S(.S + 1)h?, determines the multiplicity 2S +1 of the eigenstate; and the 
classification of electronic states according to their multiplicity is of fundamental 
importance in spectroscopy, since transitions are forbidden between states of 
different multiplicity. Now the function of Pople and Nesbet (1954), though an 
eigenfunction of S, with eigenvalue }/, is not an eigenfunction of $2, whereas 


the simpler function + 
*xX0 I | aby oueh® Yn | Pe eee ai (2.2) 
in which the space parts of #, and #, are identical, may be shown to be an 
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eigenfunction of S? with eigenvalue 1(4+1)h2, and is therefore one component 
(S,= 3h) of a doublet. In this respect, therefore, the latter function is to be pre- 
ferred tothe former as a description of the ground state, whichis normally a doublet. 

One must now enquire how the orbitals ¥,...y,, are to be determined. The 
best orbitals are those which minimize the energy of the ground state Vo, Subject 
to the orbitals themselves being orthonormal—a condition which involves no 
loss of generality. Assume for the moment that ;),...y,, have been found, and 
that b.(k=m+1,m+2...) is some set of other functions which together with 
#-..%,, Constitute a complete orthonormal set. Then any infinitesimal variation 
in the orbitals ,...y,,, subject to the condition of orthonormality, has the effect 
of adding to 2x, small amounts of singly excited configurations, as follows: 


2X0> | bby Sous bah; cre PnP | 


m—1 


ig = Ain [ats oo? ihn areas Pie mem | 
oa S Nak | baby ae bjxb; « a et eee | 


k=m+ 
m—1 co 


7 ya 3 ie | phy Ca ith p Sige Pin mn | 
zi | bay iene babi cee PnP m | je Pe ae (2.3) 
The associated change in energy is given by the expression 
m—1 ice 
> Ai (Xo | H bi hm > ot > Ve n?Xo | He Leen "hi 
uo k=m- 
m—1 oe 
Da whtan| elipibed eM ve! ek ataum (2.4) 
4=1 k=m+1 


where ¢*?y,|7% |%;-hi,,) represents the matrix element of the Hamiltonian # 
between ?y, and the wave function multiplying A,,, in (2.3), the other terms in 
(2.4) being similarly defined. 

In passing we may note that the wave functions represented by %; 'y,,, 
%, ‘w,, and %,-'s,, are eigenfunctions not only of S, but of S? also, with eigenvalue 
4($+1)h?. They are therefore doublets, like 2y). For the energy of ?y, to be 
stationary, then, the matrix elements in (2.4) must all vanish, and this implies 
that the ground state *y, cannot interact with any of the singly excited confi- 
gurations appearing in (2.3). 

We now express the Hamiltonian 4% in the form H +G, where H is a sum of 
one-electron operators (the ‘core field’ Hamiltonian) and G includes all the 
two-electron repulsion terms. ‘This leads to the equations 


m—1 
O= (7X0 | H [bn ) = Aim + 2 {2(jt| G |jm) — (it | G | my) 
j= 


+ (mi |G |mm) 
(G1 2y ay, te) 


m—1 ‘ 
0= 7x0] [thm Me) = Hn + 2 {2(m |G [7k)—(im| Gi) (258) 
I= 
(k=m+1,m+2,...) 
m—1 - ¥ ; 
O= xo | 4 [bi bn) = Ain + 2: {2(j7 | G |jk) — (G7 |G | A)} 
j= 


+ 4{2(mi | G| mk) —(mi|G|km)} 
Gilet hme 12, .... )- 


a 
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nq Tepresents the matrix element of the one-electron core 
Hamiltonian between yf, and %,, and (pq | G|rs) denotes the two-electron integral 


| bo* UM") = (yh 2)dradra 


Proceeding by analogy with the closed-shell case we now introduce a one-electron 
operator F defined by the equation 


= m—1 
[by Fy = Fyg=Hyy + > (CPG Lig) — iP |G Iai} 


+ 3{2(mp | G | mq) — (mp | G | gmn)}. 
This makes it possible to rewrite equations (2.5) in the more compact form: 
F.,, + 4(mi|G|mm) =0 
Fn —4(mm | G| mk) =0 
Fy,=0 
where Lath, 2... = lek mA ma 2a ce iio C27 


In these equations H. 


‘These equations are not quite so simple as the corresponding equations for a 
closed shell; but if the terms (mi|G|mm) and (mm|G|mk) are small, as they 
will appear to be, the molecular orbitals may be taken to satisfy the simpler 
equations 


Punks Gn Oe eee (2.8) 


Now F, being a linear Hermitian operator, generates a complete set of ortho- 
normal eigenfunctions with real eigenvalues. Furthermore, the matrix element 
of F between any two of these eigenfunctions is necessarily zero. It follows 
then that the molecular orbitals we require are just eigenfunctions of the operator 
F, satisfying the eigenvalue equation 


Pi, = Tlie eo hie es os eae (2.9) 

The eigenvalues £, to E,,_, are then the ‘energies’ of the doubly occupied orbitals 
and EF, the energy of the singly occupied orbital. £,,,,, E49, and so on, are 
the energies of the orbitals which are unoccupied in the ground state. It is not 
possible to identify the energies F,...£,, with the various ionization potentials, 
as in the closed shell case, but F,,, can be identified with the mean of the ionization 
potential and electron affinity of the radical. 

‘These orbitals can now be used to construct wave functions for excited states. 
The configurations most likely to contribute to the lowest excited states are those 
in which an electron is raised (i) from %,,_, to %,,, (ii) from %,, to %,, ., and (iii) from 


$m toy,.,. ‘The first of these gives rise to a doublet configuration whose wave 
function is 


"x1 a aval sae Pin Pn |. a bac (2.10) 
The second also gives rise to a doublet configuration, namely 
°xX2 = aval Sai bmn + |. oe wea (2.11) 


The third, however, gives rise to two doublets and a quartet. ‘The doublet 
configurations may be taken in the forms 


x3 a V3 | bay oeKe bin Wm shin ee V3 | baby — team 1m |, cab ae Se aie (2.12) 


2X3" = Vs Paha ° PnP saPn (= Vt | bay OD Ym—Vim+ib'm | 
am V¢ | barby sisi Bmn—Win +m ‘ OOOO S (2.13) 
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‘while the es Siena is 


*y3= Was Ll, Bin msm | as \ : 4 | baby. Win Went, | 
ae V3 | [ahd sine Lin nim |. oD ia (2.14) 


It has already been established that ?y,, 2y. and 2y, do not interact with 2y,; 
and *y, cannot do so either, as configurations of different multiplicity do not 
interact. ?y,’, on the other hand, does interact with the ground state. However, 
it may be verified without difficulty that the transition moment between 2y, 
and *y;’ is zero, so that optical transitions between these two configurations are 
strictly forbidden. *y,’ is therefore analogous to a doubly excited configuration 
of a closed shell system, and we shall not consider it further. 

The excitation energies of the configurations ?y,, 2x, 2x3 and ty, may be 
-evaluated in a straightforward manner, using the relationship 


mM — 


E;= F,.= Hy +S 2GiIG Lit) (j7|G|q)} 


+4{2(mi|G|mi)—(mi|Glim)}. —...... (2515) 
The results are: 

Configuration Excitation energy 
Se EB, — En—1—(m—1,m|G|m—1, m) 

+3(m—1,m|G|m,m—1)+3(mm|G|mm) 
ov En i1— Em —(m,m+1|G|m,m+1) 

+3(m,m+1|G|m+1,m)+3(mm|G|mm) 

ta, Ena — Em —(m—1,m+1|G|m—1,m+1) 


+2(m—1,m+1|G|m+1,m-—1) 
—E,,4—(m—1,m+1|G|m—1,m+1) 
—}(m+1,m|G|m,m+1)—}(m—1,m|G|m, m—1). 
(2.16) 
In dealing with a conjugated radical such as benzyl it is most convenient to 
-exptess these results in Lcao form. We set 


*X3 E, 


m+ 


av) etre (2a) 
where ¢, are the various atomic orbitals of the conjugated system. Equation 
(2.9) then becomes 3 isa Sed sinned Kmart (2.18) 
Multiplying both sides by ¢,,*, Bot ae and setting [¢,,*¢,d7 =6,,, we obtain 
the secular equations DF cri Mise Rien arias (2.19) 
where F,,, is the matrix element of F between 4, and ¢,. With the simplifying 


assumptions of Brickstock and Pople (1954), these elements take the form 
ey 


fai = OP pale a 2(P Dic Dts | 
| 
R= Hy a Pegvae ee i EO elev egnente (2.20) 


m—1 


where Puy = e Lae + Emulmy 
i=1 


——_ 
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1, and H,,, are coulomb repulsion integrals and core integrals as in 
part II. Let us now apply these equations to an alternant hydrocarbon radical, 
containing 2m—1 conjugated atoms of which m are ‘starred’ and m—1 
‘unstarred’, each starred atom being linked only to unstarred atoms and vice 
versa. 


and y,,. U 


Let us assume that at some stage in the iterative calculation of the ¢,, (a) the 
diagonal elements F,,,, are all equal and (b) the off-diagonal elements F/,, vanish 
if wu, v are both starred or both unstarred. ‘Then if equations (2.9) are solved to 
obtain the p,, it will be found that («) the p,,, are all unity and (f) the p,, vanish 
if «, v are both starred or both unstarred. This means that in the next iteration 


we must take 
(a) F,, = Ce oF evan 
(6) F,,=H,,=09 if w, v are both starred or both unstarred, 
(c) Fyy=Ayy—4PusVuy if one of w, v is starred and the other unstarred (2.21). 


Therefore if at one stage in the iterative calculation conditions (a) and (bd) are 
satisfied, they will be satisfied at the next stage too; so we conclude that they will 
be satisfied by the elements F,,, of the self-consistent Hamiltonian itself. 
In consequence, the familiar pairing properties of the Hiickel orbitals in a 
radical are exhibited by the self-consistent orbitals also. These properties are: 
(i) If o(¢=1,..., m—1) is a doubly occupied orbital, then there is a 
‘conjugate’ unoccupied orbital #,,,_; such that 


Com—i,u = Cip (4 starred) } 
Com—i, us = Gy, (uu unstarred). 


(u) ‘The energy parameters of a pair of conjugate orbitals are related by the 
equation 


He Ee 2 ee Pl a re (2:23) 
(iii) he singly occupied orbital %,,, has the form 
Nn Sia Caat: ete Mane eae (2.24) 


where the summation is confined to starred atoms only, and is non-bonding in 


the sense that 
i = U, = Bie 


ao 


In view of these pairing properties the molecular orbitals y,,.,, ¥,, can be 


written 
Yn Fe > bby a > bP 
Vind, tei: Aaiiate Atk we (2.26) 
Pry cs ee > bib, a > bibus J 


where &*, X° are sums over starred and unstarred atoms respectively. Their 
orbital energies satisfy the equality: 


Em Em = Ey = Em =SEy says cca ee (2.27) 
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Using (2.26) and (2.27), and the approximations introduced in II, we may express 
the excitation energies in (2.16) in terms of AE and the repulsion integrals Vig 
It turns out that the excitation energies of 2y, and “x, are identical, as predicted 
by the Hiickel theory and illustrated schematically in figure 1. This means that 
there will be first-order configuration interaction between 2y, and 2y,, the 
magnitude of the splitting (see I) being determined by the integral 


eel | H | 2x2) 


—(m+1,m—1|G|m, m) 
2 ee ee (2.28) 


ip 


l| 


When this configurational interaction is taken into account, the excited states 
and their excitation energies become: 


State ~ Excitation energy 
/43(7x1 + 2x2) We = > a Os ae > Ca yi = > Gb 5G ,D ye, 
a BF oF 
V3(?x1— °X2) AE— 2 170 Yay +3 2, Ob) Yup +3 244s Ya 
2. NG p= Db Ba Yay + AD." Ss 73,108 es 2b, 
ye 2AE— ye b,2b,? Vy — DN 
= oa 


Dewar and Longuet-Higgins showed in I that the lowest of these states, namely 
vV 3(?x, + 2x2), should give only a weak band in the spectrum, but that the transition 
2Ve > 3(?x1—7xX2) should give rise to a relatively intense band. This result still 
holds with self-consistent orbitals, since the pairing properties of the Hiickel 
orbitals are preserved. ‘The interpretation of alternant radical spectra suggested 
by Dewar and Longuet-Higgins is therefore confirmed by the self-consistent 
orbital theory. 

Before discussing the alternant ions we should recall that the passage from 
equations (2.7) to (2.8) depends on the integrals (¢m|G|mm) and (mm |G | mk) 
being negligible. It is difficult to assess the accuracy of this assumption in 
general, but in the particular case of allyl the integrals (12 | G'| 22) and (22 | G| 23) 
vanish by symmetry. Though this will not happen in general, we doubt whether 
the errors so introduced will be large, and feel that the assumption is justified in 
large measure by the great simplification which it makes possible. 


§ 3. SELF-CONSISTENT ORBITAL FUNCTIONS FOR ODD ALTERNANT IONS 


Singly charged odd alternant ions generally have closed shell ground states. 
The theory of excited states based on self-consistent orbitals is therefore similar 
to the treatment of even alternants given in II. In this section we shall show 
how certain pairing properties can be used to predict similarities between cor- 
responding positive and negative ions. 

The solution of the self-consistent equations has been discussed by Brickstock 
and Pople (1954). The Lcao coefficients for positive and negative ions must 


satisfy 
> Hi eae = BSG” | 
v 


| 
SS EF v Civ aa Pviive a © ; zs 


J 
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where F,,*, F,, are defined as in (2.20) except that 


ie 
m—1 
Pus? =2 i Cit lopls 


a | 

m f 
Die LD toad 

1 J 
With the same set of approximations, the following pairing properties can be 
deduced : 


(3.2) 


(i) bi th = SS eee (3.3) 
(11) E+ oe Lee =2 Uns ae Vue <—— a ES ry err (3.4) 
C= Ce (wu. starred) 1 


G65) 


ie = Q 
Cu 4 Com-i, ia (Z unstarred). 3 


(iii) 


The simplest configurational excitations are %,,_,*—%,,* for the cation and 
tn >%n.q4 for the anion. The corresponding determinantal wave functions. 
for the ground states will be denoted by yo*, yp and for the excited states by 
1y,t, 3y,> and 1y,-, 3y,-. By the pairing property (3.5) the orbitals involved 


can be written 
baat =D by that Db, 
Yn = Day By Pu — Ds By Pu 
Ynu = 2.4, = 2 Baby | 


The excitation energies of these states can be evaluated by standard methods and 
are: 


States Excitation energies 
Lo Ig seo of 42 >) L \ 
Ao) KG 1am eer = > ay, oF Vu ap Z > Q,' Og pagel bie 
KY ev 
3 oe +_ fF ha 97 +9 
KO De AG oe aes, ls » ae b, Vuv 


7 

‘The theory in this form therefore predicts that the energy levels of the lowest 
singlet and triplet states should be the same for corresponding positive and negative 
ions. In the next section we shall attempt to compare these with the excitation 
energies for the radicals derived previously. 


§ 4. COMPARISON BETWEEN CORRESPONDING RADICALS AND IONS 


It is not possible to make a direct comparison between radicals and ions on 
the basis of the formulae of the previous sections as the self-consistent coefficients 
are not simply related. We may get some idea of the relationship, however, 
by using the radical orbitals (2.26) as approximations in all cases. It then follows, 
if « and v are both starred or both unstarred, that 


Se ie epee 
Pun™ =1F Qn } 
Pav SS" RGay 


Further, if « and v belong to different classes, Puy 18 the same for the radical and 
both ions. 
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Although the orbitals are now taken to be identical, the eigenvalues EE, 


and £; will not coincide. They are easily evaluated as diagonal Seca of 
the corresponding operators, however, and it is found that 
| eS Rew ARE oem COs. >" bb Wie Pht Sy ik Ae) alia oes it ee (4.2) 
Eni Ev =F, ee ov a 23" Pas b,.b,( 2 EP isVur) 
- > a,2b oP ite > 4 > apa y, i ‘ > a,b,,a,b vu ve 
yy ih yy 
ere (3) 
Using these results the excitation energies of radicals and ions, (2.29) and (3.7) 


respectively, can be directly compared. The following general features of the 


results are of interest. 
(1) The separation of the two doublet levels 
singlet—triplet splitting of the ionic states !y,* and 3y,7 


A/4(?x1 + *x—) is equal to the 


(11) The excitation energies of these two excited doublet levels are greater 
than those of the corresponding ionic singlet—-triplet pair by an amount 


> 4(a,2— 


iV 


ae ye 


This is the difference between the averaged coulomb interaction between two 


electrons in & 


7 


and that between one in %,, and one in %,,_}. 


It is not possible to 


prove that this is strictly positive, but it seems likely that it will usually be so. 
(i11) The lowest quartet level of the radical will be considerably lower than 
would be expected on the basis of the Hiickel theory, which would predict the 


excitation energy to be twice that of the doublets. 
the excitation energy of state y, we have 
ha 


2E(y/3(?7x1 + x2) = 


py 


which should be negative. 
is less than twice that of the Jower doublet. 


=P (GP bar Be) yap 


Using the notation &(y) for 


This means that the excitation energy of the quartet 
But it is not possible to say whether 


it will be above or below the doublet \/4(?x, —?x2) without detailed calculations. 
(iv) The doublet ?y, will lie above the quartet 4y and will probably be the 


highest of the excited states considered. 


These conclusions are illustrated schematically in the energy level diagram 


of figure 2. 
2X, 
un: pe eee 
Jie (?X-?X) fe 
Ne Sa 
VECX +) 2) 
Xt 
Radical 


Cation 


Figure 2. 


Anion 


General arrangement of predicted energy levels. 
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The quantitative application of the theory can be illustrated by calculations 
on allyl and benzyl, two simple odd alternants (table 1). These are based on 
the formulae (4.4) using the same integrals f and y,,, as in part Ch: 


Table 1. Calculated Excitation Energies of Odd Alternants (ev) 


Ion Radical 
State Byatt a ENE) ay SGN tee ae ete 
(weak) (strong) 
Allyl 2:39 4:94 2:74 5:29 7:74 4:51 
Benzyl 1:96 2-68 3:46 4-18 6:23 3:97 


‘The calculations of the allyl radical may be compared with those of Mofhtt 
(1953). The results are similar, although Moffitt predicts the quartet level to 
be above both doublets ./3(?x1 + 7x3). 

Experimental data on the spectra of odd alternants is rather limited, but what 
there is fits in with the qualitative description. Recently, Chu and Weissman 
(1954) have observed the spectra of some triaryl-methy] radicals and their cations, 
They found that each free radical shows a weak absorption in the visible region 
and a much stronger one in the near ultra-violet. ‘The corresponding cations 
have a region of intense absorption at an intermediate wavelength. ‘The 
approximate energy levels (peak absorption) are given in table 2. 


Table 2. Energy Levels in Triaryl-Methyl Radicals and Cations (cm ') 


Clit eens Radical Cation 

Weak Strong Strong 

‘Triphenyl-methyl] 19,000 29,000 23,500 
Diphenyl-p-xenylmethyl 17,500 26,000 19,500 
Phenyl-di-p-xenylmethyl] 16,000 24,500 18,500 
Tri-p-xenylmethy] 15,000 24,000 18,000 


Although these systems are probably not planar, the theory of this paper 
ought to give a qualitative explanation of these results. It is suggested, therefore, 
that the two principal bands of the radicals arise from the doublet states with 
wave functions /3(?x, + x2), while the excited state of the cation is 1y,*+. For 
triphenyl-methyl and tri-p-xenylmethyl, Chu and Weissmann assign the weak 
radical band to a symmetry-forbidden transition. But if the present inter- 
pretation is correct, it will be of the same symmetry as the strong ultra-violet band. 
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Abstract. The electronic spectrum of a composite alternant hydrocarbon 
R-S is discussed theoretically in relation to the excited electronic states of the 
separate fragments RH and SH. The lowest excited states of RS are interpreted 
as arising from two types of excited configuration. In the first type an electron 
is raised from an occupied orbital of one fragment to an unoccupied orbital of the 
same fragment, and in the second, an electron is transferred from one fragment 
tothe other. ‘The self-consistent molecular orbital theory is used to evaluate the 
interactions between the various configurations, and the molecules butadiene, 
biphenyl and styrene are examined quantitatively. The following results are 
worthy of mention: (i) In butadiene the near ultra-violet transition arises 
primarily from an in-phase combination of local excitations in the two double 
bonds. (11) In biphenyl a similar situation arises, there being strong configura- 
tional interaction in the perpendicular as well as in the planar conformation. 

In all three molecules there is quite good agreement between the observed 
and calculated spectra. 


§ 1. INTRODUCTION 


PROBLEM Of great importance in spectroscopic theory is to find how the 
wave functions and energy levels of a composite system are related to 
those of its constituent parts. That such relationships exist has been 
established experimentally by extensive studies of the absorption spectra of 
organic molecules ; in a rough way one can frequently associate a particular band 
with a certain grouping in the molecule, and numerous attempts, more and less 
successful, have been made to find the relationship of bands of similar type in 
molecules of allied structure.f 
In papers I and II of this series (Dewar and Longuet-Higgins 1954, Pople 1955) 
an interpretation was given of the principal bands in the electronic spectra of 
benzenoid hydrocarbons, and in paper III (Murrell and Longuet-Higgins 1955) 
the inductive effects of substituents were examined. An outstanding question 
remains: in what way will the spectrum of an unsaturated hydrocarbon be changed 
by a substituent which not only alters the effective potential on the 7-electrons 
of the hydrocarbon, but also enters into conjugation with them? ‘To answer this 
it is necessary to describe the states of the substituted molecule not only in terms 
of the z-electron wave functions of the unsubstituted hydrocarbon, but also in 
terms of those of the substituent. Clearly it is an advantage to begin by studying 


+ For review of recent work see Bayliss 1952, Maccoll 1947. 
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substituents whose electronic states can be identified with certainty, and for this 
reason we have turned our attention first to the case in which the substituent 
itself is an unsaturated hydrocarbon. 

Our first problem then is to find how the spectrum of a composite system 
R-S, where R and S are unsaturated hydrocarbon residues, is related to the 
electronic spectra of the fragments RH and SH. 


§ 2. "THEORY 
Let R-S be analternant hydrocarbon made up of two unsaturated hydrocarbon 
residues R and S joined by one bond. Examples of such hydrocarbons would be 
butadiene, styrene and biphenyl. 
If R and S are initially regarded as separate, the self-consistent molecular 
orbitals for the molecule R-S are just those for the separate subsystems R and S. 
Our notation for these orbitals is as follows : 


Unoccupied orbitals Pemease 55 mene: eae e 7) 

-6,, Din, 

Occupied orbitals gest Saran ao i) 
Orbitals of R Orbitals of S 


The question now arises: how are these orbitals modified when R and S are 
joined together? Suppose the bond is formed between atom pu in R and atom v 
in S. Then Pople has shown that if 4, and ¢, are the 2p atomic orbital functions 
of these atoms, the changes in the molecular orbitals are entirely determined by 
the value of the resonance integral 


Bu= [ bli HOC) dr, 
where H®" is the one electron core Hamiltonian. It is convenient to begin by 
ignoring the change in H“" as the systems are brought together, and to introduce 
it later as a perturbation which leads to a finite value for the resonance integral 
By» 

If 6,,=90, the excited electronic states of R—-S will be of two kinds. There 
will be states associated with local excitations of electrons in R and S, and states 
which arise from the transfer of an electron from a bonding orbital of one subsystem 
to an antibonding orbital of the other. All such states can be described in terms 
of singly excited configurations of the type 6,716, w,,1w,, 0,-!w,) Wp 6). 
However, the excited states cannot in general be identified with individual con- 
figurations, since these will interact under the influence of electron repulsion. 
We will now investigate this interaction. 


§ 3. THE EFFECTS OF ELECTRON REPULSION 


The general expression for the interaction between two different singly 
excited configurations yl, and %-1%, is (Pople 1955) 


[JY by Hb Mba de =2 | [ali bo Uribe) dri 
— [fee OMe Ur Wo GMa) erp vena (3.1) 


where H is the total Hamiltonian of the system for which B,,=0. 


a 
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The following cases need to be considered separately : 


(i) If, ty, and YY, are locally excited configurations in the same fragment, 
the interaction between them will be independent of whether the subsystems 
Rand S are juxtaposed or not. In setting up a scheme of interactions it is therefore 
best to begin by allowing the locally excited configurations of each fragment to 
interact among themselves; the resulting locally excited states will not then interact 
further when the subsystems are brought together. 

(ii) If’, tb, andy, are locally excited configurations in different fragments, 
they will interact by virtue of the first term in (3.1), but the second term will be 
zero if the orbitals of the different fragments do not overlap. In general therefore 
there will be interactions between the locally excited states of the two fragments, 
although in certain cases this interaction will vanish for other reasons. 

(ii) If J, and %.1%, represent configurations in which electrons are 
transferred in the same direction, these configurations will interact by virtue of 
the second term in equation (3.1), the first term being zero. 

It is important to note, however, that there will be no interactions between 
locally excited and electron transfer configurations, nor between configurations 
in which electrons are transferred in opposite directions. Such interactions 
will only become allowed under the influence of the resonance integral £,,. We 
conclude that if £,, is zero, the electron transfer configurations may be ignored 
in interpreting the electronic spectrum, since transitions to them from the ground 
state will be forbidden. 

Application to Biphenyl 

The effect of steric hindrance in biphenyl will be to give some preference 
to the configurations in which the two benzene rings are not coplanar. The value 
of the resonance integral §,, for these configurations will be small, and in 
the case of the rings being perpendicular will be zero. 

The singly excited states of the twe aromatic rings can be written (see paper I) 
as follows: 


Og’=/3(9,-10,—0.-783), Og! = 4/3(w3wy—W2 15) 
Og =4/4(0;-10,+6,-10,), Qe =4/4(w3-1w5+-w. tw) 
Op ae $(9,-10,+-0,-165), Q, =4/3(W37tw4+we ws) 
9, =+/3(0,-10;—0.-18,), Oy =1/3(M3 1W5— @2 14) 


where the self-consistent orbitals are those shown in figure 1. 


1 ' 
0, : A, ' Wy Ws 
! 6, 6; | Ws; ts 


Figure 1. The self-consistent orbitals of the benzene fragments in biphenyl. 


Since the orbitals 9 and w are self-consistént for the whole molecule as well 
as for the separate fragments, the ground state will not interact with any of the 
singly excited configurations. There will however be interaction between the 


locally excited states of the two benzene rings. 
40-2 
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If the rings are perpendicular considerations of symmetry impose severe 
restrictions on the interactions which occur, and the resulting states have the 


form ; , 
Ov, Q i Op, Oz, 
NO, = Q)) + pw Og: ae Op"), 
(Oy + Q5) —A(Og + Qe), 
Peer ti(o) ie) 
o(@, 2) = p(Op’ -— Of"). 


The values of A, 4, p and o are determined by the matrix elements between 
the four states Q,, Q,, O, and 92, and these in turn can be expressed in terms 
of molecular orbitals by (3.1). To evaluate them numerically we expand the 
molecular orbitals in terms of atomic orbital functions, and neglect all electron 


repulsion integrals except those of the form 


vrs= |] be b-OQAL/r) bs) $A) ery. 
Using the inverse distance approximation suggested by Pople (1953), that is 
setting y,,=R,,.1, we obtain the following matrix elements of H between the 
four states. 


Table 1. The Matrix Elements of H between the Locally Excited 
p and f’ States of Biphenyl (ev) 


Oy 6-62 0:92 0 —0-31 | 
Oy | 0-92 662 —0-31 0 

Q 0 —0°31 6-07 0-18 
oe —0-31 0 0-18 6-07 | 


In this matrix the diagonal elements are just the observed energies for the onset 
of the p and f! bands in benzene (Klevens and Platt 1954). ‘Table 2 gives the 
calculated energies and wave functions of the resulting states. 


Table 2. ‘The Wave Functions and Energies of the p and f’ States 
of Perpendicular Biphenyl 
0-156(@,+Q,)—0-689(O3-+Q%) 7-61 ev 
0-689(@,, + Q)) +0-156(O-+Q3) 6-18 ev 
0-573(@,—Q,)—0-415(@g—Qy) 6-12 ev 
0-415(@,—Q,) +0-573(@y—Qe) «5-47 ev 


Transitions are allowed from the ground state to the states @,, Q,, 
0:573(@, — Q,) — 0:415(O,.— Qe) and 0-415 (©, — Q,) + 0-573(0,,—O,,). Of these 
the first two will have the same character zs the 8 band in benzene. The third and 
fourth will also be intense since they both involve an in-phase combination of the 
f' transitions of the two rings. In addition to these bands we may also expect 
0, and (2, to give rise to weak transitions from the ground state just as in benzene, 
since these represent local transitions in the two rings. 

We shall postpone a comparison with experiment until we have discussed the 
situation in which the resonance integral across the central bond is not negligible. 


§4. THe EFFECT OF CONJUGATION 
Having dealt with the interactions which arise from electron repulsion alone, 
it is now necessary to consider the effect of introducing a resonance integral Bi 
between the two subsystems. As f,,, is a one-electron element it will have the 
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effect of mixing together configurations which differ by the position of just one 
electron. The relevant formulae are: 


| nls by dr Sra\ 2 i By (2) Hp, (7) d7;, 
| Pas bo Ne bet by dr = | be (2) by (7) dz, 


|b HO ay he dr = — | a(t) HE yi) dr. ee (4.1) 
These three expressions will be zero unless %, belongs to one subsystem and 
%, to the other, since the change in H,°" as the subsystems are brought 


together affects only the resonance integral £,,. 


Application to Butadiene 


Butadiene can exist in two forms cis and trans. In both of these the molecule 
is planar so that there will be a non-zero resonance integral £,, between the 2pz 
atomic orbital functions of the central carbon atoms. 

Let us denote the molecular orbitals of the two ethylene fragments, regarded 
initially as independent, by 


A, Ws 
—Vv3 : v3 Vt Ve 
6, Ww, 
V2 V2 V2 ve: 


In terms of these orbitals the locally excited configurations are 0,16, and w, 1 wy. 
By symmetry these must be taken in the combinations 1/3(6,-16, +, 1!w.) and 
1/3(8, 10, —w,-1w.) with energies C+T and C—TI where C is the energy of the 
first N—V transition or ethylene, and [ is the electron repulsion integral 


P=2[[6,()B@) Ura eor(fwo(j) dry. vee (4.2) 


The electron transfer configurations 0, !w. and w, 10, must be combined in a 
similar manner, but the resulting states will have the same energy D since the 
configurations arise from the transfer of electrons in opposite directions. The 
resonance integral f,, will cause these states to mix together, the matrix of the 
interaction elements taking the form shown in table 3. 


Table 3. The Matrix of the Interactions between the ‘ Ethylenic 
States’ of Butadiene 
\/3(8, 18,—w, *a») eee Tos 0 8 


4/4(6,-1a.—w 1-18) | [hey 1B) oO @ | 
4/3(0,-169-+w1e9) | Cre, Omen = Our 0 | 
\/3(0,-1w2+-w, 182) 0 0) 0 D fos | 

yy 0 0 Ome Oe 


The energy C of the observed excitation of ethylene has the value 7-06 ev (Platt 
1950). The energy of an electron transfer state may be computed from the 
equation 

[fOr er. HOy My dr=By— By — ff (AGH), or(Aoa(d) din ---(43) 


E, — E, which is the difference of the Hartree-Fock parameters of the two orbitals 


is evaluated by Pople’s method (1953), and in the case of ethylene has the value 
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—2B8i5+yYyo. AS By and yyy refer to two atoms of the same ethylene fragment, it 
seems best to use the values for these quantities which give a correct energy for 
the first NV transition in ethylene. Pariser and Parr (1953) recommend the 
values 745=7-38 ev Byy= —2:92 ev. The electron repulsion integral in equation 
(3.3) has the value }(y.3+2y13 +734); and T’ has the value 3(723 — 2713 + Yuu): In 
evaluating these quantities we have used the inverse distance approximation, the 
cis and trans forms being assumed to have the geometry indicated in figure 2. 


CIs LLPOMNS 


Figure 2. The geometry of the butadiene isomers. 
The use of this approximation will be discussed later. The value of 8.3 has been 
taken as — 1.68 ev as suggested by Pariser and Parr. The energies and wave 


functions of the resulting states are shown in table 4. 


Table 4. The Wave Functions and Energies of the States of 


Butadiene 

Wave Function Symmetry Energy (ev) 
f 0:553(0,6,— w, 1w,)+0-441(0, +w,.— w,—6,) (A) 4-73 
0:441(6,10,—w,—!w.) —0°553(0, 1wy—w, 1685) (A) 8-18 
trans + 1/4(0,-10.+ wwe) (S) 8:05 
0:225¥,—0:689(8, -1w.+w,0,) (S) Tens 
0:9744)+0:159(8,-!w.+ w,7!45) (S) —0-39 
(0-571(8,—20—w, ws) +0-416(8,—1w.—w,—16.) (A) 4-25 
| 0:416(0,-10,— w,—!w.) —0°571(8, 1H,—w,-18,) (A) 7:78 
cis | 4/8 ,-"0y-+- 0410s) (S) 8-65 
| 0:235'¥')—0:686(0,-!w.+w,~105) (S) 6:96 
| 0-971¥'5-+0-166(0; tw 2+ 1-195) (S) —0-41 


Of these states those with the symbol S are symmetrcial about the central bond 
and those with A are antisymmetrical. In trans butadiene there are therefore 
two allowed transitions from the ground state with energies 5-12 ev and 8:57 ev. 
In cis butadiene on the other hand transitions are allowed by symmetry to any 
of the four upper states. However, in the absence of overlap between the atomic 
orbitals, transitions are forbidden between the last two states in table 4. The 
only additional allowed transition in cis butadiene is from the ground state to the 
state \/3(0; '0,+@, 'w2). ‘This transition has a moment perpendicular to the 
central bond and corresponds to a symmetric combination of local excitations 
in the two double bonds. 

As far as the near ultra-violet spectrum is concerned the most important 
transition is to the lowest excited state. Although the wave function of this 
state involves electron transfer configurations, it may roughly be thought of as an 
antisymmetric combination of the locally excited states of the two ethylene 
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fragments, and transitions to it from the ground state will therefore be strongly 
allowed. Our calculations give 4-66 ev and 5-12 ev for the energy of this transition 
in the cis and trans configurations. These values are to be compared with the 
observed intense band in butadiene with an origin at 5-33 ev (Platt 1950). 

It is perhaps worth noting that the longest wavelength transition in s-cis 
dienes such as cyclohexadiene is normally found at a slightly longer wavelength 
than the corresponding transitions in s-trans dienes. 


Application to Planar Biphenyl 
In the planar configuration of biphenyl there will be a substantial resonance 
integral across the bond connecting the two benzene rings. As a result the 
electron-transfer configurations will interact with the locally excited configurations. 
However, only states of the same symmetry class can interact, and analysis shows 
that the various wave functions fall into symmetry classes as follows: 


Aig Bou Bay Big 
:: i PEO EN SNe 
12 aCe ss = <a Wee — Se 
Shs - . 
V3(9 + Qp) Vv 3(O,+ Q,) V3(Op * Qn) Vp Oa Q)) 
V/3( 0, + Qe) V/3(Op+ Qs) V3(Og— Op") V/3(Og— OQ) 
Va(Fo7w5 +a. 785) >/5(8s7wst+ws 185) V/3(O2-tw5s—we 85) /$(83-*w5—w3 185) 
V/3(93*e nips 764) \/5(G_-1e4 +9184) \/4(0,-1w4— ws 184) 4/4(8_-1e)4— W184) 
The interaction matrices for these symmetry classes are then 
Y, 0 1-12 0 0 0 
a/4(O.-2e5+._-10;) | 1°12 721 —0-14 0 0 
4/4 (05740 4+w3184) 0 —(0-14 7:98 0 0 
/3(@p+ Op) E 0) 0 6:29 —0:29 
V/4(Og + Qe) 0 0 —0-29 7°55 
J/}(Oy+ 24) 4-61 —0-56 0 0 
1(0,-1w5+w3-105+0,-1w4+W2 18,4) —0:56 8:05 0 0 
/3(Og+ Qs) ) 0 7:00 —0°56 
4(0,-1w5-+w3 10;—0,-1w,— we Ue, 0 0 —0:56 8-34 
\/4(@,— OQ) 5-86 —()29 —0:79 0 
V/F(9g— Qe) —():29 5:68 0:79 0) 
\/4(82-1w5— W215) —0:79 0:79 7°21 —0-14 
\/4(05-104— 3-104) { 0 0 —():14 7:98 
/4(8,— Qy) 4-61 —0°56 0 0 
4(0,-2w5— 3 105— Og twg +e 184) —0-:56 8:34 0) 0 
4/4(Og— Qs) 0 0 6:24 —0-56 
4(0,-1@5— 37105 +0971 4— 2144) 0 0 —():56 8:05 


The diagonal elements of the electron-transfer states have been calculated in 
the same way as in butadiene, that is using the Pariser and Parr integrals for 
atomic orbitals within a benzene ring and the inverse distance approximation 
for the repulsion integrals between atomic orbital functions belonging to different 
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rings. The length of the central bond has been taken to be the same as that of the 
central bond in butadiene. ‘The following points are worthy of comment: 
(i) As in the perpendicular configuration the p and p" states interact both in the 
representations A,, and B;,. (ii) The only states with which 0, and Q, interact 
are electron transfer states; they do not interact with one another. This is a 
quite general result in that the « state of any alternant system R cannot interact 
with any of the locally excited configurations of S, because if the wave function 
of the « state is written y/3(%,, 1s, +2—Y%n—-1 Ym 41) (see paper I), the interaction 
element takes the form 


V2] | nbn 22) — Pina ns @)L/Fi al H OCI) Fri 


which is zero because of the pairing of the orbitals (¥,,,, %,41) and (#1, Bm +2): 
; ; 
The roots of the secular equations, relative to the energy of ‘I’, together 
with the states from which they arise, are shown in table 6. 


Table 6. ‘The Energies of the States of Biphenyl in the Planar 
Configuration 
Energy (ev) 


if Yo —0-17 
V'3(B2-1@5-+ W285) 7:32 
JN j V/3(9,-*4 +3184) 8-04 
| Wes 
L 


\/ 405+ Q,,) ony 


V/ 40g + Qs) lea, are 
/4(0,4+0,) a ff» 4:52 

Wg: 
e { 4(8,—20.-4 (5105-1 Og“20 4-0 90,) uit \ {8-14 
er /4(Og+Qp) 6-80 
3(0,-1w5 +m, -10,;—O9-1w4— wy 184) 8°54 
iE V3(Op— Qp) i 5-87 
B V/3(Op — Qe) 5:05 
a “| \/3(82-1w;— ws) 7 USS 
L 4/3(03-1ew4—ws 18,4) L 8-08 
4/4(9, =) 4-53 
B if 3(0;-1w,— W310; 05-14 +wo18,) 8-42 
ig | \/3(@p— Oz) fF 6-08 
3(93-1w5— 510, + 0-104 — W184) 8-21 


The level at — 0-17 ev is of course the ground state and transitions from this 
Jevel to any of the states in classes A,, and B,, are forbidden by symmetry. Of 
the states in the other two classes there are four which lie in the near ultra-violet 
region. ‘The level at 6-80 ev will have the characteristics of the f state in benzene, 
and transitions to it will have about the same intensity as the 6 band in benzene. 
The level at 4:52 ev for similar reasons will resemble the « state in benzene. As 
for the states at 5-05 ev and 5-87 ev it would be an over-simplification to describe 
these as combinations of f’ states and p states respectively: transitions to both 
should be strongly allowed as both involve an in-phase excitation to the f’ states 
of the two rings. The four remaining bands in these two classes lie at higher 
energies, and should be weaker as they arise mainly from exchange of electrons 
between the two rings. In any case the whole theory becomes less reliable at 


these higher energies. In short, we expect four bands in the spectrum at 4-69 ey, 
5:22 ev, 6:04 ev and 6-97 ev 
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It is interesting to note that if the two rings are twisted slightly out of the 
plane the states of class B,, become optically accessible from the ground state, 
with a transition moment perpendicular to the central bond. We may therefore 
expect to observe in addition to the four bands described a fifth at 6-25 ev, and 
this should be quite intense being of the f type. 

In table 7 are shown the results of our calculations for biphenyl in the planar 
and perpendicular configurations together with the observed spectra of biphenyl, 
fluorene, and 9 :10—dihydrophenanthrene. 


‘Table 7. ¢Comparison of the Calculated Energies of the Bands 
in the Spectrum of Biphenyl with the Observed Data 


Calculated Observed 


Planar Perpendicular 9:10 dihydro- 


Biphenylt Fluorenet 


Biphenyl Biphenyl phenanthrene§ 
Vonset Vonset Vinax Vinax Vmax 
6:97 6°62 O57) 2 6-44 
(6-25) 

6-04 6:12 6:17 (double ?) 5:98 
5-22 5-47 5-02 4-73 4-57 
4-69 4-61 4-52 4:19 4-15 


+ It has been implicitly assumed throughout this paper that the nuclei do not move 
when the electrons are excited. Our calculations therefore yield vertical excitation energies, 
which by the Franck—Condon principle are correlated with 4,,,, the frequency of most 
intense absorption. However, the energies of the locally excited states have been estimated 
from values of v,y<¢¢, and so our calculated absorption frequencies for R-S will therefore 
correspond more closely to the observed values of v,),<e¢ than to those of vypyax. 


t Klevens and Platt 1954. § Jones 1941. 


The observed spectra conform in general pattern with the predictions of the 
theory. It is not altogether surprising to find the absorption bands of fluorene 
and 9 :10-dihydrophenanthrene lying at somewhat longer wavelengths than those 
in biphenyl, as it is well known that alkyl substitution produces red shifts in the 
principal ultra-violet bands. 


Application to Styrene 


The styrene molecule is presumably planar, with an angle of 120° between 
the double and single bonds of the side chain. Let us denote the degenerate 
orbitals of the benzene ring by 6, 03, 6, and 6; as in biphenyl, and the bonding 
and antibonding orbitals of the side chain by w, and w, respectively. We shall 
consider the excited states as arising from interactions between the following wave 


functions : 


Locally excited states Electron transfer states 
Og =/3(03-764— 6-165) \/4(8.-1w2+w 1-185) 
Os =+/43(9;-16;+ 82-184) \/4(8,-tw2— 1-185) 
0, = 4(05;10,+02-105) *4/4(63 two w, 104) 
CF =4/43(03-10;— 0.164) 4/3$(03-1@.— 184) 


WW» 
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It is found that these wave functions fall into two classes between which no inter- 
actions occur; and the interaction matrices for these two classes are: 


0, [ 4-61 0-69 0 0 | 
\/4(03-29— 1-10) | 0-69 7:94 0 =0-10 
i 0 0 0 —1:37 | 
\/3(O9-1w,—w 165) (0 —0-10 == 737 7-17 | 
s/M0,20;4+-0,-710,) | 7-94 —0-10 0 0-69 0 jin 
JO; 63+ 3,0) 1) =0-10 7-17 0-97 0 0-69 —0:69 | 
ww» 0 0-97 7-06 —0-31 0-97 —0-47 
0, 0-69 0 —0°31 6-62 0 0 
Oye 0 0-69 0-97 0 6-62 0 | 
0, | 0 —()-69 —0-47 0 0 6-07 


The roots of the secular equations are shown in table 8. 


Table 8. The Energies of the States of Styrene 


Wave function Energy (ev) Wave function Energy (ev) 
©. } [ 4-47 4/3(03-1a9+ w 1-184) | 8-24 
\/5(83-1a@5—w,-16,) | 4 8-08 4/4(8.-1w 2+ w1195) 8-93 
a | —0-25 Qamas | 6°36 
V/(8.-2a,— w 1165) | 7-42 Op | 6-52 
Op’ 5-90 
5 J So 


In computing the resonance integral and electron repulsion integrals we have 
assumed the six-membered ring to have the same geometry as benzene, and the 
external single and double bonds to have lengths 1-46 and 1-344 respectively. 
Transitions to the states of energy 5:52, 5-90, 6-36 and 6-52 ev should be strongly 
allowed since these states have components, transitions to which give rise to the 
strong bands of benzene and ethylene. The state of energy 4-47 ev, however, 
will give rise to a weak band having the characteristics of the « band of benzene. 


Table 9 summarizes the observed and calculated frequencies of the principal 
bands of the spectrum. 


Table 9. Comparison of the Energies of the Observed and 
Calculated Bands in the Spectrum of Styrene 


Calculated bands (eV) : Vonset 6:77 6°61 6-15 Daga, 4-73 
Observed bands (eV) : Vax 7-19 6-10 5:03 4-42 


$5. DiscussIon 


In this paper we have attempted to relate the spectrum of a composite alternant 
hydrocarbon to the spectra of its component parts. In this interpretation we 
have supposed that the excited states of the joint system can be expressed as linear 
combinations of wave functions representing on the one hand local excitations 
in the two fragments, and on the other, states in which an electron has been 
transferred from one fragment to the other. In describing these states we have 
made use of the self-consistent molecular orbital theory, and have supposed 
that the only wave functions which need to be considered are those arising from 
singly excited configurations, in which one electron has been raised from an 
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occupied molecular orbital to an unoccupied orbital in either fragment. This 
approximation makes it possible to relate the transitions occurring in the com- 
posite system to those observed in the separate fragments, without the necessity 
of making absolute calculations on the fragments themselves. 

In butadiene and biphenyl we picture the strong bands as arising from in- 
phase transitions occurring in the two halves of the molecule. The principal 
interactions which occur are those between degenerate states, which give rise to a 
first order change in the energy. Electron transfer configurations play a relatively 
small role in these molecules, since the extent to which they contribute to the 
energy of the excited states is second order in the resonance integral Ber, Or the 
quantitative side we have obtained a very satisfactory interpretation of the 
principal bands in the spectrum of butadiene and biphenyl in relation to the 
known spectra of benzene and ethylene. The quantitative results for styrene 
are perhaps less satisfactory, but we feel confident as to the nature of the excited 
states responsible for the transitions. 

With regard to our theoretical approximations, we have ignored completely 
the configurations in which more than one electron has been excited. To abandon 
this approximation would complicate the theory very considerably, but since 
these configurations lie at high energies, they are unlikely to make important 
contributions to the wave functions of the lower energy states. We have used 
throughout the approximations suggested by Pariser and Parr and by Pople of 
neglecting atomic orbital overlap and all electron repulsion integrals which 
depend on the overlapping of different atomic orbitals. The remaining electron 
repulsion integrals have been regarded by Pariser and Parr as parameters to be 
determined empirically, and we have adopted their values for pairs of atoms within 
the same fragment. However, for pairs in different fragments we have found that 
the inverse distance approximation y,,=R,.-! gives better results, but we think 
our main conclusions are unlikely to be modified by slightly different values for 
these integrals. 

We intend to extend the method we have described to systems consisting of 
more than two fragments joined by single bonds, and to systems in which the 
fragments are joined by more than one bond. 
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Abstract. This paper is a supplement to the discussion by Kinsey of the 
fluorescence yields of the L sub-shells in the heavy elements; it suggests the use 
of experimental measurements other than those which he discussed for the 
calculation of these quantities. New observations are reported and collated 
with existing information. ‘The fluorescence, Auger and Coster- Kronig yields 
of Bi are re-calculated. Suggestions are made about further experimental work. 

The numerical results are, for the fluorescence yields of Bi, w,=0-12+0-01, 
w= 0-32+0:04, w,=0:-40+0-05, for the- Auger yields’ 2,—0:1120-05 
a,=0-62+0-14, a,=0-60+0-05, and for the Coster-Kronig yields 
Fis=919 20-05, fie=U58 2005.5 7o,—0 0072 0s 

A discussion is added on some aspects of the radioactive disintegration of 
RaD. 


§ 1. INTRODUCTION 


IRECT measurements of the total fluorescence yield of the L shell were 
i) made for twenty-one elements in the range of Z from 40 to 92 by Lay 
(1934) using x-rays to excite the fluorescence and photographic film 
to record the intensities. Measurements of the fluorescence yields w,, ws, and 
ws, for the levels Ly, Ly, and L;,; respectively, were made with ionization chambers 
by Kiistner and Arends (1935) for seven elements in the range of Z from 73 to 83, 
but in their evaluation no account was taken of the possibility of the transfer of 
ionization from a low lying L level to a higher L level (Coster and Kronig 1935). 
Values of ws are, however, unaffected by this omission, and, if ionization transfers 
of the type L,,;>L4,4,(N, O, etc.) are of negligible intensity, values of w, should 
also be unaffected. Measurements of w; were also made by Stephenson (1937) 
for Pb, Th and U. His results are consistent with the corresponding measure- 
ments of Kiistner and Arends (see Kinsey 1948 a, figure 2) and this suggests that 
both sets of measurements for ws are reliable. 

Kinsey (1948 a) calculated values of w,, wy and ws; for eight elements in the 
range of Z from 73 to 92 by estimating the radiation width IP, of each sub-shell 
and dividing this by the total width I’ of the sub-shell. Estimates of 1, were 
based on (1) the calculations by Massey and Burhop (1936) of the absolute tran- 
sition probabilities of selected strong radiative transitions, and (ii) the measured 
relative intensities of all important lines in the L x-ray spectrum arising in the 
particular L sub-shell. For the total widths of the respective levels, Kinsey 
selected a ‘best value’ from the direct measurements of level widths made for 
Ta and W by Bearden and Snyder (1941) and for Au by Richtmyer, Barnes and 
Ramberg (1934). Values of I’ for neighbouring elements were estimated by 
using the equation P=T.+P, +o, where I, is the Auger width and I. the 
Coster-Kronig width of the level. I", was assumed to be constant over the range 
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of Z concerned and I’,, was assumed to arise only from ionization transfers of the 
type L,>Ly;;Myy y and to be given in magnitude by the measurements of 
Cooper (1942). 

In a subsequent paper, Kinsey (1948 b) published measurements of the 
absolute intensities of the L x-rays excited by internal conversion of y-radiation 
following the f-disintegration of ThB, the «-disintegration of ThC and the 
6-disintegration of RaD. He thereby established that the total L fluorescence 
yield was higher than his calculated value and also that the fraction of this yield 
due to L,+ Ly; fluorescence was larger in the cases of ThC and RaD than the 
calculations predicted. He concluded (i) that the calculated values of Massey 
and Burhop were too small by about 10% (these calculations used hydrogenic 
relativistic wave functions and took account of screening in accordance with 
Slater’s rules), and (ii) that Coster-Kronig transitions of the type L,;>+L,,N 
occur for about 12° of the Ly ionization. ‘These modifications raise the predicted 
total fluorescence yields in bismuth following the conversion of nuclear magnetic 


_ dipole radiation of 40 to 50 kev energy from 32 to 41%. However, this increase 


was not considered by Kinsey to be sufficient to produce good agreement between 
calculated and observed values of the L x-ray intensity following the «-disintegra- 
tion of ThC, and he finally employed a total fluorescence yield of 47°% in his 
calculations for RaD, a figure which has been adhered to in subsequent discussions 
of this disintegration. Further evidence on the fluorescence yields would clearly 
be of value. 


§ 2. ‘THE EQUATIONS GOVERNING THE FLUORESCENCE YIELD 


The equations are formulated for the case in which the primary ionization 
is produced by internal conversion of a single y-ray, but the treatment is readily 
adapted to other methods of ionization by substituting in a suitable manner for 
the phrase ‘ per disintegration’. 

The symbols employed are as follows. 

24, Ny, N,: the numbers of primary ionizing events per disintegration in the 
L,, Ly, and Ly, levels respectively. 

W1, Wy, 3: the fluorescence yields of the three L levels. 

Q,, Qy, @,: the Auger yields of the three L levels. 

tis fis fog: the Coster-Kronig transition yields for transfer of ionization from 
the level represented by the first suffix to the level represented by the second suffix. 

I, F,and A: the total number per disintegration of L ionizations, L fluorescent 
quanta and L Auger electrons respectively. 

R: the total number of y-quanta radiated per disintegration. 

1:C,:C3: the relative numbers of primary ionizations in the three levels. 

1: F,:F3: the relative numbers of L x-ray quanta produced from the three 
levels. 

1:A,:A,: the relative numbers of Auger electrons produced from the 
three levels. 

Assuming only that, as proved by Kinsey (1948 a), the L fluorescence yield 
of an atom singly ionized in a given L level is to a good approximation the same as 
the L fluorescence yield for the atom ionized both in the given L level and in an 
M or higher shell, the following relations hold: 


itn Pare Nel Fe 0 = ot) oe Gaten Ve (1) 
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WM + Wo(My +fi2%y) + Ws[73 + fig% +fos(We t+from)J=PF ...... (2 
AN, + Aa(M +221) + As[23 + fist +fos(te +fiom))=A ...--- (3) 
N= Ta! Go Cee (4) 
w(Mo+fiot) — 33 + fist + fos(%2 +fiom1)] (5) 

Ont nen eo Fae Gee ae : 
ain Be! S az[Nz + fist ae +i) iO CEN (6) 

2 3 

l=fyot+fistor+ a cice votes exe (7a) 
1 = fog + We + ae ao (7b) 
T=Wet@e. .0 5) ee ee eee (7c) 


The problem in its present form is to determine the quantities represented 
by small letters when the quantities represented by capital letters are determined 
by experiment. The equations are however neither independent nor sufficient. 
There are twelve ‘unknowns’, the n’s, the w’s, the a’s and the f’s, and of these, 
three (the n’s) refer to the process of primary ionization and nine are independent 
of that process. There are eight independent quantities experimentally deter- 
mined (J, C,, C3, F, F., Fs, A, and A,), and three of these (J, C,, C3) allow the 
n’s to be calculated. This leaves five experimentally determined quantities 
and three identities (equations (7)) for the calculation of the nine coefficients of 
de-excitation. Explicit expressions for four of the coefhcients may be written 
down at once. ‘They are 


w= FoR rea (8a) 
ay = SE mone (8b) 
= =14 pees A ae (9a) 
alt pg eee Soa! (9b) 


Equations (9) involve a redundancy in view of (7c). 

To proceed further it is necessary either to acquire an additional source of 
experimental information, or to introduce a simplifying assumption. The 
assumption f2;=0 is mathematically convenient and is probably not greatly in 


error. If we adopt this assumption we have (again with a redundancy on account 
of equation (76)), 


jb Sy Seas ie 
Ws =1 i F Fst BAS Bem Oty (10a)t 
pee ae ae eae Gs 
7s) Tae (105)+ 


and, from equations (4) and (5), in terms of (8a), (9a) and (10a) and with redun- 
dancy on account of (7a), 


fe= («1 Fy/we) — Cy 
Fas (ots Osi Gan) a DIP Gee (12)t 

If no assumption is made regarding f,3, a second set of experiments is required 
+ Valid only if f.,=0. 
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involving an alternative mode of primary ionization such that vacancies are 
created in the three L levels in ratios other than ,:7):73. Such an experiment 
1s possible if a stable isotope is available for experiments in which x-rays are 


NS  eEeEeEEeEe——eeeeEeEeEeEeeeee—eeeEeEeEOeeeeeeeeeeeeeeeeeeeeeeeeeEeeeeEeEeEeEeEeEeEeEeEeEeEeEeEeEeEeEeEeEeEea—eEeee 


the primary ionizing agent, or if a second unstable isotope exists the radioactive 
disintegration of which involves the emission and internal conversion of a single 
y-ray producing L ionization ratios n,':n,':n', different from those of the y-ray 
already considered. As a good approximation, in most cases, species of 
neighbouring Z values may be used if pairs of isotopes are not available—thus 
Kinsey compared the disintegrations of ThB and ThC (internal conversion in 
s3Bi and ,, Tl, respectively) though he had not available two complete sets of 
data for use as indicated here. In the present treatment, primed letters will be 
used to represent the second set of experimentally determined quantities, and 
also to distinguish duplicated values of the coefficients of de-excitation obtained 
through the use of these quantities. 


By combining the first and second sets of experimental quantities (using (5) 
and (4)) we then have 


Sigel ho—a@, Fo \i(Ca—Cy) 7 aire (13a) 

Fra= (C20, Fy C0, F ) lo, — 0, Fy). ese (14a) 
Similarly (using (6) and (4)) 

MAGMA 6, As (CoCo) Tain (130) 

Fie =(Cyay' Ay’ — C'a,A5)/(a;A2—4y'Ap’), ses (14) 


These results enable f,, to be obtained from (7a) and f,; from (7b) thereby com- 
pleting the solution of the problem. Here it may be noted that full duplication 
of the experimentally determined information would provide duplicated values 
of six of the coefficients of de-excitation (w,, a, ws, 43, fia, fy3) and single values of 
the other three coefficients. 

Up to this point the solution of the equations has been regarded purely formally, 
without reference to the relative accuracy of the experimental information 
involved. It should be recognized, however, that all this information is not of 
the same accuracy, and that, in particular, individual values of the Auger yields 
from the three L sub-shells are difficult to determine with precision. Values 
of A, and A, are not involved in the calculation of the coefficients w,, w, and 
fiz from equations (8a), (13a) and (14a) respectively, but they are involved in the 
calculation of a, and w, by equations (84) and (9a) and hence in the determination 
of az and f,, using equations (7c) and (7a). ‘The equations (135) and (140) for 
a, and fy,» are particularly unreliable in that they require two sets of the Auger 
intensities; the errors in a, also affect f,,; when the latter is found by difference 
using equation (74). It is possible, however, in a favourable case to obtain fo; 
with useful accuracy from the relation 


fos = [(@1P'3/@3)-—C3—fis]/(Catfiz) vee (15) 
and a, may then be found from (74). It may be noted that if the ratio 4;/(1 + A.) 
is known more accurately than either A, or Az, ws is likely to be more accurate 
than a,; in the subsequent discussion this condition will be encountered. 


§ 3. THE EXPERIMENTAL VALUES RELATING TO BISMUTH 
The disintegration of RaD followed by internal conversion in RaE of a single 
y-ray of 46-5 kev energy provides a very suitable case for the study of L-shell 
fluorescence. This disintegration has been so often investigated that a 


616 M. A. S. Ross, A. F. Cochran, }. Hughes and N. Feather 


considerable body of experimental results already exists for it, and there is 
available also some evidence regarding the ordinary fluorescent radiation of Bi. | 
We therefore devote the rest of this paper to the discussion of the data concerning 
Bi and to the calculation of the fluorescence and other yields of the L levels of this 
element. 
(i) ‘Cyand Cs 

The results of recent work on the relative intensities of conversion of the 
46:5 kev y-ray in Bi following -disintegration of RaD are shown in table 1 together 
with theoretical values taken from the tables of internal conversion coefficients 
for M1 radiation given by Rose et al. (private communication) for the L; and Ly; 
levels, and by Gellman et ail. (1952) for the L1,; level. ‘The measured relative 
intensities are consistent with the assumption of pure M1 radiation and are 
close to the theoretical values. The rather difficult measurement of the relative 
intensity of conversion in the L,,, level appears to give a value somewhat higher 
than theory predicts (although final theoretical values have not yet been obtained). 


Table 1. The Relative Intensities of Conversion of the 
RaD y-ray in the L Levels of Bi 


Level of Cranberg Wu et al. Bashilov Theoretical M1 
conversion (1950) (1953) et al. (1953) Relative Absolute 
Ly 100 100 100 100 16:3 
Liy 0-1-5 Posse VeS Sars: 8-9 1°45 
Lit 1-9+0-4 Mev? 0-86+0-05 0-13 0-022 


This may be explained by the presence of an almost negligible E2 component, 
or alternatively by the occurrence under the conditions of experiment of a small 
amount of external conversion of the y-ray in Pb, an explanation for which there 
is support in the finding by Bashilov e¢ al. of a peak (labelled X by these authors) 
which may arise from external conversion in the L,; level of Pb. However, 
the quantity C,; is so small by comparison with f,,; and with 1+C, that 
variations in it are unimportant and we therefore adopt the theoretical 
values C,=0-089 + 0-002, C,;=0-0013. 

For the case of L ionization by soft x-rays, experimental values of the relative 
intensities of ionization are given by Robinson and Young (1930) but complete 
data are found in their work only for Au. They find ionization (produced by 
Ka, + Ka, radiations of Ag) proportional to 3-5 + 0-25, 5-340-5 and 8-5+0-5 in 
the Ly, Ly; and Ly;; levels respectively, giving C,’=1-5+0-2, C,’=2-4+0-3 
(errors estimated by present authors). However the intensities of ionization 
found by Robinson and Young are subject to two corrections : (i) for the conversion 
from photographic blackening to electron intensity, which will raise the intensity 
of L; ionization and to a less extent that of L,, ionization relative to the Litt 
ionization intensity, and (ii) for the directionality of ejection of photoelectrons 
from the three L levels which probably enhances the reception of L, photo- 
electrons under the geometrical conditions of the experiment. Considerable 
difficulties are also encountered in estimating the relative intensities of ionization 
from the ‘absorption jump’ ratios. Relative intensities obtained by this method 
for Bi are: 1:1-7:2-6 (Patten 1934), 1:2:1:2-26 (Carr 1934), and 1:1-77:2-74 
(Kistner and Arends 1935). Because of the uncertainties associated with these 
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measurements we take the mean of those measurements which give a reasonably 
good fit with the crude theoretical ionization ratio 2:3 for the L,, and Ly, levels 
respectively, namely, those of Robinson and Young, Patten, and Kiistner and 
Arends. This gives C,'’= 1-66 + 0-15 and C,'=2-6+0-2. A precision measure- 
ment of the relative ionizations using counters and a high resolution spectrograph 
and making allowance for the directionality of photoelectron ejection would 
obviously be of interest. 
(ii) Fy and F; 

Precision measurements of the relative intensities of the L x-rays of Bi 
following the disintegration of RaD have been made recently by Frilley et al. 
(1951), by Ewanf (1952) and for the present paper by Cochran.t In each case a 
curved crystal spectrometer with photographic recording on electron-sensitive 
emulsion was used, the resolution obtained by Frilley et al. being somewhat 
higher than that obtained by Ewan or Cochran. ‘The calibration of the sensitivity 
of the spectrometers as a function of the energy of the radiation was calculated 
by Frilley et al. and Ewan and was experimentally determined by Cochran 
(thereby including in the calibration, corrections for absorption in the crystal, 
in the air path and in the paper cover of the electron-sensitive plate). The results 


Table 2. Relative Intensities of the L x-ray Lines of Bi 


RaD disintegration Excitation by soft x-rays 
Frilley Ewan Cochran Frilley Ewan Cochran 
et al. et al. t 
a, + satellites of a, 15 18 161 ff iLZeS 17 15-6 
a,-+ satellites of a, 150 145 \ 137°5 135 37 
Ds 25 35 SES 6:3 6 7 
Bs ere eaet00) 6 400 A ae 100 100 
B,+ satellites of By 80 70 
; 40 46 38 75 7 75 
Bs = 3 os 3°7 = 4:3 
V1 15 9-4 14 10-9 
7% ~3 2 ~ 0-4 
Y1 Y1 
2 11 Heil 1:8 
¥3 ~ ¥3 ~1 8 
Ve “Al af | 3°8 
14 8:8 1:8 | 
ie 4 2-7 = 0:3 


obtained are shown in table 2. The total relative intensities in the Lx, Lf and 
Ly bands inclusive of the weaker lines are shown in table 3 and compared with 
the band intensities measured by Wu et al. (1953) and by Hughest for the 
present paper. Wu et al. made their observations by proportional counter with 
krypton and methane filling and Hughes used a proportional counter with pure 
argon filling. Some allowance must be made for the presence of X-rays from 
Pb in the spectra of Wu et al. and of Hughes, which tends to lower the Ly intensity 
relative to that of Lx and Lf perhaps by 2 or 3%. ‘The agreement between the 
five sets of results in the table is considered to be satisfactory. ‘The total intensities 


+ Fuller publication elsewhere. 
t Normalized to bring the total intensity of the lines B, and fy, to 100 units. 
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Table 3. Relative Intensities of Groups of L x-ray Lines of Bi 


Disintegration of RaD Excitation by soft x-rays 
Group | Frilley Ewan Cochran Wu Hughes | Frilley Ewan Cochran Hughes 
of lines] et al. et al. et al. 
La 170 168 166 1 1-00 159 157 157 1-00 
+0-10 an OILS 
LB 175 191 181 1 1-13 2A 120 122 0-98 
+0-10 an Ol 
Ly 38 45 29 0-2 0-23 15*2 18-9 15-8 0-19 
+0-02 + 0-04 
L; 94 115 91 19-2 17 18-0 
Lit 78 82 75 85 81 78 
Litt 211 207 210 191 197 199 


of radiation from the L,, Ly; and Ly; shells are also entered in table 3. In the 
calculation of these intensities, auxiliary data were required to resolve the f,/, 
line and to include weak lines. The required relative intensities were taken from 
the spectra of Ta (Hicks 1931, Bétzkes 1934), W (Jonsson 1926), U (Allison 1928) 
after correction for absorption in the source. The intensities of the Ly lines in 
the spectrum of Frilley et al. were likewise calculated from these auxiliary spectra. 
Values of F, and F were then calculated for each Bi spectrum and means taken 
to obtain F,=0-79 + 0-06, F;=2:12+0-3. Proceeding in a similar manner with 
the spectrum of Bi excited by soft x-rays (largely Ag K radiation), values of 
F,=45+0-2, Ke =10-7+1-0 were derived: | Hence ey, —5.722 >. 
Pe Fe=5'1 + 0-9 and ie Fo= 2:57 £04) Fo 2 


(ut) The Value of F/I for the RaD Disintegration and for Excitation 
of Bi by Soft X-Rays 

For the case of excitation by soft x-rays we have F’/J=0-402, as determined 
by Lay (1934). 

For the RaD disintegration there is considerably more doubt about the best 
value. For this case an absolute determination of F by Stahel (1935) gave 
0-252 per disintegration. Other (and probably less reliable) measurements are 
0-30 (Gray 1932), 0:27 (Tsien 1944) and 0-19 + 0-03 (Damon and Edwards 1954). 
Many workers have made measurements of J, either by comparing the total 
L-conversion intensity with the total intensity of the RaE continuum, or by 
determining the absolute intensity of L conversion and the absolute intensity 
of the source—the latter by various methods. Recent results are summarized 
in table 4. ‘The value of J given by Butt and Brodie is considered to err on the 
low side on account of over-correction for back-scattering in the source. 


Table 4. Values of J and F/I 


I per 
Method disintegration F/I 

Cranberg (1950) Absolute source strength 0-54 0-465 | 
Butt and Brodie (1951) RaE 0467 0-54 | F 
Wu et al. (1953) RaE 0-64 0-393 | from 
Bashilov et al. (1953) RaE 0:-45+0:-02 0:56 i Stahel 
Kinsey (1948) Calculation 0-41 

Final estimate 0-47 


Lay (1934) X-ray excitation 0-402 
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An alternative method of determining F/J for the RaD disintegration is 
through the ratios F/R and R/J separately determined. Values of F/R have 
been found by direct comparison (using proportional counter and pulse analyser) 
to be 4+4+0-7 (Wu et al. 1953) and 6-74+0-5 (Hughes for the present paper: 
uncorrected for source absorption). Absolute determinations by scintillation 
spectrometer give F=0-19+0-03, R=0-044+0-003 and hence F/R=4:3+0-9 
(Damon and Edwards 1954). R/J is the reciprocal of the total L internal con- 
version coefficient, the data for which are given in table 1, column 6. Here an 
error of the order of 2% is involved in the interpolation for Z and y-ray energy 
in the tables of Rose et al. The maximum fractional error due to neglect of a 
possible E2 component of the y-ray is 0-3°% and is therefore negligible. Even 
allowing for approximations in the calculations of Rose et al. and of Gellman 
et al., the theoretical value for R/J is considered to be better than any experimental 
value at present available. Using it with the data of Wu et al. and of Damon and 
Edwards, F/I by this method is about 0-25+0-04 and with the more recent 
determination of Hughes, F/J=0-38+0-03. By comparison with the results 
in table 4 it appears that the value of F'/J obtained in this way from the published 
data is considerably too low to be acceptable. ‘The value derived from the obser- 
vations of Hughes would be slightly raised by correction for source absorption; 
in this way it would be brought nearer to the results in the table. From the 
experimental evidence discussed above we conclude that the value of FJ 
probably lies between 0-38 and 0-49. 


(iv) Evidence Concerning A, and Az 
High resolution electron spectrometer studies of the L Auger electrons of 
RaD have been made by Kobayashi (1953) and by Bashilov et al. (1953). Allowing 
for the somewhat higher resolution achieved by Bashilov et al. at energies below 
about 6 kev, the published spectra are essentially the same. Kobayashi gives 


T T T 
Ae uo?” MNA 
bg MM MM MN 
*—Ly>MM -L)-MN— 
HLy?NNA 
Lg “NN 
HL NN 
300 5 
M-Auger 
2 | electrons 
Cc 
o 
— 
al 
= 200 
w 
— 
i) 
So 
= 


100 a 
——- Scale linear in Ho 
= SS SSS 


5 10 1S 
Energy of Electrons (key) 


Spectrum of L-Auger electrons of Bi (after Bashilov et al.) uncorrected for absorption 
in the source. Background level as estimated by the present authors is indicated 
by the broken line. 


an analysis of the line intensities after ering a correction for absorption in 
the source and estimating the level of the background. ‘The figure shows the 


41-2 
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spectrum after Bashilov et al. to which we have added a curve showing the approxi- 
mate level of the background but no correction for source absorption. ‘The 
energy ranges of the various Auger electron bands are shown in table 5 and it 
will be seen that the main features of the spectrum shown in the figure may be 
interpreted in terms of these bands. From 5:2 to 8-1 kev the L;;;>MM lines 


Table 5. Energy Limits of L Auger Bands in kev based on the data 
of Cauchois (1952) 


Shells of final ionization Shell of initial ionization 
Ly Ly Lin 
MM 8-22-11:11 7-54-10-42 5-25— 8-15 
M(NO etc.) 11-38-13-62 10-71-12:-95 8-41-10°65 
N(NO etc.) 14:4 -16-4 IBEW SilSe7/ 11:4 -13-4 


appear and the high-energy end of this band includes the low-energy tail of 
L,;>MM. From 8-4 to 10-4 kev the main part of the L;;~+MM band occurs 
superposed on the L,,;;+M(NO) band and a considerable portion of the L;}>MM 
band. From 10-8 to 11-1 kev no L;;,; lines appear and the contributing bands 
are the high-energy portion of L;+MM and the low energy tail of L;;~M(NO). 
From 11-4 to 13-6 kev the high-energy portion of L;;~M(NO) is superposed on 
L,;>M(NO) and L;;;~>N(NO)and finally from 13-7 to 16-4 kevthe Ly ;;>N(NO) 
lines occur. In table 6 the intensity analysis given by Kobayashi is reproduced 


Table 6. Relative Intensities of the Auger Electron Bands 


Disintegration of RaD X-ray excitation 
Kobayashi after Bashilov et al. Robinson and Young 
(blackening) 
Lip MM 
+small part L;;~ MM 26°5 25-4 1S 
part Ly;> MM 
+ part L;}> MM 21 a| 7°5+ 
+ Ly M(NO) 
part L;> MM 
+small part L;;>~ M(NO) 4 4-7 95} 
part L,;~ M(NO) 
+part L; > M(NO) 6 6:2 5+ 
part L;+ M(NO) 
+ Ly N(NO) 3 2°65 2 
Ly NCNO) 
+L,—> N(NO) ? 0:95 0-1 
‘Table 7. Approximate Analysis of Spectrum: Relative Band Intensities 
Li MM 25 Li M(NO) 7 Ly N(NO) 2 
Ly->MM = 12 Ly M(NO) 4— Ly N(NO) 1 
Leon 9 Ly>M(NO) 2+ Ly>N(NO) £295 


together with data obtained by the present authors from the figure and corrected 
approximately for source absorption. For comparison the results of Robinson 
and Young (1930) for excitation by soft x-rays are included in the table, the figures 
in this case representing the relative photographic blackening. The rough 
analysis suggested in table 7 is based on the intensity measurements of Kobayashi 
and the intensity readings made froin the graph of Bashilov et al. From this 
analysis we conclude that the ratio A;/(1+A,) is 1:3+0-2 and less confidently 
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that 1<A,<2-5. For the analysis of the Auger spectrum of RaD it would be 
valuable to obtain, at equally high resolution, the Auger spectrum of the Ly; 
shell alone. 

For the case of x-ray excitation, the only observations of Auger intensities 
are those of Robinson and Young (1930) entered in table 6. It does not seem 
possible to make use of these because the correction factor for the conversion of 
photographic blackening units to electron intensity is too uncertain. We there- 
fore rely on the theoretical, relations A,/F,=A,'/F,/(=@gw,/a,w,) and 


A;/ FP; = A,’ F'3'(=a3w,/a,03) which follow from equations (5) and (6). 


§ 4. CALCULATION OF THE YIELDS 


It will first be shown that the values proposed by Kinsey do not give a 
satisfactory fit with the ‘best values’ of the experimental data adopted here. 
We take from §3 (i) above the relative intensities of initial ionization entered in 
column 2 of table 8 and calculate from them and from Kinsey’s values of f,, and 
f;3 (entered in columns 3 and 4) the total excitations shown in column 5. Then 
using Kinsey’s values of w and a, the entries are obtained for columns 8 and 9. 
From column 8, we find the calculated ratio F,/F,=0-231/0-106 = 2-2 in fairly 
satisfactory agreement with the value 2:7+0-4 deduced from table 3, but the 


Table 8. Substitution of the Yields deduced by Kinsey 


(1) (2) (3) (4) (5) (6) (7) (8) (9) 
RaD disintegration 

L, 1-0 0-12 0-70 1-0 0-11 0:07 0-11 0-07 

Liy 0-089 0-209 0-506 0-494 0-106 0-103 

Lin 0-0013 0-7013 0-33 0-67 0-231 0-470 


X-ray excitation 


~ 1-0 0-42 ) "0-70! | 10 0-11 0-07 O41 0:07 
ie 1-66 1-78 0-506 0-494 0:90 0-88 
om 2-6 3:30 0-33 § 067 9 1:09 224 


(1) Level ; (2) initial excitation; (3) fi, ; (4) fiz; (5) total excitation ; (6) w ; 
(7) a ; (8) x-ray intensities ; (9) Auger intensities 


ratio Fy’) F,' =1-09/0-90 = 1-2 is not in agreement with the corresponding value 
2:4+0-25 from table 3, and no permissible modification of the initial x-ray excita- 
tions can alter this ratio to an acceptable value. 

In attempting a new solution from the data assembled above it is necessary 
first to choose a value of F/I for RaD. In accordance with § 3 (iii) above we take 
as extreme values 0-38 and 0-49. From equation (9) it follows that with the 
lower extreme value w,;=0-374+0-024 and with the higher extreme value 
w= 0-476 + 0-022, the stated errors taking account of the allowable variations 
in A,/(1+A,). These values for w, may be compared with those determined 
directly by Kistner and Arends and by Stephenson for the heavy elements, 
namely 


Kiistner and Arends Stephenson 
Pb Zoe G13 37 i, = U252 
Bi 4=83 s, = 0367 


Th Z=90 e042 
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The evidence of these experiments clearly supports the choice of a value of 
F/I much nearer 0:38 than 0-49. We therefore select a value of 0-40 + 0-02 for 
F/I in order to continue the discussion of the yields. 

The acceptance of the very rough data for A, and A, requires some justification. 
Adopting the assumption f,, = 0 it is possible to obtain a value of w, if a value can 
be obtained for A, (equation (10)). With A, equal to 1-0, 1-5 and 2:5 (see § 3 (iv) 
above), w, takes the values 0-375+0-021, 0-345 + 0-021 and 0-292 + 0-020 
respectively, where the error covers the allowed variation in A,/(1+A,). ‘This 
range for w, is less than might have been expected considering the uncertainties 
in the analysis of the Auger spectrum; the three values all lie between 0-506 
and (0-255 which are, respectively, the values of wy calculated by Kinsey and 
determined experimentally by Kiistner and Arends. Having in this way shown 
that the values deduced in §3 (iv) for A, and A, do not appear to be grossly in 
error nor to be unduly critical, we adopt finally A4,=1-7+0-7 and 4,;=3-5 4 1-2, 
the latter value resulting from the substitution of the former in the equation 
Ai(k Ao) = 13 = 0-2. 

We now compute the yields in two ways. In the first we assume f,; = 0 and 
use the data from the RaD experiments and equations (7) to (12) excluding 
(9b), (106) and (11). The resulting yields, shown in the upper part of table 9 
are then applied to the case of ionization by x-rays following the procedure 
employed in forming table 8, i.e. values of C,’ and C,’ are taken from §3 (1). 
This gives calculated values of x-ray intensities as shown in table 9 from which 


Table 9. Calculation of Yields assuming f53 = 0 
RaD disintegration 


Level Initial excitation ihe Tas w a 

Ly 1-00 0:18+ 0-04 0-605 +0:-03 0-11+0-01 O105220-025 
Lit 0-089 (5353) 3 EUS Ora? se Osi!5 
Li 0-0013 0:39+0-05 0:61-0:05 

X-ray excitation 

Level Initial excitation Total excitation X-ray intensities Auger intensities 
Ly 1-00 1-00 Oriilse Oil 0:105+0-025 
Lit 1:66+40-15 1:844+0:155 0-61+0°3 23 a0 
Liq Dae sie (OP SAO se OY Sa OPI (EOS 5) se (O17 


F;'/ f= 1-25/0-61=2-05+1-0. This is in better agreement with the experi- 
mental value 2:-4+0-25 than the corresponding result from table 8, but the 
significance of this agreement is low on account of the large error involved. 
The value of F;’=1-25/0-11=11-4+1-9 is however more significantly in 
agreement with the value 10-7 + 1-0 deduced in § 3 (ii). 

The second computation of the yields is made on the assumption that fos 
may have a non-zero value. Equations (7c), (8) and (9a) are each used once with 
the RaD data (giving the values already entered in table 9 for w,, ws, @, and as) 
and once with the x-ray excitation data (giving w,', ws’, @,' and ay’). The 
equations (13a) and (14a) are used once, and (15), (7a) and (7b) twice. The 
results are shown in table 10. 

The agreement between w, and w,’ shows the consistency of the results 
obtained from the two independent sets of experimental data; ws’, ay. and Go 
are not completely independent of the RaD data since independent values of 
A,’ and A,’ are not available. The values of ws and w,’ agree within the limits 
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Table 10. Yields calculated on the assumption that /,, may be non-zero 


w,=0-11+0-01 w,/=0-13+ 0-012 
Ww 3=0°39 + 0-05 ws =0-41+0-05 
a,=0-105 + 0-025 ay'=0-111+0-03 
a,—0-61+0-05 ay'=0°59+0-05 


W,=0:32+0-04 
figz=0°719+ 0-05 


fis=0°59+0-05 fig’ =0°57+ 0-06 
fe3=0°04+ 0-14 fo; =0-08 +0-14 
a,—0°64+ 0-14 a,’ =0:60 +0-14 


of error with the measurements of Kiistner and Arends, but this agreement has 
been obtained by the choice of the value of F/J. The values of ws and f,, are not 
appreciably altered by giving up the assumption f,,=0. It will be noted, 
however, that the accuracy of the w, value is better in the second calculation than 
in the first. For w,, Kiistner and Arends found a value 0-255, somewhat lower 
than our calculated value. The use by us of a lower value of F/I would have 
improved the agreement with Kistner and Arends, but the errors involved in 
their determination are too uncertain to justify any conclusions on this point. 
The quantity f,; is particularly sensitive to variation in the values of A, and Ag. 
The errors quoted for fy; and a, ignore the variations allowed in A, and A,: 
if these had been included no significant result would have emerged. We take 
this to indicate that the values adopted here for A, and Az are better than our 
error estimates suggest. All other quoted errors include the full allowance for 
errors in dA, and A;. On account of the large error in fy, it is not possible to 
conclude that this quantity has a non-zero value. 


$5. IMPLICATIONS OF THE DaTA RELATING TO THE DISINTEGRATION OF RaD 


If F/I is approximately 0-40 and if Stahel’s (1935) value F=0-252 per disin- 
tegration is accurate, then / is approximately 0-63 per disintegration, a value in 
good agreement with the measurements of Wu et al. (1953), but somewhat 
higher than other recent determinations shown in table 4. For the y-ray of RaD, 
the ratio of conversion in the L shell to conversion in M and higher shells is given 
by Wu et al. as 3-05 and by Cranberg (1950) as 2:84. ‘Taking the mean of these 
values, we find the total conversion of the y-ray to be 0-84 per disintegration. 
Adopting also the theoretical value for the internal conversion coefficient of this 
y-ray, 1/R=17-77 + 0-35 from table 1 column (6), then R is 0-035 per disintegration. 
This value for R is in good agreement with the measured values 0-031 + 0-012 
(Bramson 1930), ‘somewhat less than 4°,’ (Gray 1932), 0-036 (von Droste 1933), 
0-035 (Stahel 1935) and 0-044 + 0-007 (Damon and Edwards 1954), but it is not 
in agreement with the value 0-07 calculated by Wu et al. (1953) from their measure- 
ment of F/R which we have had to discard for another reason in § 3 (i) above. 
In accordance with the above assumptions, we thus find the total excitation of the 
46.5 kev state of RaE to be of the order of 0-875 per disintegration and there 
remains 12-5 ° of the disintegrations to be otherwise explained. 

This estimate, however, depends critically on the values chosen for FJ and 
F. If F/I is lowered to 0-38, the lower limit considered in our calculations, and 
if F is raised to 0-27, its value according to the measurements of Tsien (1944) 
calculations carried out as described in the previous paragraph would show 100%, 
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excitation of the 46-5 kev state. It is therefore clear that F/J and F must be 
determined with high precision if an argument relying on their values is to establish 
with certainty the existence of an alternative mode of disintegration for RaD. 
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On the Positive Temperature Effect in the Cosmic Radiation 


By H. TREFALLT 


Imperial College of Science and Technology, London 


Communicated by P. M. S. Blackett; MS received 14th February 1955 


Abstract. ‘The results of several underground measurements of the positive 
temperature effect are examined in order to obtain some information about the 
attenuation length of high-energy z-mesons in air. It is shown that this quantity 
can hardly be smaller than the attenuation length of the primary component. 
If this is so, competition between disintegration and nuclear capture of the 
m—mesons can account for but a very small part of the positive temperature effect 
which has been observed at sea level. 


§ 1. INTRODUCTION 


POSITIVE partial correlation is known to exist between the meson intensity 

at sea level or underground and the stratospheric temperature, the other 

independent variables being the sea-level pressure and the height of the 
100 mb level. This positive temperature effect was discovered by Duperier (1949), 
and was interpreted by him as being due to competition between decay and 
nuclear capture of the z-mesons. However, it has later been pointed out (Trefail 
1953) that certain second-order effects of the u—-e decay must also give rise to a 
positive temperature effect which, in the case of measurements made at sea level, 
will be of the same order of magnitude as the effect which was expected to arise 
from the z-. decay. 

Fora given energy, the positive temperature effect due to the 7 decay depends 
essentially on the attenuation length 4, of the 7-mesons. Because of the possi- 
bility of reproduction of z-mesons in collisions with nuclei, A, need not be 
identical with the collision mean free path of z-mesons, and it therefore cannot 
be measured directly. It only seems possible to obtain any information about A, 
from the positive temperature effect itself, and then only if theoretical and 
experimental values are compared at such high energies that the second-order 
effects of the .-e decay are small. ‘This means that only underground measure- 
ments can be expected to give any significant information about A,. Such 
measurements have been performed by MacAnuff (1951) at a depth of 60 m 
water equivalent, by Sherman (1954) at 846m water equivalent, by Barrett, 
Bollinger, Cocconi, Eisenberg and Greisen (1952) at 1574 m water equivalent 
and by Barrett, Cocconi, Eisenberg and Greisen (1954), also at 1574 m water 
equivalent, The information which these measurements can give about A, may 
then help as to estimate the positive temperature effect arising from the 7—p decay 


_at lower energies. 


§ 2. "THEORY 
We shall assume that the number of 7-mesons produced in the layer dx 
with energies in the interval dE, is proportional to E, ‘exp (—.x/A,) dxdE,, 
where E, is the total energy of the mesons and x is the atmospheric depth in g cm *. 


+ On leave from Universitetet i Bergen, Norway. 
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Energies will always be measured in units of the rest energy of the particle under 
consideration. For mesons travelling vertically in an isothermal atmosphere, 
the survival probability from x’ to « is («'/x)”’"*exp[—(«—.«’)/A,], where 
E'=H/ct,. H is the ‘ scale height’ of the atmosphere, t, is the proper mean life 
of 7-mesons, and energy losses are neglected. 

For the sake of simplicity we shall now assume that A, =A, =A. The intensity 
of z-mesons at the depth x is then found by a straightforward integration to be 


xE 


ae te I ie eee 1 
L(x, E,)= (ay lites € Y ( ) 
As the atmospheric density is x/H, the number of 7-mesons that decay per unit 
depth is E’ 
ee ES 9 = Ee en eee M 
D(x, E,) Ct, Ln, L(x, i) Ee Sh BY nu e€ ( ) 


In order to obtain agreement with the observed sea-level energy spectrum of 
u-mesons, one must take s22-8. Using the known properties of the 7 decay, 
it can then be shown that p-mesons of a given energy E are produced by 7-mesons 
whose average energy is 0-93E. The production function for .-mesons is therefore 
Et’ eee 
0-03F+ EF’ Eee Pewee! (Se bes toy SoD (3) 
Let w(x, x,,£) be the probability that a u-meson which has been produced 
with the energy E at the atmospheric depth x shall reach the sea level depth x, 
before it disintegrates. If we introduce a reference level at the depth x,, we 
can write w(x, x,, E,)= w(x, x,, E). w(x,, x, £), where the second factor denotes 
the survival probability from the reference level to sea level. If x <x, the first 
factor will be the survival probability from the place of production to the reference 
level, but if «>, this factor will be the inverse of the survival probability for a 
meson travelling from the reference level to the depth x. As nearly all high- 
energy y-mesons are produced in the upper, practically isothermal, part of the 
atmosphere where also the reference level is situated, we find that 


w(x, X,, E) > Ce as 
if energy losses in the atmosphere are neglected. Here E”=H/ct,, t,, being the 
proper mean life of u-mesons. 


The differential energy spectrum of j.-mesons at sea level will therefore be 
of the form 


nb) = 


S,(x, £) = 


E’ 
0-93E + EB’ 
~~ Er 
~ 0-93E + E’ 
where we let! denote the factorial function. The approximation is obtained by 
extending the upper limit of integration to infinity, which is permissible because 
x,>A. We have also assumed that »-mesons which arrive with equal energies 
at sea level have been produced with equal energies, again neglecting the effect 
of ionization losses. These approximations do not, however, affect the estimate of 
the positive temperature effect due to the 7—u decay. 
The effect of temperature changes in an isothermal atmosphere is then given 
by the formula 
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When deriving this formula, use was made of the fact that E’ and E” are both 
proportional to the scale height H and are therefore also proportional to the 
atmospheric temperature 7. 

The first term on the right-hand side of (5) contains the main effect of the 
pe decay. It represents the change in survival probability due to the change in 
height of the reference level. 

The second term is due to the displacement of the mean level of meson pro- 
duction relative to the reference level. Its magnitude and its sign depend on the 
energy and on the choice of reference level. Because it is a second-order effect 
of the p-e decay, it is usually very small and decreases rapidly with increasing 
energy. 

The third term of (5) is the one which represents the effect of competition 
between disintegration and absorption of the 7-mesons. At small energies, this 
effect is approximately proportional to the energy. At energies much greater 
than £’ it will approach 1/7 as an upper limit. 

The integral temperature effect can now be calculated on the basis of (5) and 
the observed momentum spectrum of «-mesons at sea level. For this purpose, 
we have used the empirical formula n(p,) c(p, +38) to represent the sea-level 
spectrum, with the momentum /, measured in units of m,c. This formula very 
accurately reproduces the spectrum of Owen and Wilson (1955) in the interval 
8<p,<100. For p,<8, our formula is in better agreement with the spectrum 
of Caro, Parry and Rathgeber (1951) than with that of Owen and Wilson. For 
p,>100, the formula strikes a compromise between the two spectra. The 
numerical results also depend on several parameters, for which we have used 
the following values : t,=2-65 x 10sec, t,=2-10 x 10-* sec, m,c? = 139-5 Mev, 
m,c? = 105-7 Mev, T= 216-5°k, and consequently H = 6330m, £’ = 800 and £” = 10. 
The resuits are presented in the table, where p,/m,c is the cut-off momentum of 
the recording apparatus in units of m,c and Cp is the temperature effect in units 
of 10-° per centigrade degree. We have taken the average momentum loss of 
-mesons in the atmosphere to be 18 m,c. 


Ds/mpc 2 5 10 20 50 100 200 500 1000 
C7(10~° deg?) 28 30 34 42 64 95) 143°) 231 302 


§ 3. UNDERGROUND MEASUREMENTS 


We shall first consider MacAnuff’s measurements, which were performed at 
the equivalent depth of 60m of water. The positive temperature effect was first 
calculated on the basis of the observed day-to-day variations of the cosmic-ray 
intensity. Because of the relatively low counting rate and the high energies 
of the recorded mesons, no statistically significant correlation between the meson 
intensity and the height of the 100 mb level was found. MacAnuff therefore used 
only the sea-level pressure and the temperature of the 100-300 mb layer as 
independent variables in this analysis. 'The temperature coefficient obtained 
was (0-055 + 0-005)% deg, this being the mean of three independent determin- 
ations which all agreed well with each other. MacAnuff also analysed the seasonal 
variations and found positive temperature coefficients of 0-054 and 0:070% deg * 
for his two different recorders. The agreement with the ‘ day-to-day ’ coefficient 
is satisfactory. In order to compare these results with the theory, we shall assume 
that the temperature variations are independent of the atmospheric depth. For 
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mesons recorded under 60 m water equivalent, we shall take the minimum 
energy at production to be 155 m,c?, and this leads to a theoretical estimate of 
the positive temperature effect of the 7-~ decay of 0-114% deg’. With 
A=125 gcm and x,=102 gcm™ the first-order effect of the p-e decay, 
represented by the first term of (5), amounts to —0-048% deg "!. The second- 
order effect, represented by the second term of (5), is —0:006% deg't. ‘The | 
net estimated positive temperature effect is therefore 0-060% deg~', which agrees 
very well with MacAnuff’s results. 

In addition to the analysis described above, MacAnuff corrected the observed 
seasonal variations for changes in the height of the 100 mb level, using a theoretically 
estimated decay coefficient of 0-07% km, and obtained in this case coefficients 
of 0-112 and 0-096% deg for his two separate recorders. Our theoretical 
estimate is in this case 0:108% deg—!, as we now neglect the first term of (5). 

As previously mentioned, underground measurements have also been made 
by Sherman and by Barrett et al. ‘These measurements were all performed 
at such great depths that the effects of absorption and decay of the u-mesons in 
the atmosphere were negligible. In both cases an effective temperature 


r2L0 rH 
T c= : T(x)e=*!4 a| | "Beth dy ot 4 te! ben (6) 
“0 0 

was used as the only independent variable. Sherman found a positive tempera- 
ture effect of (0-22 + 0-06)°% deg"! at a depth of 846 m water equivalent, whereas 
our theoretical estimate turns out to be 0-36°%. Barrett et al. (1952, 1954) have 
reported the results of two independent series of measurements at a depth of 
1574 m water equivalent. Their first series gave (0-79 + 0-20)% deg “1, whereas 
the second one gave (0-33 + 0-13)%, the weighted mean of these two values being 
(0-46+0-11)% compared with the theoretical estimate of 0-41°% deg +. At 
these very high energies, our theoretical estimates and the theoretical estimates 
of Barrett et al. (1952) agree very well, but at 60 m water equivalent they seem to 
be a little different. 

Barrett et al. performed their measurements in order to obtain some informa- 
tion about the origin of extremely high-energy .-mesons. As they could find 
no evidence for any significant production of 4.-mesons by the decay of mesons 
different from the 7-mesons, we shall assume that practically all u-mesons are 
decay products of 7-mesons. The further discussion concerning the attenuation 
length A, of the z-mesons is based on this assumption. 

The interpretation and comparison of these underground measurements is 
rendered difficult because the same definition of the temperature was not used in 
all cases. It has already been pointed out by Barton (1954) that if MacAnuff also 
had used 7), as his temperature variable, his positive temperature coefficient 
would have been reduced by a factor of approximately 2 because of the very 
great temperature variations at levels above the 100 mb level. For this reason, 
the very good agreement between MacAnuff’s results and our theoretical estimates 
does not necessarily mean that the assumption of A, = A, 18 correct. 

If we accept a reduction of MacAnuff’s coefficient by a factor of 2, as suggested 
by Barton, we must have A,>2a,, because the effect of the —. decay is approxi- 
mately proportional to 1/A, at this energy. This value of A, is immediately seen 
to be in good agreement with Sherman’s coefficient if we remember that the 
temperature effect must decrease more slowly than 1/A, at energies where the 
coefhcient approaches the theoretical upper limit, which is 1/T=0-46% deg=!. 
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Such a value of A, is not incompatible with the results of Barrett et al., even 
though their weighted mean is somewhat higher than the theoretical estimate 
with A,=A,. However, their original coefficient of 0-79% deg may perhaps be 
regarded as insignificant because it so greatly exceeds the theoretical upper limit. 
Their later result, (0-33+0-13)% deg-1, obviously agrees very well with the 
theoretical estimate for A, = 2A,. 

From the above comparison between the theoretical estimates of the positive 
temperature effect and the results of the underground measurements we may con- 
clude that the attenuation length of the 7-meson component is not less than that 
of the primary component, but probably not greater than twice that value. 


$4. SeEa-LEVEL MEASUREMENTS 


A number of investigators have measured the positive temperature effect 
at sea-level. The following results have been published : Duperier (1949) 
(0-123 + 0-024)° deg"? under 25 cm of lead; Duperier (1951) (0-075 + 0-010)% 
under 40 cm of lead; Dawton and Elliot (1953) (0-056 + 0-018)% under 10 cm 
of lead; Trumpy and Trefall (1953) (0-036 + 0-021)°% under 10 cm of lead and 
(0-038 + 0-019)°% under 22 cm of lead; Chasson (1954) (0-068 + 0-018)°% under 
20cm of lead. In all these cases, the 100 mb level was used as the reference level. 
In most of the cases, the mean temperature of the 100-200 mb layer was used 
as the temperature variable, but in some cases the temperature at the 100 mb 
level was used. Only Cotton and Curtis (1951) have found no positive tempera- 
ture effect at all. 

The only measurements which have been made with the reference level at 
50 mb are those of Duperier (1951) who obtained positive temperature coefficients 
of (0-228 + 0-045)% deg"! under 25 cm of lead and (0-143+0-015)% under 
40 cm of lead. 

According to the data given in the table, and subject to the assumptions upon 
which those results are based, the positive temperature effect should in all the 
above-mentioned cases be close to 0:030% deg~!, which is smaller than every 
quoted experimental value. In particular, the temperature coefficients which 
have been obtained with the reference level at 50 mb are incompatible with the 
theoretical estimates given in the table. We shall therefore re-examine the 
assumptions upon which those estimates rest to see whether this discrepancy 
between the experimental results and our theoretical estimates 1s real. 

The theoretical estimates given in the table were based on the assumptions 
that A, =A, and that the atmospheric temperature variations are independent of 
the atmospheric depth. However, all sea-level data have been analysed by corre- 
lating the cosmic-ray intensity with the temperature measured at the reference 
level or in a limited atmospheric layer immediately below it. ‘Therefore, if the 
temperature variations in this layer are different from those of the other parts of 
the atmosphere, one would expect a discrepancy between these estimates and the 
experimental results even if the assumption of A,=A, is correct. Now it is well 
known that at least the seasonal temperature variations are more pronounced above 
the 100 mb level than below, and the same may be true for the day-to-day 
variations. If this is so, it might seem possible to reduce the discrepancy between 
our theoretical estimates and the experimental results. However, during the 
discussion in the preceding section of MacAnuff’s measurements, it was pointed 
out that if the greater seasonal variations of temperature above the 100 mb level 
had been taken into account, the positive temperature coefficient so obtained 
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would have been reduced by a factor of about 2. This would then imply that 
\,22A,, which would in turn reduce our estimates by a factor of 2. We conclude 
therefore that it is not possible to reduce the discrepancy between our theoretical 
estimates and the experimental values of the positive temperature effect at sea 
level by assuming that the temperature variations are much greater above the 
reference level than they are below. 

When estimating the positive temperature effect, we have assumed for | 
simplicity that the temperature variations of the different atmospheric layers 
can be considered independent. However, the experimental data have been 
analysed by the method of multiple correlation in an attempt to separate the 
positive temperature effect from the other atmospheric effects. A theoretical 
estimate made for comparison with the results of sea-level measurements should, 
strictly speaking, therefore have been based on a model of the atmosphere in 
which the two other variables, the sea-level pressure and the height of the reference 
level, are kept constant. In such a model, any increase of temperature in an atmo- 
spheric layer extending downwards from the reference level must be accompanied 
by a compensating decrease of temperature in the lower atmosphere. Con- 
sequently, a negative effect must arise from the 7p decays which occur in the 
lower part of the atmosphere. At low energies, a considerable fraction of the 
u-mesons reaching sea level have been produced below the 200 mb level. ‘Thus, 
a considerable number of z— decays will be affected in a negative way, while 
the number of positively affected decays must decrease by the same amount. The 
net result must be a very considerable reduction of the expected positive 
temperature effect. Just how great the reduction will be cannot be said without 
a much more thorough investigation of the subject. 

It must be emphasized that the remarks of the last paragraph do not apply to 
any of the underground measurements which were discussed in § 3. In neither 
of those cases was the positive temperature coefficient obtained from a correlation 
analysis in which the height of the reference level was used as an independent 
variable. 

It has been assumed throughout that the attenuation length of the 7-meson 
component is independent of the energy of the 7-mesons. There is good reason 
to believe that at least it does not decrease with decreasing energy. Such a 
behaviour is improbable for the following reason : If A, is greater than the 
collision mean free path, nuclear collisions cannot be regarded as catastrophic 
in the sense that no new 7-mesons are produced; on the contrary, there must be 
a transfer of energy from mesons of high energy to mesons of lower energy. 
The efficiency of this process will depend on the shape of the energy spectrum. 
The flatter the spectrum, the more efficient must this transfer process be. As 
the energy spectrum of 7-mesons at any given depth becomes gradually steeper 
with increasing energy, it is to be expected that the attenuation length will decrease 
rather than increase with increasing energy. This conclusion can be upset only 
if the cross section for production of new mesons changes with energy in such 
a way as to cancel the effect of the changing energy spectrum. It is therefore very 
improbable that A, will change with energy in such a way as to increase our 
theoretical estimates. 

In summing up, therefore, it seems that there is a real discrepancy in that the 
competing processes of decay and nuclear capture of the 7-mesons can only account 
for a small part of the positive temperature effect observed at sea level. Such a 
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discrepancy has already been noticed by Duperier (1951). It seems, therefore, 
that the greater part of the effect must have another origin, probably due to second- 
order effects of the u—e decay (Trefall 1953, Olbert 1953). 


§ 5. CONCLUSION 


The underground measurements, in particular those of MacAnuff, have shown 
that if the attentuation length of the 7-meson component is assumed to be 
independent of energy, it cannot be smaller than the attenuation length of the 
primary component. The particular importance of MacAnuff’s measurements 
is due to the fact that the energy was sufficiently low to make the effect of the 
m2 decay small compared with the theoretical upper limit of 1/7, so that the 
results were rather sensitive to the value of A,. At the same time, the energy was 
high enough to make the second-order effects of the u—e decay very small. On 
the other hand, the significance of MacAnuff’s work is reduced by the fact that the 
cosmic-ray intensity could only be correlated with the temperature of a layer 
below the 100 mb level, and this layer may not have been a sufficiently repre- 
sentative sample of the atmosphere. For this reason, we can only say that A, 
probably lies somewhere in the interval A, <A,<2a,. 

Theoretical estimates of the positive temperature effect in an isothermal 
atmosphere have been presented for the case of A,=A,. However, if the positive 
temperature coefficient is determined by the method of multiple correlation 
usually employed, in which the height of the reference level is treated as an 
independent variable, the expected effect of the 7—. decay at low energies will be 
much less than these estimates. Asthese estimates were already small compared 
with the experimental values, we may conclude that the theory of competition 
between disintegration and nuclear capture of 7-mesons is unable to explain the 
positive temperature effect which has been observed at sea level. The same 
theory does, however, successfully explain the positive temperature effect which 
has been observed at higher energies in underground measurements. 
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Abstract. Using the Rayleigh—-Ritz variational method, the 1» states of the 
hydrogen molecule arising from the [H(1s), H(2s orp)], [H*,H(1s)?] and 
[H(1s), H(3s, p or d)] configurations are investigated in the region of transition 
from ionic to homopolar character. Potential energy curves are given for these 
regions. It is shown that the admixture of configurations has a very considerable 
effect on the potential energy curves even at large nuclear separations. ‘The 
ionic content is defined and calculated for [H(1s), H(3s, p or d)] states and is 
found to vary rapidly in the transition region. ‘The bearing of this result on 
collision theory is discussed briefly. 


§ 1. INTRODUCTION 


ITTLE is known quantitatively of the contribution of ionic configurations 
to the electronic states of molecules. In the case of H,, the ground state has 
been investigated by Weinbaum (1933) and Coulson and Fischer (1949) 

who showed that at all values of the nuclear separation R the ionic contribution is 
unimportant; however, it is to be expected that in the excited states it is, for some 
values of R, significant or even dominant. For example, in the excited state 
(p12 *,) the minimum in the potential energy curve is of an ionic character but the 
dissociation products are neutral atoms (Pauling 1928, Kemble and Zener 1929, 
Zener and Guillemin 1929). This arises since the force between two neutral 
atoms at large values of FR is small and slowly varying and its energy curve may 
intersect a Coulombic curve arising from a positive and negative ion (represented 
by the broken lines in figure 1). In such an event the true potential energy curves 
(full lines) for the states arising from these atoms will not intersect if the ionic 
and homopolar configurations interact (since then the molecular states will be 


Potential Energy —> 


R—- 


Figure 1. Avoidance of crossing. The broken lines show the approximate potential energy 
curves and the full lines the true potential energy curves. 
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mixtures of both). Instead they appear to be repelled, as shown in the figure, 
and change their character as they traverse the crossing region (for a fuller 
discussion see Coulson (1952)). 

The H(1s)+H(#/) homopolar curves cut the H++H-~(1s)? ionic curve if 
n=2, 3 or 4. In this paper the cases n=2 and n=3 are investigatedt by the 
Rayleigh—Ritz variational method for the regions in which the change from 
ionic to homopolar character occurs. For the former the calculations cover an 
R range of from 8a, tol2 a, and for the latter an R range of from 26 a, to 38 aj 
where a is the radius of the first Bohr orbit. 

It is shown that for the 'S,, or 1X, states (which are the only ones affected) 
the magnitude of the ionic contribution, even at large separations, is such as to 
invalidate any calculation of long range forces which ignores it. 


§ 2. "THEORY 


Let Y(A) and ¥(B) be the wave functions of the negative ion of hydrogen 
when centred on nuclei A and B respectively and let ¢(n/|A) and ¢(n/|B) be 
the corresponding wave functions of the neutral atom. The ionic wave function 
describing H~, H~(1s)? and the homopolar wave function describing H(1s), H(x/) 
may be written (omitting all spin factors for brevity) 


OS" = (2425) H4(A) + H(B)} 
Dp = [FE 4S, 9S 7A | Al) (nd | B2) + A(nl | Al)d(1s | B2) 
+4(1s | A2)d(nl | B1) + (nl | A2)d(1s | B1)} 
with S,= | | A)W(B)dr,dr, 


5). = { {ous | A)d(nl | B)ar | re | eqs | A)d(1s | B)dr | cul | A)d(nl | B)dr 


the numbers 1 and 2 being used to distinguish the cordinates of the electrons, 
and the positive sign corresponding to the g state, the negative to the u state. 

because the 7s, 7p, nds: 3 a2: states of hydrogen all have the same energy we 
must include all of them in our trial wave function which we take to be 


nm—1 


P=e,0,+ ps C2? 149 
determining the c’s by minimizing the energy integral with respect to them. 
This yields the secular equation 
| H,,—S,,E|=0 
where H,,=|®H0 dr, Si,=| 00 dr 
and # is the total Hamiltonian of the system. 


The term H,, is the energy corresponding to the ionic approximation to the 
state, and (neglecting overlap forces) is closely given (in atomic units) by 


Hy(R)= Hl 20)-(% + 5) 


+ The n=4 case is of less interest because the crossing occurs at an extremely large 
nuclear separation. The crossing points in the cases n=2, 3, 4 occur at approximately 
11a, 36a) and 270a, respectively. 
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where « is the polarizability of H~. The H,,(141) are approximately constant 

and equal (being the energies corresponding to the homopolar approximations) 

and so may be conveniently chosen as the zero of the energy scale. Those off- 

diagonal matrix elements which do not contain the ionic wave function ®, are 

found by calculation to be small compared with those which do, and are neglected.f 
Thus the secular equation reduces in the case 7 =2 to 


H,-E, Hy-Spb, He-Sek 
Hy4— SyE, tee 0 =0 
A, — Sik, GO. 2a% = 
which may be diagonalized simply to 
Ay—E, Ay, Ayz 
Ay ; =f, @ =) 
A, », 0, =£ 
Bue Ay = {Hy — 2(AySy2 + AygS1s)}/ 1 — (S12? + S43”)} 
Ayo = Hys/{1 — (S42? + S13?) 7, Arg = Hia/{1 — (Sia + Sas7}?. 
This has roots E=0 or H=4/ 4, A 4A as 
When n= 3the ©’s are approximately orthonormal in the crossing region (because 
of the large nuclear separation), which further simplifies the equation to 


Ape, Fiyp, Fy; , Ay, 


|; ey aaa) te 
His piney =e 
Hie S04 USP eee 


with roots #7?=—(0 on H=4[H,, + (Hi + sae ea) 

The approximate orthonormality makes a definition of the ionic content 
particularly simple and we take it to be c,?/{c,? + cy? + cs? + €4?}. 

It now remains to evaluate the non-vanishing off-diagonal elements. ‘To do 
this we use for (A) an expression due to Léwdin (1953) 

(A) = {Ay exp (— a7 q1) + Ag exp (= eh a3)} {(Ay exp (= 447 a2) + Ap exp( — ayrq9)} 
where A, = 0-30025, a, =0-4228, A, =1-0001, a, =0-9794. The necessary integrals 
may be expressed in terms of the J, K-functions of Coulson (1942). 

The polarizability « of H~ was calculated to be 230 atomic units using the 
very accurate oscillator strength values of Chandrasekhar (1945) in the standard 
expression (cf. Mott and Sneddon 1948). The value of the electron affinity of H 
used in calculating H,,( co) is that obtained by Henrick (1943), 0-74, ev. 


§ 3. RESULTS AND DISCUSSION 


The results for 7 =2 are displayed in figure 2, with the results of King and Van 
Vleck’s (1939) calculation of the inverse cube term for comparison. (This term 
arises from the so-called excitation exchange which occurs when two like atoms 
are in states which combine in the optical sense. This is not included in the 
present calculation.) 


t If we suppose these small neglected quantities to be all equal to e, then it can be 
shown, that the effect of their inclusion would be to increase the largest root and decrease. 
the lowest root by ce where c is close to unity. 
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The results for 7 =3 are displayed in figure 3 together with a graph of the ionic 
content (as defined above) in the crossing region. ‘This is of particular interest 
in collision theory since the rapid change of character in the crossing region 
(from 10% ionic to 80% ionic in less than 1 atomic unit) supports Zener’s (1932) 
basic assumption in his treatment of non-adiabatic collisions. The change 
in character only occurs in branches EF, and E,, E, and E, having a constant, 
zero, lonic content. Thus in a calculation of the rate of recombination of H+ 
and H~ the branches £, and £; must be ignored because the only important 
transitions will be between £, and E£, (Bates and Lewis 1955). 
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Figure 2. Potential energy curves of Hj. The curves a are those due to King and Van Vleck 
for the 1X,, ,, states of hydrogen tending at infinite separation to [H(1s), H(2p)]. 


The curves 6, together with the line E,, ,=0 represent the six 12,, , states arising 
from the [H~*, H-], [H(1s), H(s)], [H(s), H(2p)] configurations as calculated in 
this paper. 


+ 

= 

a 

~ 

| iS 

o 

| oO 

nd 

= 

o 

“a= =< 

+ 0-04; = 
Cc 

= 

{ v 
+0-03;- im 
= 

mw 


Potential Energy (ev) 
3 
S 


! ! ! 
26 28 30 32 34 36 38 


R (units of a,) 

Figure 3. The curves £,, Ey, E; and E, represent the potential energy of the eight '2, , 
states arising from the [H*+, H~], [H(1s), H(3s, p or d)] configurations as calculated 
in this paper. (At these large values of R the g and u states are indistinguishable.) 
The inset shows the fractional ionic content (as defined in the text) of the four 
states in the transition region. 
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The effect upon the computed energies of including ionic terms in the system 
wave function is very considerable even at large nuclear separations (see figures 
2 and 3). Thus in cases where a molecule is in a state which has a neighbouring 
ionic state of the same symmetry, calculations of long range forces which ignore 
ionic configuration interaction are likely to be grossly in error. It may be noted 
finally that this conclusion is equally valid for both heteronuclear and homonuclear 


molecules. 
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The Reaction 'B(d, n)'?C 


By A. WARD anp P. J. GRANT 
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Abstract. Using scintillation-counter detection and pulse-height analysis, the 
angular distributions of the neutron groups from the reaction "B(d, n)!2C leading 
to the ground state and first excited state of !2C, have been determined at a deuteron 
bombarding energy of 600 kev. The results are compared with those predicted 
by the stripping theory and with those expected if the reaction proceeds by 
compound nucleus formation. ‘The stripping mechanism appears to be important 
even at low bombarding energies for the ground-state group, but for the excited 
state the interpretation is less certain. 


§ 1. INTRODUCTION 


HE energies and intensities of the neutron groups emitted in the reaction 

“B(d, n)!?C have been studied by Gibson (1949) and Johnson (1952). 

The angular distributions of the emitted neutrons have not so far been 
very thoroughly examined, owing to the experimental difficulties involved, in 
particular the lack of a reliable neutron spectrometer (see, however, Burke et al. 
1954, and Graue 1954). 

The present experiments were carried out in order to discover whether the 
stripping process or compound nucleus formation plays the dominant role in 
the mechanism of this reaction at low deuteron energies and hence, possibly, to 
indicate the directions in which the present theory requires modification. The 
main requirement was, therefore, to measure the neutron angular distributions 
as precisely as possible, since an analysis of these is expected to give information 
on this problem. By employing scintillation counters as neutron detectors, 
together with pulse-height analysis to make possible a separation of the different 
neutron groups, a precision comparable with that of current work on y-ray 
angular distributions has been attained. 


§ 2, EXPERIMENTAL PROCEDURE 


A thick (+100 kev) target of separated !!B, on a backing of 1/32 in. copper, 
was bombarded with currents of a few microamperes of deuterons from a high 
tension accelerator operated at 600 kv. The angular distributions were measured 
using the apparatus described by Rutherglen ef al. (1954), a neutron detector 
being substituted for a y-ray detector. 


2.1. The Neutron Detector 


The neutron detector consisted of a piece of plastic scintillator, effectively 
(CH),,, approximately 4 cm in diameter by 0:7 cm thick, together with a DuMont 
photomultiplier type 6292 for detection of the light emission from recoil protons 
in the plastic. Optical contact between the scintillator and the photo-tube was 
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made by a thin film of silicone grease while the scintillator was surrounded with 
tightly packed magnesium oxide to improve the efficiency of light collection. 
Pulses from the photomultiplier, after amplification, were fed into a 
100-channel pulse-height analyser (Hutchinson and Scarrott 1951). ‘The shape 
of the pulse-height spectrum from a mono-kinetic neutron group (?H(d, n)*He) 
is shown in figure 1 and may be compared with the results of Poole (1952) who 
used a small anthracene crystal to detect neutrons from the D—D reaction. 
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Figure 2 is a plot of the channel number on the pulse-height analyser at which 
the counting rate has fallen to one half of the value on the plateau, observed for 
different neutron energies. ‘The points on the curve for protons of energy 
14-3 Mev and 2:8 Mev were obtained using neutrons from the reactions 3H(d, n)*He 
and *H(d, n)*He respectively. ‘The other two points were obtained font curves 
similar to those shown in figure 1 for the reaction "B(d, n)2C. It can be seen 
that the points fall on a smooth curve which exhibits the characteristic non-linear 
response at low proton energies common to all organic scintillators. Two points 
are included for the pulse height observed at the peak in the Compton spectrum 
of electron recoils in the plastic from y-rays of energies 0-51 and 1-28 Mev. ‘These 
two points lie on a straight line passing through the origin. The range—energy 
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relationship for electrons and protons in the plastic scintillator can be deduced 
from the tables of Aron et al. (1949). It is clear from the response curves, shown 
in figure 2, and the range-energy relationships of the plastic scintillator for 
protons and electrons that by a suitable choice of thickness, a plastic scintillator 
gives very large light pulses for protons recoiling from neutrons and small pulses 
for electrons due to y-rays. Therefore, even though the cross sections for y-ray 
absorption and n-p scattering in the plastic scintillator are comparable at medium 
energies it is possible to discriminate against pulses due to the absorption of 
y-rays. Since the n-p scattering up to 15 Mev is due entirely to partial waves of 
angular momentum /=0, the angular distribution of recoil protons from a mono- 
kinetic neutron group in the centre-of-mass system is isotropic and the energy 
spectrum in the laboratory system is flat. The recoil carbon nuclei have, of 
course, much smaller energies but, in addition, the response curve for such heavy 
particles in organic scintillators which is expected from the reduced efficiencies 
observed by Wright (1953) of alpha particles as compared with protons of the same 
low energy shows that very small pulses result from the elastic scattering of 
neutrons by the carbon present in the plastic scintillator. 


2.2. Angular Distributions 


The pulse-height distribution at each angular position was recorded, 
measurements being taken for a definite number of counts in a fixed monitor 
counter. This procedure removes possible errors due to inhomogeneity or 
deterioration of the target. Measurements at the different positions were taken 
in a random order, and afterwards repeated in the reverse order, thus minimizing 
the effects of any slow changes in the electronic part of the apparatus. 

A block of lead, } in. thick, was inserted between the target and the detector 
to absorb the f-particles from the decay of !“B formed in the reaction 'B(d, p)!”B. 
If not absorbed these electrons, which could pass right through the scintillator, 
produced a strong peak in the region corresponding to a neutron energy of about 
4 Mev. 


2.3. Detector Efficiency 


The overall detection efficiency of the phosphor for a given energy group is 
very closely independent of the direction of observation relative to the incident 
deuteron beam. ‘The effective solid angle of detection varies with direction 
(due to centre-of-mass motion) in the same way as the measured neutron energy 
E,, while the intrinsic detection efficiency of the phosphor (which is proportional 
to the n—p scattering cross section) varies as E,,-' over the small energy range 
involved. 


2.4. Monitor 


The monitor consisted of another plastic scintillator similar to the first. 
For monitoring purposes no lead was inserted between the target and the detector, 
since the electron-produced peak from the mirror reaction can be used to help the 
monitor stability. If a discriminator is set below the pulse height corresponding 
to the electron pulses (but above that corresponding to the background of 
neutrons from the D-D reaction) then the counting rate is almost independent 
of small variations in either the gain of the monitor amplifier system or the 
discriminator threshold. 
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§ 3, RESULTS 
3.1. The Shape of the Pulse-Height Spectrum 


The shape of the pulse-height spectrum from a mono-kinetic neutron group 
(3H(d, n)*He) is shown in figure 1. Little saturation occurs in the plastic 
(figure 2) and, as expected, the pulse-height spectrum is seen to be substantially 
flat for most of its length, most of the slope being due to ‘ end effects’ owing to the 
thinness of the plastic. Most of the sharp rise at low pulse heights is attributed 
to a background of neutrons from the D—D reaction. For the calculation of the 
relative intensities of different neutron groups we have assumed that the shape 
of the pulse-height spectrum from a mono-energetic neutron group is independent 
of its energy. 

The resolution obtained would correspond, on a ‘ peaked’ spectrum, to a full 
width at half-height of about 10%. 


3.2, “B(d; 1) ACs peerrum 
A typical spectrum from this reaction is shown in figure 1. It will be seen 
that the groups corresponding to the ground state and first excited state of C at 
4-43 Mev are well resolved. 
No attempt was made to investigate in detail the low-energy region of the 


spectrum since it is hoped that this will be done more effectively by coincidence 
methods. 


3.3. Intensities 


The relative intensities of the groups to the ground and first excited states 
of !2C were determined from the areas under the separated spectra. After 
correction for the detection efficiency of the phosphor, using the values for the 
n—p scattering cross section given by Blatt and Jackson (1949) we obtain at a 
bombarding energy of 600 kev: J4.43//>=2:3 + 0-5(@=90°). This figure is close 
to that obtained by Gibson (1949) at a bombarding energy of 0-9 Mev. 

The absolute intensity (thick target yield) was determined at 600, 500 and 
400 kev. After correction for the effect of the lead absorber the integrated 
yields for the ground state and first excited state groups are: 


Deuteron energy (kev) 400 500 600 


Yield per 101° ground state 9-4 41:5 190 
deuterons (20%) 1st excited state 24 108 530 


3.4. Angular Distributions 
(a) Ground-state group. 


Figure 3 shows the angular distribution of the neutron group leading to the 
ground state of ’C. ‘The average error of any point on the curve is 1:5-2°%. 

The most important of the possible systematic errors was an instrumental 
anistropy due to misalignment of the target spot. ‘This was determined by means 
of the reaction '*F(p, «, y)!®O at 340 kev, where the y-radiation is known to be 
isotropic, and found to be less than 1%. 

The curve represents the best fit that can be obtained to the experimental 
points (in the centre-of-mass system) by superposing a stripping curve for 
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f,=1 (calculated by the theory of Bhatia ef al. (1952) using a nuclear radius 
R=5-4 x 10° cm) on an incoherent isotropic background. Assuming that this 
procedure is legitimate, we obtain a figure of about 30% for the ratio of the 
intensities of stripping and compound nucleus formation. 

It will be noted that the experimental points show the anomalous dip at low 
forward angles which has been previously observed in some other stripping 
reactions (Evans et al. 1953, Holt et al. 195 ). 
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(6) Excited-state group. 

Figure 4 shows the angular distribution of the neutron group leading to the 
first excited state of 2C. It is seen to be very closely symmetrical about the 90° 
position, a result which is normally characteristic of compound nucleus formation 
and not of the stripping mechanism. ‘The experimental distribution (in the 
centre-of-mass system) is best fitted by the expression W(@) = 1 + (0-41 + 0-03) cos?6 
(full curve). After correction for the finite angle of acceptance of the detector 
we obtain the result W,(@) = 1+ (0-45 + 0-04) cos? 6. hire 

We will first discuss this distribution on the assumption that the reaction 1s 
proceeding via the formation of a single compound state in °C. 
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Since the distribution is markedly anistropic the compound state cannot be | 


formed entirely by S-wave deuterons, and in view of the low bombarding energy | 
it seems unlikely that deuterons with />2 are involved. We shall therefore | 


assume that p-wave formation is taking place. 


1B has spin 3/2 with odd parity; the capture of a p-wave deuteron can there- | 
fore lead to states with J =7/2, 5/2, 3/2 or 1/2, all with even parity. Of these | 
states, J=1/2+ would lead to an isotropic neutron angular distribution, and | 
since the states J =5/2+ and J=3/2+ should decay to the J=2+ state in ¥C | 


predominantly by the emission of S-wave neutrons they too would produce | 


isotropic distributions. "The compound state %C* has thus a uniquely defined 
angular momentum J =7/2+ and since it can only be formed by the parallel 
combination of the spin of 4B and that of the deuteron the formation process 
involves no arbitrary parameter. 

The decay process to the !2C state will occur predominantly by the emission 
of neutrons with /=2, and can take place with the neutron spin either parallel or 
antiparallel to the residual angular momentum J =2 (channel spin 5/2 or 3/2). 
The calculated distributions for these extremes are: 


Channel spin 5/2 W(8)~93 + 15 cos? 9, 
Channel spin 3/2 W(0)~68 + 90 cos? 6. 


‘Vo fit the experimental result we must assume a mixing ratio for the contributions 
of parallel and antiparallel spins given byt=2:2+0-4. Itisinteresting to compare 
this value of ¢ with the predictions of (i) the extreme j-j coupling model in which 
the neutron is emitted with j,=5/2 or with 7,=3/2 and (ii) the L—S coupling 
description in which both LZ and S are conserved. 


(1) j-j coupling. 
ieee = 16/9 W(0)~1+0-50 cos? 6, 
Ig 3/2. = ONG W(0)~1 +0-88 cos? 4. 
(1) L—S coupling. 
If we assume that 'B is in a ?P,), state then the excited state %\C* must be 


denoted by *D,).._ The possible neutron transitions then depend on the assign- 
ment of the excited state of !2C as follows: 


@C* =P, or 8D, or 8F,; t=9; W(0)~1+0-248 cos? 9. 


‘The experimental result is thus well fitted by the j~j coupling description with 
Jn=95/2 but not by the L—S if the spin of 1B is considered to be due simply to the 
odd particle. If this condition is relaxed to allow the formation of other compound 
states besides *D,, then, for example, the transition 4Fj,—>°D, also leads to an 
angular distribution W(0)~1 + 0-50 cos? @. 


3.5. Stripping Mechanism 


If the reaction is proceeding via the stripping process then the captured 
proton must have either /,= 1 or/,=3. Itis to be expected that the contribution 
from /,=3 will be very small. The broken curve in figure 4 shows the best fit 
that can be obtained by superposing a normal stripping curve for i,=1 and an 
incoherent isotropic background. The agreement is very poor. 
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§ 4. Discuss1on 

From the preceding arguments it would seem that the ground-state group 
is due both to the stripping mechanism and to compound nucleus formation, 
while the excited-state group is produced almost entirely by the latter process. 
This might perhaps be justified by the following argument: in the case of the 
ground-state group the proton in the stripping process is being captured into 
a state which must approximate to a single-particle level, and the capture proba- 
bility should therefore be high. The excited state, however, may well be due to 
multiple excitation in the nucleus °C, and the capture probability in the stripping 
process should be reduced by a factor of ten or more. It is thus reasonable that 
this group should have a distribution characteristic of compound nucleus 
formation. 

This argument is not entirely convincing, since the compound states involved 
in the formation of the isotropic background in the distribution of the ground- 
state neutrons should also contribute to the excited-state group, and it is thus 
unlikely that the angular distribution would show the simple form observed. 
It also seems rather improbable that at this level of excitation in !2C* the reaction 
would proceed via a single compound state. It should also be noted that at a 
bombarding energy of 8-1 Mev Gibson (1953) found that the transition to the 
excited state of #C could be explained by stripping while the ground-state transition 
could not. 

However, a modification of the stripping theory (de Borde, private 
communication) designed to take account of the low deuteron bombarding 
energy is able to produce distributions similar to the experimental one in figure 4, 
and it is hoped that a more satisfactory interpretation of the results will be obtained 
from this. 

An accurate measurement of the n~y angular correlation should distinguish 
between the two explanations and it is hoped to perform this experiment shortly. 
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t Atomic Energy Research Establishment, Harwell, Berks. 
§ Department of Physics, The University, Sheffield 


MS. received 11th October 1954 and in final form 27th January 1955 


ECENTLY two of the authors (March and Donovan 1953, subsequently: 
referred to as I) have given a discussion of the effect of exchange interactions. 


on the spin paramagnetism of a free electron gas. The temperature 
dependence of the susceptibility was investigated numerically for the particular 
case where the electron density was the same as that of the valence electrons in 
metallic sodium. ‘The calculations employed a variation method based on an 
approximate distribution function (a fundamental analysis of this procedure has 
been given by Lidiard 1953). In general the aim 1s to choose a variation function 
which is sufficiently simple to leave the calculations tractable, but which does not 
introduce spurious features by departing too severely from the best possible 
distribution function. The distribution function used in I was specified by two. 
analytic forms (1) roughly resembling a Fermi—Dirac function, for temperatures. 
less than or equal to a certain critical value and (2) roughly resembling a Boltzmann 


function for temperatures greater than or equal to the critical value. It was. 


pointed out that the calculated susceptibility might be expected to be least reliable 
at intermediate temperatures around the point where the two forms become 
identical. 

In fact when the numerical calculations were performed with a suitably small 
interval an anomalous temperature variation was found in this region as shown in 
figure 3. Whilst the anomaly was relatively small for the case treated in I, 
more detailed investigation showed that the magnitude of the ‘hump’ on the 
curve of (1/y, 7) increased rapidly with the strength of the exchange interactions. 
Although it seemed to us that this behaviour was probably not inherent in the 
model but due instead to an inadequacy of the distribution function, it is clearly 
of interest to verify this and to be certain that the anomaly is not partly due to the 
exchange forces and therefore physically significant. This point is relevant 
to the theory of the magnetic susceptibilities of the transition metals (cf. Kriessman 
1953, Kriessman and Callen 1954). 

On the other hand there are other calculations which are facilitated by the use 
of approximate distribution functions, e.g. the discussions of exchange potential 
(March 1953) and distance correlations (Lidiard 1954). Information on the 
reliability of the distribution functions employed is useful here too. || 
The present note describes the application of a more accurate distribution 
function to the problem of calculating the paramagnetic susceptibility as a function 


| A further application which might be made of approximate distribution functions 


is in extending calculations of the thermodynamic functions for a relativistic electron gas. 


(cf. Kothari and Singh 1942). 
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of temperature. Numerical results are again presented for the case where the 
electron density is equal to that of the valence electrons in metallic sodium. 
It is found that the calculated susceptibility is in good agreement with the earlier 
work except in the region of intermediate temperatures, where the exchange 
interactions in this model do not give rise to maxima and minima in the suscepti- 
bility. 

The function used in I was due to Lidiard (1951, subsequently referred to 
as L); a similar form valid at low temperatures was originally suggested by 
Koppe (1947) and first applied correctly by Wohlfarth (1950). The defect 
of this function which is important here may be seen from the following 
considerations. Using Lidiard’s notation and referring to L, figure 1, we see that 


(ii) 


k 


we4 
PB 

Figure 1. Approximate forms for the function f(k): (1) a21; (11) a<1. 
40), the value of the distribution function at the origin of the wave vector k space, 
is fixed at the value unity for all temperatures lying between absolute zero and the 
temperature corresponding to x=1/~=1. Now we know that for a free electron 
gas without exchange interactions /(0) is appreciably less than unity at the tem- 
perature corresponding to x=1. ‘Thus from the simple Fermi—Dirac statistics 


f(9)=lexp(—7) +1. 
By L, eqn (A2), x=1 leads to kT/eg~0:50. From the tables prepared by 
McDougall and Stoner (1938) we find that k7/e)~0-50 requires 7~1-5 and hence 
(0) =0-8, which is appreciably less than unity. ‘This suggests that in our problem 
also we need a distribution function which allows f(0) to be less than unity even 
at the lower temperatures. In fact we proceed by introducing a new adjustable 
parameter ¢ equal to f(0); both ¢ and the second unkown, x, are determined 
as before by minimizing the total free energy function for the system, i.e. by 
setting 
: Cia e0F 0 
ox Oh 
The new distribution function is specified in terms of the new parameter ¢, 
as shownin figure 1. In place of L, eqns (2.9) and (2.10), we have the following 
forms for f(k): 


(Gi) wal 
f=¢,  0<k<(«-1)/B, | 
f=$(a—BR),  (%—-M)/B<R<a/B, fe eaee (1a) 
f=0, k>a/B. | 

(ii) «<1 
f=$(%— BR), O<k<a/B, | ee) 
f=0,  k>alp J . 
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The procedure for handling this function follows the same general lines as. 


in L, and after much lengthy but relatively straightforward calculation the free 
energy can be obtained as a function of the relative magnetization ¢. By finding 
the second derivative of the free energy with respect to ¢ and evaluating it at 
¢=0a system of complicated equations, which we omit here, can be obtained for 
the inverse susceptibility. 

The numerical calculations have been carried through for the case when 
€,/€9 = 1-32 (the value for sodium), and figure 2 shows the way in which the new 


07 
02 0-4 0-6 0-8 10 


ibis 


Figure 2. Variation of the parameter ¢ with temperature. 


i=) 


parameter ¢, which we have introduced here, varies with kRT/e,._ ‘This curve has,. 
of course, been obtained by minimizing the free energy and it can be seen that 
the value soon departs significantly from unity, the value which it had at all 
temperatures according to the old distribution function. The final curve showing 
the temperature dependence of the susceptibility obtained by the present method 
is given in figure 3. (‘The details of these calculations will be supplied on request.) 


0 05 


1-0 1S 
KT/E, 


Figure 3. Variation of the inverse susceptibility with temperature. The dotted curve 
shows the corresponding result according to the previous method (I). 


As can be seen from figure 3 the susceptibility calculated here is in good 
agreement with that obtained using the simpler distribution function at both 
high and low temperatures. In the intermediate region, however, the anomaly 
found previously is clearly removed by the introduction of the variational para- 
meter ¢. Since the susceptibility depends on a second derivative of the free 


ee ee ee eee ee, eee eee, ee 2 ee 
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energy it appears therefore that equations (1) represent a much better approxi- 
mation to the true distribution function than do L (2.9) and (2.10). 

More realistic calculations of metallic susceptibilities must include a 
consideration of correlation energy as well as exchange energy. At present most 
calculations of this nature reduce to semi-empirical discussions of the sort given 
by Stoner (1954). A notable exception is the free electron gas treated by the 
methods of Bohm and Pines (1953) (see also Pines 1953). This model can be 
examined at low temperatures with the aid of a variational distribution function 
which is even better than (1). Preliminary results indicate a substantial 
agreement with the semi-empirical studies of susceptibility and specific heat. 
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Absorption and Emission Spectra of Bismuth-Activated Phosphors 


By W. A. RUNCIMAN 
Atomic Energy Research Establishment, Harwell, Didcot, Berks. 


MS. received 14th February 1955 


OME phosphors show fine structure in their low-temperature absorption 
and emission spectra, and an investigation of this is likely to help our 
understanding of the nature of luminescent centres. Bismuth-activated 
oxide phosphors have a particularly well-defined vibrational fine structure and in 
consequence have been the subject of several investigations (Ewles 1938, Ewles 
and Curry 1950, Ewles and Lee 1953). 
The frequencies of the maxima of the low-temperature emission bands have 
been represented (Ewles 1938) by the equation 


pan ore et ee (1) 


where v’ and v” are small integers or zero, w’ and w" are vibrational frequencies 
and vy, is the pecduency of the electronic transition. ‘The plus sign indicates that 
the frequency w’ refers to the excited state, and the minus sign that the frequency 
w” belongs to the ground state. 

Exactly the same bands can equally well be described by the equation 


V=Ver Uy Wy UnWs 6 es (2) 
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which has previously been applied to other fluorescent systems (e.g. Hausser, | 


Kuhn and Kuhn 1935). The relations between the constants in equation (1) 
and (2) are: 

PEs Ww" 

io W,e=wW —wW" 
vy =ve— Hoo" — w). 

It is convenient to describe the bands by the number of vibrational quanta present 
(v,, v2) and the (0,0) band will be called the fundamental band. For bismuth- 
activated phosphors v, ranges from 0 to.7 or 8, whereas vy is usually 0 or 1. ‘The 


number of vibrational quanta excited by the electronic transition can only be | 
integral, so the halves of equation (1) have been omitted. Any term due to the | 


zero-point energy is effectively included in vp. 
In equation (2) both frequencies w, and w, now belong to the ground state 


and hence at least two modes of vibration must be involved, whereas in (1) it | 


was only necessary to postulate one normal mode whose frequencies were different 
in the ground and excited states. 

‘The equation corresponding to (2) for absorption 1s 

Vo => Vo Sa Uy WO, + Us ieee Siree Ooo (3) 

where w,* and w,* are vibrational frequencies of the excited state corresponding 
to w, and w, in the ground state. 

The difference v)* — vg represents the energy difference between the electronic 

0 eds) 8 Sy 


transitions for absorption and emission. If vg* — vg = 0 then the fundamental line © 
is a resonance line. It has been maintained (Pringsheim 1949) that if vg* — vp 40 — 
then the first observed absorption and emission lines cannot be (0,0) lines. 


Selection rules in solids are not very rigid and this explanation seems unlikely. 


An alternative explanation is that the surroundings of the activator ion are different 


in the ground and excited states. The neighbouring atoms do not readjust their 


positions during the electronic transitions by the Franck—Condon principle > 


and hence the frequencies vy and vy* may be unequal. 
For CaO (Bi) the frequencies, measured as wave numbers in cm~, of the 
emission bands have been represented (Ewles and Lee 1953) by 


v= 25815 + 298(v’ + 4) —493(v" +4). 
When this is rewritten in form (2) it becomes 
v= 25717 —4930, —195 a, 
and this is in agreement within the limits of experimental error, ~10 cm—1, with 
recent observations. 
Furthermore, the absorption bands in CaO(Bi) have been obtained (figure, (2), 
Plate) by a reflection technique in which a 36w 6v tungsten lamp was focused 


through two pieces of Chance OX7 filter, each 2 mm thick, on to the phosphor in 
a Dewar flask. 


In form (3) these bands are expressed by 
v= 2/2304-430 0,4 2150.) We) See ee (5) 


Since different vibrational frequencies occur in (4) and (5), there are at least 
two modes of vibration active in both electronic states and equation (1) is not 
applicable. With a Boltzmann distribution of energy these vibrations will not be 
appreciably thermally excited at 77°K or lower temperatures. Hence the absorp- 
tion bands only show vibrational levels of the upper state and the emission bands 
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levels of the ground state. It might be argued that the centre retains some 
vibrational energy after excitation, but this is most improbable as the vibrational 
frequency is of the order of 1013 sec and the excited state has usually a half- 
life of the order of 10-8 second. 
There is no theoretical reason for there to be only two vibrational terms in 
(2) and (3), and weak bands due to a third term with a frequency of the order of 
360 cm”? have been observed in both the absorption and emission spectra of 
_ CaO(Bi). In the case of uranium activated phosphors many more vibrational 
_ terms are necessary in (2) and (3), although (1) has been used (Ewles and Lee 1953). 
| The electronic transmission (!S,)—>8P,°) responsible forthe absorption spectrum 
is that of Bi~ ion going from a 6s? to a 6s 6p state. In contrast with the earlier 
view (Ewles and Curry 1950) that the vibrations were those of the host lattice, it 
has been suggested (Williams 1955) that the main vibrational frequency w, is 
that of a radially symmetric oscillation of the six oxygen ions surrounding the 
bismuth ion. Extending this idea it appears (Runciman 1955) that the change in 
charge distribution during the electronic transition from a spherical 6s to a 
dumb-bell 6p state oriented along the [110] axis will cause the equilibrium position 
of the six oxygen ions to be changed in a way determined by three independent 
parameters, e.g. two to fix the radial and deformation motions of the four oxygen 
ions in the xy plane and one to fix the radial motion of the two oxygen ions on 
the z axis. Hence in addition to the radially symmetric mode two more modes of 
vibration are especially likely to occur. The three active normal modes may 
correspond roughly to the three Raman active modes of an octahedral molecule, 
fae. UF. 
Emission bands for SrO(B1) have been expressed (Ewles and Curry 1950) by 
v= 241804 190(v’ + $) — 390 ("+ 4), 


and in form (2) this becomes 


y= 24080—3900,—200%.. aa vs (6) 
The present results for SrO(Bi), figure 1 (6) lead to the equation 
v=24320—4000,—200%,, = aavaee (7) 


The vibrational frequencies in (6) and (7) are in good agreement though it was 
with difficulty that the lines due to the second vibrational term were observed and 
} measured. On the other hand the difference in the fundamental band is well 
outside the limits of experimental error and is probably due to the detection of a 
weak band at 41074 not previously reported. 
| The reason for some discrepancies with earlier results may be partly due to the 
| higher firing temperature, 1300°c, which has been used in the preparation of 
phosphors, as compared with temperatures as low as 650°c previously used 
} (Ewles and Lee 1953). 
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Neutron-Deuteron Scattering in the Range 80-200 kev 
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§ 1. INTRODUCTION 


HE scattering of neutrons by deuterons in the range 0-1-2 Mev, has already — 

been studied by Tunnicliffe (1953) in this laboratory and by Adair, Okazaki 

and Walt (1953). Above 300kev, there was general agreement that the 
scattering was markedly anisotropic, although the distributions of ‘Tunnicliffe, after 
approximate estimates have been made for end and wall corrections, show con- 
siderably greater anisotropy than those of Adair et al. At 220 kev, Adair et al. 
found the distribution almost isotropic, although the technique was not checked 
by comparison with n-p scattering. ‘Tunnicliffe, on the other hand, observed 
appreciable anisotropy as low as 135 kev. He found, however, that the total 
cross section at this energy was 4:8 barns, a figure considerably higher than either 
the cross section at 1 Mev (3 barns) or the cross section for free deuterons at 
thermal energies (3-5 barns). 

In view of these discrepancies, the work was repeated some 18 months ago 
by observing recoils in proportional counters filled with hydrogen and deuterium. 
It was found, as described below, that the distribution was anisotropic down to 
neutron energies of 100 kev, and that the total cross section was in the region 
of 3-3 barns. ‘The results in the low energy region of the pulse distribution were 
obscured by gamma rays. In a recent repetition of the work, therefore, an 
experimental method was developed which minimized the effect of gamma rays. 
The results of the previous investigation were confirmed and improved. 


§ 2. APPARATUS AND METHOD 


The distribution of pulses from protons and deuterons recoiling from neutron 
impact were observed in a proportional counter of the type described by Skyrme, 
Tunnicliffe and Ward (1952). Protons from the Harwell electrostatic generator 
impinged on a Zr target of thickness 20 kev; in the first experiment, the backing 
of the Zr'T’ was copper. By observing the neutrons at a backward angle of 135°, 
the neutron energy spread due to target thickness was reduced to 5kev; adding 
the contribution of the finite angle subtended by the counter at the target gives a 
total effective spread at 100kev, for example, of 12kev. The neutron flux was 
monitored by a BF; ‘long counter’ at 0°. From the counts observed in the 
proportional counter was subtracted the background obtained by interposing a 
polythene scatterer between target and counter. The background due to neutrons 
scattered from the walls is effectively removed in this way. The polythene 
scatterer, however, also scatters out low energy gamma rays from the target, 
arising for example from Coulomb excitation; the net distribution in the counter 
therefore includes the pulses from these low-energy gamma rays, which pre- 
dominate in the low-energy end of the recoil distribution. The effect of the 
gamma rays can be reduced by a reduction of pressure in the gas of the counter, 
but below one atmosphere, the counting rate becomes prohibitively low. 


+ Now at Imperial College, London, S.W.7. 
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In the latter experiment, therefore, the gamma rays were dealt with differently. 
In the first place, the Zr'T was backed by silver, which was found to have a lower 
yield of gamma rays than the copper backing. In the second place, the target 
gamma rays were screened by jin. of lead; this reduced the neutron intensity 
by some 30-40°, but eliminated low-energy gamma radiation. The polythene 
which scattered the neutrons was then transparent to the residual high-energy 
gamma radiation. ‘The loss of intensity was compensated by higher pressures 
(130cm) in the counters; this also reduced end and wall corrections. 


§ 3. VoLTs PER ION Pair 


The differential distribution of pulses recorded by the pulse analyser corres- 
ponds to the energy distribution of the recoils only if volts per ion pair remain 
constant for the ions considered ; the energy distribution of the recoils corresponds 
to the differential angular distribution in the centre-of-mass system, as first shown 
by Barschall and Kanner (1940). We have studied the variation in volts per 
ion pair of protons recoiling in hydrogen by varying the neutron energy and 
observing the corresponding variation in maximum pulse height. The ‘ neutron 
energy’ is taken as the mean neutron energy: the ‘maximum pulse height’ as 
the centre point of the knee of the curve, i.e. points A in figure 4. The technique 
was first developed by Tunnicliffe and Ward (1952) who showed, by observing 
pulses from hydrogen and deuterium in the same counter, that volts per ion pair 
for recoil protons were constant in the 250-500 kev range. We have extended 
these observations to the 10-100 kev region by observing the variation in pulse 
height in a hydrogen-filled counter at different energies; at 10 kev the neutron 
yield in the backward direction from a ZrT target is quite low, but the centre 
point of the ‘knee’ can still be determined to 3-4%. At higher energies this 
error is about 4°. Errors from neutron energy determination are about 4% 
(the machine potentiometer was checked by comparing the Li(pn) and T(pn) 
thresholds), and in the electronics, about 1% (chiefly in the amplifier attenuator). 
The results are exhibited in figure 1; they show that volts per ion pair are very 
nearly constant in the range considered. As Crenshaw (1942) and others have 
shown, the rate of energy loss is the same for protons and deuterons moving with 
the same velocity. It is noteworthy that at 25 kev a recoiling proton is moving 
with approximately the same velocity as a molecular electron, and the cross section 
for charge exchange reaches a maximum. In spite of this, the proportion of 
energy lost in ion production remains constant at energies considerably lower 
than 25kev. We should also comment that in methane at various pressures the 
volts per ion pair are not nearly so constant. ‘Thus, a plot of pulse height against 
neutron energy in the range 250-1000 kev will give a straight line which extra- 
polates to zero pulse height at 40 kev. 


$4. RESULTS 


An exact calculation of end and wall corrections for deuterium would be 
tedious to compute. ‘The corrections for hydrogen are small and almost linear ; 
in the extreme case considered, at 200 kev, the theoretical distribution is almost 
a straight line from an ordinate of 1-07 on the left-hand end to 0-92 on the right- 
hand end. ‘To demonstrate the corrections involved, figure 4 shows the distri- 
butions for hydrogen at 100 and 200kev, uncorrected for end and wall effects. 

43-2 
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Approximate corrections were made for deuterium, therefore, by simply taking 


the observed curves and multiplying by the appropriate corrections for hydrogen ; 
the remaining errors are not significant. 
\ Gamma Ray 
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Figure 1. Relative pulse height plotted Figure 2. Angular distributions of neutrons 
against E,,. Counter pressure 78 cm recoiling from deuterium (counter 
Eat Ga tanceiwat else. pressure 78cm D,; corrected for end 


and wall effects). 


The results for deuterium in the first experiment, at three energies between 
100 and 200 kev, are shown in figure 2; it is seen that the gamma-ray contribution 
makes the anisotropy at 100 kev uncertain. When Tunnicliffe’s result at 135 kev 
is corrected for end and wall effects, as in this paper, the agreement with our result 
at 146kev is good. ‘The results of the second experiment for deuterium are 
shown in figure 3 (both figures 2 and 3 include end and wall corrections); the 
anisotropy at 100 kev is clearly demonstrated, and is probably present even at 
80 key. ‘The agreement in angular distribution between the first result at 200 kev 
(counter pressure 64cm) and the second (counter pressure 130 cm) is reasonably 
good. 

For the total cross section, the area under the distribution curve was integrated; 
for low-energy recoils this means the area under the dotted line. The ratio of 
the total counts for deuterium and hydrogen, suitably corrected for gas pressure 
and 13% H, contamination in the deuterium, then gives the ratio of o;,,(nD) to 
oro(NH). The latter was calculated using a,= — 23-7 x 10-13, a, =5-38 x 10-33, 
r,=2:5 x 10-%, r,=1-703 x 107", since all these quantities are accurately known 
except 7,, which does not materially affect the result. The (np) cross sections 
so obtained agree well with the curve for hydrogen in A.E.C.U. 2040, Supple- 


ment 1, which, however, differs at points by as much as 8°% from the curve for 
hydrogen published in A.E.C.U,. 2040. 


The total statistical error is + She 
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‘The results are shown in the table with 


| figures of Adair et al. at 262 kev for comparison. 
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Figure 3. Angular distribution of neutrons 
recoiling from deuterium (counter pressure 
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effects). 
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§ 5. DiscussIon 


As observed by Adair, the back scattering observed in the n—D recoils at 
low energies arises primarily from the interference between the S waves and the 
quartet P waves. ‘T. H.R. Skyrme of this Establishment has made a calculation 
of the *P scattering in the limit of zero energy.; from this it would appear that the 
calculated amount of anisotropy is about two thirds of that required to account 
for the experimental data. We are indebted to Dr. Skyrme for carrying out the 


calculations. 


654 Research Notes 


REFERENCES 


Apatr, R. K., Oxazak1, A., and WaLT, M., 1953, Phys. Rev., 89, 1165. 

BaRSCHALL, H. H., and Kanner, M. H., 1940, Phys. Rev., 58, 590. 

CRENSHAW, C. M., 1942, Phys. Rev., 62, 54. 

Skyrmoe, T. H. R., TUNNICLIFFE, P. R., and Warp, A. G., 1952, Rev. Sct. Instrum., 23, 204. 

TUNNICLIFFE, P. R., 1953, Phys. Rev., 89, 1247. 

TUNNICLIFFE, P. R., and Warp, A. G., 1952, Proc. Phys. Soc. A, 65, 233. i ie 

A.E.C.U. 2040, Neutron Cross Sections, a compilation of the A.E.C. INeutron Cross Section 
Advisory Group, 1952 (Office of Technical Services, Department of Commerce, 
WES eAD): 


A Note on the Al Ka, a, Lines in Metal and Oxide 


By B. NORDFORS 
Department of Physics, University of Uppsala, Sweden 


Communicated by A. E. Sandstrém ; MS. received 18th Fanuary 1955 


ARLIER recordings of the Al K« satellites have been made photographically, 
a method that gives very uncertain results as to intensities. ‘The present 


investigation has been carried out with a large bent crystal vacuum — 


spectrograph (Sandstrém 1952, 1954) using a Geiger counter for registration. 
In this way an interesting and previously unknown change in line shape and 
intensity in the Al Ke,«, lines in oxide as compared with metal was observed. 

The spectrograph allows only relative measurements, and as reference lines 
the La, and Lf, lines of Ag were chosen. As these were recorded in the 
second order, corrections for refraction in the crystal have been applied. All 
wavelengths have further been corrected for anomalous dispersion. ‘The 
wavelength values for the reference lines were taken from Haglund’s (1941) 
determinations. 

In the case of pure metal, a target made of aluminium from Johnson, Matthey 
and Co. was used. Great care was taken to avoid oxidation of the surface, and 
from the curves obtained it is evident that no oxide layer of a depth great enough 
to disturb the metal lines was formed. Because of the above-mentioned different 
shape of the oxide lines and their great wavelength displacement as compared 
with metal lines, such a disturbance is readily recognized. As oxide target 
massive Al,O, could not be used because of its insulating properties. Instead 
an aluminium target coated with an oxide layer of around 20» thickness was 
selected. As the depth of penetration for electrons is only around 0-3. at the 
voltage used, this thickness is quite sufficient to ensure radiation from oxide only. 
The pressure in the spectrograph tank and the x-ray tube was usually less than 
10°° mm Hg during recordings. Occasionally it was as high as 2 x 10-5 mm Hg. 

The wavelengths in the table below represent mean values of five determina- 
tions. ‘The errors represent greatest fluctuations from the mean value. Ad has 
been measured separately, and thus the errors there are smaller than in 2. 


Table 1. Wavelengths of the Al Ka, Lines in Metal and Oxide 


Metal A(x.u.) Oxide) (x.v.) AA (x.U.) AV (ev) 
a, 8268:7+0-4 8265:1+0:5 SeOnaOe2 0-65 
On 8256:8+ 0-6 8253:7+0°5 Soil ae (2 0:56 
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The wavelength displacement Ad is great as compared to that of Al Ka,«,, 
which is only 1-7 x.u. The displacements of Al K« satellites were measured by 
Carlsson (Ingelstam) in 1932. He got, however, somewhat lesser values, probably 
owing to the fact that he used an air-filled ion tube, thus causing the metal lines 
to be disturbed by the formation of oxide on the target. 

. A more interesting effect, however, is the change in line shape and intensity in 
oxide as compared with metal. The figure represents one of the five recordings of 
%; and «, in metal and oxide. It. also shows an attempt to resolve the lines 
graphically. 


Oxide 


8240 8250 8260 8270 8280 X.U. 


A counting tube recording of the Al Ka3a, lines in metal and oxide. Statistical 
uncertainty as indicated. 


As mean values of the intensity ratio «,/«, in the five recordings the results 
in table 2 were obtained. 


Table 2. Intensity Ratio in Metal and Oxide 


4/5 Metal Oxide 
Area values 0:54 0-82 
Peak values 0-44 0:98 


The peak intensity varies much more than the total intensity owing to an 
inverse change in the width of the lines according to table 3. 


Table 3. Line Width in Metal and Oxide 


Metal Oxide 
X3 Og As X4 


Width at half maximum (x.Uv.) By} (689) 6:2 4-9 


The broadening effects are of the same order of magnitude as the uncertainty 
of the graphical resolution, and thus no corrections for broadening effects have 
been applied. It has further proved impossible to perform the graphical resolu- 
tion in such a way that «, in metal becomes symmetrical. Whether «; itself 


656 Research Notes 


is strongly asymmetrical or whether it is complex has not been possible to determine 
in spite of the high resolving power of the spectrograph. . 

The experimental results thus obtained in this investigation may possibly 
be of some significance in choosing between the different existing theories of the 
origin of satellite lines. 
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successful in accounting for the excited energy levels due to the rotation 

of the nuclear surface. These levels have been investigated by means of 
electromagnetic radiation and by Coulomb excitation by charged particles. 
Through these experimental means one obtains the magnitude of the nuclear 
surface deformation which is intimately related to the nuclear quadrupole moment. 
This quantity can also be obtained by observing the inelastic scattering of nucleons, 
leaving a residual nucleus in a rotational level. Conversely, the influence of the 
rotational excitation on nuclear reactions should be noticed in interpreting 
experiments. 

We consider a case where a nucleus is excited to the first rotational level through 
the inelastic scattering of a nucleon. According to the strong coupling approxi- 
mation (Bohr and Mottelson 1953), the interaction of the nucleon takes place 
at the nuclear surface with a strength UR times a quantity proportional to the 
intrinsic quadrupole moment Qy, where U is taken to be the depth of the nuclear 
potential for the nucleon and R the average nuclear radius. With this interaction 
alone the differential cross section under Born approximation can readily be 
obtained as 

ds M,M,k 2 
70 = Ee (21,0K,| 21,0,Ky)?5 urs ( Qo ) alge) | eer (1) 


Ts collective nuclear model proposed by A. Bohr (1952) has been found 


3ZR? 
for the initial nucleus of atomic number Z and of spin J, to make transition to the 
final nucleus of spin J,. K,=K,(=J,) are the component sof the respective 
spins along the respective nuclear symmetry axes. MM and k are the reduced 
mass and the wave number respectively in the initial and final states, designated 
t Now at Department of Mathematical Physics, University of Birmingham. 
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by suffixes a and b ; (2/,0K,|2J,/,K,) are Clebsch-Gordan coefficients ; 
q=|k,—k,| is the absolute magnitude of the momentum transfer. The 
spherical Bessel function /,(qR) arises because the rotational angular momentum 
excited is 2h. ‘The angular distribution appearing in (1) is characteristic for any 
scattering due to a surface interaction with absorption of two units of orbital 
angular momentum. 

As the Born approximation is not realistic in most cases, we take account of 
the distortion of nucleon waves by a potential well of depth U and radius R. This 
approximation is applicable to neutrons of low energies and the calculation of 
the cross section can be carried out with the aid of partial wave analysis. The 
differential cross section is presented as (Blatt and Biedenharn 1952) 


Bagh) SALLI OTN Zh Le ZEEE (ose), “s{2) 
where Z represents the Z-coefficient concerning the initial and final angular 
momenta, /, and /,,; J arises from reaction amplitudes, as given by 
, MM, (2d, + 1)(24,’ + ~) 1/2 
* Wkkp (21, + 1)(2/,’+1) 

x (— )'>*"'(£,200 | 4,22,0)(2,’200 | 4,’22,’0) 


J 


(21,0K, | 21,l)Ky)?5 ( 


SAK 


u and v* are the radial outgoing and ingoing waves describing the scattering by 
the potential well of incident waves of wave numbers k, and kj, respectively. 
We assume a square-well potential and therefore can evaluate these functions 
exactly. 

The total cross section is given, by taking the term L =0 in (2), as 


2 
x (ha) BR) RO (By ROR? (St) (3) 


a ) Q.\? 
= a C 2 2R2 2 
= G3 frig, § (240K | Waly Ky PSUR (; os 


34 > (2d, + 1)(2,200 | 1,22,0)? | aja(Rak) P| em(AnR) [P.  -.. +. (4) 


By comparison with the Born approximation, the distortion caused by the 
potential has a considerable influence on the cross section. This is fairly sensitive 
to the magnitude of (2WUR?/h?)!? . As this is approximately seven, a variation 
of ten per cent of U or R? gives rise to a change of this quantity of about 7/8, 
which is not small in the argument of a trigonometric function. 

For the comparison of our theory with experiments, we fix the magnitudes of 
the parameter as R=1-4 x 10-41% cm, from reaction radii, and U=33 Mev, 
to give reasonable binding energies. Experimental data with the best accuracy 
are available for the inelastic scattering by iron. ‘The excitation of °*Fe to its 
first excited level of 0-85 Mev is observed with neutrons of a few Mev (Eliot et al. 
1954, Kiehn and Goodman 1954, and Scherrer et al. 1954) as well as protons of 
17 mev (Schrank et al. 1954). For such experiments /,=0 from observation, 
and J,,=2, as inferred from the general characteristics of even—even nuclei, 
The intrinsic quadrupole moment Q, can be obtained by reference to the static 
quadrupole moments of neighbouring nuclei, *»Mn and *°Co, on account of the 
smooth variation of Q, with mass number. In the strong coupling limit, the 
Q,’s of these nuclei are evaluated as 1-1 + 0-6 barns and 1-1 + 0-4 barns respectively. 
It is more appropriate, however, to take account of the intermediate coupling 
nature for the magnitude of Q). Thus we fix Q,=0-6 barn. 
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Eliot et al. (1954) obtained o=1-0+40-3 barns with 2-5 Mev neutrons, while 
(4) gives us about 1 barn. Kiehn and Goodman (1954) observed the excitation 
curve for the process under consideration and noticed that the cascade gamma 
rays give a contribution above 2:1 mev. In order to avoid this effect, comparison 
is made near the threshold where only /?=2 and /,=0 are important. As our 


theory neglects compound nucleus formation, the resonances observed by them _ 
cannot be reproduced. However, the gross behaviour of the excitation curve is _ 


in rough agreement with the experiment and also with that predicted by Hauser 


and Feshbach (1952) under the assumption of the statistical theory. The | 


agreement with the latter theory is to be expected for the energy dependence, 
but the absolute magnitude may be different because our theory contains physical 
constants. ‘The rough agreement with experiments seems to show that our 
model of rotational excitation as well as the magnitudes of the parameters are not 
unreasonable. This success should not be taken too seriously, however, because 
we have over-simplified the derivation of the cross section, and consequently the 
result is too sensitive to the magnitudes of U and R. 

This sensitivity does not come into the Born approximation formula (1), 
which may be compared with the proton experiment (Schrank et al. 1954). The 
angular distribution is approximately represented by |/,|? and the differential 
cross section at the first peak (at about 40°) is observed as 11 mbn sterad“?, 
while (1) yields about 50 mbn sterad-!. he effect of the Coulomb repulsion 
is estimated to decrease this value approximately by a factor of 2. There still 
remains a discrepancy of a factor of 2, but the distortion by nuclear forces may 
alter this factor. 

A detailed account will be published in the Progress of Theoretical Physics. 
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REVIEWS OF BOOKS 


Table of the Gamma Function for Complex Arguments. National Bureau of 
Standards—Applied Mathematics Series 34. Pp. xvi+105. (Washington: 
U.S. Government Printing Office, 1954.) $2. 

Once again we are indebted to the Mathematical Tables Project of the National 
Bureau of Standards for a table of considerable importance to many engaged in 
computation in both pure and applied mathematics. In physical problems, the 
gamma function with complex argument often occurs as an external factor to 
complex hypergeometric series, and may need to be known with unusually high 
accuracy. 

The table under review presents 12D values of the real and imaginary parts 
of log. I (z) for s=x+iy, x=0(0-1) 10, y=0(0-1)10. By means of the familiar 
sin 7 formula, and the duplication formula, the values given can readily be 
extended to cover the ranges, —18 <x <20, —20<y<20. Outside this region 
the asymptotic series of Stirling provides similar precision, so that in effect the 
quantitative behaviour of Iz) in the whole complex plane is known. In a table 
of such wide range it is of course unreasonable to expect accurate interpolation 
to be everywhere straightforward. Linear interpolation is out of the question 
except for the crudest calculations, but one finds that a simple 4-point inter- 
polation mostly provides 5D accuracy when x, y>1, improving to 8D accuracy 
for larger values of x and y. For uses needing greater precision details are given 
of interpolation formulae using up to 8 points in the table, and ensuring at least 
9D accuracy when x, y> 2. Various formulae are also suggested for inverse 
interpolation. 

There remains of course the awkward region near the singular point at 3=0. 
Here the obvious procedure is to use this table to find (2+) or [(1+3), and 
hence I'(z)=['(1+2)/z. There also exists the complementary table of Stanley 
and Wilkes (Toronto, 1950), giving 6D values of 1/I'(z) for x= —0-5(0-01)0:5, 
y =0(0-01)1, which remains a valuable accessory. Otherwise the N.B.S. table 


has no rival, and is good value at the price. 
R. Al Bs 


Variational Principles in Dynamics and Quantum Theory, by W. YourRGRAU and 
S. ManpELstam. Pp. ix+155. (London: Pitman, 1955). 25s. 

This is an excellent introduction to variational principles in theoretical physics. 
The intention of the study, in the authors’ words, is the “ co-ordination of the 
historical, mathematico-physical, and philosophic aspects of variational princi- 
ples.” In this they have succeeded admirably. 

The book starts with an appraisal of the scientific thought in the age of 
Fermat and Maupertuis, who first enunciated the so-called ‘least’ principles. 
This is followed by the precise mathematical development of these principles, 
due to Euler and Lagrange. The next sections discuss the full flowering of 
the theory in the hands of Hamilton and Jacobi. Even though the authors write 
about a very familiar part of the subject, the zest they bring to it gives the 
writing a new freshness. 

Two shorter chapters deal with the discovery of the Schrodinger equation 
and the role which variational principles have played in quantum theory. ‘The 
book closes with a discussion of the significance of these principles in natural 


philosophy. 
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This is one of the rare books which combine sound mathematics with a 
sound philosophic appraisal of its concepts and conclusions. ‘The historical 
comments enhance the readability. Altogether the book provides most stimu- 
lating reading and is recommended to all students of natural philosophy. It will, 
in particular, be a suitable introduction to the subject for those in their final 


year’s honours course in mathematical physics. 
NT Ss 


Annual Review of Nuclear Science, Vol. 4, edited by J. G. Beckertey, M. D. 
KaMeN and L, I. Scuirr. Pp. ix+483. (Stanford: Annual Reviews, Inc., 
1954) +s 7.50; 


The volume of original publications on nuclear physics is now so great that 
the frequent issue of review articles is a prime necessity. Publications such as 
Progress in Nuclear Physics (London: Pergamon Press) and Annual Reviews of 
Nuclear Science are becoming increasingly important to the nuclear physicist 
who wishes both to keep himself up to date in his own special interests and also 
to acquaint himself with advances in related fields. Most of the articles in the 
volume under review contain information as recent as April 1954 and some 
extend a few months further. The availability of the volume early in 1955 is a 
tribute both to the diligence of the contributors and to the enthusiasm of editors 
and publishers. The production maintains the standards set by previous 
volumes and the book is singularly free from typographical errors. 

The articles in the volume under review cover a wide range of subjects and 
the treatment differs from article to article. Some are admittedly progress. 
reports, covering only a brief period. In this category is ‘ Radiofrequency and 
Microwave Spectroscopy ’ (G. E. Pake) which describes in detail a new ionization 
method for detecting atomic beams and also a method, due to Overhauser, for 
producing nuclear polarization by interaction with electronic spins. Similarly 
of current interest is J. P. Blewett’s article on ‘ Recent Developments in Proton 
Synchrotrons’. This very clearly expounds the transition in design between 
operating machines and the new monster alternating gradient accelerators. 

Several articles deal with subjects in which considerable progress has been 
made over a period of several years but which for one reason or another have now 
reached what appears to be a suitable reviewing point. The extremely well 
documented article by T. P. Kohman and N. Saito on ‘ Radioactivity in Geology 
and Cosmology ’ gives a fascinating and particularly readable account of nuclear 
dating methods. Among the techniques used in these studies is that of isotopic 
dilution analysis, which is described by M. G. Inghram in a short technical 
review also in this volume. The remarkable progress in the discovery of new 
alpha emitting nuclei, made largely with the cyclotrons of the Radiation Labora- 
tory at Berkeley, is well described by I. Perlman and F. Asaro, whose work has 
revealed many of the properties of these bodies. The collection of data on 
energies and life-times will be found useful by workers in this field. The short 
article on * Fission Radiochemistry ’ by L. E. Glendenin and E. P. Steinberg is 
perhaps of rather less general interest; despite its title it does not discuss chemical 
procedures but chiefly reports on fission yields as a function of mass number in a 
variety of experiments bearing on the fission mechanism. The behaviour of the 
positronium atom is a matter which on the grounds of elegance and importance 
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to electromagnetic theory deserves frequent review. S. DeBenedetti and H. C. 
Corben have contributed a clear and well arranged article in which theory and 
experiment are displayed to mutual advantage. Recent work of interest in 
connection with the penetration of heavy charged particles through matter is 
discussed by E. A. Uehling. This article starts usefully with a review of the 
many previous reviews and data articles of the subject; he then deals particularly 
with the theory of energy loss including binding energy correction, the polari- 
zation effect, and the determination of mean excitation potentials. The article 
is primarily theoretical but the author briefly refers to experimental measurements 
of energy loss distributions and of the ratio of energy loss to ionization. 

High energy physics is represented by three articles. MM. Gell-Mann and 
K. M. Watson have written an expert monograph on ‘ The Interactions between 
m-Mesons and Nucleons’. ‘This gives essentially a phenomenological discussion 
of the problem, based on the charge independence hypothesis and on the 
(empirical) fact of strong meson—nucleon interaction in the state of J=3/2, 
T=32. ‘The concept of isotopic spin is well discussed and both scattering and 
meson production are examined. ‘The article concludes with a short report on 
the present state of field theory. The following review, on ‘ Heavy Mesons’ by 
C. Dilworth, G. P. S. Occhialini and L. Scarsi deals only with particles with 
mass between that of the 7-meson and the proton. ‘This is one of the most 
interesting and least understood areas of high energy physics and it is helpful to 
have at this stage a collection of most of the available data. It would be un- 
gracious to complain that the article reads too much like a conference report; 
this is inherent in the present state of the information and when well established 
conclusions are available they are given, as in the section on the t-meson. ‘The 
final table of ‘ possible particles’ summarizes a subject which “is if anything, 
growing in complexity”. In contrast with this, the theory of photonuclear 
reactions has to some extent been clarified recently by application of the ideas 
of the independent particle model. J. 5. Levinger reports on this progress in 
an article which is concerned with the physical content of the theories and 
experiments rather than with the details of either. 

The volume has four articles which may be broadly classed as technical. 
‘ Standardisation of Radioactive Sources’ by G. G. Manov is a straightforward 
account of the primary standards of radioactivity such as 4C, Co, 111, **P and 
others. Nuclear particle detection is represented by reviews of progress in 
‘Fast Electronics’ (R. E. Bell), ‘Characteristics of Scintillators’ (R. K. Swank), 
and Cerenkov Counters (J. Marshall). These subjects have been reviewed 
elsewhere recently but they are rapidly developing and deserve frequent attention. 
Each of this group of articles is well arranged and informative, and generously 
provided with references. 

The policy of including biological articles in a review of nuclear science may 
perhaps be questioned. Of two such reviews in this volume, one, by J. F. 
Thomson on ‘ Lethal Actions and Associated Effects’ is readily intelligible and 
interesting to a physicist. The other, however, by K. P. DuBois and D. F. 
Peterson on ‘ Biochemical Effects of Radiation’ will probably be found difficult 
by many owing to unfamilarity with the technical language. Many of the 
purchasers of this volume might have been grateful for a simple introduction to 
to this very important field of investigation. 

W. E. BURCHAM. 
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Superfluids, Vol. U1. Macroscopic Theory of Superfluid Helium, by the late 
F. Lonpon. Pp. xvi+217. (New York: Wiley; London: Chapman 
and Hall, 1954.) 64s. 

One tends automatically to expect that any book by the late Professor London 
shall be extremely readable. This volume abundantly fulfils expectations. 
It does so, moreover, without loss of precision and without glossing over any 
difficulties. In particular the limitations of the macroscopic theory are fully 
discussed. 

The first section deals with the phase diagram of helium and with the observed 
behaviour of the superfluid modification of liquid helium. ‘This is followed by 
considerations of the van der Waals forces, the radial distribution function and 
the zero-point energy for possible crystal structures. It is shown that the zero- 
point energy will prevent the liquid from solidifying except at high pressures ; 
at ordinary pressures the interatomic spacing is large, and liquid helium is much 
more gas-like than other liquids. 

The condensation of an ideal Bose-Einstein gas is discussed, and the macro- 
scopic two-fluid theory is developed using concepts borrowed from the Bose-— 
Einstein condensation. Landau’s quantum hydrodynamics is also shown to 
lead to the two-fluid model. (The ‘roton’ concept is criticized, however: 
the author takes the view that the real elementary excitations should be phonons 
and single-atom translational motions.) Much of the volume is devoted to 
developing the consequences of two-fluid thermo- and hydrodynamics. The 
phenomenon of ‘second sound’ is fully discussed, including Ward and Wilks’s 
interpretation of second sound at low temperatures as sound waves in a gas of 
phonons. 

The recent rigorous quantization of the hydrodynamical equations by Kronig 
and Thellung is presented, but Ziman’s work on the energy spectrum of rotons 
appears to have been completed too late for discussion. However, the very sensitive 
dependence of Ziman’s hydrodynamical roton energy on a momentum cut-off 
strengthens the view that a microscopic theory is required to give Landau’s 
excitation spectrum a sound foundation. 

The inclusion of a chapter on the properties of ?He and ?He—*He mixtures 
is very welcome. ‘The behaviour of these systems supports the author’s view 
that the superfluid properties of helium are intimately connected with its Bose— 
Einstein statistics. In conclusion, he draws attention to the many similarities 
between the macroscopic theories of superfluidity and of superconductivity. 
Both types of system are characterized by an inhomogeneity in momentum space 
rather than in configuration space. 

The volume should be invaluable to all experimentalists and theoreticians 
working on liquid helium, despite the restriction of its scope to the macroscopic 
theory. ‘The recent work of Feynman suggests that a full understanding of 
superfluidity may no longer be too remote. The untimely death of Professor 
London has, however, crushed the hope that he would complete this series with 
a third volume, on the microscopic theory of superfluids. C. G. KUPER. 


Les Fonctions de Bessel (2nd Edn), by G. Gouprr. Pp. 90. (Paris: Masson 
et Cie, 1954.) 600 /7. 
This is an introductory text, which is addressed particularly to physicists. 
The first three chapters are devoted to the introduction of Bessel functions 
as solutions of Bessel’s equation together with most of the better known 
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recurrence formulae, integrals and expansions. ‘The final chapter gives an 
account of some physical applications of the foregoing. These cover the 
oscillations of a cylindrical cavity, the skin effect, conduction of heat by a 
cylinder, and finally a group of problems in diffraction. The treatment is 
simple and a model of clarity. The inclusion of examples, however, would 
have been an advantage for the student. H. H. HOPKINS. 
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Hg 4047 | Hg 4358A 
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Emission 


(a) Absorption and emission spectra of CaO(Bi) at 77°K (2 min exposure Zenith plate). 
(6) Emission spectrum of SrO(Bi) at 77°K with 36504 excitation (1 min exposure. Thin 
film half tone plate). 
The spectra were obtained on a Hilger medium Quartz Spectrograph, and the wavelength 
limits are as shown. 
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New Band Systems of MnF and MnBr in the Red 


By W. HAYES anp T. E. NEVIN 
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MS. received 21st February 1955 


Abstract. New band systems in the red attributed to MnF and MnBr have 
been observed in a hollow cathode discharge. The MnBr bands degraded to 
shorter wavelengths consist of two sequences of double headed bands in the 
region A 6285-62464. The MnF bands degraded to longer wavelengths, each 
band with four heads, comprise five sequences between A 7300A and A 62304. 
It is suggested that both systems are due to a transition of the type O+—>*. 


$1. INTRODUCTION 

ECENTLY a new study of the complex near ultra-violet bands of MnCl 
R= MnBr which involve the transition ‘IIl-’X (Bacher 1948) has been 

made in this laboratory (Hayes and Nevin 1955). A hollow cathode 
discharge was found to provide an intense and convenient source of the ultra- 
violet halide bands and it was decided to examine the region A 2200-9700 4 for 
possible new band systems of MnF, MnCl and MnBr. An account of new 
band systems found in the infra-red is being published elsewhere. This paper 
describes a new system of MnF degraded to long wavelengths lying in the region 
X 6229-7302 A and a new band system of MnBr degraded to short wavelengths 
in the region A 6246-62854. No strong bands which can be attributed to 
MnCl have been found between A 6000A and A 80004. A full description of 
the source and the experimental technique has been given by Hayes and Nevin. 


§2. Banps or MnF 


Preliminary survey work using the glass prism of a Hilger E 478 spectro- 
graph with Ilford Astra III] and Kodak II N plates showed five sequences of 
double headed bands degraded to longer wavelengths the appearance of which 
can be seen from figure 1 (a) and (b) (Plate). The strongest sequence, the first 
pair of heads of which are at wavelengths A 6890-7 A and A 6893-24 is interpreted 
as the Av=0 sequence of the system. In order of increasing wavelength the 
five sequences are therefore labelled Av= +3,+2,+1,0,—1 respectively. The 
sequences Av=—1,0,+1 were photographed and measured in the first and 
second orders of the 21 ft grating, dispersion 2-5 Amm =?! and 1:2 Amm'! 
respectively. The resolution, however, was quite inadequate for a rotational 
analysis. The sequences Av= +3 and +2 were poorly defined on the grating 
plates and have been measured only on the prism plates which in the region in 
question have a dispersion of about 21A mm ™!. On the high dispersion plates 
each band shows four heads three of which lie so close together that on the prism 
plates they are blended together and the bands appear to have double heads. 
The sequence Av=0 enlarged from a second order grating plate is reproduced 
in figure 1 (c). 
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Table 1. Band Heads of the Red System of MnF 


Vacuum 
ve Snes I Classification wave number /l Classification 
(IK) (K) 
6% T 14817-3* 1 T 
Phi reas ORS 809-5 D2 Q RS 
5% 1 T 759°7* 
ee % 7 RING pes 752-8% 2 Ble Q Ss 
6% 1 T 702:7* 
re 2 ORS 695-3* 0 oO Ree 
844-5% 0 T 14508-3 10 rT 
835-0* j-wll 222 iG RS 503-6 108 lays 04 S 
771 -5% 0 T 500-8 De 
764-2 1...) VOeR.S 500-1 15 LQ 
701-9% 0 T 459-8 4 T 
696-2% (oe er 454-9 4, Oe 
617-6* 2 T 452-0 G0 ela 
612:3* 4-4, ons 451-0 8 LQ 
556-1% 2 T 411-2 1 T 
549-8 Ac So Rs 407-2 ies fs 
493-8% 3 T 404-2 ¢ = eae 
487-5* ul ey Oars 402°8 2 LQ 
430-9% 3 T 13871-9 4 ar 
424.2% 6 1) os Ones 866-7 dat ie 
368-4% 3 T 863-4 10 +R 
361-5% 6 82VGrr Ss 862-2 10 LQ 
297-3* 2 T 829-8 5 T 
290-6* 4 8 Now s 824-3 sil Games 
169-2% je 41058) ORY Ss 820-9 ee 
113-5* 0 Buel 819-8 10 Q 
106-0* ieee ae on R, § 787-2 4 T 
097:3 4 (T 781-4 a) ee 
092-7 eens 7779 gerne 
091-0 10 nae: 7769 8 Lo 
089-9 10 LQ 743-8 3 T 
042-2 5 rT 737°8 3 5448 
037-2 ae Os 734-5 6a ae 
035-5 10 oe 733-5 6 LQ 
034-5 10 LQ 699-9 2 ce 
14986-8 4 T 693-9 2 4 5J8 
981-5 4 ee es 691-0 4: fot uept 
978-9 8 R, Q 690-3+ 4 LQ 
930-7 3 T 
925°5 3 4 3g 
922-5 6 RQ 
875-0 2 ~ 
869-0 re aay 
867-2 4 R, Q 


* Measured on prism plates only. 
t The (5, 6) and (6, 7) bands are probably present but the heads are too confused for 
measurement, 


A list of wave numbers and intensities of the observed heads with vibrational 
quantum number assignments is given in table 1. On the negatives and in the 
reproduction the two heads of longest wavelength in each band seem to have the 
same intensity. Since the two heads overlap somewhat because of their small 
wavelength separation, 0-6A, the longest wavelength head may in reality be 
weaker than the appearance would suggest. The mean of the wave numbers of 
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the two longest wavelength heads measured on the grating is represented with a 
mean error of 0-5 K by the formula 
v= 14527-7+595-4(v’ +4) —3-15(0' + 3)? — 645 -4(0" + 4) + 3-2(0" + 42. 

Rochester and Olsson (1939) have observed a system of single headed bands of 
MnF in the region A 2380-2460 A the vibrational constants of which are 
w,’ = 637-2 K, x,’ w,’ = 4-46 K, w,” = 618-8 K, x,"w,” =3-01 K. Though the values 
of the constants of the initial state of the ultra-violet bands are fairly close to the 
values of the constants of the final state of the red bands it seems certain that the 
two systems do not share one state in common. 


§3. Banps or MnBr 

The bands observed for MnBr lie between A 6216 and A 6285 A. Under low 
dispersion there seem to be two double headed bands separated by 63 K degraded 
to shorter wavelengths. The higher dispersion of the grating shows that each 
‘ band ’ is a close sequence of double headed bands, the appearance of which can 
be judged from the reproduction in figure 1 (e). In the long-wave sequence 
seven weak and eleven strong heads can be distinguished and the separation of 
corresponding pairs of heads is about 22 K. In the short-wave sequence six 
weak and eleven strong heads can be identified and the separation of pairs of 
heads is about 15 K. The intensity difference between weak and strong heads 
is more marked in the long-wave sequence. ‘The wave numbers derived from 
measurements on first order grating plates and the intensities of the heads are 
given in table 2. 


Table 2. Band Heads of the Red System of MnBr 


Vacuum Vacuum 
wave number fi Classification wave number if Classification 
(K) (K) 

15905-5 2 N 15975:5 6 Wis 
926-2 8 Oe 989-5 10 OO 
907-6 2 is 977-6 4 ji 
928-5 6 eat: 991-9 7 EG 
9093 2 N 979-6 4 O 
930°8 4 As 3 994-1 6 asa 
911-1 2 N 981-3 3 O 
932-9 3 4p 996-1 5 ako 
912°7 1 N 983-1 2 O 
934-8 2 2 es 998-0 4 Be Anes 
914-2 1 B Lei 984-5 2 Pe 
936-6 2 Se Gs 999-7 3 SE V(0) 
915-4 0 N 985-7 0 BO 
938-1 2 ch be 16001-2 2 6056 
939°5 1 7 ie 002-6 1 7 eG 
940-8 1 et 003-7 0 8 8 O 
941-8 1 DOE: 004-8 0 99 Q 
942-8 0 10,10 P 


The absence of an isotope effect suggests that each group of heads is an 
independent sequence of double-headed bands with Av=0. On strongly 
exposed plates two very weak additional double maxima can be observed though 
no measurements are possible. The approximate wave numbers of the long- 
wave limits of these intensity maxima are 

15655 K 16200 K 
15716 K 16264 K 
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It seems that the first pair of maxima separated by 61 K are the (0,1) band and 
the second pair separated by 64K the (1,0) band of the system. If these 
identifications are correct w’=275 K and w”=272K, values which seem 
reasonable for MnBr. 

Three additional weak heads have been observed in MnBr degraded to 
shorter wavelengths the wave numbers and intensities of which are 

16375-0 (2) (276-8) 16098-2 (1) (268-0) 15830-2 (0). 

These bands may be the (0,0), (0,1) and (0,2) bands of an MnBr system the final 
state of which is the same as the initial or final state of the main system. ‘The 
heads seem to have a close complex structure but unfortunately the strongest 
head is overlapped by atomic lines and a more detailed description is not possible. 
A reproduction of the 16098 K band is shown in figure 1 (d). 


$4. Discussion oF MnBr Banps 


If the two MnBr sequences are independent singlet systems with P and Q 
heads, the equality of the vibrational constants for the two systems in both the 
initial and final states implies near equality of the rotational constants and 
approximately equal separations of corresponding heads in the two sequences and 
approximately the same intensity ratio of P and Q heads. In fact there is a 
considerable difference in both the separation and intensity ratio of the heads in 
the two sequences. 

It seems probable that the two sequences together constitute a transition of 
the type O*—°X. Since this appears to be the first example recorded of this 
type of transition a diagram showing the branches is given in figure 2. For a 
band degraded to short wavelengths O*—°X* gives an N form P branch forming 
a head and three P form P,Q and R branches which, when the fine structure of 
the °& state is unresolved, will give a single head approximately three times as 
strong as the N head. ‘The transition O-—-°X* gives O form R and Q branches 


J Oo 
i 0° on. 


Figure 2. 
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forming one head and Q form P, Q and R branches forming a second head with 
an approximate intensity ratio of two to three. The separation of the N and P 
heads should be greater than that of the O and Q heads. 

In conformity with these considerations the long wave sequence with the 
greater head separation and the greater intensity difference is assigned to the 
O*—X~ transition and the short wave sequence with the smaller head separation 
and small intensity difference to the O-—°* transition. An inspection of 
the negatives suggests that the overall intensity of the O+—*X+ transition may 
be somewhat greater than the intensity of the O--5X~ transition. The heads 
are identified in table 2 on the assumption that our interpretation is correct. 

The ground state of MnBr is a *D state and the existence of a stable 5 state 
is probable on general grounds. A & state with multiplicity other than five 
would not explain the observed appearance of the bands. A 7 state would 
result in N and P heads in one component but M, O, Q heads in the other. 
A 3X state would give a P head and O and Q heads. 


§5. DiscussIon or MnF Banps 

The spacing and intensities of the heads in the ten bands for which four 
heads have been measured are unusual and seem to preclude an interpretation 
of the system in terms of a transition like 2I]-?) or 3I[-*} with the II state 
approximating to case b. ‘The former interpretation moreover would require 
the emitter to be MnF* and it seems unlikely that this is the case as in preliminary 
experiments the bands were obtained in the heated positive column of a dis- 
charge tube with the same intensity relative to the ultra-violet bands as in the 
hollow cathode discharge. 

If the heads, in order of increasing wavelength, are interpreted as T, 5, R and 
Q heads the average separations are T-Q=8-9 K, S-Q=3-8 K, R-Q=1-05 K, 
which are of the correct relative order of magnitude. Accordingly the system 
could arise from a transition like *I],—*&, ®I1_,°, 51H)>—°&. However, the T, 5 
and R heads, particularly the and S heads are anomalously intense relative 
to the Q head and a further difficulty is the absence of the bands arising from 
transitions from the other components of the II state to the state. 

It seems reasonable to assume that the fluoride bands are the analogue of the 
bromide bands with a small separation between the Of and O> states. As the 
bands are degraded to long wavelengths the T, S, Rand Q branches form heads, 
the T and R heads belonging to Ot—*S* and the S and Q heads to O-**. 

The fact that the T and S heads are equally strong constitutes a difficulty. 
It is possible that the transition involving the O* state is more probable than 
that involving O~ causing the T and S heads to have approximately equal 
intensities. In this event the R head should be more intense than the Q head 
and as stated earlier this may indeed be the case. ‘The identification of the heads 
is given in table 1. 
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Abstract. High dispersion spectrograms have shown the existence of two new 
band systems of MnBr in the region A 8850-9700 A. ‘The bands in both 
systems are degraded to longer wavelengths. ‘The shorter wavelength system 
is double headed and is considered to be the analogue of the II-y system 
observed in MnCl. The longer wavelength system is single headed and is 
attributed to a S—S transition. Both systems show an isotope effect which 
confirms the vibrational analysis. 


§ 1. INTRODUCTION 
A RECENT investigation of the band spectra of the manganese halides has 


disclosed the existence of new systems in the photographic infra-red. 

The spectrum of MnF consists of a single strong sequence extending 
from A 81804 to ’ 84954. ‘The MnCl bands extend from A 81804 to A 91504 
and form the two highest frequency components of a [I—= transition with a 
multiplicity at least five. In the Av=0 sequence of the first component the R 
and Q branches form heads and faint S and T branches are observed running 
back to shorter waves from the R head of the 0, 0 band. Weak S and T heads 
occur in the Av= +1 sequences and also in the Av=0 sequence of the second 
component. A detailed account of the analysis of the spectrum has been given 
by Hayes and Nevin (1955 b). ‘The present paper describes the extensive band 
spectrum of MnBr in the region A8850A to A9700 A. ‘The bands appear to form 
two separate systems. 


§2. DESCRIPTION OF THE BANDS 


The spectrum was excited in a hollow cathode discharge in the manner 
described by Hayes and Nevin (1955 a) and photographed in the first order of a 
21 ft concave grating at a dispersion of approximately 254mm. The region 
A 8850 A to 49400 A was photographed on hypersensitized Kodak IIN plates with 
exposure times of about four hours but the bands between A 93504 and A 9400A 
were weak. Hypersensitized Kodak IQ plates were used for the region \ 9350 A- 
9700 A with an exposure time of ten hours. ‘To obtain even a weak photograph 
of the bands between A 96004 and A 97004 it was necessary both to prefog and 
hypersensitize the plates and to increase the slit width from 0-05 to 0-1 mm. 
Second and third order iron comparison spectra were used. 

The observed spectrum consists of four groups of heads degraded to longer 
wavelengths. ‘The most intense group, reproduced in figure 1 (a), tconsists of a 
close sequence of double-headed bands beginning at \ 9349A followed by a 


+ Plate. 
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sequence of single headed bands beginning at \ 9383-5A. The presence of two 
sequences with different structure suggests the presence of two separate systems. 
This suggestion is confirmed by an examination of the three remaining groups, 
the heads in each of which seem also to contain two independent sequences. 

The sequences of shorter wavelength in each of the groups form a system 
which can be assigned to a II-¥ transition. The heads of the Av =0 sequence 
of the system begin at A 9349A and the four sequences composing the system 
extend from A8878A to 196394. The longer wavelength sequences form a 
system which arises from a S—® transition and extend from A 88864 to A 9680 A. 
The Av=0 sequence of the system begins at \ 9383-54. Very faint diffuse 
structure which cannot be assigned to either system has been observed in the 
region A 9601 A-9612A. The Av= +1 sequences of both systems are reproduced 
in figure 1 (c). The heads of the U—S system are not clear due to lack of contrast. 


$3. THE II- System 

The presence of R and Q heads in this system could be accounted for by a 
‘]I'S transition. It was noticed however, on a strongly exposed plate, that 
what appears to be a weak continuum extends back from the R heads of the Av =0 
sequence and fades out at approximately A 93124. ‘This structure, reproduced 
in figure 1 (6), is probably caused by weak S and T branches of the Av = 0 sequence, 
the lack of resolution being due to the large number of branches. ‘The presence 
of S and T branches suggests that the bands are the analogue of the higher 
frequency component of the Ii-X transition of MnCl. A tendency to case c 
in MnCl was indicated by the weakness of the S and 'T heads and the absence 
of these heads in the bromide bands might well be due to a more pronounced 
tendency to case c in MnBr. If this interpretation is correct a very weak 
second component is expected in the region A 9700 A to longer wavelengths. The 
exposure required to photograph this component would be prohibitively long. 

The wave numbers of the observed heads and their classifications are given 
in table 1. The number of unclassified heads is small and these may be due in 
some cases to fortuitous line accumulations. ‘The wave numbers of the Q heads 
of Mn 7°Br are given with a mean error 0-7K by the equation 

v= 10682-1+ 290-4 (v’ + 4) —0-13(0' + 4)? — 291-3(v" + ) + 0-01(v" + 3)”. 
The vibrational constants are nearly equal and this may be correlated with the 
large head-origin separations and the presence of an intense extensive Av=0 
sequence. 

The isotope effect arising from “Br and ®!Br has been observed and confirms 
the vibrational analysis. ‘The isotope shift is calculated from the formula 
Av=(p—1), where v, is the distance of the Q head from the system origin. 
The effect of the rotational isotope shift on the positions of the R heads has been 
neglected. The observed and calculated shifts are given in table 2 and the 
agreement between them can be regarded as satisfactory. 

Columns three and four of table 2 contain the observed isotope shifts for the 
Q and R heads. 

$4. THE 2-2 SYSTEM 


The interpretation of this sytem presents‘ little difficulty. ‘The structure of 
the bands is simple, each having a single head, and the system can therefore be 
assigned to a L-» transition of odd multiplicity. When the multiplicity is 
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greater than one a single head only should occur in each band since the fine 
structure will not be resolved. 

A list of the observed heads and their classification is given in table 3. Few 
measured heads remain unclassified. The identification of the heads in the 
Av = +2 sequence is difficult due to the weakness of the heads and the presence 
of atomic lines. The intensity distribution corresponds to a narrow Condon 
parabola. 

The wave numbers of the classified heads of Mn’*Br are represented with a 
mean error 1.1K by the formula 


v= 10667-5 + 295-6(v’ + 4) —0-62(v’ + })2— 298-8(v” + 4) +0-61(v" +4). 


The isotope effect is easily recognizable and the satisfactory agreement 
between the observed and calculated values can be seen from an inspection of 
table 4. 


Table 1. Heads of the Infra-Red Bands of MnBr, Il—X system 


Vacuum Vacuum 
wave number / Classification wave number J Classification 
(Ix) (KX) 

11261-0 3 3 1 © 10693-9 3 ORO AR: 
59-0 2 4 DO) 93:3 3 LA eR: 
58:2 1 Soi OF 92:5 2 Dg Ih AR 
56:2 DB Oy 4h Oe 91°5 2 By ey AR 
551 2 90:3 D 4,4 R 
54-2 1 By 2 kOe 89-0 il Diy dat 
52-1 1 6,4 Q 88-4 1 

10989 -4 0) 1 04R 87-9 1 
87-6 0 : R* 87-4 A 6,6 R 
86:0 0 Dil IR 85-6 1 dy He AR 
85-0 Le eT Re es OR 83-7 1 fe) TR 
83-4 1 3 A AR 82:6? 0 
82:8 1 43 R 80°8 3 OZOT@ 
81:2 1 ? R* 79-9 7 alee) 
80-4 1 ao R 78°5 9 DD) AO) 
78°8 2 : R* 76°7 9 35.6) © 
78-0 2 6.5 R 74-7 10 4,4 Q 
76°2 3 : R* 10391-5 1 R* 
75-0 1 7 6 R 93-8 2 4, s{R 
73°5 2, : UR* 93-2 2. 051708, Se Ger 
71-9 D il, @ © 91-3 Cee (Us KOK tl, 2 OF: 
71-1 Dp, ths Re 89-7 3) 1h 22O 2.2 eros 
70°3 1 AOR GC) see? lai): 88-1 352,13 Ome | BNATO® 
69°5 1 is ek 87:8 ? 2 
oes: : 2 Oy 86°6 3 3,4 OQ 

; Q 85-9 B) * 
6724 SENG S48 4 455 
64°8 3 EO% 83-6 3 Q* 
es 6 ees 82-4 2 aS 
62:0 5 ts}; 80-9 1 * 

Q 
61-2? 1 124 0 on Q 
60:6 4 (sh oy 10) 77-4 0 dot (0) 
56°6 ? 3 7 6 Q 
Boot 1 ) Q* 74-4 0 te (0) 


The heads of the molecule Mn*'Br are marked with a star. Doubtful heads are 
followed by a question mark. The wave number given for the 6, 6 R head is that of an 


argon line which coincides with the expected head position and it is followed by the 
letter A in the intensity column, 
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Table 2. Isotope Effect in the [I-S System 


v,U" AVeaic AYops(Q) Avops(R) 
iq il 3-0 2:8 —_ 
4,2 2:9 2°8 a 
3 8) 2:9 DANE — 
hee TS 1°6 1:8 
2) 5 2 1-8 
i ae bos; (hos: 1:6 
5,4 1-4 Ibod 1:6 
Os. 1-4 — 1-8 
Ue 1-4 1:5 15 
See 1-4 = 1:6 
Ord 15 1:9 — 
ihe? eS 1-6 — 
Pe fies 1-6 — 
4,5 1-4 fod] 1S 
5,6 1-4 ily — 
05 a 1-4 125 — 


Table 3. Heads of the Infra-red Bands of MnBr, X—Y System 


Vacuum Vacuum 
wave number ji UU" wave number il v', Uv" 
(K) (KX) 
11250-6 "4 2, 0 10957-2 ? 3 
49-1 1 55-9% ? 3 1, 0 
47-4* 0 2, 0 53-9 2 
47-0 Br ex 52.5% 1 iat 
43-7% 2 50:3 4 
42-9 1 ne 49-0* 4 3, 2 
40-6* 2 , 47-8 2 
38-1 2 5, 3 46:5 1 4 3 
32-6 1 hci 43-7 1 
30-0* 1 42:6 3 i 
27-1 1 —- 41-3% 3 >) 
23-9% 1 383 1 a 
22:2 1 37-0* 1 
20:5 1 34-1 1 
18-1* L ane 32:8% 1 tho 
13-8 io : 29°5 1 | 
10-0* 1 Pees 28-1* 1 Sat 
07-7 1 25-3 1 
04-9% e se 237% 1 258 
01-1 1 20-6 1 
gi ; 1, 9 ae ; 10, 9 
94-1 1 12, 10 16-0 1 
93-3? 2 14-8* 1 pw 
92-1* Br 12, 10 10665°5 4 0, 0 
87:7 2 eee 62:0 5 11 
85-1* y ; 58:2 3 DoD 
81-0 2 10371-9* L 
78-8* 2 fale 70-1 1 Up 
74-2 2 OS23e 1 
71-7* 2 15, 13 67-0 1 Voz 
67-7 1 65:-4* 1 
ws 16, 14 ale ‘ Dyer 


The letter L in the intensity column denotes the presence of an unidentified atomic line 
at the expected head position. Where this happens the wave number of the line is given. 
The 3,1 head of Mn7*Br and the 12, 10 head of Mn Br coincide with atomic bromine 
lines and in these cases also the wave numbers of the lines are given and their presence 


indicated in the intensity column. 
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Table 4. Isotope Effect in the S-X System 


oo Aveale Avops O-C bis iN AVeale Avops O-C 
Dr () 3-0 3:1 +0:1 16, 14 2°6 2°4 —0:2 
Shei 3-0 351 | +0-1 lO) 1°5 (3 —0-2 
4, 2 2-9 2°3 —0-6 de I 1°5 1-4 —0-1 
6, 4 2-9 2°6 —°3 Cree 1-4 1198) —O0-1 
a, 5 2-9 son +033 5, 4 1-4 1-3 —O:1 
8, 6 2°8 2:4 —O0-4 60 5 1-4 1°3 —0-1 
9, 7 2°8 arts} +1-0 ds © 1-4 1:3 —0-1 
LOOMS 2°8 2°8 0-0 Se 123 1-4 +0-1 
iil, © 2°7 2:2 —0°5 OE te: 1-3 1-6 +0:3 
V2, A) Dei 2:1 —0:6 10, 9 1198} 1:2 —0-1 
1133, 101 7) 2°6 —(-1 iit, 1) 1-3 ite) —0-1 
14, 12 2°6 2-2 —(0-4 Tes 2 1-5 1:3 —0:2 
5) 1S 2°6 25 —(-1 Pe 3} 1:5 1:6 +0-1 
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Abstract. ‘The conductivity of a-homopolar semiconductor with an arbitrary 
band shape is considered. The corresponding Boltzmann equation is solved 
after making a simplifying assumption about the form of the matrix element of the 
lattice-scattering potential. 


$1 

VER a considerable range of temperatures the mobility of electrons in 

single crystals of fairly pure semiconductors is determined by lattice 

scattering, rather than by the scattering from defects such as ionized 
impurities or from dislocations. In this note attention will be restricted to lattice 
scattering in homopolar crystals. An essentially different theory is required 
for ionic crystals, in which the scattering is due largely to the polarization associated 
with optical modes of lattice vibration. 

The existing theories of lattice scattering in homopolar semiconductors 
(Wilson 1953, Seitz 1948, Bardeen and Shockley 1950) give essentially equivalent 
results. They predict in particular that the drift mobility 4p should vary with 
temperature as 7~?, that if a Hall mobility py is defined by uy=Ro then 
Hy = (37/8), and that there should be an isotropic transverse magneto-resistance 
but no longitudinal magneto-resistance. Now the results of recent experiments 
are not always in accord with these theories. For instance, n-type germanium 
exhibits longitudinal magneto-resistance and an anisotropic transverse magneto- 
resistance (Pearson and Suhl 1951). Also Morin (1954) finds that the mobility 
-of holes in germanium varies as 7-7? above 100°K. 

It is clear that the behaviour of electrons in conduction phenomena must 
depend on the precise form of the scattering potential. It must also depend on 
the structure of the conduction band and in particular on the shape of its branches. 
The theories mentioned earlier employ the scattering potential given by the 
Bloch ‘deformable atom’ hypothesis and the simple parabolic band shape 
E(k)=h?k?/2m. This paper pursues some consequences of assuming a non- 
degenerate band of arbitrary shape whilst retaining the form of the scattering 
matrix element used by previous workers. 


$2 
The Boltzmann equation for the stationary states of a system subject to an 
electric field is 
_ (eF//) 0 Vi.= [Of/Ot} ouisions aie Tels) oie (1) 
where f is the electron distribution function and F the applied electric field. 
if W(k; k’) is the probability per unit time that an electron make a transition from 
the state k to the state k’, then 


[2f@Alenisoms= [42K TVR’ s WACK) = ((4)} = WU KIM]. 2) 
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At practical field strengths, the electron distribution f is never far from the 
equilibrium one fy. It is thus justifiable to write 

F(k)=folk) + P(K)(Afo(K)/OEW), sree (3) 
and neglect terms O(®2) on the right-hand side of expression (2). As explained 
in the introduction, the usual form for the matrix element P of the interaction 
between electrons and the lattice vibrations will be used. The matrix element 
for a transition from a state of crystal momentum hk to one of momentum A(k + q), 


by absorption or emission respectively of a phonon of wavenumber q in a crystal 
of volume V is (Seitz 1948) 


DIG NEO E Viptt 
ne ae ai)" Jbeh ies eee 4 
Ge a ee eerie Gem ene. @) 


Here n, is the density of unit cells in the lattice, M is the mass in a unit cell, C 
is a parameter having the dimension of energy which measures the strength of the 
electron-lattice interaction, € is the polarization vector of the phonon, and uw is 
the velocity of sound in the crystal. 7, is the number of phonons of wavenumber 
q in the field, and is taken to be that given by the equilibrium Bose-Einstein 
distribution. The physical content of equation (4) is that the electrons interact 
only with longitudinal waves, that is with waves which are associated with a 
density modulation in the crystal. After applying (4) to obtain W(k;k’) and 
using the definition (3), equation (2) becomes 


[f 8 f]eonisions = (C2/97MingkT) | d®q(q?/uq) 
x Mal fo(k){1 —fo(k + 4) }8(Fx — Eng + 2¥q) 
+ folk + a)(1 —fo(k)]5(Ex = Extq = %q) [P(K + 4) — ®(k)].- 
RAS) (5) 
At temperatures above about 1°K, that is at all temperatures for which lattice 


scattering is likely to be the dominant resistive mechanism, equation (5) can be 
reduced to 


[AF @Flconisions = [C%4o(K)/ 9772 Ming] [dQ9(Ey— Ex sq) O(K+q)— O(K)] vs: (6) 
for then the acoustic modes of long wavelength with which the electrons can 
interact have energies small compared with the mean thermal energy of the electron 


distribution, 3R7/2. Finally, neglecting terms O(F?) on the left-hand side, 
equation (1) becomes 


(eh ie eig= [C%fo( kk) 972hu Ming] | d°q5(Ey — Ex44)[O(k + q)—®(k)]. ....(7) 
It will be shown now that this equation has a solution of the form 
O(k) = 9(2, EVE Oe eet eee (8) 


Consider the integral / on the right-hand side of (7). By equation (8) 
I= | d°q3(Ey— Ex pq)[P(k + 4) — 0(k)] 
= | d*q5(Ey— Ex) 


x [B(Enae)- Vicrgliney 8a) Velcle eee (9) 
Because of the 5-function in the integrand 


T= — g(E,). {d°q3(Ey— Ey pq)Vi(Ex— Excsa) 
=< g(E.)s | ag, 61E = Ey) (10) 
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Here @ is a unit step function which is sufficiently defined by 
A(x) =(«+1), x>0 
=, Cees Peete sa (11) 


where « is arbitrary. ‘The integral extends in principle over the whole spectrum 
of phonons in a volume {2 of q-space which is bounded by some surface So. On 
the Debye model is the sphere of radius g,=R6p/hu. In fact only a small 
part of the spectrum contributes to 7. Now the integral 


J) : PE Sel he | ees (12) 


has an obvious geometrical interpretation if all points k’ on E(k’)=E" lie within 
the surface E(k)=E when E’<E, a condition which is always satisfied near a 
minimum in the energy surface. Then 


J=(a%+1)V[E,J+a{Q—V[E,]} 
VATA IN Paee | ek Bae” | Pe Res (13) 
where V[E,] denotes the volume of k-space enclosed by the surface E = E(k). 


Sq 
Thus, 


T= — g(E,) Vi. V[Ex] 
— g(E,). Vi Ei (OVE, OE,) = ne eee (14) 
This shows that equation (7) has a solution of the form (8), with 

_ eF 9n*hiu?Mn, | OV[E] 


eee OS leew tes 15 
CRT OE U) 
The right-hand side of (15) is a function of k only through E(k), so that the theory 
is self-consistent and provides a solution to equation (1). If the relaxation time 
7 is defined in the usual way by 


(of, Gf \ocawstons = Cf To) 


1/7(E)=(C?RT/9n*hiu@Mny\(OV[EVOE). — ... (16) 


The use of this equation can be illustrated by applying it to the band 
E(k) =h?k?/2m*. The volume within the surface = E(k) is then V[E,], where 
V (E,.| =47k3/3 = 4n(2m* E)3?/3h?. Substitution in equation (16) yields the 
relaxation time obtained by Wilson and by Seitz, in the form 


1/7 =(4/97)(CORT/h3u2ny)(m*|M)(Qm* Bh, eae (17) 


It will be clear that the solution to the Boltzmann equation for a system subject 
to both electric and magnetic fields will not have the form implied by equation (8) 
in general. However, the solution does still have this simple form in some 
particular cases. 


then 
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§3 

In order to explain the anisotropic properties of n-type germanium, non-- 
spherical energy surfaces must be introduced into the theory. The simplest 
non-spherical surface is an ellipsoid. If such surfaces are postulated, then 
overall cubic symmetry requires that there be at least six ellipsoids properly 
distributed about the Brillouin zone. The theory outlined above yields a solution 
to the Boltzmann equation for this model, if inter-ellipsoid transitions are neglected. 
It is one of the particular cases for which magnetic effects also can be treated. 
The relaxation time is determined by 0V[E,]/0E,. But 


V [Ey] = (477/3)(2uE,/ M7)", 


where 3=m,mymg, the m, being the effective masses along the principal axes of 
the ellipsoid. Thus by (16) 
1/r(E) =(4/9n)(C?RT/fPu2-Mny (2p Ey fy, we a ee (18) 

This expression has also been obtained by Howarth (1953) and by Shibuya 
(1954), using methods specific to ellipsoidal energy surfaces. It is the form 
for the relaxation time which is assumed by Abeles and Meiboom (1954) in their 
treatment of magneto-resistance in n-type germanium. They obtain fair 
agreement with experiment by postulating a configuration of eight ellipsoids 
along the (111) family of axes, with the ratio of the effective masses equal to 
twenty. ‘The experiments on cyclotron resonance indicate the same configuration 
with the ratio of the effective masses equal to sixteen (Lax et al. 1954). This 
suggests that the basic approximations of the theory, in particular the neglect 
of inter-ellipsoidal transitions, are justified when treating conduction phenomena. 
It is however likely that such inter-ellipsoidal transitions play an important part 
in the mechanism of infra-red absorption by free carriers. 


$4 
Another possible application of the theory is to bands which are spherically 


symmetrical but have an arbitrary profile. For these bands oV[E,]/0E, =47k?/E’, 

where E’=dk(k)/dk. Consequently the relaxation time is given by 
1/7 =(4/97)(C?RT /hu?Mn,)(k?/E’). 

On the basis of this formula for +, formal expressions for such quantities as the 

drift mobility and the Hall constant can be derived. They cannot be evaluated 

analytically in general, and in order to understand the implications of equation (19) 

it is useful to consider the family of band shapes given by E~R”. All the integrals 


involved may then be readily evaluated. It is found that the drift mobility would 
vary with temperature according to an, equation of the form 


(T= Terre Al. eae (20) 
and that the ratio of the Hall mobility ny, to the drift mobility 4, would be 
My/ Pp =3T(5 —7/n)1(3/n)/n{T(3—-2/n)P. (21) 


Now the drift mobility of holes in germanium varies with temperature as 
T** above about 100°K (Morin 1954), rather than as 7-5 as would be expected 
from Wilson’s and Seitz’ theories. The same is true in silicon above 150°K 
(Prince 1954). Enz (1954) has attempted to explain this behaviour by including 
multiple-phonon processes in the electron-lattice interaction. However, a 
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detailed treatment of the two-phonon interaction gives a mobility dependence 
like 7°, with « not greater than 2. Adams and Dumke (1954) have proposed 
a phenomenological theory in which the mean free path is not constant, as in 
Wilson’s and Seitz’ theories, but of the form 


l=1,/(1+qE’). 
Calculations were done for p=1, 2,3, the values of g being chosen to fit the 
observed ratio of Hall to drift mobility at room temperature. The mobility was 
found to vary as 7-1'° or T-?° in all cases. 
According to equation (20) the observed variation of the mobility with tem- 
perature can be associated with a band of the simple type E~A” by taking n = 3/2. 
This model can be refined slightly by taking account of the fact that near the 


origin the energy must be quadratic in the momentum k. Morin’s data can be 
fitted quite well by a model in which 
E(k) = —h?(ka)?/2m,a?’, k<ky 
= —h?(ka)?!?/2m,a? + E,, Re iyo © oe Secece (22) 

where a is some convenient length. This band can be given an exact treatment. 
The parameters in (22) are not independent but chosen so that the energy and 
its first derivative are continuous atk=k,. This implies that the relaxation time 
is also continuous there. It is convenient to discuss the qualitative behaviour 
of this system by reference to a characteristic temperature 7, defined by the 
equation RT,=h?k,?/2m,. At temperatures below 7, the system will behave 
as though the band were simply parabolic, since the Boltzmann factor 
exp (— E(k) RT) cuts off contributions from states of energy greater than RT, 
At temperatures much above 7, it will behave as though the band were entirely 
of the form E~k??. ‘The interesting transition region must be treated numerically. 
It is possible to obtain a good fit to Morin’s data on the temperature dependence 
of the drift mobility in germanium by choosing the characteristic temperature 
T.. to be 250°x. It is also possible in fact to obtain a fit with Morin’s values for 
the ratio of Hall to drift mobilities using the same parameters. However, this 
latter fit cannot be used to support the present model until it is clearly established 
that the magnetic fields used in the experiments were sufficiently small to justify 
Morin’s employment of a weak-field theory to analyse the experimental data. 

Since the mobility of holes in silicon is found to vary as T~?? down to 150°x, 
this theory requires that the valence band of both germanium and silicon should 
begin to deviate from a parabolic profile quite near the origin. Every band must 
eventually depart in this sense from a parabolic profile in order that the condition 
grad ,£=0 be satisfied on the zone boundary. A deviation so near the origin 
fits in well with the idea of a splitting of the valence band due to spin-orbit forces 
(Elliott 1954). An effect of the kind observed, namely hole mobility varying as 
T-”, with p>3/2, would certainly be expected from band shape considerations 
in silicon, for which the spin-orbit splitting is estimated to be of the order of only 
0-05 ev. 

$5 

It has been shown in §4 that it is possible to understand the temperature 
variation of the mobility of holes in germanium and silicon by an application of 
the theory given in § 2 forageneral band shape. ‘The fitting was done by evaluating 
the formal general expression for the mobility for a particular family of band shapes 
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and then comparing the experimental data with the results of this calculation. 
This approach was necessary because one of the general problems in this field 
has not been solved yet. Suppose that the relaxation time as a function of the 
crystal momentum k and the temperature 7 is known for an arbitrary band shape 
either theoretically or semi-empirically. Formal expressions for transport 
phenomena can then be written down. The problem is to carry out a general 
inversion so as to obtain the function E(k) from a knowledge of the temperature 
dependence of these various transport properties of a crystal. 
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Abstract. The fraction of electron capture transitions in the decay of ?2Na has 
been found by comparing the rate of evolution of ?2Ne from a source of ?2Na with 
the rate of emission of positrons. The ratio of electron capture to positron 
transitions is found to be 0-122+0-010; a possible systematic error in the ?2Ne 
determination would increase this figure. 


§$ 1. INTRODUCTION 


HE decay scheme of ?*Na is shown in figure 1 (Endt and Kluyver 1954); 
there is, in addition to the well-known positron emission to the first excited 
state of ??Ne, an alternative K-capture branch. ‘The most recent measure- 
ments of the ratio P,,/ P_ of K capture to positron emission for the main transition 


are listed below. 
Fraction of electron 


Authors capture in ??Na decay Ratio P,/P.. 
Sherr and Miller 1954 0-099 + 0-006 0-110 + 0-006 
Kreger 1954 0-110+ 0-009 0-123+0-010 
Charpak 1955 0-061 + 0-009 0-065 + 0-009 


In the first two determinations the number of positrons or of annihilation quanta 
emitted per disintegration was compared by counting methods with the number 
of 1-28 Mev quanta. 


Je3 


0-S41 Mev 


Bt ieamev (0.06%) 


JzOr | -2:841 MeV 


2Ne 2Na 


Figure 1. Decay scheme of **Na. 


The K-capture process results in the formation of a Ne atom with a K-shell 
vacancy, the filling of which leads to the emission of a K quantum or of Auger 
electrons. The K capture to positron ratio for the ??Na disintegration may there- 
fore also be found by comparing the number of positrons from a given source with 
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the number of Auger electrons (correcting for fluorescence yield) or with the 
number of 22Ne atoms formed (Alvarez 1936). The former method was used. 
essentially by Charpak (1955); the latter method is described in the present paper. 

The theoretical value for the ratio P,/P, for ??Na is 0-111 (Zweifel 1954) 
which is in agreement with the results of Sherr and Miller and of Kreger. ‘The 
present result does not improve on the accuracy of this work but seems worth 
reporting since it incorporates at least in part an independent method of | 
observation. 


§ 2, EXPERIMENTAL METHOD 


The production of ?2Ne by decay of ??Na was first detected spectrographically 
by Weltin (1943). The present experiment used the gas analytical techniques 
developed by Paneth and his collaborators (Paneth, Chackett, Reasbeck and Wilson 
1953) for measurement of the rate of evolution of neon from a **Na source. ‘The 
rate of emission of positrons from an accurately known fraction of the same source 
was found by direct counting in a 47 Geiger counter. 

A source of about 1-5 mc of ?2Na, made by bombarding magnesium metal for 
about 600 microampere hours with 19Mev deuterons in the 60in. Nuffield 
cyclotron, was used for the experiment. 


§ 3, DETERMINATION OF RATE OF EVOLUTION OF NEON 


‘The bombarded magnesium metal was dissolved in dilute sulphuric acid in a 
500 ml. soda glass flask and 101-5mg of sodium sulphate were added to the 
solution in order to prevent significant exchange of the radioactive sodium ions 
with positive ions in the glass. Soda glass was chosen as material for the flask 
since it is known to be almost impervious to helium and neon. The virtual absence 
of helium in the neon eventually measured was therefore a clear indication that 
no leakage of atmospheric air could have occurred during the experiment. 


Figure 2. Gas analysis apparatus for neon determination. 


Figure 2 shows the apparatus used. The flask containing the active solution 
was attached at A. It was fitted with a ground stopper carrying two platinum 
electrodes dipping into the liquid. The flask was evacuated via the stopcocks 
T, and ‘T, with the non-return valve C closed, while electrolysing current was 
being passed, so that the solution was effectively freed from all initially dissolved 
gas. 


Electron Capture in the Decay of Sodium 22 683 


After the lapse of a measured time (3 days, 6 days and 40 days in the three 
runs) ‘T’; was opened and the accumulated gas was swept through the non-return 
valve C by means of electrolytic gas together with pure oxygen from the reservoir B 
into the section of the apparatus between C and T;. In this part of the system all 
hydrogen in the gas mixture was removed by combustion with excess oxygen in the 
heated palladium tube D, the gas being circulated by the reciprocating pump E. 
The remaining gas was then compressed using the Toepler pump F into the first 
stage of a fractionating system G via T,, the cock T, being closed. The fraction- 
ating system comprised fifteen units arranged in tandem each consisting of a 
mercury displacement pump in contact with a charcoal tube cooled to — 192°c. 
Careful preliminary work with pure helium and neon, and also mixtures of the 
two, proved that 99-3°,, of any helium and 0-7°,, of any neon put into the column 
were delivered into the receiving flask H after 36 strokes of the displacement 
pumps. ‘Thereafter the remaining neon was delivered in a further 19 strokes 
under standard operating conditions. 

The purified neon so obtained was compressed by raising the mercury in H 
and admitted toa Piranigauge I. ‘This formed one arm of a Wheatstone network, 
and the out-of-balance current caused by the admission of gas to the gauge was 
measured with a sensitive mirror galvanometer. On opening the gauge to vacuum, 
a deflection in the reverse sense was noted. ‘The mean of the two deflections was 
taken as a measure of the volume of gas present. Calibrations were effected using 
pure helium and neon measured in a standard McLeod gauge K and accurately 
subdivided by the pipetting system J. 

The results from the three runs are summarized below. ‘The neon volumes 
are corrected for the very small amount collected in the helium fraction. ‘The 
latter was in all cases so small that no appreciable correction has to be made for air 
leakage. 


Date Collection time Vol. of Ne Rate of evolution of 
(hours) (Cie SNO 9) saXexora, (inet Iata= SMM 

Run 1 27.4.54— 73°66 6-971 8-443 
30.4.54 

Run 2 30.4.54— 961-33 89-06 8-424 
9.6.54 

Run 3 9.6.54— 142-48 13-230 8°559 
15.6.54 


+ Corrected to 1.10.54, assuming **Na half-life=948 days. 


These results are in satisfactory agreement and when combined with equal 
weight, lead to the conclusion that the rate of evolution of **Ne from the Na 
source on Ist October 1954 was 8-475 + 0:06 x 10°-%cm? per hour, corresponding 
to a source strength of 1-720 + 0-012 mc. 

The error in this estimation depends on the volumetric calibration of the 
McLeod gauge and pipetting system and has been estimated at 0-69. A system- 
atic error may arise from the fact that the **Ne isotope only was measured whereas 
the natural mixture of neon isotopes was used for calibrating the gauges. The 
sensitivity of the Pirani gauge for the isotopes of neon might be expected to vary 
as M-2 so that the sensitivity for ordinary neon would be 1-042 times that 
for 22Ne. It was not possible to check this factor directly at the time of the 
experiment but comparison of the sensitivities for helium and neon gave a ratio of 

45-2 
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only 1-4 instead of the expected 2:25. This suggests that the sensitivity ratio for 
the neon isotopes is nearer to unity than to the predicted value. In the absence of 
direct information no correction for the mass difference 20-22 has been made and 
this is the major uncertainty in the experiment. 


§ 4. DETERMINATION OF RATE OF EMISSION OF POSITRONS 


The active solution used in the neon determination was made up to about 
100 ml. volume (actual mass = 109-90 g) and accurately weighed. ‘Three weighed 
samples A, B, C, were then sealed in glass ampoules for comparison with a 
standard source S sealed in a similar ampoule. ‘The comparison was made 
independently at Birmingham, using a Geiger counter and at Harwell, using a 
scintillation counter with a sodium iodide crystal; in each case sufficient absorber 
was placed round the source to stop the positrons. Enough counts (produced by 
the 1:28 mev gamma radiation and 0-511 Mev annihilation quanta) were taken to 
establish the relative source strengths to 0-5°. The weight of solution in each 
source was also found in the two places independently. ‘The Harwell weights 
were obtained after all the inter-comparison measurements had been carried out; 
the ampoules were weighed, broken open and emptied and weighed again. ‘These 
weights served only to check those found earlier at Birmingham and were not 
used in the calculation. The results obtained are shown below. 


Ratio of activities 


Sample Birmingham Harwell 
A/S O299 Fe 0229 0G O03 09 029855 50-295 0-298 0-296 
B/S 0-285 0-281 0-303 02925 022805 02294-2911 
C/S 0-313 O-3iC 0-335 0-323 0-314 0-324 0-328 
Mass of solution M (g) 
Birmingham Harwell 
A 1:0284 0259 
B 1:0237 1-0223 
G 1:1288 1-1260 


In each ratio listed in this table the error from the counting statistics is less than 
0-001. ‘The combined results give 


A/S =0-2978 + 0-0004, A/SM , =0-2896 + 0:0004 2-1, 


B/S =0-2903 + 0-0004, B/ SM =0-2836 + 0-0004 gt, 
C/S =0:3219' + 0-0004, C/SM.=0-2851 + 0-0004 g-!. 
‘The errors are those due to counting statistics. The mean value of the ratio of the 
activity per gram of solution to the activity of the standard is then 0-286 + 0-001. 
The standard source S had a positron strength of 48-75 + 0-25 uc per gramme 
on Ist October 1954. This was found by counting the positrons emitted from a 
sample of the solution from which S had been prepared in a 47 Geiger counter at 
the Atomic Energy Research Establishment, Harwell. The source, of thickness 
6 4g cm” was supported in the counter on a foil of thickness 260 ugem * which 
stopped the emission of Auger electrons into the bottom half of the counter. By 
placing further similar foils above and below the source the correction (25.7) 
to the counting rate due to Auger electrons was found. The positron absorption 
due to the aluminium foils was found in the same way. Although the ‘ sandwich 
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foil’ method is known to give a high result in the case of 8 -spectra, the facts that 
the correction was small in the present case (0-8°,) and that the low-energy end of a 
positron spectrum falls to zero more rapidly than for electron emission suggest that 
the observed correction is justified for ?8Na. The counting of K x-rays was 
neglected, as in the experiment of Sherr and Miller, because of the low value of the 
fluorescence yield of neon. 

Asa final check of the consistency of the measurements, the activity of sample 4 
was measured in the 47 counter at the conclusion of the experiment. Using a half- 
lite of 948 days for ?*Na and the value 0-2978 for the ratio 4/.S, the source strength 
of the standard on Ist October 1954 was deduced. The result was 1-5°/ lower than 
the value originally obtained directly for S. In view of the fact that the solution 
had been in a glass ampoule for several months and that some sodium ions might 
have adhered to the walls, this result was considered satisfactory. 

From the strength of the standard source S and the mean value of the ratio of 
specific activity of the samples to the activity of .S, the ‘ positron’ strength of the 
main source was found to be 1-533 + 0:010 mc on Ist October 1954. 


§ 5. K CaApTuRE FOR POSITRON RATIO FOR 22NA 
From the figures given in §§3 and 4 
Px 1-720 + 0-012 — 1-533 + 0-010 
Pi 1-533 £0-010 


=(0:122+ 0-010. 


The error in this value is based on standard deviations; its magnitude shows 
that the gas analysis method has an accuracy comparable with that of the counter 
experiments. There may be a systematic error due to neglect of the possible 
dependence of Pirani gauge sensitivity on isotopic mass. If the dependence 
found experimentally for the gases helium and neon is used to correct the ratio 
P,/P._ the figure 0-122 becomes 0-141. No correction for the small effect of the 
weak ground state f-transition on the ratio has been made. 
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Abstract. ‘The cellular method for obtaining electronic eigenvalues in crystals is 
formally extended to the close-packed hexagonal lattice, and the use of a double 
atomic cell is investigated, boundary conditions being obtained for a wave function 
with an arbitrary wave vector. ‘The symmetry properties of wave functions at 
the zone centre are outlined. After calculating a potential function for the 
titanium ion-core, point boundary conditions are applied to determine eigenvalues 
for low-lying states at the centre of the zone in both modifications of the metal. 
The ground state is found to possess s-like symmetry in both cases. 


$1. INTRODUCTION 


ELLULAR-TYPE Calculations for non-Bravais lattices have been confined to 

applications of the method of Slater (1934) to various substances possessing 

the diamond structure, the first of these being a calculation by Kimball 
(1935) for a diamond crystal. However, Slater’s original method does not yield 
accurate results, even for Bravais lattices, because of the limited expansion used 
for the wave function, and the approximate way in which the boundary conditions 
are applied. More recently, von der Lage and Bethe (1947), and Howarth and 
Jones (1952) (hereinafter referred to as H. J.), have obtained accurate results for 
sodium by utilizing the symmetry properties of wave functions belonging to certain 
points inthe zone. ‘These enable many of the terms to be left out of the expansions 
for the functions, as well as simplifying the boundary conditions. In this paper, 
the cellular method will be extended to a close-packed hexagonal lattice, and will 
then be applied to determine eigenvalues for conduction electrons in metallic 
utanium. 

The close-packed hexagonal lattice may be regarded as a simple hexagonal 
lattice, with a basis of two atoms in a unit cell. To apply the cellular method, 
therefore, we use a double cell, formed by joining two cells constructed in the 
usual manner about adjacent lattice points belonging to opposite sub-lattices. The 
double cell is shown in figure 1(b). Through each lattice point there are three 
two-fold axes in the basal plane (one of which is shown in the figure), and a three- 
fold axis perpendicular to this plane. Herring (1942) has given a full account of 
the symmetry properties of the wave functions in a close-packed hexagonal lattice. 
Only the wave functions belonging to the centre point I’, or to the centre of the 
top face, of the reduced zone possess a sufficiently high symmetry to permit 


the application of a method similar to that of H. J., and in this paper we shall only 
be concerned with functions at I. 
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Within a given half cell, we introduce spherical polar coordinates, with the 
origin at the lattice point. The polar axis is taken along the three-fold axis, and 
the plane ¢=0 is chosen so as to contain the three-fold axis and the particular 
two-fold axis shown in figure 1(4). The function is expanded in the form 


00 l 

b= a) 2) [4;,, cos md + B,,, sin md] P;” (cos #) R,(E, r) 
=0 m= ( 

where &,(£,1) is the solution of the radial wave equation of order J, inside the half 

cell. We now use the symmetry properties of the wave functions to set certain 

of the constants in this expansion equal to zero, and also to determine the behaviour 


Figure 1. 


of the functions on passing into the other half of the double cell. ‘The group of the 
wave vector k =0 is made up of a sub-group -¥ and its cosets O.V7, S.7 and OS.A, 
and contains twenty-four operations. ‘The subgroup -¥ consists of the identity, 
rotations through + 27/3 about the three-fold axis, and reflections in the planes 
@=0, 27/3 and 47/3. ‘The operation S is a reflection in the basal plane, and Q 
denotes an inversion in the origin, followed by a translation equivalent to the 
vector joining the centres of the two halves of the cell. There are twelve wave 
functions with distinctive symmetries, referred to as symmetry types, which belong 
to the point I’. ‘They split into pairs, the members of a pair having the same type 
of expansion inside a given half cell, but being of opposite parity with respect to O; 
Herring uses the symbols I’* and I~ to denote even and odd parity respectively 
under this operation. ‘The expansions of the functions in spherical harmonics 
may be obtained from the character table given by Herring, via the irreducible 
representations of the group, and are given in table 1. For example, the I,* 
function may be expanded in the form 


~(T',+) = R, + AR,P,(cos 0) + BR,P,(cos6)+ ..... 
+ {FR,P,° (cos 0) + GR; P;3 (cos 0) + HR,P,? (cos @)+ ..... ‘cos 36 
+ {KR,P,° (cos 8) + LRP, (cos @) + MR Pip° (cos 8) + ...+. \cos6d 
a gnaoce 


The two components of a degenerate function differ only in the exchange of cos m¢ 
andsinmd. The table contains all of the information about the symmetries of the 
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wave functions which may be obtained by theoretical considerations. The 
arbitrary constants in the expansion, and hence the eigenvalue, are obtained by 
applying the boundary conditions. 


Table 1. Expansions of the Symmetry Types in Spherical Harmonics 


Type Values of / Values of m -dependence 
Pande tiie ODA ee: Oe Os! sie < cos 
Inne eral Ie y= Leo wee OPS 46s e: cos 
[Pee phaKel [Pia Sear Te aes Seton Ds sin 
[Dar eiael 18 5= Ae On oy - 83, (6), Oh sin 
Deerand: (ees Ue Sheone 1,4, 7 cos | 


i. es 
Le ereande lem DIA Gye) ee Uda a soe Aaa 


§2. THE Exacr BOUNDARY CONDITIONS 


2.1. General Form of the Boundary Conditions for Wave Functions with an 
Arbitrary Wave Vector 


We consider first the trapezoidal faces of the double polyhedron. Let « bea 


point on one face with position vector r, and let «’ be the corresponding point on the 
parallel face of the same half of the polyhedron with position vector r+ R, where R 
is a lattice vector. Application of the Bloch theorem leads to the equations 


(a J=exp(@ki Ry) Ne (1) 
Veh (a) y= exp tke RY Ve (oe ee eee (2) 
Let X denote the symmetry operation which reflects in the plane through the 


origin normal to R. Then ¢5(«’) may be replaced by Xs («), and similarly for the 
derivative, so that equations (1) and (2) may be written 


A (o) = exp (2k.6 Rj) oe ne bee near (3) 
VifXb @) p= exp CK aR) Va lo) ee eee ee (4) 
At certain points of high symmetry in the zone, amongst them the point I’, the 
operation X is included in the group of the wave vector. In this case, we have that 
X= +7, and the boundary conditions will thus necessitate the vanishing of the 
function or its derivative over the face. For example, in the case of the [,+ 
function, exp(zk . R) is equal to unity and Xj =; for all R, so that equation (3) is 
satisfied automatically, and equation (4) requires that V,, should vanish over a 
trapezoidal face. 

Each rhombic face will be parallel to a similar face on the opposite half of the 
double polyhedron. ‘T'wo such parallel faces are shown in figure 2(a), on which 
O and O’ represent the two centres of the double cell. Let y and £ be correspon- 
ding points on the two faces, such that the lattice translation R takes y into B. 
Application of the Bloch theorem leads to the equations 


v (8) =exp (Gk. Rye(y) 9a) ween ee (5) 
Val (8) ="“exp.@ksR) VEG Cee ae ee (6) 


‘The two parallel faces are also transformed into one another by the operation Q, 
which plays a somewhat similar role in a close-packed hexagonal lattice to that 
played by the inversion operator in a Bravais lattice. Using this idea, we write ob 
in the form #, +7,, where #, is symmetric and ;, antisymmetric with respect to O 


° 
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(This step is also suggested by a comparison with the bonding and anti-bonding 
functions of molecular theory.) Referring to figure 2 (a), if B’ is the reflection of 
6 in B, the centre of the face, we have that 


| AC ROR (EDN NE emit bce) nh Lo (7) 
1.€. sth (=e l(B) sees (8) 
Eliminating ¢ (7) between equations (5) and (8), 
[vs +a] (B)=expk. R)[p.—Pa](B). vee (9) 
Again, if 8” is the reflection of f in the line BD, 
stb] (BY=X [sth] (8), see (10) 


where X is the symmetry operation of a reflection in the plane O’BD. Hence, 
eliminating ys (8) between equations (9) and (10), we have finally the equation 


X [bs + fa] (B")=exp(tk. R)[p.—Pal (6). sae (11) 
By a similar argument, the equation for the derivative reduces to 
Ve [ys ua %,1(B")} = — exp (zk g R) — [pb = ba] (8). viersueteks (12) 


Again, at certain points of the zone, the group of the wave vector contains the 
operations O and _X, so that either #, or %, is zero, and X4=+%. This enables 
the boundary conditions to be reduced to the form of symmetry or antisymmetry 
about a line. In the case of the state [,+, for example, O4=¥%, so that 4, =0. 


Figure 2. 


Also Xjs=%. Thus equations (11) and (12) require that the function should be 
symmetric and its normal derivative antisymmetric about the line BC. 

Although deduced for non-degenerate symmetry types, the above equations 
will also apply to the case of a degenerate type if the wave function is written as a 
vector, and the appropriate matrix representations are used for the operators. 
Before listing the boundary conditions for the types at I’, it is useful to consider 
the shape of the double polyhedron over which they may be applied. For 
functions with any wave vector, the Bloch conditions (1), (2), (5) and (6) will 
determine the function inside a double cell, and hence will fix the eigenvalue 
uniquely. Equations (5) and (6), however, reduce to identities if applied to the 
interface between the two halves of the cell. Thus, in general, the boundary 
conditions must be applied over the whole of the double polyhedron. However, 
if the group of the wave vector contains the operation Q (thus indicating a definite 
connection between the symmetries of the function in the two halves of the cell), 
equation (8) and a similar equation for the derivative may be used. In this case 
the function need be fitted over, at most, one half of the double polyhedron. 
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2.2. Choice of the Double Polyhedron 


Consider the double polyhedron shown in figure 1(4). Let us rotate each 
rhombic face through an equal angle about the line (such as MN) through its centre 
parallel to the basal plane. During this process, lines such as TU will change in 
length, whilst lines such as MM’ will remain unaltered in length. ‘The two 
limiting cases, in which the line TU either shrinks to a point, or becomes equal in 
length to the line MM’, are shown in figures 1 (a) and 1 (c) respectively. ‘Through- 
out such a deformation of the double polyhedron, since the line MN is unaltered, 
the faces will still remain parallel to one another in pairs, the members of a pair 
still being separated by lattice vector displacements and transforming into each 
other under the operation Q. Furthermore, each face will remain symmetrical 
about the plane of constant ¢ passing through its centre, so that the operation X 
will take 8” into Bas before. Thus the boundary condition equations (11) and (12) 
will apply equally well to any polyhedron between (and including) the two limiting 
cases shown in figures 1 (@) and 1 (c). 

It might, at first sight, appear strange that we can vary the size of the trapezoidal 
faces of the cell, in the manner indicated, without affecting the boundary conditions 
for these faces. The reason lies in the build up of a non-Bravais lattice. Al- 
though, as in a Bravais structure, the nodal planes extend throughout the lattice, 
those nodal planes passing through the nuclei of one sub-lattice can form the edges 
of the half cells about atoms of the other sub-lattice. For example, the close- 
packed hexagonal type [,* has three nodal planes of constant ¢ inside a given 
half cell. As these nodal planes extend throughout the whole lattice, the function 
must be zero over the trapezoidal faces of the six adjacent half cells, agreeing with 
the boundary conditions for this type, which will be deduced below. In fact, the 
boundary conditions over the trapezoidal faces, given in table 2, agree with the 
expansions for the given symmetry type quoted in table 1, in the case of all the 
types belonging to IT. 


2.3. Boundary Conditions for Wave Functions belonging to the Zone Centre 


The polyhedron of figure 1(6) will be used for the calculations on titanium in 
the next section. As there are twenty-four symmetry operations in the group of 
the wave vector k=0), the boundary conditions for symmetry types at ’ need only 
be applied over the section shown in figure 2(b), whose area is one twenty-fourth 
that of the double polyhedron. The conditions, deduced in the manner described 


above, are given in table 2, in which #’ denotes the derivative of % normal to the face 
in question. 


Table 2. Boundary Conditions for Symmetry Types at 


Type .Face CDE Line BC Type Face CDE Line BC 
b bw by! by 
| ae 0) Ss a Ign 0) sy eS 
IRA 0 as Eon 0 5 8 
Pas 0 Sua Be* 0 Saal 
ts 0 Eee Rea 0) BS 
as 0) AS legu 0 Sia 
IPs 0) Sigua Fe 0) 2S 


‘The two components of a degenerate function are required to satisfy the same 
boundary conditions as one another. 
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§ 3. EIGENVALUES FOR THE VALENCE ELECTRONS IN METALLIC TITANIUM 


The theory will now be applied to determine eigenvalues for low-lying states 
belonging to the centre of the zone in close-packed hexagonal titanium, and eigen- 
values will also be calculated for the body-centred cubic modification. 


3.1. The Potential Field in which a Valence Electron moves 

The existence of stable trivalent and tetravalent titanium compounds, and the 
small difference (0-23 Ryd) between the energies of the 3d24s! and the 3d! 4s? 
configurations for the Ti* ion, indicate that the 3d electrons in the free atom are 
fairly loosely bound. There is no reason why this should not also be the case in 
the metal, so that in calculating a potential function for the Ti* ion, is it essential 
to treat the 3d electrons as valence electrons. The procedure adopted is to calcu- 
late a function for the Ti** ion, and then to add the contribution from the valence 
electrons. 

The potential function for the Tit* ion is obtained using the method of 
Prokofiew (1929) over as large a portion of the range of 7 as possible. The 6h, 
5g and4f and 4d term values give parabolae covering the range of r down tor = 0-38. 
No term values are available for the core electrons. As V(r) tends to —22/r as r 
tends to zero, the form —r? V (r)=22r + ar? + br? is assumed for the region near 
the nucleus, the aim being to join this function smoothly to the innermost Prokofiew 
parabola at some point on the range of validity of the latter. The requirement 
that V(r) and (d/dr)V (r) should be continuous will fix the values of a and 6, 
if the position of the joining point is specified. However, an extra degree of freedom 
is introduced if we allow the joining point to vary, and this is used to make sure 
that the function will reproduce the correct 3d term value. The procedure is 
similar to that used by Hartree (1928) for determining eigenvalues in a free atom, 
except that here we know the eigenvalue instead of the potential. It is found 
that the correct term value is reproduced if the join is made at r=0-82, for which 
a= — 37-469 and b = 20-963. 

It would be extremely difficult to obtain an accurate representation of the poten- 
tial due to the valence electrons. First of all, a self-consistent method, similar to 
that used by Raimes (1950) would have to be employed. Furthermore, one would 
have to develop a procedure to calculate two functions simultaneously, as the 4s 
and 3d electrons move in different fields. Such’a calculation would be very 
laborious, and would not be justified in view of the approximate nature of the 
function calculated for the Ti+ ion. As the chief object of the calculation was to 
investigate the application of the cellular method to a close-packed hexagonal 
lattice and, in view of these difficulties, it was decided to approximate to the 
potential due to the valence electrons by adding the potential function of a uniform 
smeared charge, normalized so as to contain a charge of — 3e inside the equivalent 
sphere. The total potential function assumed for the T1* ion is as follows : 


—72V = 447 —77-876r? + 41-92573 + 0-104374 «2.0.2... r<0-82 
—72V =4-648 + 4.4737 — 2-206r2 + 0-104374 .... 2... 0:82-<7 222 
—72V = 2-467 + 6-6557 — 2-75 17? + 0-104374 ... 1.00.00. Wie fo ON 6 
Ve 401 0 ODT OSEBOF cage ae tin vs ve en ee bales 3007-2395 
Ve 8 2 lek (BO le OL ae | amah ia daa 2 aqeie's o cieiens Socata 4 
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The coefficients are only quoted to three places of decimals in order to make the 
function as smooth as possible for the integration. The method used to determine 
V(r) does not, of course, yield results of such high accuracy. 


3.2. Integration of the Radial Wave Equation 

In order to fit the boundary conditions, the values of the radial wave functions 
are needed at various points on the surface of the cell, over a range of energies. 
We are only interested in the low-lying states, and the radial wave equation is 
therefore integrated at intervals of 0-1 Ryd for /<6 and 0-2 Ryd for 6 </<9 over 
the range from +1Rydto —1 Ryd. The labour involved in computing by hand 
the necessary 170 integrations would be prohibitive, and they were therefore 
performed on the Manchester University Electronic Computer Mark IJ, to which 
reference is made later. ‘The computer was also used to calculate the required 
values of the Legendre pelynomuals. 


3.3. The Point Boundary Conditions 
The eigenvalues are obtained by applying suitable point boundary conditions 
over the section of the atomic polyhedron shown in figure 2(b). In the case of the 
state I’, *, for example, ten conditions referring to the points on the diagram may 
be deduced from the exact conditions of table 2, as follows: 


Face CDE: (1) “ve =0 (11) pp’ =0 (111) Py’ =0 
Face ADC: (iv) $a—%p=9 = (v) Pp—Pe =O — (Vi) Pa’ +Ho'=0 
(vii) py’ =0 (viii)p’ ty’ =0 (ix) yfe’=0 
(x) po =0. 
is’ denotes the derivative of ys normal to the face in question. ‘The expansion 
o(T,+)=R,+ ARP, (cos 6)+ BR,P,(cos#)+CR,P,(cos@) ...... (13) 


is used for the wave function. On applying H.J.’s method for the determination 
of the eigenvalue from the point boundary conditions, it is not found possible to 
obtain reasonably consistent determinations, the latter being distributed fairly 
evenly between about —0-7 Ryd and —0-8Ryd. The inclusion of the next term 
in the expansion (13) does not lead to any significant improvement in the results, 
and the work of Howarth (1953) and of Schiff (1954) indicates that only the terms 
with the lowest value of m play any significant part in the wave function. The 
inclusion of terms with still higher values of / would necessitate fitting the function 
at a much larger number of points, because of the rapid variation of the higher 
harmonics over the surface. Other states at are found to yield equally unsatis- 
factory results. 
3.4. The ‘ Least Squares’ Method 

In order to improve the results, it is desirable to use a method which allows the 
boundary conditions to be fitted at a fairly large number of points without increasing 
the number of terms in the expansion. This would remedy the chief defect of 
H.J.’s method, in which the number of conditions used for any given determination 
is restricted by the particular expansion used for the wave function. The 
procedure we adopt is to determine the constants in the expansion from the point 
boundary conditions by the method of ‘least squares’. If constants are used in 
the expansion, the m point boundary condition equations form a system of m 
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linear equations in 7 unknowns (m>n). A measure of the inconsistency of such a 
set of equations is the residual left over on substituting back the least squares 
values of the constants. 

Using the Choleski method of triangular resolution of the matrix of coefficients, 
the residual can be found without actually calculating the constants, although the 
latter may easily be determined if required. The method is simple to apply, as 
the inclusion of an extra term in the expansion just adds an extra row and column 
to the triangular matrices. ‘To determine the eigenvalue, the residual is calcu- 
lated at energies for which the radial wave functions are available, and a (residual, 
energy) curve is plotted. The energy at the minimum of this curve is taken as 
the eigenvalue for the particular expansion used. The proportionate decrease in 
the minimum residual as extra terms are added gives a good indication of the rate 
of convergence of the process, and hence of the probable error of the final eigen- 
value. The accuracy of the eigenvalue is also affected by the shape of the residual 
curve. If the latter is flat, a small decrease in the residual, due to the inclusion of 
an extra term in the expansion, or to the use of unnormalized functions, will affect 
the position of the minimum considerably. On the other hand, if the curve is 
steep, the eigenvalue will be insensitive to such changes. The probable errors 
quoted in tables 3 and 4 are based on the above considerations. 

The results for close-packed hexagonal titanium are given in table 3, which 
shows how these eigenvalues change as extra terms are added to the expansion. 
In general, it is found that only the terms with the lowest values of m play any 
significant part in the wave function, as in the previous work mentioned above. 
Because of the relatively small number of points at which the boundary conditions 
are fitted, no terms with values of / greater than 8 are included. 


Table 3. Eigenvalues (Ryd) for Close- Packed Hexagonal Titanium 


State Eigenvalue for Expansion containing Final 
fedeertia 2'Terms 3 Terms 4 'Terms 5 Terms Eigenvalue 

| Pee —(Q-718 —(0-729 —()-735 —()-746 —0:747 —0-75 +0-01 

Pas +-0-227 —0-008 —()-033 —(0-034 —0:015 —0O-02 +0-02 

eee —(-157 —()-293 —(0-291 —()-296 =—(0)°3 

RA +0-114 —+-0:097 0-134 +0-141 5140) 

eal —0-475 —(0-471 -0-471 —(0-482 —0:-48 +0-01 

ns ==()-351 —(0-360 —(0)-359 —()-353 —(0-355+0-01 


On performing a similar calculation for the body-centred cubic modification, 
using the expansions and boundary conditions given by H. J., it is also found 
necessary to use the least squares method in order to obtain consistent results. 
Eigenvalues for states belonging to the points [ and H in the zone are given in 
table 4. 


Table 4. Eigenvalues (Ryd) for Body-Centred Cubic Titanium 


State Eigenvalue for Expansion containing Final 

1 Term 2 Terms 3s Werms 4'Terms Eigenvalue 
Os —0-755 —0-757 Oia —0-774 —0:774+ 0-005 
lle +0:-488 + 0-654 + 0-666 +0:67 +0°05 
1 Be +0-115 +0:154 +0157 +0:16 +0:05 
H,t —()-477 —()-498 —0-478 —0-478 + 0-005 
Pai —0-438 —0-426 —():406 —0-406 + 0-005 
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It will be noted that the eigenvalues for the body-centred cubic modification 
show a much more rapid convergence than those for the close-packed hexagonal 
metal. This is probably because the higher symmetry of the body-centred cubic 
lattice is more suited to a method based on a separation of the wave equation in 
spherical polar coordinates. ‘The states whose expansions contain harmonics of 
odd order are found to have very flat residual curves. This is because the /=1 
radial wave function, which dominates these functions, varies only slowly with 
energy. ‘I'he eigenvalues for these states will thus be subject to quite a large error, 
and it is not possible to make any reasonably safe estimate of the error in the case of 
the close-packed hexagonal states [y+ and I',*. 


3.5. Discussion of the Results 


The results given above are subject to errors arising from two sources. Firstly 
there are the errors arising from the use of a terminated expansion for the wave 
function, and the consequent approximate fitting of the boundary conditions. 
Secondly, there is a considerable uncertainty in the results because of the nature of 
the potential function used. The estimates of the errors given in tables 3 and 4 
make no allowance for this second factor. Recent work, particularly that of 
Howarth (1953), has shown that the eigenvalues are rather sensitive to fairly small 
changes in the potential function. It was therefore felt that there would be no 
justification for expending the considerable amount of labour which would be 
necessary in order to improve the boundary condition fitting (by the inclusion of 
more terms in the expansions, etc.). ‘This uncertainty should also be borne in 
mind when attempting to draw any physical conclusions from the results. 

It is not possible to make a rigid classification of the close-packed hexagonal 
states according to the number of nodal planes through the origin, as H. J. have 
made for the states in a body-centred cubic lattice. For instance, table 1 shows that 
only onecomponent of the I’, * function possesses a nodal plane of constant 4, sothat, 
strictly speaking, one component has p-like, and one component s-like symmetry. 
This is to be expected, as functions differing only in the rotation of a nodal plane 
through 7,2 about a three-fold axis would not have the same eigenvalue. How- 
ever, over the range of energies considered, only the terms with the lowest values of 
m play any significant part in the wave function. Thus it is reasonable to compare 
the state [,* with states of p-like symmetry, as the terms cos 44, cos 10¢, etc., 
which have no nodal plane of constant ¢, play onlya very small part in this function. 
it must be pointed out, however, that this may no longer hold for much higher 
energies. ‘This difficulty does not, of course, arise in the case of non-degenerate 
types, which can be classified exactly. ‘Thus the types T,+ and T,-, [y+ and T,, 
Don and P;~, and I',;* and I~ may be classified as pairs of s, p, f and g states 
respectively. I,* and P; may be considered as p-states, and [5+ and I’, as 
d-states. 

In both modifications, the energy of the lowest d-state lies about 0-25 to 0-3 Ryd 
above that of the lowest s-state, whereas in the free atom, the 3d24s! Tit ion has an 
energy 0-23 Ryd lower than the 3d'4s? configuration. ‘This would tend to support 
the assumption that the 3d electrons are fairly free to wander through the metal. 
The close-packed hexagonal ground state I;* has an eigenvalue (—0-75 Ryd) 
considerably above the Wigner—Seitz energy of — 0-80 Ryd, with the energy of the 
body-centred cubic ground state lying about midway between these two values. 
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The difference between these three figures probably arises because the (E,, 7.) 
curve is much less flat than in the case of an alkali metal, so that the deviation from 
spherical symmetry will have more effect on the eigenvalue. This would account 
for the rather large deviation in the case of the close-packed hexagonal modifica- 
tion, which has a lower symmetry than the body-centred cubic. The body-centred 
cubic states H,! and Tj! lie much closer together than in the case of lithium or 
sodium, the smallness of the difference between the energies of the two d-states 
(in either modification) being due mainly to the fact that, for a given value of r on 
the surface of the atomic cell, the /=2 radial wave function and its derivative have 
nodes at almost the same energies. 
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Abstract. A demountable discharge tube has been constructed for spectro- 
scopic and probe exploration of low-voltage electron beam discharges through 
gas at low pressure. Using argon, the probe evidence for presence of electrons 
with excess energy when plasma-electron oscillations are occurring has been 
confirmed spectroscopically. ‘The spectroscopic results also confirm the probe 
evidence for the distribution of oscillations in the discharge, and for the variation 
with discharge parameters of the position of the main oscillating region. 


$1. INTRODUCTION 


OST investigations of plasma-electron oscillations and associated 

phenomena in hot cathode, low pressure discharges have been made 

with exploring probes. Recent work (Bailey and Emeléus 1955) has 
shown definitely that the presence of a probe may influence the oscillations. It 
is therefore desirable to check where possible in other ways the results obtained 
with probes. ‘This paper contains an account of some spectroscopic experiments 
which confirm the existence of the form of electron scattering first studied by 
Dittmer (1926) and later, in more detail, by Merrill and Webb (1939), and in 
this laboratory. In its simplest form the scattering consists of the superposition 
of a longitudinal spread of energy on the almost constant energy with which the 
electrons leave the thin space-charge sheath on the cathode and enter the plasma. 
It occurs rather abruptly at a distance of a few millimetres from the cathode. 
The longitudinai scattering is often accompanied by lateral deviation of the 
primary beam at the scattering region (Bailey and Emeléus 1955). The pheno- 
mena are due to self-mainiained fields in the discharge, and not to collisions 
with gas molecules. 

The main features of the appearance of an oscillating discharge of this type 
from a flat oxide-coated cathode are shown diagrammatically in figure 1. The 
scattering region usually takes the form of a bright meniscus M, convex to the 
cathode C. The primary elcctrons from the cathode, indicated by arrows, 
approach M trom C in an almost parallel beam, and leave M in convergent and 
divergent beams. ‘The space traversed by the primary electrons is distinguished 
from the rest of the plasma by difference in colour and intensity of the light 
emitted. Strong oscillations can be picked up by a probe only when this is 
exposed to primary electrons in or to the anode side of M. The position of the 
anode A is largely immaterial, so long as it is not close to M. The potential of 
the whole of the plasma is close to that of the anode. 

The principle of the spectroscopic experiments is that if there are primary 
electrons present on the anode side of M with energy greater than on the cathode 
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side, spectra requiring higher energy of excitation from the ground state of the 
gas should appear preferentially in the former region. As a convenient cathode 
fall in potential for this type of discharge is about 20 v, and since the energy 
changes which occur in scattering may be of the order of 20 v, the gas should 
have states requiring 35 to 40 ev for excitation from the ground state to show the 
effect. Argon, which has a large number of spark lines (Arr) in the visible 
region with excitation potentials of this order from the ground state of neutral 
argon (Moore 1945), has been used. In view of the complexity of the pheno- 
mena, no attempt has been made to study in detail the complete energy distri- 


bution of the electrons from the excitation functions for the various spectro- 
scopic levels. 


§ 2. EXPERIMENTAL ARRANGEMENTS 


A demountable discharge tube was constructed for this work, similar to the 
large cylindrical tube described by Bailey and Emeléus (1955), but 5 cm in 
diameter, and with the cathode mounted on a large ground joint. The cathode 
was a flat oxide-coated disc, 0-8 cm in diameter, and the anode a flat nickel sheet 
3-5 cm in diameter, parallel to the cathode face and distant about 3-5 cm from it. 
The tube was mounted so that the primary electron beam which emerged per- 
pendicular to the cathode was parallel to the slit of a spectrograph. The light 
from the primary beam, after passing through a plane window, was focused on the 
slit, so that with this arrangement each spectrum line was an image of a narrow 
slice along the beam. Intensity changes along a particular spectrum line there- 
fore indicated corresponding changes in energy or flux of the primary electrons. 
The spectrographs used were, for visual observation, a Hilger f/9 constant 
deviation spectrograph, and for photography a Hilger f/5-6 two-prism glass 
spectrograph. The tube contained a movable cylindrical probe, 0-2 mm in 
diameter, shielded with giass to near its exposed end. Its position could be 
controlled accurately by differential screws. Unless otherwise stated, the 
probe was withdrawn from the primary beam. ‘The main optical results were 
in no way dependent on its presence, and were also obtained from a tube from 
which the probe was absent. 


§ 3. EXPERIMENTAL RESULTS 


-A typical spectrum is shown in the Plate, photograph (a), for the following 
discharge parameters : pressure, 9 x 10°? mm Hg, tube voltage 25 v, tube current 
60 ma. For this exposure, a magnetic field of 45 oersteds was applied parallel to 
the primary beam; beyond assisting in the collimation of the beam, it had no 
effect of present significance. The cathode image is at the top of the spectrum, 
the anode image at the bottom. The horizontal dark line is the shadow of a 
probe, which was out of the main discharge. 

The long lines of fairly uniform intensity stretching from anode to cathode 
(the cathode sheath is too thin to appear separately) are Ar. ‘’he short lines 
which appear more or less abruptly at a distance from the cathode which was 
7 mm in the actual discharge, and near the meniscus M, are At. A slight back- 
ground of bands is present, due to a trace of impurity in the argon. The Att 
lines do not come from the region CM (figure 1), but only from MA, i.e. at and 
to the anode side of the meniscus, where probe measurements also indicate that 
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scattering occurs. The decrease in intensity of the A lines towards the anode 
was diminished by increasing the magnetic field, which prevented the lateral 
spread of the divergent cones of primary electrons in MA. The excitation 
potentials from the ground state of Ar of the typical Air lines at 4806, 4609 and 
4448 A are 34-8, 36-7 and 39-9. As the space-potential of the plasma was 
about 2-5 v positive to the anode, this shows that some primary electrons had 
acquired extra energies of not less than 12-5 ev in the meniscus of this 


discharge. 


A 


— 


Bei 


Figure 1. Diagram of oscillating discharge. C, cathode; M, meniscus-shaped oscillating 
and scattering region; A, anode. The primary beams are indicated by arrows. 


The probe measurements of Dittmer and later workers have indicated that 
the maximum energy of the scattered primary electrons increases with increase 
in current density, other discharge parameters being held as far as possible 
constant. This has been verified visually in the present investigation by 
observing the appearance of Air lines with the constant deviation spectrograph. 
In addition, by photographing the spectrum, and taking probe characteristic 
curves, it has been found that Air lines were recorded only when the probe 
characteristics showed the presence of primary electrons with sufficient energy. 
The Plate (5) and (c) shows an example of this. The pressure was 1-9 x 10-2? mm 
Hg in each case. ‘The other discharge parameters were, for (b), tube voltage 


z (arbitrary units) 


45 40 35 30 25 
V (volts) 


Figure 2. Net positive current to probe plotted against potential of probe negative to 
anode : see text for discharge parameters. 


18-2 v, tube current 10 ma and for (c), tube voltage 19-2 v, tube current 52 ma. 
Amt lines are absent from (4), and present feebly on (c), as on(a). The spectrum 
plate was exposed for 60 minutes for (6), and for only 15 minutes for (c). The 
corresponding relevant sections of the probe characteristics are shown in figure 2. 
The positions of the upward break mark the voltage at which the probe starts to 
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collect appreciable numbers of primary electrons. As the plasma space- 
potential was between 2 and 3 v positive to the anode, the maximum energy of 
the primary electrons in the discharge was about 35-5 ev in case (b), and 40-5 ev 
in case (c), in accord with the spectroscopic observations. 

A further correlation of the probe and spectroscopic measurements has been 
made by examining the behaviour of Au lines with different excitation potentials 
in more detail. It has been shown in this way that the maximum energy of the 
primary electrons increases gradually by a few electron volts in the last few 
millimetres on the cathode side of M. ‘This agrees with probe measurements of 
the maximum energy of the primary electrons. The confirmation of the probe 
measurements in this respect is of considerable importance in the theory of the 
production of the oscillations. Neglecting this relatively small dispersion, the 
distance from the cathode at which the main scattering occurs can be readily 
measured from the spectra for various series of discharge parameters. Figure 3 
(curve a) shows, for example, the relation between this distance and gas pressure 
for a constant tube voltage (25 v) and current (58 ma). Figure 3 (curve 6) 
shows the relation between distance and tube current for constant tube voltage 
(25 v) and gas pressure (1-2 x 10°? mm Hg). ‘The changes in scattering distance 
agreed quite accurately with the variation of the position of the meniscus M, but 
only roughly with the changes in distance from the cathode beyond which 
oscillations were detected. Movement of a probe along the primary electron 
beam also shifted the position of appearance of the A1r lines in the same manner 
as the position of the visible meniscus (Bailey and Emeleéus 1955). 


Pp (io? mm) 
| 2 3 4 


Scattering Distance (mm) 


u (mA) 


Figure 3. Scattering distance plotted against pressure p (curve a) and current z (curve 5). 
For other discharge parameters see text. 


A few observations have been made of the spectrum of the discharge in a line 
perpendicular to the unscattered primary beam, by essentially the same method 
as was used for observations along the beam. ‘These have verified the absence of 
any considerable number of primary electrons outside the limits indicated in 
figure 1, and have given confirmatory evidence for the scattering at and to the 
anode side of M. Photographs (d), (e) and (f) (Plate) show spectra of three such 
transverse slices of a discharge with parameters, pressure 1-3 x 10°? mm Hg, 
anode current 100 ma, anode voltage 21-2 v. ‘Photographs (d), (c) and (f) were 
taken 2-5, 7-5 and 17-5 mm respectively from the cathode with equal exposures. 
The meniscus was about 6 mm from the cathode. In (d) only At lines appear, 
but in (e) Am lines are present with length nearly equal to the diameter of the 
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undisturbed primary beam. In (f) the Arr lines are longer and less intense, on 
account of the divergence of the primary beam. Some band background appears 
in (f). It will be noticed that the Ai lines do not all behave in the same way, 
presumably because of their different excitation functions. 


§ 4. CONCLUSION 


It has been assumed in § 3 that the excitation of Air lines has been due to 
single impact of electrons of appropriate energy on neutral argon atoms in the 
ground state. Rough calculations show that the probability of excitation of the 
Au lines by electron impact with A+ ions in the ground state, or with metastable 
argon atoms, is at least one order of magnitude less likely than direct excitation. 
Apart from the scattering, the properties of the discharge are also so similar on 
opposite sides of the meniscus that it seems unlikely that cumulative processes 
should occur on one side only, with mean free paths of the order of 1 cm or 
greater. Indirect processes might however be responsible for the occasional 
appearance of Att lines of almost constant very low intensity between the cathode 
and scattering region, when the cathode fall was well below 35 v. With this 
possible minor reservation, the behaviour of the spectra can be taken to support 
the probe evidence for presence of high energy electrons in the primary beam in 
the neighbourhood of and to the anode side of the meniscus. 
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Abstract. ‘The x- and y-radiations excited during the decay of *7Co have been 
investigated with scintillation and proportional counters. ‘These measurements 
showed that the 14-4+0-1 kev y-ray follows the 123 kev y-ray with a half-life of 
1-0+0-1x 10~* sec and that its internal conversion coefficient (ctota) is 15 +1. 
No evidence for 8* emission with an intensity greater than 1/1300 per disintegra- 
tion was found and upper limits of about 14° were set on the number of 
disintegrations proceeding directly to the ground and first excited states of *’Fe. 
Spin and parity assignments are suggested. 


§ 1. INTRODUCTION 


OLLOWING the original identification of 270 day *‘Co by Livingood and 
F Seaborg (1941) a considerable amount of work has been performed in 

attempts to establish the decay scheme of this isotope. Since **Co is 
suitable for investigation by the method of nuclear orientation it seemed valuable 
to extend our earlier measurements on the 137 and 123 kev y-rays (Alburger and 
Grace 1954) to the investigation of the 14 kev y-ray, the sequence of the transitions 
and the electron capture branching to the different excited states in *’Fe. In 
this way it was hoped to resolve some uncertainties still remaining in the decay 
scheme and thus restrict the choices of the spins and parities for the levels. 


§ 2. ‘THE DECAY SCHEME 

The earlier publications (Plesset 1942, Elliott and Deutsch 1943, Cheng, 
Dick and Kurbatov 1952) suggested that *’Co decayed by positron emission 
(0-26 Mev) and electron capture to excited states of °’/Fe with the excitation of at 
least two y-rays (vy, and y,) giving rise to internal conversion lines of approximately 
equal intensity. A soft electron group attributed to a highly converted y-ray 
of about 14 kev confirmed the opinion that the y-ray y, represented a cross-over 
transition. Deutsch and Wright (1950) found evidence for an isometric state 
of half-life 1-1 x 16-7 sec associated with the 14 kev transition. It was identified 
by Goldhaber and Sunyar (1951) as an M1 transition from this half-life. From 
proportional counter and f-spectrometer measurements Alburger and Grace 
(1954) determined the %,/a,, ratios for the two y-rays and approximate values 
for a,x. They determined the energies of these as 122-8+0-5 kev (y2) and 
137-6 + 0-5 kev (y,) and concluded that they were dipole («, 0-01) and quadrupole 
(a, 220-14) respectively although their electric or magnetic character remained 
undetermined. (From the present measurements on the energy of y, it appears 
that the best values for the energies of these y-rays would be 123-0 + 0-5 kev and 
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137-4+0-5 kev.) In comparison with the 123 kev y-ray, the 137 kev y-ray was 
very weak, the branching ratio for the unconverted y-radiation being 1:15 +7 
and the total branching 1:13+6. These results could be understood most 
easily by the decay scheme due to Goldhaber and Hill (1952) shown in figure Ae 
although they are insufficient to determine the level sequence unambiguously. 
The conclusions of the present paper confirm the level sequence of figure 1s 
the multipole assignments and tentative values for the spins and parities also shown 
in this figure are discussed in the following sections. 


57C0 
K capture 
x se ees) 
137-4 keV 7, 7 123-0 kev 
2 
pas MI 

oe 
y,| eaner ee 

3) MI 

Se ee 


Figure 1. Decay scheme of *’Co. 


During the course of our experiments various other papers concerning these 
levels have appeared. Crasemann and Manley (1955) confirmed the approxi- 
mately equal intensity of the 123 and 137 kev internal conversion lines and showed 
that positron decay is almost entirely absent (<10~ per disintegration). ‘Temmer 
and Heydenburg (1954) succeeded in forming the 137 kev state by Coulomb 
excitation of *’Fe and from the close agreement between their excitation curve 
and the predictions of theory (Alder and Winther 1953) concluded that the mode 
of excitation was electric quadrupole. By including *‘Co within a Nal(Tl) 
crystal in a scintillation spectrometer, Madansky and Rasetti (1955) have shown 
that the number of 14 kev y-rays in coincidence with x-rays is negligible; they 
concluded that y, and y, are inverted in sequence, that the majority of the K 
capture transitions proceed directly to the 123 kev level and that y, has a half-life 
long compared with the resolving time of their equipment (1-5 x 10° ® sec). 
The long half-life for the 137 kev level required by this result appears to be quite 
incompatible with the value of approximately 5 x 10~® sec which can be deduced 
from the transition probability (B,=0-051 x 16-48 cm*) obtained by Temmer 
and Heydenburg from the cross section for Coulomb excitation. 


$3. THE ®*'‘Co Source 


A target containing °’Co together with other activities was prepared by 18 Mev 
deuteron bombardment of ‘ Specpure’ iron in the Nuffield cyclotron, Birmingham, 
in May 1952. Chemical separation of the cobalt activities from the bulk of the 
material was carried out and the extraction completed by complexing with 
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«-nitroso—8-naphthol. Thin sources effectively free from other radioactive and 
carrier material were then obtained by electroplating on foils of aluminium. 
pace sources originally contained approximately equal strengths of *®Co and 

Co but at the time of the present experiments (December 1954) the ratio of the 
strengths *6Co/**Co had decreased to about 1/150, a figure sufficiently small to 
enable useful results to be obtained on the disintegration of *’Co. 


$4. THE 14 kev TRANSITION 


In this experiment and those described later both proportional counters and 
sodium iodide scintillation counters, employing E.M.I. type 6260 photomultiplier 
tubes have been used. The proportional counters were identical in construction 
with that described by Rothwell and West (1950) and were filled with krypton 
at 40 cm pressure, using methane at 4cm pressure as the stabilizing organic 
vapour. The electronic equipment associated with these for the supply of the 
high voltages and for the pulse amplification and analysis was of conventional 
design. 

In both types of counter it was found that the 14 kev y-radiation, although 
weak, could be well resolved. The proportional counter was chosen for energy 
measurement of this radiation primarily because of its superior performance in 
the low-energy region. It also appeared from a preliminary examination that 
this y-ray energy lies slightly above that of the K absorption edge of krypton 
(14-3 kev) and this was confirmed by the observation that an ‘escape’ peak 
(see figure 2) arising from escape of the krypton K radiation from the counter 
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Figure 2. Pulse height distribution for the 14 kev y-radiation and the iron K x-radiation 
using a krypton filled proportional counter. 


occurs at a low energy (1:8+0-1 kev). This feature enables the y-ray energy 
to be determined accurately as 14-4+0-1 kev by adding the Kr K, x-ray energy 
(12:6 kev) to that of the ‘escape’ peak. By comparing the intensity of this y-ray 
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using the proportional counter with the total y-ray (y,;+y2) source strength, 
determined with a scintillation counter, a value for the internal conversion 
coefficient c%o4,) Of 14+1:5 was obtained; a small allowance was made for 
internal conversion of the 123 kev y-ray and the presence of the 137 kev radiation. 
It was shown subsequently that no direct K capture to the 14 kev state occurred 
and that the transition followed rather than preceded the 123 kev transition and 
therefore this method of determining xo4) is valid. The error in this value 
contributed by uncertainty in the branching ratio y/7, 1s negligible. 

A pair of scintillation counters, operated in coincidence with a resolving time 
of 10-7 sec, was used to measure the lifetime of the 14 kev state by detecting 
the 123 and 14 kev y-rays. One scintillation counter was fitted with a thin (1 mm) 
sodium iodide crystal for detecting the 14 kev y-rays, the x-rays being eliminated 
by an aluminium absorber; the second counter whose pulse height discriminator 
was adjusted so as to make it insensitive to radiations below 100 kev in energy 
was fitted with a thick crystal. Figure 3 shows a typical delay-coincidence 
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Figure 3. Delay coincidence curve for 123 kev, 14 kev y-rays. 


curve obtained in this way. Also shown for comparison is a ‘ prompt’ coincidence 
curve using 14 kev x-radiation and y-rays of about 1 Mev energy from a source of 
**Y. ‘The characteristic delay tail occurs in the 123 kev channel and corresponds 
to a half-life of 1-0+0-1x 10-7 sec for the 14 kev transition. This value is in 
close agreement with that found by Deutsch and Wright and its sign establishes 
the fact that the 14 kev transition follows the 123 kev y-ray. A comparison of the 
coincidence rate with the single channel counting rate shows that the 14 kev 
transition is associated with y, rather than y,;. The sequence of the transitions 


y, and y, agrees with that of figure 1 but is not in accord with the scheme proposed 
by Madansky and Rasetti. 
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§ 5. X-RADIATION FROM THE SOURCE 


Using the proportional counter the yield of iron x-radiation from the source 
was determined from the area under the x-ray peak, combined with the calculated 
values of the counter efficiency, the solid angle subtended by the source and the 
transmission of the counter window. ‘The total disintegration rate of the source 
was found from the y-ray strength (y,+2) assuming that each disintegration 
involves the emission of one of these y-rays. From these figures and the known 
fluorescence yield of iron (0-3) a value of 2:1 +0-3 K-shell vacancies per disinte- 
gration was obtained. It was concluded that about half of these originated in 
K capture while the remainder accompanied the internal conversion of the 
y-radiation. Since y, and y, are only slightly internally converted the principal 
contribution must be due to ys. 

This conclusion was confirmed by observing coincidences amongst the x-rays. 
To detect these a pair of krypton-filled proportional counters and a coincidence 
set with a resolving time of 10-* sec were used. A large number of coincidences 
(approximately 10 per second) was observed. The contributions to this 
coincidence rate, after making allowance for the small background of fortuitous 
coincidences, were separated into the following categories by absorption in thin 
foils of aluminium and copper: coincidences amongst the x-rays 40%, between 
x-rays and ys 30°, x-rays and y, 15°, y, and y; 10°%, and cosmic-ray background 
5°,. The source strength determined from the x, x coincidence rate and the 
corresponding single channel counting rates was 2:2+0-4uc. The agreement 
between this figure and that of 2-24.c determined by detecting y,++y, with a 
scintillation counter not only confirms that the majority of disintegrations take 
place through the 137 kev state giving rise to two K-shell vacancies but also shows 
that the lifetimes of the states I, and I, must be short compared with the resolving 
time of the coincidence set. ‘This is quantitatively confirmed by a similar analysis 
of the X, ys, coincidences. 


§ 6. THE HALF-LIFE OF THE 137 kev STATE 


A delay—coincidence curve, similar to that described in § 4 was obtained with 
X-rays and y-rays (71, y2) using scintillation counters. ‘The tail in the curve 
(half-life~10~* sec) again lay in the y,, y, channel and shows that y, precedes 
the x-rays arising from the internal conversion of y;. On the other hand if 
V1) V2 had followed the K-capture x-rays with a measurable half-life this should 
§ have been apparent as a tail in the x-ray channel. No such effect was observed 
and it is concluded that the half-life of the 137 kev state must be less than 
5x 10-* second. The absence of a detectable delay could also have arisen from 
/ avery long half-life (> 10~ sec) of this state but this is excluded by the proportional 
/ counter measurements (§5). This direct measurement of the upper limit for 
| this half-life is not in disagreement with the value of 5 x 10-® sec deduced from 
| the cross section for Coulomb excitation measured by T'emmer and Heydenburg. 
Confirmation of this cross section has been obtained by Coulomb excitation 
| of this level with 850 kev protons using an enriched *’Fe target. The thick 
| target yield of y-radiation (v1 +72) was determined by direct comparison, with 
a standardized source of *Co in the same geometry. Using the treatment of 
Alder and Winther (1953) a value for the transition probability B, of 
| 0-015 x 10-48 cm* was found. Although the accuracy of the measurement was 
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vitiated by the high x-ray background it nevertheless confirms within an order 
of magnitude the value for B, of 0-051 x 10~** cm obtained by ‘Temmer and 
Heydenburg and indicates that the half-life of this state must be in the 
neighbourhood of 10~* second. 


$7. Tue Bt/K Capture RaTIo 


A scintillation spectrometer was used to compare the intensity of the 
y-radiation (y,, yz) with that of the positron annihilation radiation from a °‘Co 
source. The spectrometer was calibrated with y-ray sources of known strength 
and hence a value of one positron per 400 disintegrations of *‘Co was obtained. 
After correcting for those positrons arising from the residual °*®Co activity, 
estimated from the intensity of the prominent 845 kev y-ray and the proportion 
of disintegrations in **Co proceeding by 8* emission (Sakai, Dick, Anderson and 
Kurbatov 1954), the number of positrons in the decay of °‘Co was found to be 
less than 1/1300 per disintegration. ‘There was, in fact no evidence for the 
presence of positrons in the decay. ‘This is in accord with the total energy 
available for the transition to the ground state of °’Fe, 0-45 + 0-30 Mev, as deter- 
mined from the cycle of nuclear reactions, *’Fe(n, y)*Fe, **Co(8*, y)*F@ 
8Co(y;'n)*8Co, *Co(p; n)?2Ni, 25 Ni(n;)P2Ni, °2NiG, n)PONi eaNG 6 a) ee 
(see Nussbaum 1955). 


§ 8. K CapTurE BRANCHING TO THE GROUND AND 14 kev STATES 


Further single channel and coincidence measurements between x-rays and 
yi; +y,2 and between y, and y, were made with scintillation counters using a 
coincidence resolving time of 3x 10-7 second. ‘This increased resolving time 
was chosen so that by suitably shaping the scintillation counter pulses only a 
small (~5°,) loss of coincidences occurred; the exact value of this loss was 
determined in auxiliary experiments. From these measurements using the 
decay scheme of figure 1 it was possible to determine the number of K-capture 
transitions proceeding directly to the 14 kev level and to the ground state of *"Fe; 
in each case this figure was less than 14°, of the total number of disintegrations. 
A value of 15+1 for a o4a; for the 14 kev transition was also deduced from these 
measurements, in agreement with that found using the proportional counter. 
Apart from the different technique used to obtain this figure it represents an 
improvement on that derived from the proportional counter measurements in 
that it requires no knowledge of the absence of K capture directly to the 14 kev 
state. 

§ 9. Discussion AND CONCLUSIONS 


It is concluded from the present measurements that the basic features of the 
decay scheme are those displayed in figure 1. ‘There was no evidence for B+ 
decay (<8 x 10 *) nor for K capture to the 14 kev or ground states of 57Fe (< 14°53 

From the half-life of the 14 kev level Goldhaber and Sunyar (1951) suggest 
that this transition is predominantly M1 and consequently the level I, has the 
same parity as the ground state of **Fe. This half-life agrees well with other 
M1 half-lives which have been tabulated by Graham and Bell (1954), and is 
approximately 100 times longer than Weisskopf’s single-particle estimate. Our 
value for oot) 18 in approximate agreement with Reitz’s (1950) value for aK of 
13-3 evaluated for copper and with a value of about 8 extrapolated from the figures 


| 
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of Rose, Goertzel and Swift (unpublished) and thus supports this assignment ; 
‘the value of x, for an E2 transition of this energy is about 400 and this shows 
‘that if E2 radiation is also present its proportion must be small. The E2 character 
of the Coulomb excitation of the 137 kev level shows that this is also of the same 
parity as the ground state and thus all these levels of 57Fe must have the same 
parity. Combining this information with the internal conversion data on y, 
and y, it is concluded that these are mainly E2 and M1 respectively. Such an 
assignment would be in accord with the known competition between M1 and E2 
transitions of similar energy. The half-life of y, (~5 x 10-® sec) is also in good 
agreement with Graham and Bell’s figures and is again about 100 times longer 
than the single particle estimate. 

The absence of K capture to the level I, suggests that this transition is at 
least one order more forbidden than that to the level I,. From the calculated 
value for the disintegration energy it is found that the value of log ft for the 
K-capture transition cannot exceed 6:2. Comparing this with the data on 
§-transitions of Mayer, Moszkowski and Nordheim (1951), it is seen that this 
transition must be allowed or first forbidden with AJ not greater than 1. Since 
all the *’Fe levels have the same parity, /, must differ in spin from the ground state 
(7/2) of >7Co (Baker et al. 1953) by at least 2 and therefore must be 1/2, 3/2, 11/2 
or greater than 11/2. The nuclear shell model suggests that these low lying 
levels in *Fe are of low spin rather than high spin and therefore a spin of 11/2 
or greater for J, is unlikely. The spin sequence J,, J,, Jy) which would fit this 
evidence most satisfactorily would be 5/2, 3/2, 1/2. 

From the presence of a strong transition to a level close to the ground state 
in the neutron capture y-ray spectrum of **Fe, Kinsey and Bartholomew (1954) 
concluded that one of the low lying levels in *’Fe had a spin of 3/2 or 1/2 and odd 
parity. If this level can be identified with either the 14 kev or ground state it 
can be concluded that the parity of all these levels is odd. ‘These proposed values 
for the spins and parities are incorporated in figure 1. 
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A New Phenomenon Associated with Active Nitrogen 
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Abstract. An orange beam, obtained with the author’s recent active nitrogen 
apparatus, is considered to constitute a nitrogen afterglow. Its spectrum is 
compared with the exciting arc spectrum over a range of pressure and current. 
The decay is exponential, with a mean life of the order of 10-4 second. Other 
physical and chemical properties are briefly discussed. 


$1. DESCRIPTION 


N the spring of 1952, the author was attempting to excite a fluorescence in 
nitrogen by means of a high-voltage arc with a hollow electrode. Atacertain 
stage it was noticed that there was a slight red protrusion, somewhat similar 

in appearance to the positive column of the arc, from the hole in the hollow 
electrode; the pressure was then sufficiently high to confine the negative glow 
(which is normally more voluminous than the positive column) entirely within 
the hollow electrode and it was therefore very surprising to see part of the positive 
column apparently extending beyond it. The matter was investigated further 
and it was found that at somewhat higher pressures the red protrusion became 
unsymmetrical; the direction of asymmetry suggested that it was influenced 
by convection currents. 

With a view to making the phenomenon more marked, another apparatus 
was constructed, in which the arc ran in a quartz capillary tube through which 
the nitrogen was allowed tostream. The hollowelectrode was mounted outside the 
capillary, near one end of it, and the direction of flow was towards this electrode. 
With nitrogen at a pressure of a few mm Hg and a current of about 10 ma, an 
ordinary glow discharge was observed; a red positive column filled the capillary 
and the electrodes were immersed in the usual blue volume glow. At slightly 
higher pressure, a red core (similar to the protrusion seen with the first apparatus) 
appeared at the centre of the blue glow, and as the pressure was further increased 
the red core became larger, while the blue glow dwindled, until eventually the red 
core extended well beyond the boundary of the blue glow. At a pressure of 
several cm Hg, the blue volume glow had disappeared altogether. Filling the 
remainder of the vessel there appeared a yellow glow which was readily identified 
from its spectrum as the afterglow of active nitrogen, while the protruding red 
glow had taken on an orange hue and had become much narrower and longer, 
appearing as a pencil or beam of orange light on the yellow green background. 
The phenomenon is one of much visual beauty. 

Details of the apparatus have already been published (Stanley 1954). With 
a fast pump, a current of around 100 ma, and a pressure of several cm Hg the 
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‘beam’ can be made at least as long as 10cm and of considerable brilliance, 
suitable for demonstration to a large audience.t 

In the remainder of this paper some of the properties of the beam will be 
exainined in more detail. 


§ 2. THE SPECTRUM OF THE BEAM 


2.1. Principal F eatures 


The spectrum of the beam has been photographed under various conditions, 
with Hilger medium quartz and medium glass spectrographs. ‘The spectrograms. 
show in general, the First Positive, Second Positive and First Negative band 
systems of nitrogen, all with an intensity distribution which (at least superficially). 
resembles that of an ordinary discharge spectrum. In particular there appears. 
to be no selective enhancement of certain bands such as might be expected if the 
excitation were due to fluorescence or to collisions between ordinary nitrogen 
molecules and metastable atoms or molecules. ‘The impurities OH, NH occur 
strongly and the NOy system occurs moderately in all (or most) of the beam 
spectra. In arriving at these results, allowance has been made for the possibility 
of contamination by the yellow-green (Lewis—Rayleigh) afterglow which always 
accompanies the orange beam, and the blue-violet electrode glow which at the 
lower pressures extends as far from the electrode as does the beam. 


2.2. Comparison of Exciting Arc, Beam, and Chamber Glow 


Geometrically the beam appears to be a prolongation of the exciting discharge. 
The colour of the beam appears orange-red compared with the pink-red of the 
discharge ; butas the latter is intrinsically a good deal brighter, the colour difference 
is not sufficiently great to be definite. Furthermore, the beam spectrum is. 
very like an ordinary nitrogen discharge spectrum and for these reasons several 
observers have suggested that the beam 1s simply “‘ part of the arc blown out of the 
capillary”. It is consequently desirable to make a detailed comparison between 
the beam and its own exciting arc. ‘To this end, several pairs of discharge and 
beam spectra, for diverse conditions, have been photographed. ‘The Plate is a 
reproduction of one of these photographs, taken with a medium quartz spectro- 
graph onan Ilford H.P.3 plate. ‘The pressure was about 1 cm Hg and the current 
about 90 ma. (a) shows the discharge spectrum. This was photographed 
through the side of the capillary tube to avoid contamination by the beam and the 
electrode glow. Because the arc is surrounded by a Pyrex jacket, the ultra-violet 
is cut off below about 3200 A, and the comparison is therefore valid only at greater 
wavelengths than this. (b) shows the beam spectrum, photographed through 
the quartz window of the observation chamber (with the chamber glow (c) 
superimposed). ‘The attenuation along the length of the beam is well illustrated 
here. (c) shows the spectrum of the yellow-green glow that fills the observation 
chamber, photographed with the same exposure time as (6). 

In this, as in the other photographs obtained, it is clear that the beam and 
discharge spectra are different in detail. In the discharge, the First Positive and 
Second Positive systems of nitrogen occur with about the same relative intensity 
as in the beam and with no conspicuous difference in intensity distribution. 
However, the First Negative system which, in the beam, is rather stronger than 


t The apparatus was demonstrated by the author at the Royal College of Science 
Conversazione at Imperial College, in October 1953. 
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_ the Second Positive, is only very faintly present in the discharge (only the (0, 0) 
sequence showing at all, on the plate which records the Second Positive about 
equally stronglyin beam and discharge.) NH is present strongly in the beam but is 
_ absent from the discharge. The same appears to be true of OH but as this occurs 
near the Pyrex cut-off, the evidence for its absence in the discharge is a little 
uncertain. 

The chamber glow (c), exhibits simply the «, 8 and y bands of Fowler and 
Strutt (1911) which at once identifies it with the afterglow of active nitrogen. 


2.3. Effect of Pressure Variation 

The beam spectrum has been photographed over a pressure range of a few 
mm Hg to about 10cm Hg. The spectral changes are of special interest when 
compared with those of the exciting discharge. The latter exhibits the First 
Negative system strongly at very low pressures (of the order of 10-'mm Hg). 
As the pressure is increased, the intensity of this sytem diminishes; over the 
entire range mentioned above, it is only faintly present. The First and Second 
Positive systems, both quite strong, undergo scarcely any alteration throughout 
this same pressure range. ‘The beam behaves quite differently. Ata fewmm Hg 
it has very little First Negative while the Second Positive and also the First 
Positive are quite strong, but as the pressure rises the First Negative intensity 
rapidly increases while the Second Positive intensity falls, so that by 5 cm Hg the 
beam has strong First Negative and First Positive but practically no Second 
Positive radiation. 
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2.4. Effect of Current Variation 


There is, as would be expected, an overall intensity increase that is at least 
| (probably more than) in proportion to the current. But it is not the same for all 


2 


systems: for a pressure of 1 cm Hg the First Negative system is not visible at 
) lowest current (compared with medium intensity Second Positive) but at highest 

current it is much stronger than the Second Positive system; First and Second 

Positive systems show fairly similar variation, both increasing about propor- 
}tionately with current (Second Positive rather more than proportionately). 
| At lowest current, NH is much more prominent than the nitrogen Second 
) Positive (0,0) band but at higher currents NH has either vanished, or at least is 
/ obscured by the Second Positive (0,0) band. Much the same is true of OH which 
is prominent at low current but absent, or obscured by N,*, at higher current. 
The third principal impurity, NO, has no chance of being obscured and is still 
'very noticeable at high current, but is has definitely undergone an intensity 
increase, much less than proportionately to the current. 

Thus it seems that the systems can be grouped as follows: for increasing 
current the nitrogen spectra N, and N,* show a constant or an increasing intensity 
‘per unit current, while the impurities, NH, OH and NO, show a decreasing 
intensity per unit current. 


§3. THE PHysicaL NATURE OF THE BEAM 


The possibility that the beam is part of the arc, carried forward by the stream 
of gas, is an obvious suggestion from the appearance of the phenomenon and 
from the similarity of the beam and arc spectra. However, it has been noted 
above that their spectra are different in detail; furthermore, this difference is 
not of the kind that would be expected to develop from a mere difference in decay 
times of the systems involved, for some features are stronger in the beam than in 
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the arc, and in any case such a differential decay would be very apparent along 
the beam itself, but there is no evidence of it. An independent refutation of this 
possibility was obtained as follows: the arc was extinguished by reducing the 
voltage quickly to zero, whereupon the boundary between the Lewis—Rayleigh 
glow and the following unactivated gas could be seen moving along the observation 
tube. The speed of flow was obtained by observations with a stop watch, and 
with a knowledge of the apparatus dimensions and the ordinary principles of 
gas flow, the velocity of the gas stream leaving the capillary was calculated. ‘The 
value obtained was of the order of 104 cm sec~!, so that the time interval corres- 
ponding to the observed length of beam was about 5 x 10-* second. ‘This is the 
time for which the excited states responsible for the emission would have to persist, 
if the excitation took place in the arc and the radiation in the beam. In fact, 
the systems emitted correspond to permitted transitions for which the mean 
lifetime could scarcely be greater than about 10~’ second.t 

A second possibility is the production in the capillary tube of very short 
wavelength ultra-violet radiation that could be absorbed by molecular nitrogen, 
with the production of fluorescence. ‘This would account for the properties of 
the beam described above. In particular, the pencil of radiation would have 
the same geometrical form as is observed for the beam, and there would be an 
exponential attenuation along the beam as is illustrated in (6) of the Plate. 

Thirdly there might be produced in the arc, some energy-carrying constituent 
which, by subsequent collision with nitrogen molecules, excites the states res- 
ponsible for the observed emission from the beam. Such a constituent would 
be analogous to, though different from, active nitrogen, and the beam would 
constitute a nitrogen afterglow albeit of much shorter duration than the Lewis- 
Rayleigh afterglow. 

A simple observation distinguishes between these last two possibilities: 
if the mechanism were fluorescence, the path of the beam would be defined by 
the path of the exciting radiation from the capillary and so could not be deflected 
in any way; on the other hand, if the phenomenon were an afterglow due to a 
material constituent of the gas stream, the beam path would be defined by the 
path of the stream and so would suffer deflection with the stream. Accordingly 
an auxiliary capillary tube was inserted through the wall of the observation vessel 
and used to direct a second stream of nitrogen at the beam. Thereupon the beam 
was seen to bend and waver. 

Thus we are led to the conclusion that the phenomenon is due, not to 
persistence of the original discharge luminosity, nor to fluorescence of the gas 
stream through absorption of radiation from the discharge, but rather to some 


material constituent, carrying energy from the discharge and subsequently 
dissipating it as an afterglow. 


§4. THe AcTIvE NATURE OF THE BEAM 


It is natural to ask whether or not the energy-carrying constituent is ‘active’ 
in the same sense as is active nitrogen. No systematic study of this question 
t The author is not aware of any experimental determination of the lifetimes of the 


actual states involved, but the states are not detected by the technique of Muschlitz and 


Goodman (1953) which implies that they have mean lifetimes certainly smaller than 
10~® second. 
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has yet been made, but preliminary observations suggest that the answer may 
be in the affirmative. A piece of crystalline quartz, placed in the path of the 
beam, became covered with an immovable white film suggestive of chemical 
attack. Several metals similarly treated acquired a coating of their respective 
nitrides. In a darkened room, a strong green luminescence was seen to be 
excited in both Pyrex glass and quartz, placed in the path of the beam. 

Closely related to the question of activity is that of the effect of heat. It 
was shown by Lord Rayleigh (1911) that the afterglow associated with active 
nitrogen was weakened if the observation vessel was heated; with sufficiently 
strong heating the afterglow disappeared completely but the glowless gas never- 
_ theless retained its chemical activity. This fact has played an important part 
_ in the theories of active nitrogen for it suggests at once the presence of at least 
» twoconstituents. In the present apparatus the phenomenon is very conspicuous; 
» the chamber glow is visually very much brighter soon after switching on than it is 
» when the tube has become hot. In contrast with this, there is no visually 
| conspicuous change in the beam intensity; in fact it appears to become brighter 
| rather than weaker, though a visual estimate is difficult on account of the changing 
. background. ‘To obtain a quantitative measure of the effect of heat on the beam 
i several plates have been calibrated and exposed to both the ‘hot’ and the ‘cold’ 
| beams. All the standard precautions for precise photographic photometry 
) were taken. ‘The First Positive band system was taken as representative of the 
whole beam and it was found that the intensity was unchanged within the experi- 
| mental error (not greater than 5°), while the chamber glow intensity, under the 
same respective conditions, was diminished about four-fold. 
| It is concluded therefore, that heat quenching in the beam afterglow, if it 
exists at all, is of very much smaller magnitude than is the heat quenching of the 
Lewis—Rayleigh afterglow. 


$5. DETERMINATION OF THE ATTENUATION CONSTANT OF THE BEAM 
5.1. Experimental 


i A sharp image of the beam was formed in the plane of the spectrograph slit 
| by a condensing lens; this lens was a quartz-fluorite achromat of long focal 
{ length so that the image was quite sharp for all parts of the visible spectrum 
simultaneously. ‘The aperture was reduced to f/20 in order to minimize other 
» aberrations. 

The principal spectrograph employed was the medium glass Hilger instrument ; 
for the near ultra-violet and for confirmatory results in the visible, the medium 


/ feature in photometric work since the scattered light is then quite small. A mask 
was made for the plate holder to intercept such scattered light as remained. 
| A wide slit was used in order to give a flat topped peak to each band head, thus 
| facilitating the subsequent measurement of photographic image density. 

It had been found from previous experience that Ilford Astra III are among 
/ the best panchromatic plates for photographic photometry and Ilford Ordinary, 
jalthough rather slow, are excellent for the shorter wavelengths. These plates 
‘had also been found to exhibit comparatively little reciprocity failure for the 
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Accordingly most of the calibration exposures were made with a fixed illumination 
for various times, the mean of which was about equal to the time of the principal 
exposure. A fine grain developer (Ilford D.11) was used, and the usual precau- 
tions for photometric work were taken. 

The resulting spectrograms were examined with a Hilger non-recording 
microdensitometer and graphs were plotted showing the variation of intensity 
along the length of the beam, for each of several nitrogen bands, and for the 
(0, 0) and (1, 1) bands of NH. 

The effect of the superimposed Lewis—Rayleigh glow was minimized by 
photographing from the side of the tube. It was then easy to make a correction 
for the slight effect that remained merely by taking a second photograph with 
twice the path length of Lewis—Rayleigh glow. (By itself the Lewis—Rayleigh 
glow produced an effect that was below the threshold of the photographic plate, 
so that direct measurement and subtraction were not possible.) 

In the interpretation of the results, the assumption is made that the peak 
intensity of the band head can be regarded as proportional to the integrated band 
intensity. ‘This is tantamount to supposing that there is no change of rotational 
energy distribution along the beam; a separate experiment has been performed 
to show that this is, in fact, the case. 


5.2. Results 


For the nitrogen First Positive system, the intensity / is found to diminish 
exponentially with distance along the beam. Graphs of log J against distance 
have been plotted for the (5, 1) (8 ,4) and (8, 5) bands and are found to be accurate 
straight lines, the slopes differing from one another by less than 3°. Thus the 
decay of the active particle evidently represents a monomolecular reaction. 
If the concentration of active particles at position x is denoted by n(x), then 
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where wv is the beam velocity and ¢ denotes time. The intensity of the emitted 
radiation is presumably proportional to the concentration of the active particles, 
so that 

log Ic log n(x) = log 1) —ax 


and the constant « is therefore numerically equal to the slope of the graph of 
log / against x. 

The value obtained for the attenuation constant «v is 0-71 x 104. The mean 
life of the active particles, equal to 1/azv, is thus 1-4 x 10-4 second. 

Since this value was obtained, Muschlitz and Goodman (1953) have published 
a paper describing a method for the measurement of the lifetime of the metastable 
A®d,, state of N, and giving the value 2:3 x 10-4 second. The proximity of this 
time to the value obtained above for the lifetime of the active particle, suggests 
that the latter may be identified with the a3X, state N,, a possibility which 
would otherwise have been merely conjectural. 

In the experiments of Muschlitz and Goodman, the pressure of nitrogen 
was around 10°*mm Hg which is sufficiently low to ensure that the life is not 
shortened by collisions. The effective diameter for collisions between metastable 
A-state molecules and ordinary molecules was also determined and found to be 
3:8 which is very close to the kinetic theory value. It might therefore appear 
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that at the much higher pressure of the present experiments, the combined effects 
of collisional de-excitation and radiative de-excitation would be a very much 
smaller lifetime than the value actually obtained. However it must be remembered 
that with the technique used by Muschlitz and Goodman any collision with 
a normal molecule would almost certainly remove the metastable molecule 
from the detected molecular ray, whereas in the present experiment it would 
merely result in the passing-on of the excitation energy to another nitrogen 
molecule, without any appreciable reduction in the metastable molecular density. 
There may, of course, be some loss in the form of superelastic collisions, but this 
process would be expected to have a much smaller probability than the exchange 
of the whole of the electronic energy with another nitrogen molecule (Oldenberg 
1952, Franck and Jordan 1926). Such Joss may account for the present value 
being lower than that of Muschlitz and Goodman, though it is doubtful if the 
accuracy is sufhcient for the difference to be significant. 

The mechanism of production of the First Positive bands would seem to 
be a consequence of the presence in the beam of a large concentration of N,(A) 
molecules together with ordinary active nitrogen. If, asis now generally supposed, 
the latter consists of atomic nitrogen, then the recombination of two nitrogen 
atoms in a three-body collision with an N,(a) molecule would release sufficient 
energy to raise the molecule to the B state from which radiation of the First Positive 
system occurs. Since resonance is not effective in such a recombination 
(Oldenberg 1952) there would not be any selectivity in the excitation of the various 
vibrational levels, in contradistinction to the situation obtaining in the Lewis— 
Rayleigh glow and in conformity with the observed spectrum of the beam afterglow. 

The other parts of the beam afterglow spectrum have not been examined as 
carefully as was the nitrogen First Positive system. ‘The graphs of log J plotted 
against x are, for all the bands examined, approximately straight lines, but the 
scatter of the points is not sufficiently small definitely to exclude the possibility 
of a bimolecular curve. The graphs of 1/\/J plotted against x, which would 
be straight for a bimolecular reaction, do show a slight curvature but again not 
very definitely on account of the scatter. ‘Thus it seems desirable to postpone 
discussion of these other bands until more precise data are available. It may 
perhaps be worth noting that the order of magnitude of the attenuation constants 
is the same for all the bands investigated, but there is a variation from one system 
to another by a factor of about two, which does not seem to be ascribable to experi- 
mental error and which therefore suggests that more than one mechanism is 
operative. 


§6. OTHER AFTERGLOW PHENOMENA IN NITROGEN 


A new afterglow in nitrogen, which bears some resemblance to the present 
beam afterglow, was detected in 1945 by Herman by the application to nitrogen 
of the newly developed phosphoroscope of Lejay (1944). ‘The duration of this 
afterglow was about 10-* second compared with several seconds for the visually 
observed auroral afterglow reported earlier by Kaplan (1932, 1934, 1935). ‘The 
present beam afterglow has a duration similar to that of Herman’s, but the method 
of production, the pressure range over which the phenomenon appears, and the 
spectrum are different. A more detailed consideration of the relations between 
the Kaplan, Herman and beam afterglows will be attempted in a later paper, 
after the presentation of further experimental results on the latter. 

N= 
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Abstract. ‘The K-spectrum of neon has been examined with a photographically 
recording bent crystal x-ray spectrometer. The radiation source was an electrode- 
less discharge tube. The intensity contour of the spectrum was derived 
leading to a study of the shape of the diagram line Ka,, and an analysis of 
some satellite structure. Wavelength values are given for the diagram line 
Ka, . (14-5847 kx units), the semi-optical diagram line Kf, (14-430 kx units) 
and twenty satellite lines (14-278—-14-539 kx units). 


$1. INTRODUCTION 

HE precision with which x-ray spectroscopic data can be interpreted is 

determined firstly by the state of aggregation of the emitting element and 

secondly by the number of electrons involved. For these reasons the 
K-series emission spectrum of neon is of particular interest since it arises in a 
monatomic gas of low atomic number. Previous examinations of the neon 
K-spectrum have been made by Backovsky (1936) and by Kunzl and Svobodova-— 
Joanelli (1946). Using a low voltage ion tube as source and a plane grating 
Backovsky obtained the diagram line Kz,, at a wavelength of 14-614. With a 
similar source but using a bent mica crystal spectrometer having limited focal 
properties, Kunz] and Svobodova-Joanelli showed that a number of satellite 
lines are also present in this spectrum. ‘Their results are summarized in table 1. 
The present work was carried out with a photographically recording bent crystal 
vacuum spectrograph designed to operate at wavelengths up to about 20 kx units. 
An innovation for this wavelength region was the use of a high frequency electrode- 
less discharge tube as the radiation source. [ 


Table 1 
Neon K-series A eee Remarks 
(kx units) 
X12 14-587 Most intense line of group 
, { Long wavelength limit 14-550 A weak line broadened towards 
“ \ Maximum of blackening 14-526 long wavelengths 
14-485 Only measurable as two lines on 
3,4 14-470 some plates 
By 14-435 A very feeble line 
Aggy 14-368— Broad diffuse band 
py—pvt 14:-271 


+ Now with the Dominion Physical Laboratory, Department of Scientific and 
Industrial Research and seconded to the Physics‘ Department, Canterbury University 


College. 


+ This method of excitation has been used at shorter wavelengths by Groven (1949) 


and his associates at Brussels. 
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§ 2. APPARATUS 


The spectrometer, which is of the reflection type, is described elsewhere 
(Moore 1955). Using a muscovite mica crystal bent with a radius of 50cm 
it has an inverse plate dispersion of about 37x units mm! at a wavelength of 
15 kx units in the first order. It is situated in a vacuum case to which the x-ray 
tube is directly attached. 

The x-ray tube is a dual one, being effectively a hot filament high vacuum 
tube into whose glass envelope is sealed an external electrode (‘electrodeless’) 
discharge tube. A normal anti-cathode which emits radiation from a nickel 
target for wavelength calibration is mounted in a vacuum bellows and may be 
withdrawn into a side-arm. This permits radiation from the gas in the discharge 
tube to be emitted in precisely the same direction to fall on the spectrometer 
crystal. The pure silica discharge tube is about 20 cm long and has a rectangular 
(2cmx0-5em) cross section. Its normal operating power of 135 Ww r.m.s. is 
supplied from a valve oscillator (1-7 Mc/s) driving a Tesla coil whose unloaded 
terminal voltage is 40 kv. The discharge tube is cooled by immersion in an oil 
bath. 

A circular window (1-6cm diameter) placed between the x-ray tube and the 
spectrometer case retains the gas in the discharge tube at the operating pressure 
of about 0-1 mm Hg and also prevents the visible discharge from fogging the plates. 
It consists of a 1-5 x 10-°cm thick film of Formvar which is rendered opaque to 
visible light by being vacuum coated with a 10-°cm thick layer of aluminium. 
To avoid localized impertections in the aluminium coatings two such films are 
placed in series, one of which makes the necessary vacuum seal. ‘The window 
transmits about 10° of x-radiation with a wavelength of 15 kx units. 

The spectrometer case is evacuated to its usual pressure of about 10 4mm Hg 
by a bafHed oil diffusion pump. A separate oil diffusion pump evacuates the 
x-ray tube through a cold trap to a pressure which is about 10-® mm Hg when the 
calibration electrodes are being used. The pumping system is arranged to 
protect the tube window from excessive pressure differences. A simple monitoring 
system allows the gas under study to be introduced into the discharge tube at the 
required pressure. 


§ 3. EXPERIMENTAL PROCEDURE 

The spectra were recorded with Hford Q emulsions coated on plane glass 
plates. ‘Two grades, Q1 and Q2, were used, the latter being the faster but having 
the larger grain size. A shutter on the plate holder allows several exposures 
(overlapping or separate) to be made on a plate. Some plates were exposed to 
the neon radiation alone (figure 1, Plate) while others were also exposed to nickel 
radiation to provide wavelength calibration lines (figure 2, Plate). Under 
favourable circumstances it has been possible to record the stronger lines in the 
neon spectrum on a Q1 plate in two hours while the complete spectrum is present 
on a Q2 plate in eight hours. 

The useful plates were surveyed with the microdensitometer described by 
‘Tait and Chalklin (1953) and now adapted for use with a strip chart recorder. 

The relationship between density of photographic blackening and intensity 
of incident radiation (the so-called blackening curve) was obtained for each plate 
by giving it two neon exposures for different times at constant source intensity. 
After determining the density values in equivalent regions of the two exposures 
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the blackening curve was constructed in the usual manner (cf. Hill 1937). The 
curves obtained are smooth and reproducible, their good quality being attributed 
to the fact that unlike a solid emitter the discharge source is not liable to changes 
in its emission character due to contamination. 

Apart from the second order of the silicon line Ka, 5 (emitted by the silica 
discharge tube and recorded when the spectrometer is suitably focused, cf. 
figure 1) no characteristic radiation was detected when the discharge tube was 
operated with air under conditions identical with those for which the lines ascribed 
to the neon K-series were recorded. The neon spectrum is found to be complex. 
On the short wavelength side of the diagram line Kz, . (readily identified from 
its strong intensity and wavelength position) there are at least twenty-one lines, 
none of which is completely resolved. They are conveniently labelled I-XXI 
in the microdensitometer record of the spectrum shown in figure 3. 


Ka,» 


Edge Effect 


Microdensitometer Reading 


——— 
S ——— ——— if T ct , a ee ly ee eee 
Linear Plate Scale 


Figure 3. Tracing of average microdensitometer record of the K-series emission spectrum 
of neon showing the diagram line Ka,» and satellite lines I-XXI. Also present 
is the second order of silicon Ka, and an effect due to the discharge tube wall. 


‘The spectrum has a general background due to continuous radiation from 
bothgasandtube. Itisapproximately constant over the region which corresponds 
to the central part of the discharge. ‘The latter varies in a peculiar manner near 
the tube walls and may give rise to two diffuse line-like regions of blackening on 
the plate records. Such an ‘edge-effect’ is visible in figure 1. 


$4. THE SHAPE OF THE NEON LINE Ka,, 


‘wo plates were exposed to neon radiation under selected conditions. 
Microdensitometer records in the region of line Kz,, from each plate were 
converted to an intensity scale and plotted as shown in figure 4 (the peaks have 
been scaled to the same value). Since the corresponding blackening curves were 
derived from extreme variations of the experimental conditions the excellent 
agreement between the two sets of experimental values (i and i1) justifies the 
method of establishing the intensity scale. 

While the effect of the temperature and pressure of the source on the recorded 
line shapes may be assumed to be negligible, a detailed study has shown that they 
are also uninfluenced by the effect of the slit of the examining microdensitometer. 
The only other factor likely to influence the experimental line shape is the broaden- 
ing due to diffraction in the mica crystal but it has not been possible to make a 
realistic estimate of its effect. In the first. place, there is as yet no dynamical 
treatment available of the diffraction of x-rays by real bent crystals. ‘he wave 
kinematical treatment of Borovskii and Bezirganyan (1953) is only applicable to 
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an ideal three-dimensional bent lattice. Secondly, as has been pointed out by 
Hendricks (1940) in a study of layer-silicate (mica) lattices, ‘‘ while line width, 
line shape, and intensities are affected, the phenomenon (of the mosaic crystal) 
has not been very susceptible of study and the distribution of sizes of the mosaic 
volumes are unknown”. 


« Experiment i 
+ Experiment ii 


Arbitrary Intensity Scale 


Linear Plate Scale 


Figure 4. Analysis of the intensity shape of the neon doublet Ka,.. The full line is the 
envelope of the theoretical components a, and a, shown in broken line. 


The theoretical distribution of intensity in an x-ray line, the natural line shape, 
may be expressed according to the quantum mechanical treatment of Weisskopf 
and Wigner (1930). In the present work the widths of the lines examined are 
small compared with the wavelength A of their central maxima. Further, the 
inverse plate dispersion dA/dx is constant for plate distances x of the order of the 
widths of the recorded lines. It follows, that, if the Weisskopf—-Wigner line shape 
is applicable to the experimental line, it may be written in the symmetrical form 
ue if 
2m (x —Xo)* + dx? 
where J, is the total line intensity, x, is the position of the central maximum and 
yx is the full width of the line at half maximum intensity (half width). 

The experimental shape of Ka,, (figure 4) is asymmetrical about an axis 
through its peak, being broader on the long wavelength side. "The most probable 
reason for this is a partial separation of the doublet components «, and %. Theory 
and experiment agree that for all elements line «,(K-+Ly;) is about twice as 
intense as line %(K—~Ly;) while their half widths are nearly equal. Assuming 
this in the case of neon and giving the supposed doublet components a separation 
of about 0-05 mm (2x units, which is in accord with the measured separations 
listed by Cauchois and Hulubei (1947) for elements down to Z=13) the Kays 
experimental shape was decomposed into two lines of Weisskopf—Wigner form. 
In fitting the envelope of the theoretical components to the experimental contour 
of this intense line it is reasonable to neglect the contribution of background and 
adjacent lines. 

The analysis yields a half-width value for the Kx, , components of yx = 0:40 mm 
on the plate scale which is equivalent to 14-7x units or 0-85ev. Since the 


[x)= 
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experimental shape was not corrected for possible diffraction broadening, the 
agreement obtained indicates either that the diffraction pattern is of small breadth 
or that it has approximately the Weisskopf—Wigner form. 


§5. ANALYSES OF SOME SATELLITE STRUCTURE 


In figure 5 is shown an analysis of the satellite structure on the immediate 
short wavelength side of line Kx,, the intensity contour having been derived 
from the microdensitometer record of figure 3. The non-satellite contribution 
to the contour consists of the base of line Kx, , plus continuous radiation. Guided 
by the variation in background shown in the case of an exposure taken with air 
in the discharge tube the continuous radiation was given a constant value over 
the region concerned. ‘The base of line Kx, was described by its previously 
discussed line shape fitted to the experimental line at the peak and half maximum 
points. Lines IT, III and V are visually resolved in the original plate (figure 1), 
while the introduction of lines and IV brings about reasonable agreement between 
the experimental and theoretical contours. 


+ Points in experimental 
contour 


Arbitrary Intensity Scale 


Linear Plate Scale A —> 


Figure 5. Analysis (i) of the satellite structure on the immediate short wavelength side 
of the neon line Ka, ». The full line is the envelope of the theoretical components 
I-V together with the base of line Ka,. and a continuous background. 


This satellite analysis (i) was repeated in terms of a plate exposed with a different 
wavelength in exact focus. ‘The values collected in table 2 show that although 
this second analysis (ii) yields the lines I-V with half widths of the same order of 
magnitude as previously, the intensity relationships within the satellite group 
are different. This is due to the manner in which the emission intensity from the 
gas varies near the discharge tube walls and prevents a reliable estimate of the 
relative intensities. Those given by analysis (i) are more likely to be correct. 


Table 2 
Analysis (1) Analysis (11) 

d Int. rel. to Half width Int. rel. to Half width 
a Line V X-units ev Line V X-units ev 
I 0-15 12-6 0:73 0-06 12:3 0:72 
ii 0-3 16-2 0:95 0-1 17-6 1:03 
Ill 1:6 13-2 0:78 ' 0-9 15:0 0-88 
IV 0:5 10°3 0-60 0:35 8-6 0°51 
V 1-0 13°2 0:78 1-0 15-0 0:89 
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‘Towards shorter wavelengths there is a weak band consisting of many partially 
resolved lines. Figure 3 shows a tracing of the average of eight independent 
microdensitometer records of this region. At least five of these lines are discerned 
by the eye in the original plates, some of which have survived reproduction 
in figure 1. Although the low intensity of this complex band precludes any 
useful attempt to decompose it into its component lines, their minimum number 
can be decided from the maxima in the density contour. These will not be much 
displaced from the line peaks they represent and are accordingly labelled as 
lines VI-XXI. 


$6. WAVELENGTH MEASUREMENTS 


The wavelengths of the neon lines were measured relative to the wavelengths 
of the LB, and Lx,, lines of nickel in the first order. The values obtained are 
collected in table 3. The relatively low intensity satellites occur too close to the 
nickel calibration lines to allow a direct comparison by overlapping the two spectra. 
This was possible, however, for the intense neon diagram line Ka, , (figure 2). 
The satellites were then measured with reference to Ka,, on plates not having 
the nickel spectrum present (figure 1). 


‘Table 3. K-Series Lines of Neon 


Wavelength 

Line Identity (kx units) v/R§ \/(v/R) 
oe 14-5847 62-481 7-904, 

I a” 14-539 62-68 TOT 

II ox! 14°528 62-73 7-920 
III os 14-485 62-91 7-932 
IVt Qa prolae 14-476 62:95 7-934 
Vv Og 14-466 62-99 7-937 
VI By 14-430 63-15 7-947 
VII Ba 14-407 63-25 7:953 
Vill 14-402 63:27 7-954 
IX Og 14-394 63°31 UD57/ 
xX 14-387 63°34 7-959 
XI 14-382 63°36 7-960 
XII 14:377 63°38 7-961 
DENT Os 14-369 63-42 7-964 
XIV 14-362 63°45 7-966 
XV 14-539 63-46 7-966 
XVI Oy 14-352 63-49 7-968 
XVII 14-343 63°53 7:971 
XVIII 14-335 O35 7:973 
XIX OX 14-327 63-61 7:976 
XX B.. 14-315 63-66 7-979 
XXIft By, [3h 14-278 63-82 7-989 


t This * line ° is probably more complex than the known data plotted in figure 6 
indicates, and it has not therefore been specifically identified. 
} Either identification is possibly correct. 


§ To calculate the values of v/R, v was expressed in reciprocal x units and the generally 
accepted value of R=109,737 cm-! used. 


‘The wavelength values due to Tyrén (1936) are considered to be the best 
available for the nickel L lines. "They were measured in terms of hydrogen-like 
spark lines with a concave grating and are given on the grating scale as 14-279 A (L8;,) 
and 14-5664 (La,.). These values were converted to the crystal scale using a 
conversion factor of value 1-00202 (cf. Wood 1947). 
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The various line separations were determined between peaks on the micro- 
densitometer (or analysed intensity) records and the wavelengths evaluated by 
a modification of the method described by Haglund (1942). It involves the 
Bragg equation and requires a knowledge of the {001} lattice constant of muscovite 
mica in the first order of reflection (d,). The value d,=9927-58 x units due to 
Siegbahn (1943) was used. 

Since the method of measurement is a relative one the wavelength values 
of the nickel lines and the value of the muscovite lattice constant are regarded as 
being free from error. The effect on the calculated neon wavelengths of the 
remaining sources of error (spectrometer construction, microdensitometer 
screw thread, etc.) has been considered. The wavelength value for neon Kay, 
given in table 3 is the mean of determinations from four plates, the error in any 
of which is not greater than + 0-001 kx units. The error in the other wavelengths 
listed is not greater than + 0-0025 kx units. 


$7. IDENTIFICATION OF THE K-Series LINES oF NEON 


An attempt has been made to identify the neon satellite lines, on a descriptive 
basis, by comparison with experimentally established data from adjacent elements. 

As first shown by Richtmyer (1928), a semi-Moseley law exists between 
typical satellite lines. Thus, if one plots values of {A(v/R)}"? against atomic 
number Z (where v is the wave number and R the Rydberg constant for an atom 
of infinite mass) the plot is expected to be linear if 

Ay, R) a (v/Reatetiite as v/R parent ine) 

Although it is most plausible (in terms of mechanism of origin) that the nearest 
strong diagram line to a group of satellites is the parent line of that group, it has 
been shown by Deodhar (1931) that both the Kf, and Ka, , satellite groups are 
more amenable to classification if referred to Ka,,. It makes little difference 
whether Kx, or Kz, is chosen as the reference line.f 

A semi-Moseley diagram for the Kf, and Kx, , series lines of the elements 
in the atomic number range 10-18 is shown on a reduced scale in figure 6. ‘The 
{A(-/R)}4 values were calculated (using Ka, as parent line) from the v/R 
values listed by Cauchois and Hulubei (1947), except for A(18) which are due to 
Nilsson and Slatis (1944) and for Ne(10) where the present determinations 
collected in table 3 were used. 

Identification of the neon lines is complicated by the overlapping of the 
Kf, and Kz,, groups of satellites. This raises the question of the possibility 
of obtaining Kp series lines in the neon spectrum since the M level is normally 
unoccupied. In fact, however, the diagram line K8,(K—-Mj,,,) has been reported 
in both Na(11) and Mg(12) although here too the M level is normally vacant. 
The explanation is that for these elements the K;, line is ‘ semi-optical’ (Backlin, 
Siegbahn and Thoraeus 1925). Such a line arises when an electron from an outer 
level is raised to an unoccupied optical level by the absorption of energy and then 
falls into a subsequently created inner vacancy (Maitra 1937). The neon line 
labelled VI was accordingly identified as the semi-optical diagram line Kf, by 
extrapolation in a normal Moseley diagram. It follows that some of the satellite 
lines are possibly members of a semi-optical Kf, series. | 

+ For a critical discussion of Deodhar’s method of classification see Hirsh (1932) and 
Ford (1932). 


t A weaker component Kf, (K--My,) may also exist but has not been recorded at 


‘these low atomic numbers. 
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In identifying the satellites (table 3) it is assumed that they occur only on the 
short wavelength sides of their parent lines so that no B-satellites are expected 
between the positions of Ka,, and Kf, in figure 6. Lines Viti XS XI, XG 
XIV, XV, XViland XVIII have no obvious correlation with the known lines from 
the elements of higher atomic number. They could well be semi-optital B-satellites 
whose probability of occurrence has been favoured by the conditions in the 
discharge source where many atoms will be excited into optical states. ue 
identity of line I is of some interest. It would appear to be the satellite Ka 


10 u 12 13 14 1S 16 lie Ihe} 
Atomic Number 


Figure 6. Semi-Moseley diagram for the Kf, and Ka,» series lines for 
elements j9Ne to ,3A. 


reported by Deodhar (1931) for Si(14) and P(15). However, Deodhar himself 
expressed some doubt as to the origin of his «” lines (he regarded Kz’, ~” as being 
a doublet) particularly for silicon. The matter is referred to by Ford (1932) 
who did not find any trace of the doublet nature of a’ between Mg(12) and Ge(32). 
Parratt (1936) reports an examination of a satellite line named Ka” which occurs 
on the short wavelength side of the Ka, diagram line with elements S(10) to V(23). 
He refers to Deodhar’s work on silicon and phosphorus. ‘The present conclusion 
is that the line Parratt labels Kx” for the elements in the atomic number range 
16 to 23 is not to be classified with the line Ke” reported by Deodhar for silicon 
and phosphorus. ‘The positions of Parratt’s for Kx” S(16) and Cl(17) are noted 
in figure 6. Finally, the uncertainty which is present in regard to the reality of 
line I limits its use as an argument in favour of the doublet nature of Ka’. It 
seems in order, nevertheless, tentatively to designate it as Ke”. 
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$8. Discusston or RESULTS 


The results obtained for neon may be compared with those of Kunzl and 
Svobodova-Joanelli summarized in table 1. Their wavelength values for 
lines %, @’, 3, % and £, are in reasonable agreement with the present ones. 
Kunzl and Svobodova-Joanelli were apparently unable to survey their plates 
with a microphotometer for they do not show an intensity (or density) contour 
of the spectrum. Presumably, their plates were examined with a microscope 
which lead them to regard the line «’ as being broadened towards long wavelengths, 
a value being given for its long wavelength limit. The present analysis of the 
intensity contour is in favour of the presence of line «” rather than an unexplained 
asymmetry in«’. Again, their (microscope?) examination did not enable them 
to discern the line «,’, «4 reported here, although they suspected its presence. 
The diffuse band found by Kunzl and Svobodova-Joanelli is now shown to consist 
of several lines, some of which have been identified and to all of which wavelength 
values have been ascribed. 
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Abstract. An investigation of the equations of state of elements as given by the 
Thomas—Fermi theory has been carried out in a region corresponding to higher 
pressures than have hitherto been discussed in detail. Both analytical and 
numerical methods have been used. The results thus obtained suggest modi- 
fications to be made in the recent formulae given by Gilvarry, who fitted the 
available numerical data with functions having the correct limiting forms. The 
introduction of exchange is also considered and the modifications thus caused are 
exhibited explicitly for very high pressures. 


§ 1. INTRODUCTION 


T is now well known that the Thomas—Fermi (TI) method is very valuable 

in yielding information about the equations of state of solids under extremely 

high pressures, as found for example in stars. ‘The first suggestion of the 
usefulness of the theory in this field was made by Slater and Krutter (1935) in 
their original paper on the application of the ‘TF method to metals and the detailed 
results have been worked out chiefly by Jensen (1938) and Feynman, Metropolis 
and Teller (1949; subsequently referred to as FMT). Whereas Jensen’s work 
was restricted to the completely degenerate case, FM'T also discussed the results 
given by the ‘I’F theory when generalized to take account of non-zero temperatures. 
Whilst under normal conditions the applicability of the TF method is rather 
restricted and the results are most appropriate to describe the alkali metals 
(March 1954), when the pressures of interest are sufficiently high for the detailed 
influence of the outer electronic structure to be obliterated, then the results 
become applicable to all elements and are of very considerable value in astrophysics 
(see, for example, Sommerfeld 1938, Scholte 1947, Brown 1950) and also to 
some extent in geophysics (Elsasser 1950, Bullen 1952). 

Until recently, the work reported has been based entirely on numerical solutions 
of the basic ‘TF equation, and results have therefore been available only over 
a limited range of pressures. Gilvarry (1954) in a recent paper, however, has 
gone some way towards making the results of the TF theory available over the 
entire range of pressures by fitting the numerical data with analytical expressions 
having the correct limiting forms. As he points out, the properties of his fitted 
functions ensure some kind of approximate validity outside the range of available 
data. Nevertheless, in view of the wide applicability of the results, it seemed 
very worth while to examine more carefully than has been attempted hitherto 
the results in the region of exceedingly high pressures, and this is our main 
concern in this paper. As we shall see, our results suggest some modifications 
which might be made in Gilvarry’s formulae to put them on a more satisfactory 
theoretical basis. Gilvarry’s investigations were solely confined to the unmodified 
TF case in which exchange is neglected, whereas we shall consider also the 
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modifications introduced by exchange at very high pressures. Our considera- 
tions in this paper will be restricted to the completely degenerate case. 

In §2 we briefly summarize the basic method of obtaining equations of state 
from the ‘TF theory, whilst in §3 we consider the solution of the TF equation by 
means of a Taylor expansion around the boundary point. We are thus enabled 
to obtain the first two terms in a series giving the boundary value of the TF 
function for very high pressures. The first term agrees with the result obtained 
by Gilvarry, who used essentially intuitive arguments, but the second term is new 
and has interesting connections ‘with Gilvarry’s work which we discuss in § 4. 
In §5 we deal in a similar manner with the Thomas—Fermi—Dirac (TFD) equation 
which includes the effect of exchange. We are hence able to demonstrate 
explicitly the modifications due to exchange at the highest pressures. 


§ 2. CALCULATION OF EQUATIONS OF STATE FROM UNMopiIFIED TF THEORY 


The fundamental problem in obtaining equations of state of elements, as 
indeed in any application of the TF theory, is to solve the non-linear equation 


VAV—-Viy=HV—Voy®= sae (1) 


for the electrostatic potential V, and hence the electron density 7. Here —eV, 
is the maximum occupied electron energy level whilst 


Actually, for the particular crystal with which we are dealing, we should 
construct the appropriate polyhedron surrounding a given atom and then solve 
equation (1) within this polyhedron. So far, however, all the detailed work 
reported has been based on the sphere approximation introduced into the TF 
theory by Slater and Krutter following the original Wigner—Seitz work. This 
simply amounts to the replacement of the polyhedron by a sphere having equal 
volume. Some work has actually been carried out recently by the writer in 
which equation (1) has been solved approximately within the appropriate 
polyhedron for a diamond-type structure, and preliminary results were reported 
at a conference on the energy band structure of solids at the Radar Research 
Establishment, Malvern (see Coulson 1954). However, the procedure is very 
laborious and in order to achieve generality we shall have to be content with 
discussing equations of state with the sphere approximation. ‘This should be 
quite good in many cases and then the TF equation (1) reduces to the usual 
dimensionless form 


dd ii? 
Oo = lle eee coe (2) 


when we make the substitutions 


Z 
VN ine abe | oye Ge (3) 


3: \ 88h? 
‘The boundary conditions in terms of ¢ are 
$(0)=1 | 
(%)/Xo = (db) 4x) «, 


where 
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the first arising from the fact that as we approach the origin the potential must 
tend to that due to the point charge Ze, whilst the second condition can be regarded 
either as expressing the requirement of electrical neutrality or the fact that the 
potential must be periodic, that is (dV/dr),=0, where R is the radius of the 
atomic sphere and x)= R/d. 

At this stage it is important to note that a knowledge of the boundary value 
A(x») is sufficient to determine the equations of state and the complete solution 
need not necessarily be found. This was first shown by Slater and Krutter and 
stems from the fact that the pressure p in the TTF model is simply the pressure 
which would be exerted by a free electron gas of density equal to the TF density 
at the surface of the sphere. This seems intuitively correct when we recall that 
the TF theory can be set up by applying free electron relations locally, and it 
can of course be justified rigorously (see, for example, March 1952a). The 


pressure p is thus given by 


where 


and n(k) is the TF density at the boundary of the atomic sphere. In terms of ¢ 
equation (5) becomes 
Dace" o 
pom Tee MBC) eee (6) 


where w is the atomic volume given in terms of x) by v=47(bx,)?/3. It is also 
of interest to note here that the difference between the total energy for finite x, 
and for an isolated atom (x)= ©) is given by 


Z7e7 {3 2) 2 
Ess) ~ Bl ce) = | 5 (aa doe) + zeal HCe)}8 | vee (7) 


and depends only on a, the slope of ¢ at the origin and on (x9). 


§ 3. SOLUTION oF TF EquaTION By TayLoR EXPANSION 
AROUND BOUNDARY POINT 


Numerical solutions of the type required here have been given by a number of 
workers, the most recent tabulation being that of the present writer in the course 
of a discussion on the application of the TF method to molecules with high 
symmetry (March 1952 5), and values of ¢(x9) were given there for ten values of xy 
ranging from 2-8 to 8-0. Slater and Krutter had earlier obtained solutions down 
to a value of x9 of 1-2, but no solutions corresponding to smaller values of x) have 
hitherto been given as far as the writer is aware. It is to bridge this gap that is 
our main concern here. 

Gilvarry has already discussed the limiting form of ¢(x 9) for x; +0 by arguments 
that are essentially intuitive and based on the observation that the results of the 
TF method must go over into those appropriate for a Fermi-Dirac gas of 
completely free electrons when the pressure is sufficiently high. We shall now 
consider how this result follows from the properties of the dimensionless TF 
equation (2) and this will allow us to extend Gilvarry’s result somewhat, with 
interesting consequences. 
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The method we shall use is to expand the solution f(x) in a ‘Taylor series 
around the boundary point x). Then we have 


d(x) — (x9) = sy = (oN abo = > Pee obese (8) 


n=1 


where h=x)—x, $"(x) is the nth derivative of 4(x) and 


Bes 


Le 
nl 


p" (x, A) 
It is convenient at this stage to introduce a parameter a defined by 


P(Xo) _ (=) Pus oe ee (9) 


Xe dx 


and then to express the coefficients ¢,, in terms of aand x). The results are shown 
in table 1, where we give coefficients up to and including ty). 


Table 1. Coefficients ¢,, in Taylor Series Solution of TF Equation 


: a 
Tee = 3360 
ae DX = ES aia 
ee © 4344 " 9240 
ae okie a 
maa = 7798 * 20160 
Peds aie A oben ahoitler. 
ied TE "0 3760 | 1209600 ° 89600 
at OR Ghee 47a* 
PS ee me Lim ere oI 1° San 
80 2640 TEE 2956800 
a°Xo a xg? enn 481 a’xy} 13 Ooo. 
Me T6G "2 3768 71280 | 26611200 ' 7884800 


The solution (8) satisfies of course the required boundary conditions at x, 
but in order to determine a as a function of x), and hence the boundary value 
A(x9), We must impose the condition that ¢(0)=1. It seems from investigation 
of the series (8) that this diverges when we are actually at the origin. Nevertheless, 
it is still useful from a practical point of view as a semi-convergent series and we 
apply it first of all to determine the limiting form of 4(x9) as x»>0. We proceed 
by writing down ¢(0) as far as terms in a® (the terms in a? cancel one another). 
We then have 

kU) Peat 7) CEP) Fe Seem amma GP (10) 
and hence 

Were eee ET Racer (11) 

Thus ¢(x9) has the limiting form 

OMe aate ity OM a «le Seiden Giz) 
which is just Gilvarry’s result. However, our method now allows us to go further. 
First we note the consistency of our approximation made in writing equation (10) 
as it can be seen that the first neglected term in (0) is of order x). Including the 
terms in a+ we obtain 
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and hence by substituting for a in the correction term from equation (11) we find 


31/3 313 
a= [1-35 as. (14) 
a0) 


32/3 31/3 
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However, there is a difficulty when we try to go further. As can be seen from 
table 1, every coefficient t,, higher than f, contains a term in a’. Even though 
the term in @ in the nth coefficient can be written down and the terms easily 
summed, we have not found any procedure which we can justify to calculate the 
next term. This is a pity, of course, but even equation (15) is very useful, as 
we shall see later. 

Before going on, it is interesting to compare the approximation we have for 
d(x) as far as terms in a® with that given by Gilvarry (1954, eqn (36)). Our 


7 


and thus 


expression may be written 
Py SO Ny + (A — sy Nanak) aera (16) 


If we now substitute in this for a from equation (11) we obtain simply the equation 
given by Gilvarry, which was found from the potential due to a point charge Ze 
and a uniform distribution of Z electrons within the atomic volume, combined 
with a term calculated from the chemical potential of a Fermi—Dirac gas. It is 
clear from our treatment that this procedure will only give correctly the leading 
term (of order x» ”) in the coefficient of w. 

In order to investigate numerically the usefulness of equation (15), as well 
as to check the results of our whole argument, we have solved the 'T'F equation 
numerically in the usual way for two cases corresponding to x9 approximately 
0-1 and 0-5, using the semi-convergent expansion due to Baker to obtain starting 
values around the origin and then continuing by the usual step-by-step methods 
of numerical integration. In both cases we find excellent agreement with the 
boundary value calculated from equation (15). In order to illustrate the form of 
the solutions for small x) we have plotted the two solutions we have obtained in 
the figure (note, however, that the scales are different). Even for large values of 
x9 the ‘Taylor expansion we have given will be useful to obtain part of the solutions 
required, and then either numerical integration into the origin could be used to 
complete the solution (this should be done in terms of the variable w=(2x)"2, 
in order to avoid difficulties at the origin), or, when possible, the Taylor solution 
could be joined on numerically to a solution calculated from Baker’s expansion. 
With the first alternative, no trial and error is called for, as the solution could be 
transformed to pass through the origin by using the property of the TF equation 
that if 4(x) is one solution, then another is given by y(y) where 


p= cy, v= dntoy wri Mibehe eee (17) 
provided that cd?=1. ‘The new boundary value is of course easily obtained. 
The other parameter entering into the expression for the energy, namely 
a, the initial slope of ¢ (see equation (7)) can also be obtained from the Taylor 


expansion to the same approximation as ¢(x)) given by equation (15). The 
result is 


Skat (18) 
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It is further confirmation of the correctness of our results that #(X») and ay, as 
given by equations (15) and (18), satisfy the relation 


ee: day 7 , ad(x 
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which any exact solution must obey (Gilvarry 1954, eqn (32)). 
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Solutions of TF equations for x,=0-:10 and 0-50. 


§ 4. DETAILED COMPARISON WITH PREVIOUS WORK 
AND IMPROVED EQUATIONS OF STATE 


It is now of interest to compare our findings with the results given by Gilvarry. 
‘The form he used in fitting the available numerical data for the boundary value 


(Xo) was 
Ci a DS 5 (20) 


where 7 goes from 2 to 6, and the coefficients are given in the first column of table 2. 


Table 2. Coefficients in Fitted Functions for 4(xp) and ay 


dp (9) a2—A2 66 
Gilvarry March 

As 4-8075 «107? 4-8075 x 107} Bs 4°8075 x 10-1 
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A, and A, have been chosen so that 4(x ) has the correct limiting forms for 
X20 and x». Equation (20) predicts that for small xy 
2/3 
Dh) = pay (US ick bo ih nin Decker (21) 
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whereas the correct form is given by our equation (15). However, it is noteworthy 
that the coefficient 4, found by Gilvarry is a factor of ten smaller than A). If 
we put A,=0, in cides to obtain agreement with our form (15), then Gileanre s 
tenn for small x) gives 


22/3 


(on= —- [P< 044s 7240 etloe EenereR (22) 
6) 
whereas we have 
22:3 
d(x») = — BE ie el es (23) 
At) 


with remarkable agreement between the numerical coefficients. All this points 
to the fact that Gilvarry’s expression will give good results for small values of x», 
outside the range of directly computed data. However, it suggests further that 
we shall still be able to obtain good agreement with the numerical data when we 
put Gilvarry’s expression on a rather better theoretical basis by choosing 4;=0, 
and changing A, slightly to 1/3!%.10. We find then, by comparison with the 
existing numerical data, that a fit to better than 1°, can be obtained by changing 
the remaining adjustable coefficient 4; somewhat, to 0:0097. ‘This, it seems to 
the present writer, is quite remarkable agreement when it is remembered that 
A, is the one parameter fitted to the data. We have collected for convenience 
the modified coefficients suggested here in the second column of table 2. Finally 
it is worth noting that the simple formula (15) gives quite a reasonable fit of the 
numerical values, even for a value of x as large as 3, where it is in error by 9%. 


With regard to the initial slope a, Gilvarry fitted the data in this case with the 
function 


= da) = > B ale Wa has Vem es". (24) 
where nm ranges over the sequence n=2, 3...7, A,, and A, =3[73"7+4 7] =7-77200. 
B, and B,, are again chosen to give the correct asymptotic forms, and the coeffi- 
cients obtained by Gilvarry are given in the third column of table 2. Examining 
again the connection with our result for small x9 we find that this time Gilvarry’s 
form is in agreement with ours, and the numerical coefficient of the term 
proportional to x) | is — 1-88, whereas our value from equation (18) is — 1-80. 
Again, then, there is quite good agreement. Since Gilvarry’s formula fits 
the numerical data well and has a form for small xp very near to the correct result, 
it seems unnecessary to modify it. 


Finally, we can express the equations of state of elements in the form 


olin 3y 30 \ eras _ [ Bea \ 
p* | > 4, (or 4nbs/ |= (a) te So (25) 


using equations (6) and (20). ‘Taking the coefficients to be those suggested by 
the present work, this reduces for very high pressures to the correct result 


h? / 3 \23 Z5/8 Oe nee 
C= - we ; 
Po mn G.) ik ya (420) aF vats (26) 


Omitting the second term in this equation, we have simply the well-known | 


xpression for the pressure exerted by Z free electrons enclosed in a volume 2, 
and the term is of course independent of the electronic charge. On the other hand, 
the second term in equation (26) is new and shows the way in which the equations | 
of state are modified at the highest pressures by including electron—nuclear and | 
electron-electron interactions by means of the TF theory. 
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Similarly, we can write down immediately the difference in energy between 
the cases of finite and infinite x) using equations (7), (20) and (24). 


$5. MopIricaTIONS DUE TO EXCHANGE 
We shall now consider quite briefly the modifications brought about by 
exchange when the pressure is extremely high. In this case, not considered 


hitherto by other than purely numerical methods, we have to solve the TFD 
equation, which in dimensionless form is 


sess arene we 
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where «= 61° 4(7Z)?3. ‘The boundary conditions are as given in equation (4). 
We foHow the same procedure as before, and expand in a Taylor series around 4». 
Then we can calculate the coefficients ¢,, again, in terms of the parameter a, the 
dimensionless radius x9, and also this time the TFD parameter « We have 
recorded these coefficients up to and including ¢, in table 3. It will be seen that 


Table 3. Coefficients ¢,, in Taylor Series Solution of TFD Equation 


Ale, 5 

,=—2" i.=— ae 
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(a+a)? (a+ a)* (5a—2a) 
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they reduce correctly to the corresponding coefficients in table 1 when we put 
~=(. Proceeding entirely as before we find 
32/3 3113 Deo 
AX) = er E = Too 3% | pe ee verel anere (28) 


Xo 


In this case the pressure of the electrons is again that exerted by a free electron 
gas of density equal to the TFD density on the boundary. ‘This time, however, 
we must treat the free electron gas by the Hartree-Fock approximation. ‘The 
pressure is then (see, for example, March 1952 a) 


PHC HAR) PR — elm Re 8 ae Bek s (29) 
3e2 /3\13 
where C= e (=) : 
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In terms of the boundary value of the T'FD solutions this becomes 
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Using equation (28) we obtain for small xo 


he 3 \28 78 2arme” ye LOE 5 

p= &, “| pa (42)! — paar (4Z0) | (31) 
which reduces correctly the equation (26) when we put «=0. This equation 
demonstrates explicitly then the effect of exchange on the equations of state of 
elements at the highest pressures. By substituting for « it is easy to show that 


the exchange correction to the equations of state is simply the free electron exchange 
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term for Z electrons in a volume v. Equations (28) and (31) will be useful in 
any attempt to set up functions which fit the numerical data for the TFD equations 
of state. 


$ 6. CONCLUSIONS 


We have shown here how solutions of the TTF equation appropriate to describe 
solids under exceedingly high pressures can be obtained by means of a ‘Taylor 
expansion, and in this way it is possible to calculate the first two terms in a series 
giving the boundary value ¢(x)). A similar approximate expression is obtained 
for the slope of the TF function at the origin, which enters the formula for the 
total energy. The results obtained indicate that the fitted functions given by 
Gilvarry will be good approximations outside the range of the data he considered. 
A modification of Gilvarry’s equation for the boundary value is suggested which 
leaves the numerical fit quite unimpaired but puts the formula on a better 
theoretical basis, and leaves only one adjustable parameter. Even with this single 
constant to vary, the numerical data can be reproduced to better than 1% accuracy. 
The final formula given here for the equations of state predicted by the TF theory 
is thus proved to be completely reliable in all regions except possibly for very 
large values of x). In any case this is a relatively unimportant region, but there 
is no reason to believe that the formulae will not work well here too. 

By examination of the TFD equation in a similar manner, the effect of exchange 
at the highest pressures has been investigated, and the way in which the corrections 
to be applied to the TF equations of state vary with atomic number is given 
explicitly. ‘The exchange correction is shown to be just that for the case of 
completely free electrons. 

We hope that it may prove possible to extend the results presented here to 
the case of elevated temperatures, and this problem is now receiving consideration. 
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Abstract. ‘Vhe lifetime of the 46-5 kev excited state following B-decay of RaD 
has been shown, by delayed coincidence methods, to be less than 3 x 10-® sec; 
this specifies the +6-:5 kev transition to be a dipole one. An investigation of the 
scintillations from an activated sodium iodide crystal containing RaD has 
determined the complete integrated spectrum of RaD, free from effects of source 
absorption. ‘This spectrum consists in the main of a single peak, and indicates 
directly that at least 90%, of the disintegrations involve soft B-decay to the 
46-5 kev excited state followed by rapid de-excitation. Less than 5%, of the 
disintegrations pass through metastable states. The $-decay is briefly discussed. 


$1. INTRODUCTION 


ARIOUS features of the decay of RaD are unspecified or uncertain because 
\ / of the experimental difficulties associated with the study of the low energy 
radiations emitted by that element. 

Detailed measurements of the soft 6-spectrum have been of a coincidence type 
(Insch, Balfour and Curran 1952, Jaffe and Cohen 1953, Huster 1953), and 
a full interpretation of the measurements is dependent upon the lifetime of the 
46-5 kev state following B-decay. It seemed desirable in the first instance to 
investigate this lifetime closely, using scintillation methods. Such a study also 
leads to a spin specification for the transition. Measurements latterly by Wu, 
Boehm and Nagel (1953) on the L-conversion coefficient ratios have suggested 
the transition to be a magnetic dipole one, on the basis of calculations by Gellman, 
Griffith and Stanley (1952). 

The partially integrated spectrum from a gaseous source in a proportional 
counter was obtained by Jaffe and Cohen (1953), and Huster (1953), and involved 
essentially observation of f-rays, conversion electrons and Auger electrons. 
It seemed worth while to extend this type of experiment by carrying out a complete 
integration utilizing the scintillations of a crystal of activated sodium iodide 
grown from a melt contaminated with RaD. In this way a clear record can be 
obtained of the decay process as a whole. The y-rays and all the various kinds 
of x-rays register in the solid, as well as all the various electrons, and the responses 
combine appropriately (cf. Bannerman, Lewis and Curran 195i, and Bannerman 
and Curran 1952). ‘There is no source absorption and the particies are emitted 
inside the fluorescent material. Such measurements provide a direct assessment 
of the relative number of disintegrations involving the 46:5 kev state, and informa- 
tion concerning other possible modes of decay. Information on the soft 
B-spectrum, mostly of a confirmatory type is obtained incidentally here. 
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§2. Lirerime MeasUREMENTS ON THE 46:5 kev ExciTED STATE OF RaE 


Coincidences between the f-rays of RaD and subsequent electromagnetic 
emissions have been measured with a unit of short resolving time as a function of 
delay inserted on the f-counting side. Two EMI 14 stage photomultipliers 
type 6262 were used. One channel detecting the f-particles was activated only 
by pulses lying in a narrow energy band, so as to improve resolving time character- 
istics and to help eliminate unwanted radiations. ‘The other channel detecting 
electromagnetic radiations was activated by pulses above a given height. ‘The 
experimental arrangement is similar to that described by Ferguson and Lewis 
(1953), and involves kicksorting after mixing. 

RaD from spent radon needles was dissolved in nitric acid and converted 
into a solution of chloride. RaE and RaF were removed as described by Cranberg 
(1950). Less than 5% of RaE was present in the sources used at the times of all 
the measurements, the amount of RaF was insignificant. 

A thin source (~20 g cm-?), mounted on 2 mil aluminium foil, was placed 
in contact with a ;; in. thick f-detecting stilbene crystal mounted on one 
multiplier. ‘The narrow band of pulse energies accepted was centred at about 
7 kev. (Rough calibration was effected by the RaD conversion electron response, 
and by using an external 71Ge source emitting capture x-rays.) 

The radiations emitted from the source in the other direction, traversed in 
succession a Jin. sheet of polythene, which removed the f-rays from the small 
amount of RaE, and a 2 mil sheet of copper, which absorbed L x-rays, then 
a 40 mil sheet of rubber and a 20 mil sheet of aluminium. The y-rays remaining 
were then picked up in a j 1n. thick sodium iodide crystal. ‘This iodide crystal 
was mounted in paraffin on the other photomultiplier; the discriminator linked 
with this y-ray counter eliminated energies below approximately 30 kev. The 
predominant radiation picked up is then the 46-5 kev y-radiation, any possible 
weak lower energy y-rays being attenuated or eliminated (Ewan and Ross 1952, 
and Wu, Boehm and Nagel 1953, and the review of past work on the y-rays by 
Damon and Edwards 1953, 1954), and x-rays could not register. Furthermore, 
bremsstrahlung from RaE electrons in the polythene was small and fluorescence 
radiation from Rak unimportant (cf. Wu, Boehm and Nagel 1953); 46:5 kev 
radiation generating iodine x-escape radiation could not record. 

Figure 1 shows one of several resolution curves taken under these conditions 
The downwards slope of such a curve, for positive delay on the A-side, sets an 
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Figure 1, Coincidence rate, involving b-rays and 46-5 kev y-rays, as a function of delay. 
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upper limit on the lifetime. From an examination of the slopes of this and the 
many similar curves which have been obtained, the lifetime concerned is less than 
3x 10% sec. This lifetime was shown to be that of the 46-5 kev excited state. 
For, from the 6-channel counting rate the coincidence rate at the peak was found 
to be of the correct order of magnitude assuming the coincidences to involve 
40:5 kev y-rays; no other radiations could produce effects at all comparable. 
Moreover when the discriminator level was raised to eliminate 46-5 kev y-rays, 
or when the narrow channel setting was positioned at an energy above that of the 
6-spectrum, the coincidences ceased. 

Investigations were also made with a similar arrangement, but with 1 cm? 
of stilbene detecting L x-radiation, in the place of the iodide crystal, fronted by 
a polythene absorber only. Delayed coincidence curves were obtained both 
with, and without, a thin aluminium absorber on the electron side to stop RaD 
soft $-rays. A coincidence resolution curve involving prompt coincidences 
between a band of low energy scattered conversion electrons and L x-rays was 
in this way compared with one involving both B-L x coincidences and prompt 
coincidences. ‘The findings supported, but did not extend the above results. 

The lifetime results can be compared with predictions based on the possible 
character of the 46-5 kev transition. ‘The probability of emission of a 46-5 kev 
y-ray can be assessed from the theoretical formula of Blatt and Weisskopf (1952). 
Further, it is known from experiment that competing decay processes—mostly, 
if not entirely, those of internal conversion—are about 20 times as likely (Cranberg 
1950; this is also discussed below). The predicted lifetime of the 46-5 kev 
state, on these grounds, would be of order 10° second for an electric dipole 
transition, or 2 x 10-™ second for a magnetic dipole transition. ‘The state would 
be long lived for all other types of transition, being of order 2 usec for the electric 
quadrupole case. The high speed of decay found experimentally here determines 
the transition to be a dipole one, but does not specify whether it is electric or 
magnetic in origin. 


§3. DETERMINATION OF THE COMPLETE INTEGRATED SPECTRUM OF RaD 


‘The rate of growth of RaE from RaD does not permit very slow processes 
to be used for the preparation of activated sodium iodide crystals containing 
RaD. However, small crystals of about 2 mm side are large enough for examining 
the RaD radiations. A drop taken from the surface of the source solution was 
placed in a small quartz tube, and the water removed. A small activated sodium 
iodide crystal cleaved from a block supplied by Harshaw Chemical Co. was inserted 
and the thin protecting layer of paraffin was removed by heating. ‘The tube was 
sealed under vacuum, and the contents were melted and allowed to mix, and 
afterwards allowed to cool. Satisfactory crystals with radioactive contamination 
were obtained; the process took in all about 2 hours. One such crystal approxi- 
mately 3 mmx 3mm x1} mm was mounted in paraffin on a Du Mond 6292 
photomultiplier, and provided with an aluminium reflector. After leaving the 
system for some while to minimize possible phosphorescence effects, measurements 
of the pulse height distribution were recorded with a single channel kicksorter. 
The pulses generated at the photomultiplier collector fell with a time constant 
of 3psec. Pulses arriving within a time short compared to 3 psec would add 


completely. 
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A preliminary examination of the pulse height distribution was carried out. 
Figure 2 shows results obtained for a subsequent, more detailed, run of 2 hours 
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Figure 2. Integrated pulse height distribution observed with an activated sodium iodide 
crystal containing RaD, showing in the main a single peak representing the /-spectrum 
carried forward by 46:5 kev. (The small amplifier saturation peak lying near 85 v 
is due to RaE contamination.) 


duration, started about 7 hours after the commencement time of the whole 
experiment. ‘The curve shows clearly a pronounced broad single peak, smooth 
in contour within the statistical errors, and only a relatively small number of 
pulses appear at the lower energies. The small peak on the right of the curve is 
due to amplifier saturation and is caused by pulses from RaE (see below); 
additional readings (not shown) were taken in the run determining the maximum 
height of this saturation peak. The photomultiplier noise and background were 
unimportant in the region above the lowest point shown (10v). No readings 
were taken below this point because of the increasing incidence of tube noise. 
Figure 3 shows the narrower calibration peak obtained during the run using an 
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Figure 3, Figure 4. 
Figure 3. Calibration peak obtained using an external source of RaD y-rays with the 
crystal of figure 2. 


Figure 4. Comparison of part of figure 2 (solid curve) with the predicted curve for a 
Fermi distribution allowing for finite crystal resolution (broken curve—this overlaps 
the solid curve above ~50 v and near the peak). 


external source (RaD, E, F), of 46-5 kev y-rays, covered by 4 in. aluminium 
to remove f-rays and L x-rays. It lies below the peak of figure 2. The amount 
of Rak present in the crystal at the time of the measurements was expected, 
from previous sampling (§ 2), to be not far from 5%. By taking the pulse height 
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distribution with the crystal at a later date, the growth of RaE could be followed 
and the effect on the pulse height distribution could be determined. The 
percentage of pulses from RaE in figure 2 is just under 5°% (mostly due to growth), 
of which about 3%, occur in the saturation peak which is wholly due to RaE; 
the remainder are distributed broadly at lower energies. RaF contamination 
was insignificant. 

Measurement work on a second contaminated crystal confirmed the forms of 
the pulse height distributions of figure 2 and 3 and their relative positioning. 


$4. OBSERVED PuLsE HEIGHT DISTRIBUTION AND THE Decay or RaD 


Though some work reported in the past suggested the percentage of 
disintegrations involving emission of the 46:5 kev y-ray and its conversion electrons 
was very low, later measurements gave a figure near 78% (cf. the review 
and work of Cranberg 1950,); more recently Wu, Boehm and Nagel (1953) 
obtained a value of about 92°,. The comparative absence of pulses at lower 
energies in figure 2 indicates directly that the number of disintegrations involving 
the 46-5 kev state is very high, and that figure 2 consists essentially of the soft 
f-spectrum displaced forwards by 46:5 kev. ‘To assess quantitatively the decay 
processes it is first necessary to discuss briefly this soft B-spectrum, taking into 
consideration the finite resolution of the crystal. 

The front edge of the calibration curve of figure 3 is distorted, essentially 
by an iodine x-ray escape peak (West, Meyerhof and Hofstadter 1951). As 
this escape peak will not affect the form of the rear edge, the rear edge is taken as 
defining the resolution obtainable with electrons of energy 46-5 kev generated 
inside the crystal. ‘The resolution of the crystal method is necessarily lower 
at these energies than that of the proportional counter; thus the half width at 
half height in figure 3 is 5-8 kev compared with the value of 1:7 kev employed by 
Jaffe and Cohen (1953). A close initial inspection of figure 2 indicates that the 
main bulk of the particles are emitted in the region 0-5 kev; moreover the 
maximum f-energy can be shown to be near 17 kev. ‘These matters have been 
examined more stringently employing the finite resolution of the crystal as 
defined by the right-hand edge of figure 3. The actual response which can be 
expected in the crystal from f-rays of end point energy 17 kev obeying a Fermi 
distribution has been determined, allowing for Coulomb attraction (cf. Bleuler 
and Ziinti 1946), but neglecting electron screening (figure 4). ‘The calculated 
rear edge is seen to be in good agreement with the experimental rear edge, which 
it mostly overlaps. The calculated front edge can be expected to be low, the 
small drop between the full and dotted contours (involving 3% of the total number 
of particles) is of the order of effects associated with the liberation of a small 
number of electrons near the surface of the crystal. On the basis of these com- 
parisons the end point energy of the f-rays can be assessed at 17+2 kev. The 
total decay energy is given by figure 2 as 63-5 +2 kev. 

Jaffe and Cohen (1953) suggested their B-curve might deviate from a Fermi 
plot by peaking at about 2.4 kev. Though the curve of figure 2 runs close to 
Fermi predictions, the existence of a small number of extra f-particles over the 
Fermi distribution clustering around an energy below about 2} kev, would be 
possible. A broad maximum at about 5 kev as reported by Huster (1953) is 
however not compatible with the distribution found here. 
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It is now possible to consider quantitatively the lower energy region of figure Zz 
For a uniform source distribution about 2%, of the total number of pulses from 
the crystal will be reduced in height because of electrons arising near the edge; 
further, 1°/, will be affected by the escape of L x-rays, and 2% by escape of 
46-5 kev y-rays or of the associated iodine x-rays. ‘Thus including the effect of 
Rak, at the lower energies a tail in the pulse height distribution curve involving 
some 6°%, of the pulses might have been anticipated. Apart from the undeter- 
mined response between 0 and approximately 10 kev (which will be small taking 
into account the large resolution broadening at the lowest energies) the number of 
pulses at lower energies is approximately double that anticipated. The possibility 
that the small number of extra pulses are satellite or afterglow pulses, or that 
they arise from a greater concentration of source near the crystal surface, is very 
unlikely, but cannot be completely dismissed. Satellite and afterglow pulses, 
for instance, are very unlikely in view of a 15sec dead time elapsing in the 
kicksorter mechanism after the arrival of a real pulse; moreover the crystal had 
been several hours in the dark. 

In considering the additional pulses it is of interest to note that an excess of 
pulses was reported by Jaffe and Cohen (1953), and that Cranberg (1950) observed 
a background continuum. ‘These extra pulses here could be associated with the 
existence of a low intensity 8-transition to the ground state, or with weak transitions 
involving metastable states with lifetimes in excess of about 3ysec. From the 
distribution of figure 2, and making allowances for possible pulses below about 
10 kev on the basis of the resolution broadening there, it is certain that at least 
90°, of the RaD disintegrations proceed by the soft B-transition to the 46-5 kev 
excited state followed by rapid de-excitation. Less than 5%, of the RaD: 
disintegrations can involve metastable states. 
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Abstract. The effect of the electron mass on the differential cross section for 
the scattering of high energy electrons by atomic nuclei is investigated. It is 
shown that it is negligible for point nuclei above 5 Mev. The effect on the 
scattering by extended nuclei is more difficult to estimate, but is almost certainly 
negligible in the 100-200 Mev region. 


$1. INTRODUCTION 

RENNER, BROWN AND ELTON (1954) have recently shown that the 

inclusion of a finite electron mass m changes the differential scattering 

cross section for electrons scattered by atomic nuclei only by terms of 
order m® and not m.t This effect will now be evaluated by calculating to order 
m* the phase differences between the Ath partial scattered waves of a particle of 
zero mass and the corresponding waves of a particle of finite mass m, both scattered 
by the same potential. For it to be possible to define such a phase difference ¢,, 
itis necessary that the two waves have the same wavelength. Hence the momenta, 
but not the energies, of the two particles must be the same, and the energy of the 
particle of mass m is 

f(T yeep = 8 Ree (0) 

This change in the energy, which is never greater than a fraction of a percent at 
the energies in which we are interested, is certainly quite negligible. 


§ 2. THE PHASE DIFFERENCE €,, 
The radial equations of the kth partial wave of the particle of mass m are 


k 
ies ze S—(E—V+m) R=0, | 
fa: 
R ——R+(E-V—m)S=0, 

J 
where primes denote differentiation with respect to 7. ‘These are multiplied 
by m, and substitution is made for mR and mS in the resulting equations from (2). 

After a little simplification this yields 


Re | @- pee =| R-V'S=mR, | 
xe ee (3) 
ee eG ce | E V2 (a | S=mS. | 


2 J 
This is exact. We now use m? as a perturbation parameter and denote the 
unperturbed solutions by Ry, Sy. It is then permissible to replace E by 1+ 3m’. 


+ Energies and masses are measured in units of the energy of the incident zero mass 
electron. Also i=c=1. 
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This is done, equations (3) are multiplied by Ro, Sp respectively, the corresponding 
equations for Ry, Sp are multiplied by —R, —S respectively, and the resulting 
four equations are added, to give 


R’R,— RR," 48" S,— SS)" 2 2V' RS SR) VR Se ee (4) 


This can be integrated at once, 


[RR = Ry eS Sac ss, | =m? | V(Ro2 + So2)dr —2 | V'(RS,)—SR,) dr, 
J0 0 
Lee (5) 


where a will be taken to be an infinite constant. The last integral can be integrated 
by parts and simplified, using (2): 


0 


| V'(RS)—SR,)dr= | PRs, a SRy) | a | V(SS,—RR,) dr 
“0 0 0 
+ 4m? | ViS2ER a © eee (6) 
J0 
Hence finally 


| RR, RR, Ses. SS,’ +2V(RS,—SRy) | =2m | V(SS,—RR,) dr. 
0 0 


Now asymptotically the potential vanishes and the radial functions reduce to 
R~(1—m)"? cos (r+ a8 1n 27 — tka +yx,4+€;,), } 
S~(1+ m)!? sin (r +08 ln 2r— tka + y,+C;). 


Here yx, is the phase for zero mass particles, €;, the additional phase shift due to 
the finite mass, « = Ze? and B=(1—m?)-"?,_ Also the radial functions and their 
derivatives vanish for r=0. Hence if we write 


R=R,+mkR, + O(m?), = So mS One) eas (9) 
it follows from (7) that to O(m?) 


ee one eee: | V(S2—R,\dr—m? | VSS RoR ar ee (10) 
0 0 


Here terms of order m* have been consistently neglected. It is easily shown 
that this result is independent of a, provided a is sufficiently large. 


§ 3. THE DIFFERENTIAL Cross SECTION 


Although, as (10) shows, ¢, contains a term of order m, the differential cross 


section does not. This will now be shown explicitly. It has been pointed out 
by Feshbach (1951) that 


Xk— X—kp Ro, r= Sok So, ig Ge ye Teeneroae (11) 
and hence it follows from (10) that to order m 
(oar Gm ‘ ear wore Saas (12) 


‘The differential cross section to order m is 


L(@)=15(0) + (fofs* 420817 HCC.) © Spee ae (13) 
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where J,(9), fo, 29 refer to the cross section for zero mass and f,, g, are the corrections. 
to fo, Zo to order m. Here 


2 = > Rieep yy (PLR Pps (14) 
22 = 3 LORD ADR CE wees PUNE oe Mag” oes ey (15) 
tee oi es areas O10 i UE eee ae (16) 
fe Dol PL IP Nets dyn 1 he Lorrestet (17) 


These have been obtained from the standard formulae with the help of (11) and 
(12). It now follows from the recurrence formulae for the Legendre polynomials 
that 


Pl_j+Pl=+k oa WP Py, aaawhe (18) 


When this is substituted into (15) and (17) we obtain 
218981" = 2 Rexp (2ix;,)(Px_1+ Px) > U(Pi1— Pi) 


SO rece (19) 
so that 
Kio tee Fee 0s = Ses (20) 
We now write 
(= mo, m0, » © FO eae (21) 


and divide the mass effect on the cross section into two parts, that due to a,? and. 
that due to b,. ‘The latter is simply a phase shift correction and, provided that 
mb, is less than the accuracy to which y,, is known, it is negligible. The former 
is much more difficult to deal with, since it can only be investigated in the complete 
cross section. 

On expanding f and g to the next order, we find that the contribution to J(6), 
due to the a,, is 


Fifi*® +8181" +Sofo* +fo*fot+ Soba" +£0"8s tte (22) 
where 
hifv® +281" =m’? cosec "40 > ka,(P,1—P;) > la(P1—P)), ..... (23) 
i 7 
fofo*® +882" +¢.c. = —m? sec? 40> kcos2x;(Pya+ Px) > la? Pit P)). 
i 
Hens (24) 


Closed formulae for these sums can be obtained only in the special case of the 
Coulomb potential. 


§ 4. THE COULOMB CASE 


In the Coulomb case (superfix c) a;,° and 5,° can be found easily by expanding 
the explicit expression for y,°+¢,° (Mott and Massey 1949) in powers of mv. 
We obtain 


at —W(o+1 is) Wp + 1+ia)} Sa be (26) 
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where p=(k?—«2)!, The corrections (23) and (24) then reduce to 


=An?a? coseC?40, (27) 
and — 1ma? sec? $6 In cosec? $8 x 1(fo° —fo°*)- 
Here 4i(f,° —fy°*) is the imaginary part of the G(@) tabulated by Feshbach (1952): 

Now (27) and (28) are corrections to the cross section and (26) gives a correction 
to the phases, of which never more than 10-15 are required (Yennie, Ravenhall 
and Wilson 1954). Numerical results for mercury are given in tables 1 and 2. 
Clearly the most important corrections are those to the phases, and these become 
negligible at energies above about 5 Mev. This confirms the result of McKinley 
and Feshbach (1948), who found that for a point nucleus the differential cross 
section was independent of energy above 4 Mev. 


Table 1. Differential Cross Sections for Zero Mass Electrons and Corrections 
for Finite Mass for Scattering by a Point Nucleus, Z= 80 


8(°) I,¢ \7(fo°—fo°*)| |Correction (27)| |Correction (28)| 
30 25°8 HOY 1:3 m? 0:2 m? 

90 0-646 0-532 0:17 m2 0:07 m? 
150 0:0377 0-074 0-009 m? 0-007 m? 


Table 2. Phase Shifts for Zero Mass Electrons and Correction for Finite Mass 
for Scattering by a Point Nucleus, Z= 80 


k Xxe |Correction (26)| 
1 0-419 0:06 m? 

5 —0-881 1:26 m? 
10 —1-316 1-80 m? 
15 —1-563 2:13 m? 


§ 5. THE ExTENDED NUCLEUS 


The situation is somewhat different for scattering by an extended nucleus. 
Closed formulae for (23) and (24) cannot now be obtained. Order of magnitude 
calculations can however be made on the assumption that the phase difference ¢, 
is approximately the same for a point and for an extended nucleus. This is not 
unreasonable when it is remembered that calculations of y;, in which the change 
from a point to an extended nucleus is treated as a perturbation (Elton 1953) 
give results which differ from the correct ones by less than 25%. Further, the 
only exact calculation available is one for the scattering of 20 Mev electrons by 
gold (Elton 1950), where the following results were obtained: 


Nit or ale 2c1 
Point nucleus 0-415 0-400 0-015 
Homogeneous distribution O29 0-205 0-014 
Surface distribution 0-144 0-132 0-012 


The energy region of greatest interest for the scattering by an extended nucleus 
is 100-200 Mev. Because of the very large cancellations occurring in the cal- 
culations, it is necessary to know the y,, to an accuracy of about 0-00005, but as 
the corrections to the y,, will certainly be of the same order of magnitude as those 
in table 2 they are quite negligible. An estimate of the corrections to the cross 
sections has been obtained by using the point nucleus values of the a,, but the 
extended nucleus values of 7(f)—f)*), since the latter depends on the x, lhe 
results are given in table 3. The corrections are negligible by several orders of 
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magnitude, except at very large angles. At these the experimental accuracy 
of the most recent experiments (Hofstadter, Hahn, Knudsen and McIntyre 
1954) is certainly insufficient to detect a discrepancy of even 50° in the cross 
section. ‘The discrepancies between the experimental results and the theoretical 
curves of Ravenhall and Yennie (1954) and of Brown and Elton (1955) are most 
unlikely therefore to be due to the neglect of the electron mass. 


Table 3. Differential Cross Sections for 125 Mev Electrons scattered by 
Extended Nuclei, Z=80. The corrections are approximate (see text) 


ae) if lz (fo—fo*)| |Correction (23)| |Correction (24)| 
30 8 4-90 DAV SiO DRS AMO H® 
90 5x 10x 25 Lm DOTS AO 53x 10-& 
150 1 Wei I eke 16:1. 05% (eee Sele Nae 
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Spin-Orbit Interaction 


By S. HOCHBERG, H. S. W. MASSEY, H. ROBERTSON anp 
L. H. UNDERHILL 


Department of Physics, University College, London 
MS. received 11th February 1955 


Abstract. The p-phases for the scattering of neutrons by alpha-particles have 
been calculated by the resonating group structure method assuming an interaction 
between nucleons of the form 

Vo( mM, + hHj;+ 6B, + w+ Sh-(s; + 8;) . i; (Pi— Ps) § EXP (— Bris?) + (€?/Ris)eiss 
where ¢,;= 1 if the nucleons are protons and zero otherwise. ,,, H;,;and B,, are 
the normal Majorana, Heisenberg and Bartlett exchange operators, s,;, s; and 
P;, p; are the spin and orbital angular momentum of the two nucleons. m, h, w, b 
are constants which satisfy the conditionsm+h+w+b=1,m+w—(h+b)=x=0-6. 
V, and f are taken to be —45 mev and 0-2657 x 10 cm~? respectively. The 
parameter S measures the relative strength of the spin-orbit interaction, and the 
aim of the work was to determine S to give the best fit with the observed scattering 
data. It is found that the mean p-phase shift is only given correctly when the 
exchange operator in the central interaction is close to the Serber form 

m=w=hl+x), h=b=}(1—x). 

A good fit is obtained with the following constants : 

m=0-258 + 0-325x, h=0-258 — 0-325x, w=0-242 + 0:225x, b=0-242 —0-225x, 

iS = (ody 


The phase shifts were calculated from the integro-differential equations 
using the Pilot acE electronic computer at the National Physical Laboratory, 
‘Teddington. Values of the d-phases have also been obtained for neutron energies 
up to 16 Mev. 


§ 1. INTRODUCTION 


N an earlier paper (Hochberg, Massey and Underhill 1954, to be referred 
if to as I) we have developed the theory of the scattering of nucleons by alpha 

particles using the method of resonating group structure which is equivalent 
to the usual method of collision theory in which exchange of particles is included 
but polarization largely neglected. Using a central interaction between nucleons 
of gaussian form and approximate alpha-particle wave functions of the same form 
the s-phases for the scattering of both neutrons and protons by alpha particles 
were calculated. ‘The method used did not assume that the approximate alpha- 
particle wave functions were exact solutions of the alpha-particle wave equation 
but merely satisfied an integral condition which ensured that they gave a good 
variational approximation to the binding energy of the alpha particle. The 
integro-differential equation which determined the s wave functions for the 


ee 
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relative motion of nucleon and alpha particle was solved accurately by an iterative 
numerical procedure. Very good agreement was obtained with the s-phases 
derived from an analysis of experimental data provided the nuclear forces were 
assumed to have a symmetrical exchange character. The agreement was some- 
what less satisfactory with Serber type forces but still reasonably good in view 
of the complexity of the problem and the uncertainty which still exists in some 
of the observed data. 

The main aim of the work has, however, been directed towards the second 
stage. The observed data show that the p-phases are widely split, a result which 
appeared first from an analysis of single scattering data and which was directly 
confirmed by a double scattering experiment (Heusinkveld and Freier 1952). 
It was-first thought that the non-central force responsible for this splitting is 
the tensor force known to form a substantial part of the main interaction between 
nucleons. However, estimates of the splitting which it can produce have all been 
very much too small and it has therefore been assumed that some other kind of 
non-central force must be introduced. The most obvious one to consider is of 
the spin-orbit type with which one is familiar in the theory of the fine structure 
of atomic spectra. ‘There is no doubt that such an interaction, of sufficient 
strength, between nucleons can produce the observed splitting. So far no attempt 
has been made to determine the required strength from the scattering data though 
several authors have analysed the data onthe assumption of acentral nucleon—alpha- 
particle interaction with a spin-orbit term added. We have now extended the 
method of I to include the presence of a spin-orbit term in the fundamental 
internucleonic interactions. ‘This does not affect the s-phases but leads to a 
splitting of the p-phases. ‘To determine the strength of the spin-orbit interaction 
it has been necessary to calculate the ps. and py). phases for several energies of 
the nucleons for a number of different assumed strengths in order to obtain the 
best fit. In eddition to obtaining the correct “ centre of gravity ’ of the p-phases 
it was found necessary to vary somewhat the assumed exchange character of the 
nuclear forces. Each such calculation involves the solution of an integro- 
differential equation. ‘This very extensive programme has been rendered possible 
by the availability of an electronic computing machine. A good fit with the 
p-phases obtained by analysis of the neutron-alpha-particle scattering data has 
been obtained if an exchange character close to the Serber, but with slightly more 
pure exchange component, is assumed together with a spin-orbit interaction of a 
particular strength. ‘The central interaction is the same as in I and the space 
variation of the spin-orbit term is taken to be the same as for the central component. 
The d-phase shifts have also been calculated assuming the same interaction. 


§ 2. THe INTERNUCLEONIC INTERACTION AND NUCLEAR WAVE FUNCTION 

| ASSUMED 

The interaction between two nucleons distinguished by suffixes 7,7 was taken 
to be of the form 
(mM, + hH,,+ 6B; + w) V(ri3) + (C/ris)eg +H Us) (S; +85) - Fis X (Pi Pj), --0- 5s (1) 
where M, H, B are respectively the Majorana, Heisenberg and Bartlett exchange 
operators, m, h, b and w are numerical constants such that m+h+w+b=1, 
m+w—(h+b)=x and 7;,; is the relative position vector of the particles, s;, s; and 
Pi p; the respective spin and linear momenta, in operator form, of the two nucleons. 
<,,= 1 if the nucleons are protons and zero otherwise. 

49-2 
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Lhe central potential function V(7;;) was taken exactly as in I, ie. 
V(r;;)= Vo exp t— Pris, 


with B=0-2657 x 10% cm, V,=—45 Mev, *=0°6.” ....:. (2) 
The non-central potential function U(r,;) was taken to be a constant fraction 
S of V(7;;) so that UGy=SVi exp {a R7216 elt ie yee (3) 


This is reasonable for a gaussian shape of interaction for, arguing by analogy, one 
might suppose that U/(r;;) should be proportional to 7;;1 0V(7;;)/é7;; which is also 
of gaussian shape. 

‘he problem is to determine S to give the best fit with the observed pj). and 
P32 phase shifts. m, h, 6 and w are, in principle, also available for adjustment, 
but reasonable consistency must be preserved with the observed s-phases which 
also depend quite strongly on these constants. 

It will be noted that the spin-orbit interaction has been taken to be independent 
of isotopic spin. This was done in order to reduce the number of possible variants. 
In a later investigation the dependence of the spin-orbit strength parameter S 
on the isotopic spin dependence of the spin-orbit interaction will be determined. 

As in I the wave function ¢ for the ground state of an alpha particle was taken 
to have the gaussian form 


5 


$(2345) = Nexp{—a« Di ith Vases (4) 


j= 2 


with « =0-0789 x 10?®cm-?. JN is the normalizing factor. 


§ 3. "THE INTEGRO—DIFFERENTIAL EQUATION FOR THE SCATTERING 


The inclusion of the spin-orbit interaction into the theory described in I, 
§ 2, presents no difficulties. It is only necessary to replace the product F(1)«, 
of the function F describing the relative motion of nucleon 1 and the alpha particle 
and the spin wave function « of the nucleon, by Gy,(r,, s;) where 
oO J+1/2 


Gy(ry8i)= > > 1 fal) 

gT2 1=JHHy2 

mAs ann M+1/2 NG ur +1/2 9161) Py + Cy, M—-1/2 bart u—1/2(9,,)or], ..-.- (5) 
Mh being the z-component of total angular momentum, c,,,,,, the appropriate 
Clebsch—Gordan coefficients and the Y, ,, spherical harmonics. The coordinates 
(7,, 9,, $;) are spherical polar coordinates of the nucleon 1 relative to the centre of 
the alpha particle. The complete wave function describing the system is then 
written, in the notation of I, eqn. (4), inthe form 


~~ 


Fue= > Gael 51) $(—1)x(23,45). sae (6) 


eyehe 2.5 
By following a procedure similar to that of I, uncoupled differential equations 
are obtained for the radial functions f,,,;, but the direct and exchange interactions 
which appear in them depend now on both J and J, the quantum numbers of the 
total and of the relative orbital angular momentum respectively. We find that 
the equations which determine the phase shifts for a given value of J are 


af. s/2.(7) f Ki+1 
dP a tas Sr) Oa) =) hfs 1/2, (7) 
A | ‘ {RATT AMT? ise) ale ee (7) 


where W(r) and k((r, 7’) are as in I eqn. (12). 
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Ujs.1/2,(7), 7 +.1/2,(7,17') arise from the spin-orbit interaction. In terms of 
the interaction (1) with (2) and (3) and with the form (4) for 4 we have 


W(r)= [2(2~ + b) — (m+ 2h)]D, spa tice (8) 
kr, 7’) = [2(2m + h)—(w+ EKO 5): ee (9) 
80x 
Cae = 32a +3p° N+u2.1D, atelletel sits (10) 
40x 
MEE 8x38 > M1219 ES (10) 


where 

* MV, 20 3/2512 f —32a8 

= : 
6 
5 


= ay 
h® \32x+3B a DEE 
MV, (62\32 /1 
2 F(Z) (B 
“Travel 3 (82 — ser’ |, 
6% \ 3/2 16\ 3 
p= (2) Gs) ® 


pe ar ( 3a Ai 45a [ —-16 « 


S157 16 
) apex? { 75 (172. +38)(r2+r'9)| 


h® \T2a+p)/ 4048) °P 25 Tan 48 
a 
12%+ 6 


’ 256 4¢+68  , M 157 
x {(68x + 78)r? — (68a + 278)r + | Nee a np } ae ae 


§ uy, L 3/2 1/2 
x | Bt Ba Sp - 2m +a) ) ~4e2(2) |. 


—16 
x {(68a + 278)7? — (68+ 7B)r’?} + exp Ee 


5. OM 4a+B 
l6set7 256 2 75 
exp - 4 a(r? + ry} Liaise ! ae an + a | {3802 +7r'2) +49 ase} 
5 j 256 16 ae 
el lee ae arr | I 155 an} | expt ~ _ a(r? +7 »} : 
and Arsie1=4 A-se.= —(1+1), Ayo,o=0. 


T1412, (%) is the hyperbolic spherical Bessel function defined by 
Li ssjo(%) = (— 1)'(arx/2)"? exp {—(1+ 3) /2}F, ,4)9(tx), 
the first two values being 
L4)2(«) = sinh x, I3/.(x) = sinh x/x* —cosh x, 
Ly 4.1/2'(*) is written for dJ,, 4),/dx. 
These expressions are obtained on the assumptions as for case (a) of I, § 2, 


which assumes merely that the function ¢ satisfies a variational condition in terms 


of the binding energy of the alpha particle (see I, § 3). eter: 
The asymptotic form of the solution of (7) which vanishes at the origin is given 


by fare (r)~sin(kr—hlt +i) nw tw we (12) 
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§ 4. MeETHOD OF CALCULATION 


The phases 7, ,»,, were calculated from the equation (7) by means of an elec- 
tronic computing machine (Pilot ace at the National Physical Laboratory, 
Teddington). Some time before, a programme for dealing with the determination 
of phases for nuclear scattering problems from the integro-differential equations 
which arise when gaussian interactions and gaussian wave functions are assumed 
had been set up by one of us (H.R.) following a suggestion of Dr. P. Swan. ‘This 
programme, an account of which will be published separately (Robertson 1955) 
was immediately applicable to the present problem. With this technique it was 
possible to calculate a phase shift for given functions W, U;,4j9,, and 7/+1/2,, and 
a chosen value of the parameter S in a very short time. There was no difficulty 
therefore in scanning a wide range of possibilities and quickly deciding a first 
approximation to the correct value of S from which a more accurate value could 
be obtained. 


§ 5. RESULTS AND DISCUSSION 


In view of the fact that in | it was found that a central interaction of symmetrical 
exchange type gave the best fit with the ‘ observed ’ s-phases, the first calculations 
of p-phases were carried out with this choice of values for m, h, band w. It soon 
became clear that no fit with the ‘ observed’ p-phases could be obtained in this 
way. Roughly speaking the ‘ mean’ p-phase (#p,),+ 4psj.) 1s determined by the 
central interaction, the difference, p,/2—Pp3. by the spin-orbitterm. Symmetrical 
exchange forces give a ‘mean’ p-phase which is much too small. With this 
interaction the ordinary potential terms in equation (5) vanish. In general these 
terms are much more effective in producing p-phase shift than the exchange 
kernels, a result which also holds for n—d collisions (Buckingham and Massey 1941). 
It follows that complete consistency between the s and p phases cannot be obtained 
with the assumed interaction since it was shown in I that the best fit with the 
s-phases is obtained with a symmetrical interaction. However, reference to the 
figure in I shows that a Serber interaction does not give s-phases which are too 
seriously wrong and it was found that this does give a mean p-phase which is not 
far from correct. ‘The following procedure was then adopted. 

The exchange operator associated with the central interaction was taken as 


(LoS) 2u Sel Sapeniies h oe eee (13) 


where SS, is the symmetrical and S, the Serber exchange operator. @ and the spin— 
orbit strength S were then adjusted to give the best fit with the observed p-phases. 
58 p-phases in all were calculated and it was found that a good fit was obtained with 


a=0:90, S=010. Vw, (14) 


Comparison of the p-phases calculated assuming these values with the 
‘ observed’ p-phases is illustrated in figure 1. It will be seen that the agreement 
is probably as good as is justified from the accuracy of the experimental data 
available. ‘To illustrate the sensitiveness of the calculated phases to the para- 
meters assumed the phases obtained for different values of these parameters 
are also shown in figure 1. 

In figure 2 the s-phases calculated with a=0-90 are compared with those 
for a=(0 and a=1 given in I, and the ‘ observed’. The disagreement with the 
‘observed ’ phases is not very serious. 
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Figure 1. pg). and p,,. phase shifts for scattering of neutrons by alpha particles. 
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Figure 2. s-phase shifts for scattering of neutrons by alpha particles. 
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Figure 3. Comparison of observed and calculated differential cross sections for scattering 
of 14-3 mev neutrons by alpha particles. 
Full line curve calculated with S=0-10,.p=0-9. Seagrave’s observations are 
plotted on an absolute scale, the broken lines indicating the trend of three separate 
sets of measurements at smaller angles. Smith’s observations are normalized so as 
to agree, on the average, with the calculated cross sections around the minimum. 
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Finally, the d-phases were calculated using the parameters (14). The following 
values were obtained: 


Neutron energy (Mev) 40 8-0 16-0 

ee (deg) tet 4-7 i537 

glo, 2 (deg) 0-0 0-1 0-8 
These values differ somewhat from those discussed by Seagrave (1953). For 
example, at 16 Mev he took 7 ,9=—17°(approx.) and either 7 5/2,2=0 or 


=7)3)9)9. ‘The phases we obtain do not give a bad fit with the observations of 
Seagrave (1953) and Smith (1954) of the scattering of 14-3 Mev neutrons. This 
is illustrated in figure 3. The agreement obtained between calculated and 
observed angular distributions is within experimental error over most of the 
angular range when our calculated phases 7)=105°, 71, 32=92°, 71,12=56, 
Ne, 2= 9°, No,3/2=0 are introduced. This suggests that the constants of (14) give 
as good a representation of the experimental data as is worth obtaining at this stage. 

It appears then that a spin-orbit interaction which gives the observed splitting 
is given by 

Vgexp { — BrP} W*(s;+,). hi; (Pi— Ps) 

with V g= = 4-5 eve =0:2657>6 1078 cin A eee (15) 


This does not seem to be seriously different from interactions derived from other 
considerations (Hughes and Le Couteur 1950, Sack, Biedenharn and Breit 1954) 
as far as comparison may be made. 

We have assumed that the spin-orbit interaction is independent of isotopic 
spin. If we include with the spin-orbit interaction (1) an operator factor 
(m' M+h'H +b'+w’) the same equation (7) is found but with Uj. 40.73) Mx1/2,1 
multiplied respectively by w’+6’'—3(m' +h’), w'+b'—2(m'+h’). ‘The contri- 
bution made to the p-phases by the kernels 7), 4. , is very small compared with 
that made by the potential term U/, 4). ;.. It follows that if the operator factor is 
included the value of V given in (15) should be reduced approximately by the 
factor {w'+b'—3(m'+h’')} +. The possibility of a factor of this kind being 
present may prove useful in reducing the effect of the spin-orbit interaction in 
in different circumstances. 

A fulier consideration of the relation of the spin-orbit interaction we have 
obtained to other nuclear phenomena will be deferred to a subsequent paper. 
It is important to remember in this connection that we have assumed, as usual, 
that the tensor force cannot produce the observed splitting (Dancoff 1940) and 
have represented it by an equivalent central force. Before concluding that a 
spin-orbit interaction of the type we have assumed is really necessary more 
detailed consideration needs to be given to the explicit effect of the tensor force 
in producing splitting of the p-phases. his task is now being attempted. 
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Abstract. ‘The energy spectrum and angular distributions of some neutron groups 
emitted from the bombardment of a thin phosphorus target by 8 Mev deuterons 
have been investigated. The Q value of this reaction is found to be 6-63 + 0-08 Mev. 
New excited states in 82S at 6-29, 7-28 and 8-23Mmev, with errors of 
+0-10mev have been observed. Angular distributions of neutron groups 
corresponding to the transition to the ground state and two excited states at 2:25 Mey 
and 3-81 mev in **S are compared with theoretical curves calculated on the basis 
of Butler and Born approximation stripping theories. ‘The angular momentum 
of the captured proton to these states is found to be 0, 2 and 0 respectively. In an 
appendix, R. Huby and H. C. Newns discuss the interpretation of these results on 
the shell model. 


$1. INTRODUCTION 


EVERAL investigators have reported measurements of the positions of the 
S energy levels of **S but so far no assignments of spin and parity have been 

made. In this paper, we report the results of an investigation of the energy 
levels of this nucleus by the (d, n) stripping process using 8 Mev deuterons on a 
thin phosphorus target. The choice of the target nucleus is due to the fact that 
phosphorus naturally exists as a single isotope and the (d, n) reaction leads to a 32S 
nucleus which contains an equal even number of protons and neutrons. It is of 
interest to find out whether they fill the subshell 2s,,, of Mayer’s model. 


$2. EXPERIMENTAL PROCEDURE 


A thin (60 kev) phosphorus target deposited by sedimentation from a suspension 
in water on a thick gold backing was bombarded by deuterons of incident energy 
8-13+0-05mMev. ‘The neutrons were detected by eight 2in. x 2in. Ilford C2 600 u 
nuclear plates mounted radially with their inner edges at 10cm from the centre of 
the target. ‘The plates were placed vertically at angles ranging from 0° to 35° with 
respect to the direction of the incident deuteron beam. 

The exposure was made with the 37in. cyclotron at the Nuclear Physics 
Research Laboratory, Liverpool, employing the experimental arrangement 
previously reported by Middleton, El Bedewi and Tai (1953). Investigation of 
the plates was carried out at Alexandria University, Egypt, using a Leitz binocular 
microscope with x 6 eyepieces and x 100 oil immersion objective. Measurement 
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of recoil protons, in each plate, was confined to a strip of emulsion of width 
+mm and length 5mm centred about the line joining the centres of the target 
and plate and commenced 8mm from the inner edge of the plate. All tracks of 
ranges greater than 200 1, and subtending a horizontal angle of less than or equal to 
8° with the centre line and having a dip of less than 10 in a length of 100, at 
the beginning of the track were recorded. The corresponding neutron energy 
for each recoil proton was calculated from geometrical considerations and using 
the range-energy relation of El Bedewi (1951). 


§3. ENERGY LEVELS 


From the inelastic scattering of 2-5 Mev neutrons from sulphur, Day (1953) 
observed by means of a scintillation spectrometer y-rays of energy 0-077 Mev and 
2:23mev. The second level agrees with that previously reported by Grace, 
Beghian, Preston and Halban (1951) and corresponds to a known level in 32S 
while the low-lying level could be better assumed to originate from the ®?S (n, p) 2P 
reaction to the known 77 kev level in °*P. An extensive study of the energy levels 
in *?S was recently reported by Arthur e¢ al. (1952) from the inelastic scattering of 
8 Mev protons. ‘They observed, by magnetic analysis, levels at 2:25, 3-81, 4-32, 
4-50, 4-74, 5-04 and 5-83 Mev with errors of +0-02Mev. Using the photographic 
plate technique Snowdon (1952) has investigated the neutrons emitted at 0° 
and 90° from a thick phosphorus target when bombarded by 1-6 Mev deuterons. 
An uncertain value of 6-2 Mev for the QO value of this reaction is given and the 
positions of the excited states do not agree well with those reported by Arthur e¢ al. 
(1952). No higher levels than those previously mentioned have been reported 
except an indication of y-rays of energy 6-2 Mev observed by Alburger (1949) by 
aluminium absorption from the bombardment of phosphorus by 3-7 Mev deuterons. 
It was not clear whether these y-rays were due to a level in *S or in some other 
residual nucleus resulting from competing reactions such as (d, p) or (d, «). In 
the present work an energy level at 6-29 + 0-10 Mev was observed. 

To analyse the energy levels, histograms were plotted for the energy distri- 
bution of neutrons emitted at angles ranging from 0° to 35° with respect to the 
direction of the incident deuteron beam. ‘The neutron energy scale, for each 
spectrum, was then transferred to the corresponding energy release Q and a 
superposition of all accepted tracks was made as shown in figure 1. Each point on 
this spectrum represents the number of tracks recorded in successive intervals of 
100 kev in energy release Q. ‘The positions of the arrows shown at N,, N,....N, 
are derived from the results of Arthur et al. (1952). The groups denoted by 
N., N, and Nj, correspond to new excited states in *?S at 6:29, 7:28 and 8-23 Mev, 
with errors of + 0-10 Mev. 

The Q-value of the present reaction is derived from the energy of the long range 
‘neutron group N, and it is found to be 6:63 + 0-08 Mev. It is considered to be more 
-accurate than that previously given (6-81 Mev) in the preliminary note by El Bedewi 
et cl. (1952). Thus, using the mass of sulphur (31:982236 + 0-00007 m.u.) as 
reported by Collins, Nier and Johnson (1952) and the mass of neutron and deuteron 
as given by Mattauch and Bieri (1954) the mass of *'P is found to be 
30-98360+0:0009 m.u. This result is in excellent agreement with the value of 
30:983609 + 0:000012m.u. calculated from the mass difference of the doublet 
-O.-PH which was reported by Ogata and Matsuda (1953). 
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Figure 1. Neutron spectrum from the reaction *!P (d, n) *?S. 


$4. ANGULAR DISTRIBUTIONS 


Measurement of the angular distributions were carried out for the neutron 
groups denoted by Ny, N, and N, corresponding to the transition to the ground 
state and two excited states at 2-25 Mev and 3:81mMev. The number of tracks 
belonging to each group was carefully estimated from the plotted histograms. ‘To 
increase the statistical accuracy our criterion for selection of tracks was altered to 
allow for tracks subtending a horizontal angle of equal to or less than 12° and having 
a dip of less than 12, in a length of 100, at the beginning of the track. After 
calculating the relative intensities, correcting for the variation of the cross section 
of the (n, p) scattering with neutron energy (Adair 1950) the results were then 
transferred to the centre-of-inass system and represented, in the same units 
of intensity, as shown in figure (2). ‘The experimental errors are the statistical 
standard deviation. ‘The error due to escape is of the order of 6% and the 
observed escaping tracks were shared between the three groups in ratio 
corresponding to their intensities. 

Figure 2 shows, with the experimental points, the theoretical curves calculated 
from the Butler (1951) and the Born approximation (Bhatia, Huang, Huby and 
Newns 1952) stripping theories. Good agreement was obtained with both 
theories by assuming the angular momentum transferred by the absorbed proton 
/,=0, 2 and 0 for the transition to the ground, first and second excited states 
respectively. It was found that while the radius of interaction used in Butler’s 
formula was the Gamow radius (1-7 + 1-2241)10-cm satisfactory agreement 
could not be achieved in case of Born approximation theory unless the radius 
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is somewhat higher, i.e. Gamow radius plus 1 x 10° cm in the case of the transition 
to the second excited state and Gamow radius plus 2 x 10° cm in the case of the 
transition to the other states. 


4P(din)325 Q=6-63 Mev 4P(d,n)32S" 


Q= 4-38 Mev 4p3(din)32S" = 2-82MeV 


6 ---lp=0 = R=7-6x10Pcm jg ---lp=2 R=76x10%cm got -—— lp=0 R=6-6x10"3cm 

Born approx Born approx Born approx 

—lp-0 —_r=5-6xi%cm | —p=2 7=5-6x10"8cm — 0 r=5-6x10"%cm 
Butler Butler 
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Figure 2. Angular distributions of the neutron groups corresponding to the ground- 
state and excited states of **S at 2:25 and 3-81 mev. 


Since the ground state of #1P is known to have a spin $+ (Endt and Kluyver 
1954) the value of /,=0 for the transition to the ground state of ®2S indicates 
that it has even parity and spinQor1. This is in agreement with the fact that the 
spin of all even—even nuclei is zero. 

In the case of the transition to the first excited state, the value of J, = 2 indicates 
that it has even parity and spin 1, 2 or 3. But there is a general tendency for 
light even—even nuclei to possess a first excited state with spin 2+ (Pryce 1954), 
the only exception being '®O the spin of which is found to be 0+. No case has 
been found where the first excited state of an even—even nucleus has an even 
parity and odd value of its spin, so it is likely that this state in **S has spin 2 and 
even parity. 

Finally, the value /,=0 for the transition to the second excited state indicates 
that this state has even parity and spinQor 1. Endt and Kluyver (1954) reported 
that Breckon, Martin, Henrikson and Foster (unpublished) observed a y-ray 
transition from this state to the ground state. It follows that the assignment 
of spin 0 to the second excited state is excluded and it would have then spin 1 
and even parity. Since it is rather surprising that an even—even nucleus should 
have a low-lying state of even parity and spin 1, great care was therefore taken to 
ensure that the assignment of /,, =0 for this case is correct. “The Butler theoretical 
curve for J,=1 with the Gamow radius is also shown in figure 2 and is seen not 
to agree with the experimental results. In order to get a reasonable fit for /, = 1, 
a radius of about double the Gamow radius should be assumed and this would 
seem to be quite out of the question. ‘There is thus no doubt that /,=0 is the 
correct assignment. 
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APPENDIX 


By R. Hupy anp H. C. NEwns 
Department of Theoretical Physics, The University of Liverpool 


The purpose of this appendix is to discuss the interpretation of the experi- 
mental results with particular regard to the configurations of the nuclear states 
on the basis of the single particle model in jj coupling. 

Firstly, it can be shown from the relative magnitudes of the transitions that 
the reduced widths of the states of 32S are the same to within a factor of two. 
This means that none of the transitions is specially inhibited with respect to 
the others. 

It is also easily seen that the ground state of *!P cannot be a pure (s4))° 
configuration since the transition to both the ground and second excited states 
of S has 1,=0. This would yield the configuration (s,/.)* with spin zero in 
both cases and, as has already been pointed out, the second excited state has. J = 1~. 

We consider next for the ground state of 3!P the configuration (s1/2)1/2'(d3/2)o” 
(the suffixes indicate the resultant spin of the particles in each shell) which has 
been shown by Umezawa (1952) to give reasonable agreement with the magnetic 
moment. ‘The transition to the ground state of ®?S then yields the configuration 
(Si/2)o"(d3/2)o2, the state being J=0+. We obtain the configurations for the 
first and second excited states by adding a d and an s nucleon respectively to 
obtain (S4/2)4/21(ds/2)3/02 and (S4/2)17(ds/2)o?- The configuration of the first excited 
state can couple to give J=1* or 2+ while the second excited state we know to 
be J =1*, which fixes the configuration. 

However, this explanation of the experiments in terms of pure configurations 
is open to objection. A difficulty lies in the assignment of (sj):),?(ds3/2)9? as at 
least a component of the second excited state of **S since, if charge independence 
holds good, this configuration has T=1. ‘Thus this state, or the first excited 
state, should be the analogue of the ground state of *P. Comparison of the 
(d, p) (Parkinson e¢ al. 1952) and (d,n) reactions on *!P and the density of levels 
in *?P shows that this is not so; and in any case, one would expect, from Coulomb 
energy considerations, the first T=1 state in ®?S to lie at about 7mMev. So the 
second excited state must be 7’=0 and to ensure this we must assume a component 
Of (S1/2)1°(A3/2)3/2"5 (sio)12® OF (S1/2)1/2"(dg/2)1° in 31P. 

A way out of this difficulty would be to assume that the second excited state is 
double, one component having J =0* and the other some reasonable spin and 
parity, say /=2* or 4+. We note that if this level is double, the experiments of 
Arthur et al. (1952) indicate that the two components lie closer in energy than 
20kev. With these assumptions the stripping reaction could excite both these 
levels but the transition to the component having /=0+ masks the other. In 
addition the y-ray transition to the ground state now no longer makes J =()+ 
impossible since it can arise from the component having non-zero spin. All 
these states are then reasonable according to the shell model, but one then would 
have to show that two such states exist, accidentally coinciding in energy to within 
20 kev. 

Although this discussion has been confined to the j-j coupling model, the 
main difficulties would remain for L—S coupling. 
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targets with 4N ions in the 60-in. Nuffield cyclotron it appeared that 

arsenic activities, notably “As, were produced in large quantities in 
the thin copper foils used to screen the targets. Summarized data (Hollander, 
Perlman and Seaborg 1953) ascribe a 52-minute arsenic positron activity to mass 
number 70. Verkerk and Aten (1952) also formed “As by bombarding germanium 
with 26-mev deuterons. ‘They found a positron activity (K/f* ratio + 0-2) 
of 52+1 minutes half-life and of maximum energy 2-7 Mev by absorption in 
aluminium. Hard gamma radiation was observed in addition to the positron 
annihilation radiation. 

In order to study the “As produced by heavy ion bombardment in more 
detail, copper foils of 25 microns thickness were placed in a shielded target probe 
and bombarded in the internal 4#N beam at 25in. radius (maximum 
energy~125 Mev) with beam currents in the range 10-°a-10~“a.  ‘T'wo methods 
of chemical separation of arsenic were used; in the first MgNH,AsO, was 
precipitated by magnesia mixture in alkaline solution and in the second (used 
as a check) As,S, was distilled with HCl. Germanium and gallium were removed 
before the arsenic separations. Several arsenic activities up to mass 76 may be 
produced by '4N bombardment of copper (Hollander et al. 1953), the reactions 
producing 7As being ®Cu("*N, 3p4n)As and ®Cu(?4N, 3p2n)As. Decay 
curves of separated As activities could not be analysed to identify all of the products 
with certainty but half-lives of 47 + 2 minutes and 17 + 1 days showed the presence 
of As and “4As respectively. Gamma spectra taken with a scintillation spectro- 
meter identified “1As, “As and ‘3As and possibly “4As. 

The beta spectrum of “°As was investigated with a simple semicircular focusing 
spectrometer which had a momentum resolution of 7°%. It was calibrated for 
linearity of momentum with magnet current by means of a search coil and Grassot 
fluxmeter and an absolute calibration point was obtained with 137Cs conversion 
electrons. ‘The spectrometer was evacuated to a pressure of the order of 
0-1 mm Hg with a rotary pump. Six positron spectra of the short-lived As 
activity were measured; each was taken immediately after separation using short 
counting periods and when the “°As was judged to have decayed (~10 hours) 
a second spectrum was obtained using longer counting periods. From an 
examination of the decay curves the second spectrum was expected to be almost 
entirely due to “As and the observed shape was consistent with this assumption. 
The second spectrum was time-corrected forward to the first and the difference 
was taken as the ‘’As spectrum ; as can be seen from figure 1, this spectrum appears 
to be complex. The momentum distributions of the six spectra were analysed 
(Fano 1952) and the Fermi plots showed two components in each case; their 
relative abundances in the spectrum shown in figure 1 were obtained by dividing 
the number N(Bp) d(Bp) by Bp, and taking the ratio of the areas under these new 
curves. ‘The relative intensities of the high energy and low energy components 
were ():33 and 0-67 respectively. 


|) ise an investigation of the products of the bombardment of various 
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The addition of corresponding points in the beta spectra, when analysed, 
gave the composite Fermi plot shown in figure 2. Assuming the transitions to 
be allowed, with linear plots, a ‘least squares’ analysis gave maximum energies 
of 1:35+0-03 mev and 2:-45+0-04 Mev. The comparative half-lives of the 
transitions are then: 


_ 200 
= = 
S = 
Q = 
Ss Sh 
= 100 10 
2-4520-04 
) 510° 10x103 0 | 2 
Momentum (gauss cm) Kinetic Energy (MeV) 
Figure 1. Figure 2. 
Energy (Mev) cae 1:35 
Relative intensities 0-33 0-67 
log (ft) 5-6 4-05 


Both of these values fall within the generally accepted range of ‘allowed- 
unfavoured’ transitions (4-6). 

A 14 in. diameter x 5 in. packed Nal(T) crystal was mounted on an EMail 
type 6260 photomultiplier and used with a type 1049B linear amplifier and 
cathode-follower head unit. Several gamma spectra were measured using a 
single-channel differential discriminator. Since both of the beta transitions 
would appear to be allowed the gamma transition between the two levels excited 
by beta decay would be M1 or E2 on spin and parity considerations and should 
be observable. A peak (whose size obviated the possibility that it was an 
‘escape’ peak from a pair-production process) was found and the mean of fourteen 
energy determinations gave 1-07 + 0-04 Mev in excellent agreement with the beta 
energy difference of 1:10+0-05 Mev. Other peaks of higher energy Mise also 
observed with mean energies of 3-25 +0-15 Mev, 2:75 + 0-05 Mev, 2-15 + 0:08 Mev 
and 1:5+0-05 Mev. ‘The small size of the crystal made quantitative analysis 
of these results impossible; there 1s little doubt, however, that some of the peaks 
correspond to the same gamma-ray energy with the escape of one or both of the 


positron-annihilation quanta. 


ACKNOWLEDGMENTS 

The author wishes to thank the cyclotron staff for their patient efforts to 
provide good bombardments ; during the period in which this work was performed 
he wasin receipt of a Department of Scientific and Industrial Research maintenance 
grant. 

REFERENCES 
ser. U.S ee 

Fano, U., 1952, Appl. Math. Ser. U.S. Bur. Stand., 1° 

HoLLaNDER, J. M., PERLMAN, I., and SEABorG, G. T., 1953, Rev. Mod. Phys., 25, 469. 

VERKERK, B., and ATEN, A. H. W., Jr., 1952, Physica, 18, 974. 


1) 
PROC. PHYS. SOC. LXVIII, 8—A 5 


762 


LET TERS” FO° THEE UE OrR 
The Atomic Heat of Sodium 


Pickard and Simon (1948) reported an anomalous ‘hump’ in the atomic 
heat curve of sodium at approximately 7°k. ‘This behaviour has been the 
subject of theoretical discussions (e.g. Buckingham 1951). 

MacDonald and Mendelssohn (1950) in studying the electrical conductivities 
of the alkali metals have shown that sodium appears to be a good example of a 
metal which can be described in terms of the quasi-free electron model; the 
reported specific heat anomaly appears to be inconsistent with this. 
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An experimental study of the atomic heats of the alkali metals has been in 
progress in this laboratory, and in particular sodium has been investigated 
between 1-4°K and 20°K. It has been found that the specific heat curve is quite 
smooth and no ‘hump’ appears; smoothed values are given in the table. The 
present results agree very well with those of Pickard and Simon between 10° and 
20°k, but in the helium range the value of the specific heat is very much smaller. 
A conventional plot of C,/T against T° is shown in the figure, whence a value 
of the electronic specific heat has been deduced, i.e. 0:00043 T cal (g atom) + deg 
which is about 1-6 times the theoretical value for free electrons. This value 
is believed to be correct to within 10% and is obviously dependent on the scatter 
of the points in the linear range of the figure. This is rather high and experiments 
are in progress to improve this. 

In the table values of 6) the Debye temperature have been deduced allowing 
for the free-electron contribution but ignoring the correction C, to C.. There 
is rather a sharp fall in 6) above 3-0°K. i ; 

While this work was in progress, during the winter 1953-54, L. Smith 
(private communication) at the Clarendon Laboratory, Oxford, also showed 
that there was no “ hump’ in the specific heat curve, but he was unable to deduce 
a satisfactory electronic specific heat term. More recently Rayne (1954) has 
produced evidence showing an anomalous behaviour in the atomic heat of sodium 
below 1°K. 
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The present specimen was given several days in which to ‘ self anneal’ at 
room temperature after sealing into the calorimeter and should therefore be 
comparatively strain free. It was provided by the Pure Metals Committee of 
the Department of Scientific and Industrial Research as redistilled sodium of 


2 G02 Crea} 

a) (cal(g stan) ees Op is) (cal(g on) Seley) Mp 
15 0-105 158 7:0 OfS2 148 
1-8 0-145 158 8-0 0:78 148 
2:0 0-180 158 9-0 1-06 149 
2°5 0-290 158 10-0 1-42 149 
3-0 0-445 158 12-0 2:50 148 
355 0-670 LO 14-0 3°85 149 
4-0 0-985 154 : 16-0 5°35 152; 
4-5 1-45 150 18-0 7:10 153 
5-0 1-95 149 20:0 9-00 ISS 
6-0 3-45 147 


very high purity. The behaviour reported here is thought to be characteristic 
of the pure metal for which the high value of the electronic specific heat could be 
explained in terms of the interactions proposed by Buckingham (1951). 

In the two instances where anomalies have been reported it is probable that 
the specimen was in a state of strain which may provide a mechanism for an 
electronic transition. 

This work is continuing and being extended to the other alkali metals. 
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REVIEWS OF BOOKS 


Physicochemical Calculations, by FE. A. GuccrNHeim and J. E. PRUE. 
: Pp. xii+492. (Amsterdam: North Holland Publishing Company, 1955.) 
DG: 

This masterly collection of 171 worked problems based on published 
experimental data will be a boon to teachers and students of physical chemistry. 
The principle of the book is that textbooks are not enough, understanding only 
comes by applying, or, as here, studying the application of textbook knowledge 
to individual problems. A wide range of subjects in chemical physics and 
physical chemistry is covered with characteristic precision and clarity. Many 
of the problems are of direct interest to physicists; those on more specifically 
chemical subjects—chemical kinetics and thermodynamics, electrolyte solutions, 
surface chemistry, etc.—will be useful to physicists who require more than a text- 
book acquaintance with these subjects. ‘The choice necessarily reflects the 
interests of the authors. A noteworthy omission is that despite the excellent 
and full collection illustrating the thermodynamic uses of reversible electrodes, 
none are included on electrode kinetics to provoke the student to consider how 
reversible potentials are established. 

The discussion sections are illuminating but occasionally Olympian in 
shortness. Some might have been expanded into the blank spaces at the end of 
the problems (each problem starts elegantly—and very rightly—on a new page) 
with advantage to many readers and without loss of edge. For example, in 
problem 83 most readers would have welcomed a discussion of the advantages 
and snares of estimating the error in the slope of lines by numerical methods 
instead of by the method used here, judgment by eye. In problem 122 the 
impression will be left on the guileless that in estimating dy/dx (=constant) 
given y for three equally spaced values of x the middle value contributes nothing 
(it gives, of course, a rough measure of error). In problem 14 the effect on the 
estimate of Avogadro’s number of taking the modern value of the disintegration 
rate of radium instead of Rutherford and Geiger’s value should have been 
mentioned, 


Le YOUNG: 


Rethenentwicklungen in der mathematischen Physik, by J. Lrnsz. Pp. 216. 
(Berlin: de Gruyter, 1953.) DM. 26. 


The use of expansions in terms of orthogonal functions is now such a 
commonplace in mathematical physics that an account of both these and related 
expansions and functions cannot fail to be of interest to a large number of 
physicists. Professor Lense’s book, the first edition of which appeared more 
than twenty years ago, deals with the properties of Fourier series, and the 
polynomials associated with the names of Bernoulli, Laguerre, Hermite and 
T’schebyschef, together with extensive accounts of Bessel functions, spherical 
harmonics and Lamé functions. Complex theory is only used in connection 
with Bessel functions; for the rest a real variable is assumed. In addition to 
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the treatment of specific functions, a number of techniques is also described, 
including, for example, the method of steepest descent and a discussion of 
‘completeness’ as applied to orthogonal functions. Considered as a general 
view of this branch of mathematics, it is not easy to imagine more material 
being described so well in so short a space. H. H. HOPKINS. 


Introduction to Mathematical Statistics, by P. G. Hort. Pp. xi+331. (2nd 
Edition.) (New York: John Wiley; London: Chapman and_ Hall, 
1954.) 40s: 


The satisfaction with which the first edition was received has encouraged 
Dr. Hoel to extend the contents of his book. The result is, for the student with 
an appreciation of lucid and moderated mathematics in a context of common- 
sense discussion and illustration, one of the best introductions to statistics now 
available. 

The chapter on probability (which is now included!) provides the very 
necessary foundation for the whole subject and manages to be both compact 
and clear. It is immediately followed by a discussion of the main principles 
involved in the testing of hypotheses and the estimation of parameters, bringing 
the reader to the heart of the subject, so that he knows his purpose before studying 
the means of achieving it. 

The computation of descriptive measures for empirical distributions of one 
variable leads into an analysis of the properties of the common model distributions 
by immediate use of the moment generating function, rounded off by illustrations 
of the application of the mathematical models to simple practical problems with 
ample warning that only rarely will the skeleton model appear as a perfect represen- 
tation of reality. 

After a concise explanation of the basis of sampling theory for one variable 
(large samples) and a descriptive and theoretical treatment of calculation and 
regression, the application of y? for testing goodness of fit rounds off the first 
half of the book. Dr. Hoel now leads the reader to a more critical examination 
of the principles involved in testing simple and composite hypotheses: the 
Neyman—Pearson lemma of critical regions and the use of the likelihood ratio. 
This is followed by a more sophisticated account of the theory of estimation 
and a discussion of small sample theory to provide the necessary understanding 
of such significance tests as are normally met with in the analysis of experimental 
data. 

It is now taken for granted that any book on statistics should not only stress 
the importance of good quality experimental data but also tell the reader something 
of the art of collecting it. Dr. Hoel sketches very briefly general principles for 
the design of experiments in which components of variation can be separated 
by the method of analysis of variance, stressing the link between a hypothetical 
model and the numerical analysis of the data. He regards industrial sampling 
inspection as essentially a branch of the design of experiments directed to obtaining 
desired quality production at nominal cost with specified risks. 

The final chapter deals with the now: very fashionable ‘non-parametric’ 
or ‘distribution-free’ methods, which our American friends more accurately 
and more realistically call ‘quick and dirty’. 
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The whole book is attractively done and can be strongly recommended to 
those who are looking for a nice beginning that will carry them a very long way 
in practice. Dr. Hoel leaves no excuse for narrowness: every chapter has a 
list of references. Equally, he leaves no room for complacency: every chapter 


has an extensive set of exercises. But why no answers? 
M. J. MORONEY. 


Introduction to Atomic and Nuclear Physics, by H. Semat. Pp. xii+561. 
3rd Edition. (London: Chapman and Hall, 1954.) 50s. 


This is a new, revised and enlarged edition of Dr. Semat’s now familiar 
textbook. The subject matter of the first two parts of the book, comprising 
roughly one half of the total, is atomic physics, and follows closely the lines of the 
earlier editions. ‘The major changes and additions are in the second half of the 
book which deals with nuclear physics and high energy processes. 

The treatment is broadly historical and everywhere elementary. (‘The text 
is still intended for use at undergraduate level with students who have had a one- 
year course in physics and a course in the calculus”’.) As applied to the chapters 
on atomic physics this has not excluded some theoretical as well as the experimental 
and factual aspects of the subject; for example, elementary treatments are given 
of the theory of the hydrogen atom, Zeeman effect and the scattering of x-rays. 
The chapters on nuclear physics, however, are almost exclusively devoted to an 
account of the facts and experimental methods, and this is surely to be regretted. 

Nuclear physics is no longer a collection of empirical information, and many 
of its aspects aré capable of elementary theoretical discussion, in a manner not 
dissimilar from that habitually employed in teaching atomic physics. Certainly 
nuclear theory is generally more recondite and less settled than atomic theory, 
but many of its salient features are capable of some illumination by simple or 
semi-quantitative arguments. Even the use of classical-mechanical approxi- 
mations is not always inappropriate. 

The lack of a theoretical background is reflected in the present book in two 
respects. Firstly, particular important topics in nuclear physics are not always 
introduced in the most convenient or logical place, and some are omitted altogether. 
Secondly, a number of the brief theoretical statements that do occur are apt to be 
misleading. For example: the positron, artificial radioactivity and K-capture 
are all introduced in the chapter on Disintegration of Nuclei (XI), although 
B-decay, along with «-particle decay and the neutrino are dealt with partly in an 
earlier chapter, X, on natural radio activity and partly in a following chapter, XII, 
entitled Nuclear Processes. Similarly this latter chapter, although largely 
devoted to the question of nuclear stability concludes with an account of high 
energy nuclear collisions. There is practically no mention of scattering by 
nuclei (apart from the treatment of Rutherford scattering in the earlier part), 
little mention of the two-body problem in nuclear physics, and there is no mention 
of nuclear forces either in the index or text. 

More surprising is the omission of any discussion of the processes occurring 
when ionizing particles or y-radiation pass through matter, particularly some 
indication and explanation of the orders of magnitude of the distances and cross 
sections involved. Some of these omissions could be repaired without an overall 
increase in the bulk of the volume; for example by elimination of the first chapter 
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which contains a brief résumé of electromagnetism. Surely no student should 
embark on a study of atomic and nuclear physics without a grasp of the principles 
of electromagnetism sufficiently thorough to make a treatment confined to some 
30 pages superfluous ? 

One or two examples will suffice to show the sort of misleading theoretical 
remark that ought to be avoided. On p. 275, referring to the argument against 
the presence of electrons in the nucleus the author writes ‘‘the argument which 
follows is based on the assumption that the spin angular momentum of the nucleus 
is the vector sum of the spin angular momenta of the particles within the 
nucleus...’’; and a brief account of the shell model includes the statement 
“A nuclear quantum state is usually specified by its total quantum number and 
by its parity’ (p. 393). ‘The occurrence of nuclear reaction resonances is adduced 
as evidence that “The transparency of the coulomb barrier is not always a smooth 
function of the energy of the projectile but exhibits the phenomenon of 
resonance”’. ‘The likelihood of such loose statements being made or misunder- 
stood would be greatly reduced if the ‘theory’ were presented as a simple logical 
framework, rather than as a number of disconnected remarks. 

The book contains excellent descriptive accounts, beautifully illustrated, 
of many topics, ranging from the determination of the charge of the electron to 
\-particles, nuclear reactors and particle accelerators. A better ordered and 
more explanatory treatment of nuclear physics, similar to that adopted in the 
earlier parts of the book dealing with atomic physics, would greatly enhance its 
value as a current textbook. 

S. DEVONS. 
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(2) 


PROC. PHYS. SOC. VOL. 68. PT. 8—A (T. K. ALLEN) 


Argon spectra (Ar and Ati) excited under different conditions in beam and plasma 
discharges. 


(a), (b), (c) are spectra of axial longitudinal sections of the discharge. (d), (e),(f), overleaf, 
are spectra of transverse sections of the discharge. The discharge parameters are 
given in the text (§3). The wavelengths range from approximately 4040 A (left- 
hand side of (a), (4), (c)) to 5200 A (right-hand side of (a), (6), (c)), and from 4200 A 
(top of (d), (e), (f)) to 5150 A (bottom of (d), (e), (f)). «a, B and y denote the positions 
of the Ari lines at 4806, 4609 and 4448 A respectively. The last is ciearly visible 
on the originals of (a) and (e). 
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Argon spectra (Ar and Arr) excited under different conditions in beam and plasma 
discharges. 


(a), (b), (c), overleaf, are spectra of axial longitudinal sections of the discharge. (d), (e), (f) 
are spectra of transverse sections of the discharge. The discharge parameters are 
given in the text (§3). The wavelengths range from approximately 4040 A (left- 
hand side of (a), (0), (c)) to 5200 A (right-hand side of (a), (0), (c)), and from 4200 A 
(top of (d), (e), (f)) to 5150 A (bottom of (d), (e), (f)). a, B and y denote the positions 
of At lines at 4806, 4609 and 4448 A respectively. The last is clearly visible on the 
originals of (a) and (e). 
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Comparison of the spectra of (a) the exciting arc, (b) the beam, (c) the chamber glow. 
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The Collisions of Nucleons with Deuterons 


By A. H. p—E BORDEF anp H. S. W. MASSEY 


Department of Physics, University College, Gower Street, London, W.C.1 
MS. received 1st March 1955 


Abstract. A considerable amount of theoretical data (assuming central nuclear 
forces) is now available concerning the elastic scattering of nucleons with energies 
up to 16 Mev by deuterons. Buckingham, Hubbard and Massey have taken the 
force to be of exponential shape with range consistent with the binding energy 
of the deuteron and triton while Christian and Gammel have used Yukawa and 
gaussian shape interactions with ranges consistent with all relevant two-body 
data but which are considerably too short to give the correct binding energy 
of the triton on the assumption of purely central forces. In the present paper 
the former calculations have been extended to allow fully for the contributions 
from high order phases. 

The dependence of the theoretical predictions on the assumptions made about 
the range, shape and exchange character of the nuclear forces is discussed in 
detail. It is shown that the observed data are inconsistent with the assumption 
of mainly ordinary forces even for the least sensitive case of the short range 
gaussian interaction. Extension of the theory to include explicitly the tensor 
force is likely to be worth while as providing useful information about nuclear 
forces. 


§ 1. INTRODUCTION 


HE theoretical analysis of phenomena involving more than two nucleons 

is very much more complicated than when only two nucleons are concerned. 

It remains true, however, that a satisfactory theoretical method for dealing 
at least with three-body problems would be of considerable value in the study of 
nuclear forces; it is obviously impossible to determine definitely whether many- 
body forces exist and if so what is their nature, without such a theory. Apart 
from this particular problem one could also hope to derive information about the 
two-body interactions: the neutron—neutron interaction for example can only 
be studied indirectly in terms of the binding energy of the triton or the scattering 
of neutrons by deuterons. Considerable progress has been made towards the 
calculation of the binding energy of the three-body nuclei even when tensor forces 
are included, but rather less attention has been paid to the theory of the scattering. 
Until recently the only detailed theoretical calculations for energies below 20 Mev 
were those of Buckingham and Massey (1941) and Buckingham, Hubbard and 
Massey (1952) in which the interaction was taken to be purely central and charge 
independent, of exponential form, with a range consistent with the binding 
energy of the deuteron and of the triton. The method used made accurate 
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allowance for exchange of particles as well as in the character of the nucleonic 
interaction but did not take account of polarization of the deuteron by the incident 
nucleon. It was found that the results depended on the exchange character of 
the interaction, even at quite low energies, to such an extent that comparison with 
observation revealed much better agreement if either a symmetrical or Serber 
exchange interaction was assumed than with an ordinary force. Discrepancies 
at small and large angles of scattering were found which could be ascribed to the 
failure of the calculations to include the contributions from phase shifts of higher 
order than the second. 

Recently Christian and Gammel (1953) have carried out similar calculations 
using central interactions of Yukawa and gaussian shape with ranges consistent 
with all two-body data which do not depend essentially on the tensor force. ‘This 
range is effectively shorter than that used by Buckingham and Massey and is 
inconsistent with the binding energy of the triton. ‘They find considerably less 
sensitivity of the calculated cross sections to the exchange nature of the interaction. 

On the other hand they do produce evidence which indicates that the neglect 
of polarization, which was regarded as likely to be serious, is not actually so. 
This suggests that the method of calculation probably gives good results if the 
interaction assumed is substantially correct. 

It is debatable whether the best equivalent central interaction for the three-body 
scattering problem is the one which is consistent with the two-body data and yet 
gives erroneous results for the three-body binding energy. <A priorz it is at least 
arguable that for the three-body scattering problem it is best to use an interaction 
which is consistent with the three-body binding energy. ‘The answer can only 
come by carrying out the scattering calculation with full explicit inclusion of the 
tensor force, a task which is now being undertaken. Meanwhile in this paper 
we examine in some detail the differences between the results of Christian and 
Gammel and those of the earlier authors to see whether any indication can be 
obtained about the degree of sensitivity to the exchange nature of the forces which 
might be expected from a thorough-going analysis employing the tensor force. 
The opportunity is also taken to remedy the defect of the earlier calculations 
(Buckingham and Massey 1941, Buckingham, Hubbard and Massey 1952) by 
including the contributions from all high order phases by a suitable device. 
When this is done quite good agreement with the observed data for nuclear energies 
up to 20 Mev is obtained over the whole angular range when a Serber interaction 
is employed. How far this can be taken as evidence that the nuclear forces are 
of this exchange type is discussed. 


§ 2. EFFECT OF RANGE OF INTERACTION ON THE CALCULATED SCATTERING 
If the internucleonic interaction is assumed to be purely central and of the 
form: 
V(r)=(mM thH+w+bB)V(r) (1) 
where M, H and B are the Majorana, Heisenberg and Bartlett exchange operators 
and m, h, w, b numerical constants which satisfy the relations m+h+w+b= i 


m—h+w—b=x, the integro-differential equations which describe the scattering 
of neutrons by deuterons can be written in the form: 


(TPL RF (r) =a U(r) P(e) + Bl O(r, eFC’) de’ ty | Slr, VF) de, (2) 
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For the quartet scattering « =2w+2b—m—h, B=2m+2h—w—b, y=1 and for 


the doublet «=2w—b+4im—h, B=2m—h+iw—b, y=—34. In terms’ of the 
normalized wave functions y(R) for the ground state of the deuteron 
, 162M / : 
U(r) = eam | IA) V(r + AR DAR, 
»  16m?M /4\ : 
Or, = Fe (5) xe Oxte) 
»  l67?M /A\3 : é 
Ste. "= “Fa (3) H+ MOA) 
ae ccm er ae s 
+ saqgk TS x2) + BEn— 5 Fa)x(4)x(@)]), 
u=3|2r' +r, =a |r er, Sah ae peace: (3) 


AM is the mass and E£,, is the relative kinetic energy of the incident neutron and 
E, the energy of the ground state of the deuteron. 

These equations were derived by Buckingham and Massey (1941) assuming 
that the function y(R) is an exact solution of the deuteron wave equation. If 
approximate functions are used the procedure which leads to (2) with the forms (3) 
is inconsistent and it is better to work with equations in which the reduction 
has not been carried so far. In the earlier work (Buckingham and Massey 1941, 
Buckingham, Hubbard and Massey 1952) accurate deuteron wave functions 
were employed with expressions (3). Inthe recent work of Christian and Gammel 
(1953) only approximate deuteron wave functions were used but inconsistency 
was nevertheless avoided by working with a less reduced form for the kernels 
QO and S. A similar problem arises in dealing with the scattering of nucleons 
by alpha-particles (see Hochberg, Massey and Underhill 1954). 

Essentially the only important difference between the calculations of Christian 
and Gammel and the earlier work is in the range and shape of the central interaction 
employed. Buckingham and Massey used 

Vy Ae 1a) Oy) = nee ee (4) 
with A = 242 mc? and a=1-:73x 10-% cm. ‘This was consistent with the nuclear 
data known at the time, including the binding energy of the triton which it gives 
quite accurately. ‘The same interaction was used by Buckingham, Hubbard 
and Massey (1952). ‘The best fit with the low energy two-body data now available 
is obtained with a= 1-35 x 10-!* cm but this interaction gives too large a binding 
energy of the triton. Much of the work of Christian and Gammel (1953) was 
carried out with a Yukawa shape interaction 

Va CO by exp (=7/0);, 4 = — PAE (3) 
with C=68-0 mev, b=1-18x 10° cm, x=0-69. This gives the best fit with 
available two-body data but again leads to too large a binding energy for the 


triton; in fact to give this correctly 6 must be as large as 1:83 x 10° cm (Brown 
1939). They also carried out calculations with the gauss interaction 


VG) SE (AIF CS) Dn 4) 0) Waretstoas (6) 
D=86-4 Mev, c=1-332x10-% cm. This again gives the best fit with the two- 
body data but too large a binding energy for the triton. For this to be given 


correctly c would have to be increased to 2-25 x 107! cm. 
Gn 
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When allowance is made for a tensor force component the apparent discrepancy 
between the two-body and three-body data can be largely removed (Pease and 
Feshbach 1952) without any need to invoke three-body forces. It is to be 
expected that a satisfactory treatment of the three-body scattering must also make 
explicit allowance for the tensor force. Meanwhile it is difficult to say what is 
the best equivalent central force to employ: it seems clear that it will be apprec- 
iably different for use in three-body than in two-body problems and may well 
have a larger range than in the latter cases. Until a proper calculation has been 
carried out with explicit exclusion of tensor forces it is not possible to decide 
easily on purely theoretical grounds whether the earlier work or that of Christian 
and Gammel (1953) gives the better representation of the actual scattering. 
The correct results may lie in between and it is of interest to examine a little 
further the extent to which the two sets of calculations differ. 


§ 3. THE ZERO-ORDER PHASES 
The phases &, do net depend appreciably on the exchange character of the 
forces. In figure 1 values of k cot 5) are given as a function of neutron energy 
for the quartet and doublet phases 3)" and 4," respectively. The values calculated 


Quartet O4- Doublet p 
L 
oe 0O-4F 
E ie 
oO . 
S ay 
i=} 
7a) 
S 
oO 0 
Ke 


---- Calculated CG 


5 — 3» BHM _.|/ 
“02 —-—Observed’ ‘i 
(0) 4 8 12 16 0 4 8 12 16 


Neutron Energy (lab. system) (MeV) 


Figure 1. Comparison of ‘ observed’ and calculated zero-order phase shifts for n—d 
scattering. CG, Christian and Gammel (1953) using the interaction (5); BHM, 
Buckingham, Hubbard and Massey (1952) using the interaction (4); ‘ observed ’ 
derived by Christian and Gammel from analysis of observed data. 


by Buckingham, Hubbard and Massey have been obtained using the interaction 
(4) and solving the corresponding integro-differential equation by an accurate 
numerical procedure for several values of k. The calculated values of Christian 
and Gammel have been obtained from the interaction (5) but it is only in the 
low-energy limit that they have been derived from accurate solutions of the 
integro-differential equations. At higher energies a less accurate procedure was 
adopted based on a ‘zero range’ approximation for the nuclear forces. The 
experimental values of k cot 6 have been derived from an analysis of the observed 
differential cross sections and the zero energy scattering lengths. 

It will be seen that the quartet phases are much less sensitive to the assumed 
interaction than the doublet phases. ‘There is quite good agreement between 
the observed and both calculated curves for the variation of k cot 85% with energy. 
This agreement is absent for the doublet phases. The ‘observed’ shape of the 
variation of k cot 59" with energy is markedly different from that given either by 
the BHM or CG calculations. At energies below 10 nev the latter gives results 
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in less marked disagreement, while the reverse seems to be true above. It seems 
clear that there is room for much improvement in the theoretical determination 
of the zero-order doublet phase shifts. It is probable that polarization effects 
as well as the non-central nature of the interaction have a much more important 
effect than for the quartet phases: some theoretical justification for this has been 
given by Christian and Gammel (1953). 


$4. ‘THE First-OrbDER PHASES 


The conspicuous feature of the earlier work was the marked dependence of 
the calculated scattering on the exchange character of the forces even at quite 
low energies. This was because the p-phases were found to be both sensitive 
to this character and quite important even at low neutron energies. In terms 
of the equation (2) this arose because the direct interaction U(r) is, loosely speaking, 
much more effective in producing p-phase shift than the exchange kernels QO and S, 
the former being particularly ineffective. It follows that the larger the coefficient 
# relative to 6 and y in (3), the larger the p-phase shift. The values of «, B, y for 
ordinary (O), Serber (Ser) and symmetrical (Sym) exchange forces are as follows : 


‘Table 1 
Quartet Doublet 
© Ser Sym O Ser Sym 
a 2 i 0 x 4(1+3x) 4(1+9x) 0 
Bp —1 4 1 B —1(1—3x) 4(1+-9x) 4(1+9x) 
yee yA y =i =4 4 


For a qualitative examination of the possibilities we may concentrate on the 
quartet scattering. It will be seen from table 1 that since the interaction producing 
the scattering according to (2) is ~U+8Q+yS we would expect much larger 
p-phase shifts for an ordinary force between nucleons than for either a Serber 
or symmetrical exchange force. Serber forces would also be expected to give 
larger p-phases than symmetrical forces but the difference is likely to be much 
smaller. Since the p-phases for a given energy will decrease with decreased 
range of the effective interaction it is clear that sensitivity to the exchange character 
of the forces, at a given neutron energy, will decrease with the range of the effective 
central interaction between nucleons. 

We now examine the numerical data given by the earlier investigation and 
by Christian and Gammel. In the earlier work the p-phases were calculated 
by accurate numerical solution of the appropriate integro-differential equations. 
It was found that, provided the coefficient « was considerably less than unity, 
Born’s approximation gives quite satisfactory results for the phase shifts but for 
greater values of « it is quite unsatisfactory. ‘Ihe values of the p-phases used by 
Buckingham, Hubbard and Massey are given in table 2 for a number of neutron 
energies. For comparison the values found by Christian and Gammel, using 
Born’s approximation in all cases, are given. ‘These were read from figure 1 
of their paper and so are not given accurately to the second decimal place. 

It will be noticed first that the three sets of phases exhibit the same trend. 
For symmetrical exchange forces the results are not very different. ‘The difference 
becomes appreciable for Serber forces at the lower energies and is quite marked 
for ordinary forces. It is probable, however, that, at least for the latter, the 
differences should be somewhat smaller than appears in the table. Born’s 
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Table 2. Comparison of ‘ observed’ p-phase shifts for n-d scattering with 
values calculated for various assumptions about the exchange values of 
the forces. Columns BHM are obtained from the calculations of Buck- 
ingham, Hubbard and Massey (1952) using interaction (4). “The columns 
CG (5) and CG (6) are obtained from the calculations of Christian and 
Gammel (1953) using interactions (5) and (6) respectively. 


Quartet 
Neutron Neutron Ord. forces Serber forces Sym. exch. forces 
wave energy 
number (lab) Obs) BEAYVIECG CG BHM CG CG BHM CG CG 
LOE aay) (Mev) (5) (6) (Se a) (5) (6) 
0-2 1:85 0-35 0:57 0:-31* 0-28* 0-267 10-25 10-25. 025 OL 
0-3 4-2 0-52 1:18 0-57* 0-51* 0-59 0-365 0-45 0-50 0:365 0-40 
0-4 7-4 0-57 1:35, 0:73 "0-645* 0-48 0-51 0-55 0-39 0-41 
0-5 11:5 0575 1-22) 0°88" “O:73"*" 0:59) 0-54 50-51) 0-45 en OPS SO oo 
14-0 0:58 bo) eS Oe 97/ 0:58" 0250) (04759 10-3959 036s Ora 
0-6 16:6 0:95* 0-:79* 0-49 0:52 0:30 0:34 0-35 


* These phase shifts having been obtained from Born’s approximation are probably too small (see 
text). The corresponding BHM phases have been calculated accurately. 


Doublet 

Neutron Neutron Ord. forces Serber forces Sym. exch. forces 

wave energy 

number (lab) Obs. BHM CG €G BHM CG (CG BEV Cea Ge 
(10% cm“) (Mev) ©) © ©) 1G) (5) (6) 

02 185 —0:10 —0-01 —0-08 —0-10 —0-08 —0-08 

0°3 42 —0-13 0-03 —0-07 0:0 —0-13 =e2? =O) 

0-4 74 —0-09 0-43 —0-01 —0-14 —0:25 —0:25 

0°5 (GES —0-02 0:50 -+-0-08 0:08 —0-07 —0-22 —0-22 

14°0 0-0 West OairA Mam Oxo (rile) Mx! 0-20 —0:26 —0-26 
0°6 16°6 0-11 —0-02 —0-19 —0-19 


approximation is not satisfactory for these cases even with the shorter range 
interaction used by Christian and Gammel. This was verified by calculating 
the p-phase shift to be expected for the case « = 2, k= 0-4 x 1018 cm~+ by numerical 
integration, using Christian and Gammel’s interaction (5) and approximate 
deuteron wave function. ‘The exact phase was found to be 0:56 radian whereas 
according to Born’s approximation it would only be 0-28 radian. It is impossible 
to decide how much correction should be applied to Christian and Gammel’s 
ordinary force results because of this marked failure of Born’s approximation 
without carrying out a complicated numerical calculation of the contribution 
from the kernel S of (2) in these circumstances. From experience gained in the 
earlier calculations it is likely that the correct values for ordinary forces with the 
interaction (5) are appreciably greater than those given in table 2. 

The dependence of the calculated phases on the exchange character of the 
forces is considerably less marked for the CG short range interactions than for 
the BHM interaction. his is particularly true for the gaussian shape but even 
with this the ordinary force phases become substantially larger than those obtained 
with the assumption of a Serber or symmetrical exchange operator, at the higher 
energies. ‘There seems then to be a real hope at least of deciding whether or 
not the forces are effectively of ordinary type even if the extreme assumption of 
the short range gaussian interaction is made. We therefore proceed next to 
compare the various calculated phases and cross sections with experiment. 
‘The elimination of ordinary forces would be a distinct step forward in view of the 
lack of evidence from other sources on the exchange character of the forces: 
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the high energy data on the scattering and polarization in nucleon-nucleon 
collisions which were previously relied upon for conclusive evidence on this 
matter have so far defied any attempt at consistent interpretation. 


$5. COMPARISON WITH OBSERVATION 


Christian and Gammel have analysed the data on the scattering of protons 
by deuterons and obtain ‘observed’ p-phase shifts. These were obtained by 
first assuming that the p-phases calculated for the interaction (5) with Serber 
exchange operator, by Born’s approximation, then adjusting the s-phases and 
finally readjusting the p-phases to give a least squares fit to the experimental 
data. Although we have been considering only neutron—deuteron scattering 
there is no difficulty in deriving the corresponding p-phase shifts from those for 
the proton collisions. Christian and Gammel show that the p-phases 5, for 
neutron collisions are related to those y,, for proton collisions with the same 
relative velocity 7, through the formula 


m1 =fO%, 

where C?=27€/{exp(27¢)—1}, €=e?/hv and f is a function of € which differs 
only slightly from unity in the energy range of interaction and is given graphically 
in figure 2 of Christian and Gammel’s paper (1953). Using this relation 6, 
is obtained for both the quartet and doublet scattering from the curves of figure 3 
of Christian and Gammel’s paper. The values so obtained are given in table 2. 
They cannot be regarded as very accurate or indeed unambiguous but should not 
be far from the correct values. The doublet phases are probably considerably 
less accurate than the quartet. 
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Figure 2. Comparison of observed differential cross section for elastic scattering of 
14-1 Mev neutrons by deuterons with those calculated using the BHM inter- 
action (4) with different assumptions about the exchange character of the forces 
and making full allowance for contributions from high order phases. 


Christian and Gammel also present in table V of their paper a phase analysis 
of 14 Mev neutron—deuteron scattering and the p-phases for this case are also 
inciuded in table 2. : 

Comparison of these observed p-phases with those calculated in various 
assumptions shows that, at neutron energies as high as 11-5 Mev, the quartet 
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Figure 3. Comparison of observed differential cross sections for elastic scattering of 
protons by deuterons with those calculated using the BHM interaction (4) with 
different assumptions about the exchange character of the forces and making full 
allowance for contributions from high order phases. 


p-phase calculated fpr ordinary forces, even with the assumption of the short 
range gaussian interaction (6), is considerably too high. ‘The short range Yukawa 
interaction (5) gives too high a value with ordinary forces at an energy of 7-4 Mev. 
None of the calculated quartet phases agree very well with the ‘observed’ value 
at 1:85 Mev but at the other energies the best fit is probably obtained with the 
Serber forces, with the BHM interaction (4) or with the CG interaction (5). 
Little can be derived from a study of the doublet phases. Most of the calcu- 
lated values agree in giving small phase shifts in agreement with observation, 
the sole exceptions being ordinary forces with the BHM interaction (4) which | 
rise much too rapidly at the higher energies. | 
The calculations of Buckingham, Hubbard and Massey (1952) did not include ] 
any allowance for phase shifts of order higher than the second in calculating | 
the angular distributions for scattering of nucleons by deuterons at any energy. 
‘This is likely to be serious at angles of scattering in the centre-of-mass system over 
0° and 180° at the higher energies and has given an impression of a greater 
disagreement between the predictions from the BHM interaction (4) and | 
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observation. In order to eliminate these effects the BHM calculations have been 
extended to allow fully for the contribution from higher order phases. This 
has been done by summing the series of partial cross sections in the scattered 
amplitude assuming Born’s approximation and then allowing for the deviations 
from this sum due to failure of the approximation for the zero and first order 
phases. Details of the method are given in the appendix. 

Figure 2 illustrates comparison of observed and calculated angular distributions 
for scattering of 14 Mev neutrons by deuterons. The calculations assume the 
BHM interaction and allow fully for higher order phases. It will be seen that 
if a Serber force is assumed the agreement of theory and experiment is quite good, 
but is much less satisfactory for symmetrical exchange and quite unsatisfactory 
with ordinary forces. 

A similar situation is found for- proton—-deuteron scattering. Figure 3 
illustrates comparison between observed and calculated angular distributions 
in the energy range from 10 to 20 Mev. The Serber interaction clearly gives the 
best agreement but even though this gives a very good representation of the shape 
of the observed curves there are considerable discrepancies in absolute magnitude 
at small angles. Similar discrepancies are found when the BHM interaction is 
replaced by the CG interaction (5). 


APPENDIX 


Calculation of Differential Cross Sections with Full Allowance for 
Higher Order Phases 


We write the scattered amplitude for n—d collisions in the form 


f()=fp(9) + ae > (21+ 1)(exp 275,-1-—27e,)P(cos@) —....... (7) 


where f,(@) is the amplitude given by Born’s approximation. 6, is the exact 
phase shift for motion with relative angular momentum {/(/+1)}'?h, «, the 
corresponding phase shift according to Born’s approximation. ‘The series 
converges rapidly, all terms with />2 being negligible. 

Referring to the equation (2) we have 


fp(9) =01, + Pla +yls, HECODe (8) 


h Lie 
baie L(@)=- aa U(r) exp {2(ky — k,).r} dr, 


i ff , / Hi 
I,(@) = — rel O(r, r’) exp {a(ky.r’ —k,.r)} drdr’, 


1 Gir ; / 
[,(0) = — =| S(r, F exp 7(k,-r’ —k,-r)} dr dr’, 


ke Kp hcOSt eke Bn! PP ea (9) 


To evaluate these integrals conveniently it is necessary to make one approximation 
not made in the earlier calculations; the deuteron wave function is represented by 


NUR Rane (GRRE PA) OE ett (10) 
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with «=0-2312, B=2-1444 whereas in the earlier work an exact numerical form _ 
was used. Using (10) and the expressions (3) for U and S we obtain, without 
difficulty, 


= — RR + 4 


Naeuieles t s + arctan i —2arctan a 
arctan 7 + ar tp a+ Bf’ 
1, = 1672. (a2? + 6252 — 425? — By?) 
x (KP +a K? + BPY(K2+ PY K2+ 3) 

where 

y=a+2/a, '=B+2/a, K=|k,—k,|, K’=|k)+4k,|, N=407MAB?/3h?, 

The evaluation of J, is more difficult. It may be evaluated explicitly using 
Feynman’s technique of parametrization (Feynman 1949). This was carried 
through and yields an extremely cumbrous expression. As expected it was 
soon found that /, is very nearly independent of the angle between ky and k,. 
This being so we have 


[ye Ty' (04, «) + 1'(By B)—21o'(a B) 


where 
I,(«; B= —N [ | exp {37k,.(u—v)—au— Bv—2|u—v|/a}(uv)' dudv, 


The phase shifts €9, «, and «, may readily be calculated from the relation 
ej=4k | F3()P,(cos 6) sin 6 a0. 
“0 


It was verified that, for /=2 and for those conditions under which ¢, should be 
nearly equal to the exact phase 6,, the results agree quite closely with the earlier 
calculations, thereby confirming that the approximation (10) for y is a good one. 

There is no difficulty in extending this method to p-—d collisions. The 
integro-differential equations (2) are replaced by 


(HMMM =LE +2U)} Fr) + | [Ole e)+7S(r, ¥+) 


= (hor je jane 


where Z  i167*Me* 
7 aga | (RP (aR ar 
.  1672Me? /4\3 
Te, = Sa (3) xxl) 


The scattered amplitude is given by 


ice) 


FO) =Fol) +10) ~ falO)+ 56 > 2L+ Vlexp (2iE exp (2in) — 1 
— 2te,’|P;(cos @), 
where €=argT(1+1+7£), C = 87? Me?/3kh?, 
fac(0)= — 4n®Me2/3h2h? sin 240, 


«=k | (fa—frc)P(cos 6) sin 6 8, 
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The introduction of fy is required in order that the final integral be 
convergent. ‘The ¢,’ have the significance of the Born approximation to the phase 
shift produced by the deviation from a Coulomb potential. 

Fp(@) is given by 

fp(@) =a, + Bly +yl,+1,—yls, 
any : 
res | expi(ky—k,).1(Z/r) dr, 
1 


/,=— ae T(r, r’) expi(ky.r—k,.r’)drdr’, 


Using the approximate form for y, J, is simply evaluated giving 


ite ae Pe era, coatiet 
= 3h Ke eer cae Oe SR eiKe Coe ane al 2(« +B) F 


As with /, the evaluation of /; proves more difficult. Again employing the 
approximate form for y 


47 Me? 
I,= — “5 BY {Iy/(a, «) + 15'(B, B)— 215'(a, B)}, 
i215, b= | (uv |v—u|)-texp [7(K’. u—K".v) —auw— Br] dudv 
Ki Sid ak 


‘Transforming to momentum space 


dp 
1 8 | Sarr REET T EY 
This latter integral may again be evaluated using the parametrization techniques 
of Feynman, but the resulting expression is very complicated. It should be 
noted, however, that in the energy region of Mee Bas KA Kes) bo thus: 
it is to be anticipated that /,’(x, «) >I;’(«, 8) >1;'(B, B). 
To evaluate /,/(x,«), we note the relation (Whittaker and Watson 1927) 


@—z)1= ¥ (nt P,(2)0,(t), >, 
n=0 
where m2 Din+1) 1 
Q,()= Qn+1 D(n+ 3) fri 2 


FiGn +s, sn + 1n+3,t 2) 


Applying this relation to both denominators, the angular integrations may 
then be performed to give 


2 aa 
I(2, 2)= ead | =F 10,PP Ae) ap, 
where _K’.K’ been ee pe 
road Soe aa pe cise 


Noting the relation, (easily derived by expansion of the left-hand side in 
powers of 2) 


Ei) —— (b+m) a,b, 1—c—m, —m; il 
[F(a 6,32) =2 rareyres mr +m) ° | ¢, 1-a—m, 1-b—m 
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the integration over p may be performed term by term. After some reduction, 
it is found that 


: K”? n+m Q-2m (n !)?( tic 2m)! 
Dae a =a 32 oe 2n+2m-+1 (2n)\(n+m) lm! 
n+4,4n+1, —n—4-—m, —m; 1 
EA o}at te on In—m, —4n-—m; | 
I,(a, «) gives a sufficiently small contribution for the first term of the series to 
be an adequate approximation, thus rendering plausible the neglect of J;/(«, f) 
and justifying the neglect of /;(6, 6). 
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The Gamma Radiation from the Reaction D(p, y)*He 
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Abstract. Using a scintillation: counter for the measurement of the gamma 
radiation, the Q value of the reaction D(p, y)?He was found to be 5:50 + 0-03 mev. 
The Doppler shift has been measured. The angular distribution was found to be 
nearly a pure sin?@ pattern at all proton bombarding energies from 0-5 to 2 Mev 
but evidence has been obtained for a small isotropic component. Neutrons were 
detected, arising, viathe D(d, n)®He reaction, from the knock-on deuterons. The 
relative yield curve has been measured with a thin target and is in accord with the 
formula given by Fowler and his co-workers. 

An approximate measurement of the absolute cross section at £, = 1-0 Mev 
gave 4 x 10° cm? + 50%. 


§ 1. INTRODUCTION 


HE existence of weak capture gammaradiation from the proton bombardment 

of deuterium was first reported by Curran and Strothers (1939). The 

reaction was studied by Fowler, Lauritsen and Tollestrup (1949), who found, 
by measuring the absorption coefficient in aluminium with three coincident Geiger 
counters, that the y-ray energy was 6-3 + 0-3 Mev for a proton bombarding energy 
of 1-4Mev. ‘These authors showed that the angular distribution could be repre- 
sented by /(@)=a+b sin?6, where a was very small or zero. ‘They also measured 
the excitation function using a thick heavy ice target, and gave for the absolute 
cross section, at a proton energy EMev, o=0-74 E°™x 10-cm?. The error 
quoted for the factor 0-74 was about 50% and for the exponent 15%. 

From the angular distribution Fowler et al. suggested that the radiation was 
primarily electric dipole in character. Wilkinson (1952) has measured the polari- 
zation of the emitted radiation, using the angular dependence of the photo- 
disintegration of deuterium on the polarization, and found that at 90° to the proton 
beam the radiation is predominantly polarized in the plane of the reaction, consis- 
tent with the character of electric dipole radiation. With the advent of the 
scintillation counter with its high gamma-ray detection efficiency it appeared that 
a more detailed study of this reaction was possible. 


§2. APPARATUS AND GENERAL EXPERIMENTAL PROCEDURE 


The layout of the target and detector is shown in figure 1. An analysed beam 
of protons from the University of British Columbia Van de Graaff generator, 
accurately stabilized in energy and position, was directed against a thin film of 
heavy ice. Quite smooth, uniform layers of heavy ice could be deposited up to a 
thickness of 250 kev to 1 Mev protons, using the dispenser shown in figure 1. Such 
layers did not deteriorate over several hours of running with beams as large as 


10 pa. . 
+ Now at Cavendish Laboratory, Cambridge. 


782 G. M. Griffiths and J. B. Warren 


In view of the low intensity of the radiation from this reaction, the background 
radiation coming from various metals when bombarded with 14 Mev protons was 
measured. For example copper was found to give radiation with 7 and 8 Mev 
components presumably arising from ground state transitions in “Zn or Zn. 
Gold was finally chosen for backing metal and was used on all surfaces in the 
vicinity of the target since it gave the least radiation above 2 Mev energy. Back- 
ground from the magnet box, due in part to the D fraction in the mass 2 beam, was 
eliminated by lead shielding. Very great care was taken to avoid any flourine 
contamination in the target region, because of the prolific yield of 6 and 7Mev 
radiation from the F(p,«y)!O reaction, and throughout the measurements 
background runs were taken before depositing the ice and at the end of a run after 
the ice had been evaporated to check for contamination. 
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Figure 1. The target and detection arrangement. 


The main counter consisted of a cylinder of activated sodium iodide 2 in. long 
and 1 fin. diameter mounted on an EMI VX6262 photomultiplier. Angles from 
— 150° through 0° to +150° with respect to the incident beam direction were 
obtained by rotating the counter about an axis through the centre of the proton spot 
on the target. The output was fed to a ‘kicksorter’ and also to a scaler with dis- 
crimination set to exclude pulses corresponding to less than 4 Mev energy loss in the 
counter crystal. A monitor counter was fixed in the plane through the target 
perpendicular to the beam, and its output fed to a second scaler with a 4Mev 


equivalent discrimination level. Care was taken to avoid counter fatigue, and soft 
iron shields eliminated magnetic effects. 


§3. THE Gamma-Ray ENERGY 


: in the reaction D + P— “Het "Hes hy, the gamma ray energy is not only a 
unction of the bombarding energy but also varies with the angle of observation at 


any pee proton energy due to the doppler shift resulting from the motion of 
the *He* nucleus. The gamma-ray energy is given by 


pei an (es) zB.) 
h O- Ek, mMipHe ye <2 + Be IHG aia terenee (1) 
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where E.,= E,M,/(M,, + M,) is the fraction of the proton energy which does not 
go into centre-of-mass motion and Q=(M,+M,—M(?He)) c?. Owing to the 
motion of the *He* with respect to the laboratory system, the gamma-ray energy, 
hv, as measured will depend on the angle of observation in accordance with the 
usual Doppler formulae: 


1 6’ 
eee, Lo rote Ce oS ene, (2) 
= Oe Ss 
_v@He*) M, » M, (/2E,\12 
eae Batty gross M,+Myc M,+M,\M,2/) ’ 


v(?He*) and w, are the velocities referred to the laboratory system, and @ is the 
angle of the observation in the laboratory system corresponding to an angle 6’ 
between the *He* nucleus and an observer in the centre of mass system. 

The gamma-ray energy was measured at an angle of 90° to the proton beam by 
comparing the spectrum from the D(p,y)*He reaction with that from a thin 
fluorine target bombarded with protons of 873 kev energy. ‘Typical spectra are 
shown in figure 2. The two peaks used for calibration are pair peaks of energies 
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Figure 2. Typical Single Crystal Spectra of the gamma radiation from the D(p, y)*He 
reaction at 90° to the incident beam, together with a calibration spectrum of radiation 
from the !°F(p, «, y)!®O reaction. The‘ photo peak ’ is not shown on the spectrum 
taken at E,=1-50 Mev. 


5-115 and 5-626 mev arising from the 6-137 Mev component in the '* F(p, «, y) *®O 
radiation (Chao et al. 1950). ‘The proton energy was read from the generating 
voltmeter, calibrated in terms of the accurately known resonances in the 
WE(p, x, y)8O reaction. ‘Table 1 gives the gamma-ray energy so measured and 
the O values deduced therefrom. 


Table 1. Experimental O values for Reaction D(p, y)?He 


Ey (Mev) hv (Mev) O (Mev) 
0-80 6-00 + 0:04 5:47 + 0-04 
1-00 6:16+ 0-03 5:48 + 0-03 
1:50 6:48 + 0:03 5:48 + 0-03 


The average Q value from this data is 5-48+0-02mev. The thickness of the 
targets was estimated to be between 30 and 60 kev for these runs; applying a 
correction for this to the value of £,, gives an average Q = 5:50 + 0-03 Mev. 
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Further measurements were made using a three-crystal pair spectrometer at 
proton energies of 1-0 and 1-5 mev, and, for calibration, spectra of the fluorine 
radiation at the 935 and 1355 kev resonances were used. A typical spectrum is 
shown in figure 3. ‘The D(p, y)?He spectrum consists of a single peak with this 
pair spectrometer, which reduces the accuracy of estimating the gamma-ray 
energy, and, owing to the longer time needed to obtain such a spectrum of the 
weak radiation and consequent apparatus drifts, the width of the D(p, y)’He 
peak is wider than the calibration peaks from the fluorine y-ray lines) sAiters 
allowing for target thickness the three-crystal result was Q = 5-51 + 0-05 Mev. 
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Figure 3. Typical spectrum of D(p, y)?He radiation taken with a three-crystal pair 
spectrometer, together with a calibration spectrum. 


The Q value predicted by the mass values of p, d and *He (Li ef al. 1951) is 
5-493 + 0-012 Mev which lies within the errors of this experimental determination. 
This result confirms the conclusion that the y-ray transition goes to the ground 
state; no evidence was found for any other components. 
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Figure 4. Single crystal spectra of D(p, y)*He radiation for E,=1-0 mev taken at 45° 
and 135° to the incident beam direction showing the Doppler shift. 
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The Doppler shift of the y-ray energy was observed at angles of 45° and 135° 
for proton bombarding energies of 1:0 and 1:7Mev. Figure 4 shows the spectra 
obtained with 1 Mev protons from which the shift was estimated as 130 + 10 kev 
as compared with the calculated value of 135 kev. At 1-7 Mev the observed shift 
was 195+15kev compared with the calculated value of 190kev. For these 
measurements the angular width of the counter as seen from the target was 16°. 
This agreement demonstrates that the 3He* nucleus emits the y-ray in a time 
short compared with its stopping time in the target, 10-12 second, as is expected. 
The transverse Doppler shift at @ = 90° is beyond our limit of resolution. 


$4. ‘THE ANGULAR DISTRIBUTION OF GAMMA RaDIATION 


4.1. Experimental Procedure 


The angular distribution of the gamma radiation has been measured at several 
proton energies with targets of thicknesses from 50 to 100 kev. At each angle the 
counts in both the monitor and rotatable counter were recorded, with the discrim- 
ination levels set to correspond to at least a 4 Mev energy loss, At the same time 
the pulse height spectrum from the rotatable counter was displayed on the 
‘kicksorter’, in this way showing clearly the Doppler effect, checking the overall 
gain stability, and also showing whether or not all the counts above the bias level 
were due to the D(p,y)?He reaction. Corrections to the total counts were made 
for both machine independent and dependent backgrounds, which were measured 
at each angular position. 

In order to determine the effect of target absorption and of any asymmetry, 
measurements were made in the three positions A, B, and C shown in figure 5, 
position C being used for the region around 0°. The beam direction was defined 
by a Lin. diameter entrance stop and a 5/16in. exit stop; to avoid errors due to 
small sideways wander of the spot during these angular distribution runs, the focus 
was spread out so the beam was uniformly clipped on all sides by the stops, 
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Figure 5. Target positions used for the angular distribution measurements, 


A typical curve showing the variation of the number of counts in the movable 
counter as a function of angle, after background subtraction and normalization to 
the monitor counts is shown in figure 6 for a proton bombarding energy of 1-75 Mev. 
The angular distribution is clearly almost a pure sin’ @ type; several corrections to 
these experimental curves have been made as outlined below. The main 
emphasis was placed on the —45°-0-—+ 45° region, in an attempt to determine the 
magnitude of the small, presumed isotropic, component. 
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4.2. Correction for Target Absorption 
The absorption was measured experimentally by taking readings with the 
movable counter at +90° and —90° for the target in positions A and B. These 
readings also checked sideways asymmetry and agreed with the calculated value for 
6-5 Mev radiation passing through the backing. For the radiation passing perpen- 
dicularly through the backing, the absorption was 4%. 
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Figure 6. Angular distribution of the radiation from the D(p, y)*He reaction taken at 
Ey, =1-75 Mev with background subtracted, 


4.3. Correction for Scattered Radiation 

The readings at 0° may be too high due to some of the much more intense 
radiation at 90° being scattered into the counter. Rayleigh scattering, without 
change of energy, is negligible. The scattered radiation would therefore have 
shown up as a change in the shape of the spectrum at 0° as compared with 45° or 
90°, with more counts in the low energy region, an effect which was not distinguish- 
able from the neutron effect ($4.5). Most of the scattered radiation was not 
counted with the discriminator levels set at 4 Mev. 


4.4. Correction for Doppler Shift 
The change in y-ray energy with angle resulted in an estimated 3%, increase in 
efficiency of the counter as it moved from 180° to 0°; over the region 45° to 0° it has 
been neglected. Likewise the angular shift forward in the laboratory system 
has been neglected as it amounts to only 1° at 90° with £, = 1-75 mev. 


4.5. Correction for Neutron Effect 

Jennings ez al. (1950) have reported that neutrons are produced by protons 
bombarding deuterium targets somewhat below the (p, n) threshold at 3-3 Mev. 
At proton bombarding energies of 2Mev and below, a check with a neutron 
detector (a zinc sulphide-plastic scintillation counter, quite insensitive to gamma 
radiation) confirmed the presence of neutrons, presumably arising from the D on 
D reaction caused by deuterons knocked on by the protons, since photo- 
disintegration does not account for the order of magnitude of the yield found. 
From estimates of the efficiency of this neutron counter using a radium beryllium 
source, it was concluded that there were rather more neutrons than gamma rays 
emitted at 0°. Such neutrons were not counted directly by the sodium iodide 
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scintillation counter but were captured in the surrounding materials and in the 
iodine leading to gamma rays detected by this counter. Quite definite evidence 
for the latter effect was obtained by irradiating the counter with fast neutrons, 
following which an intense background below 3 Mev was found which decayed with 
a half-life of 25 minutes and the spectrum of which was characteristic of 12%], 
While the SI activity would not have interfered with the measurement of the 
6Mev D(p,y)’He radiation, from the spectrum obtained during a D(D, n)?He 
run there appeared to be prompt gamma rays with components around 4:5 and 
6 Mev produced at the time of neutron capture. 

The magnitude of this neutron effect was estimated in two ways. The first 
method involved a comparison of the counting rates in the neutron and gamma 
sensitive counters placed at 0°, when irradiated by neutrons from the D(d, n)?He 
reaction, N,,” and N”, and when irradiated by the products of the proton bombard- 
ment of heavy ice N,? and N?. The contribution of the knock-on process to NP 
is given by 

Nee (NEUNG) : Nae 
The deuteron bombarding energy was chosen to give neutrons of about the same 
mean energy as would arise from the knock-on process. 

The second method was indirect and was based on a comparison of the shape of 
the gamma-ray spectra produced at 0° and 45° during the D(p, y)*He runs. Such 
spectra for £, = 1-0 mev and E, ~1-75 mevare shown in figures 7 and 8, from which 
it is evident that in both cases the 0° spectrum is rather higher on the low-energy 
side than the 45° spectrum, the effect being more pronounced at 1-75 Mev as would 
be expected if the effect arises from knock-on deuterons giving D on D neutrons. 
Thus a background may be subtracted from the lower side of the 0° spectrum to 
reduce this spectrum to the same shape as the 45° spectra. 
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Figure 7. Comparison of the single crystal spectra obtained from the reaction D(p, y)*He 
at Ey =1-0 Mev taken at 0° and 45° to the incident beam direction. 


Both methods gave similar corrections to the observed count at 0°, about 25% 
reduction at 1:75 Mev bombarding energy and 8% at 1 Mey. 


4.6. Correction for Solid Angle 


Figure 9 shows the geometry of crystal and target. For the solid angle correc- 
tions the crystal was approximated to by a spherical cap subtending a solid angle 
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Figure 8. Comparison of the single crystal spectra obtained from the reaction D(p, y)?He 
at E,,=1-75 mev taken at 0° and 45° to the incident beam direction. 
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Figure 9. The solid geometry of the detector arrangement: L=5:10+0-05 cm, 
R=2-23+0-02 cm, D=15:5+0:2 cm, 0)=8° 15’, w)»=0:00521 of a sphere. 


wy =0-00521 of a sphere at the target. The correction was made by assuming 
that the true angular distribution had the form A (sin? @ + B) dw, or, normalizing the 
total yield over the sphere to No, 


NO)\Ee s(sin®O + B)do, saves (3) 


0 
47(2+3B 
The expected experimental number of counts at an angle @,, corresponding to 
equation (3), is 

N.(6)=K | N (6) de, 


where K is the counter efficiency. 
The integral was evaluated numerically in the form 


3N,K 3 NK erent, 
> ba hone f 
: °0,+sin- C ; ; fC2 oh sin2 (0 —@ ue 
5 ; * 3 Seal c)s 
in which F(0.) | ot ince 2 sin? @ sin-t C= 


C= R/D (see figure 9), and it has been assumed that the intersection of the cones of 
constant radiation intensity with the plane surface ab of figure 9 are straight lines. 
In table 2 are given the values of F'(6,) and the values of (w, sin? 6) representing the 
sin? @ angular distribution without solid angle correction ; these values are accurate 


to about 3%, and to this accuracy no correction was necessary for angles between 
45° and 90°, 
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Table 2. Solid Angle Corrections 


6. F(6.) Wo sin? 6. F (6.)— apo sin? 0. (Gn) 
0° 0-00068 0-00000 0-O00068 0:0103 
Se 0-00495 0-00439 0-00056 0-0085 
S03 0-0169 0-0164 0-0005 0:0076 
45° 0-033 0:-0328 
90 0:-0657 0-0655 


4.7. Angular Distribution Results and Possible Sources of Error 
The angular distribution and the percentage of the total yield that is isotropic 
(3B x 100) (2+3B)% are given in table 3. The data at the lower energies, 0-6 and 
0-8 Mev, were taken with the counter only 4 in. from the target, necessitatinga larger 
solid angle correction. 


Table 3. Angular Distributions of Gamma Rays from the Reaction Dvp, y)?He 
at Different Energies 


°% Isotropic Component in 


E) (Mev) Distribution val eld 
Nears sin? 6+0-025+ 0-006 BF Osta Osco, 
1-0 sin? 6+0-:046 + 0-005 6-5 0°7% 
0-8 sin? 6-+0-04 +0-015 5-74+2:0% 
0-6 sin? 6+0:026+ 0-010 Bosse oS, 


An examination of the gamma spectrum from oxygen bombarded with protons 
(Warren et al. 1954) has shown that there is nocontribution to the radiation above 
4mev from this cause. There was little sign of 6 Mev fluorine radiation from the 
gold target backing in the background runs and fluorine would hardly be carried 
over in the water vapour during the laying down of the heavy ice targets; more- 
over, there was no evidence for any increase in the 6 Mev component of the radiation 
as the beam energy went through a fluorine resonance. So it is considered that 
the radiation measured was all due to the D(p, y)*He reaction. 

Another possible source of error arises from scattering of the protons in the ice 
targets of about 50kev thickness and back-scattering from the gold backing. 
Calculations indicate that neither of these processes could appreciably affect the 
magnitude of the isotropic component. 


§5. THE YIELD CURVE AND ABSOLUTE CROSS SECTION 
5.1. Relative Yield 


The relative gamma-ray yield from the D(p, y)*He reaction has been measured 
at 90° to the incident proton direction for proton energies from 0-5 to 1:85 Mev and 
at 0-25 Mev by using the mass 2beam. Some of the runs required a total time of 
12 hours so that a careful check was kept of the gain stability of the electronic 
apparatus. The total count recorded above the discrimination level of 4 Mev, 
corrected for background, was taken as proportional to the gamma-ray yield. ‘The 
total count so obtained was corrected for the variation in the efficiency of the 
counter, as the gamma-ray energy changed from 5-6 Mev at £,, = 0:25 Mev to 6-6 Mev 
at H,=1-75mev. ‘The efficiency was calculated from the cross sections for the 
y-ray interactions in the crystal, taking into account wall effects and the number of 
pulses below 4mev in the Compton distribution. As a check, the percentage of 
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the pulses above the bias level was estimated from the kicksorter distribution, and _ 
this fraction times the total calculated theoretical efficiency gave another value for | 
the actual efficiency. ‘These two values were in fair agreement, i.e. 36% for 
E=6-15 mev by the first method and 33% by the second. 

During the long runs the integrated current could not be relied upon to give the 
relative normalization since the yield from the target did not remain quite constant. 
As an example at £,, = 1-25 mev the yield decreased by about 17% after 10 hours. | 
Consequently, two check points were used, &,=1-0mev for the lower proton 
energies and 1-:25mev for the higher, corresponding to two different sets of | 
focusing conditions for the beam. The background tended to rise quite sharply 
as E\, rose above 1-24 Mev and depended quite significantly on the exact focusing 
conditions. The proton energy was maintained to better than + 10 kev during the 
runs. Correction was made for the target thickness which in these runs was about 
70 kev for E, = 1-0 Mev. 

Figure 10 shows the relative yield as a function of E,, together with a curve 
calculated from the formula Y= KE% given by Fowler et al. (1949) and adjusted 
to fit the present data in the region of £, =1-0Mev. No errors have been shown 
since the statistical errors are less than other experimental errors, but the data 
agree within the errors of the two measurements. 
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Figure 10. Relative yield of radiation from the reaction D(p, y)*He for proton 
bombarding energies from 0-25 to 1-8 Mey. 


5.2. Absolute Cross Section 


The total number of y-rays emitted may be estimated with fair precision from 
the counter efficiency and angular distribution of the y-rays and solid angles 
subtended by the counter. This, together with the integrated beam current and a 
knowledge of the target thickness, gives the cross section. ‘The main uncertainty 
lies in the determination of the target thickness. This was accomplished by 
standardizing the method of dispensing the water vapour by depositinga layer on to 
a thin calcium fluoride target and measuring the apparent shift in the Ep, eye 
resonances. From the energy loss so established and the data of Wenzel and 
Whaling (1952) the number of D atoms in the targets used was deduced. 

The absolute cross section at £y,=1:0 Mev so_ obtained was 
o=4x 10cm? + 50% in approximate accord with the previous measurement 
(Fowler et al. 1949). Since the angular distribution changes very little, the cross 
section at other energies may be deduced from the relative yield curve. 
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$6. Discussion 

The excitation function and the change in gamma-ray energy with incident 
proton energy indicate that the reaction takes place by direct radiative capture to 
the ground state of "He, without the formation of a compound nucleus in the Bohr 
sense. It would be of interest to extend the range of bombarding energy to perhaps 
20 Mev to determine the position and the value of the maximum in the cross section. 

The angular distribution of the radiation is of the form sin?46+6 where b is 
small but not zero. This, together with the polarization data, strongly suggests 
that the predominant transition is electric dipole. For this part of the radiation 
the angular momentum of the ingoing protons /, cannot be zero and the simplest 
choice is p-wave protons. [If it is assumed that the intermediate state, 3He*, is 
one of well-defined angular momentum arising from the vector addition of 7 and 
the incident channel spin, then it is not possible to realize a distribution of the 
form sin® 6+, with b as small as experimentally observed, taking /,=1 or even 
2or3. ‘Thus the simplest assumption for this reaction is that the spin of the proton 
remains unchanged throughout, so with p-wave protons the y-ray transition is 
from ?He* with orbital angular momentum /=1 and /,=0 to the ground state of 
3He with /=0 and /,=0. In this case AJ=1, Al, =O leading directly to a pure 
sin? @ distribution with the required polarization. 

The small ‘isotropic’ component, which seems to show a maximum around 
E,,=1-0 Mev may be explained by including a little spin-orbit coupling. Thus 
for /,=1 protons such coupling would introduce transitions for which A/J=1, 
AJ,=0, giving a sin?6 distribution and also for which AJ =1, AJ,= +1 giving a 
1 +cos?4 pattern, where / refers to the total angular momentum, spin plus orbital. 
However, part or all of this isotropic component may arise from magnetic dipole 
transitions following capture of S-wave protons. Such transitions may arise from 
non-central components in the nuclear force law (Verde 1950) and indeed the 
observation of the mirror reaction D(n, y)T with thermal neutrons, for which /, is 
presumably zero, is evidence for such an assignment. On the basis of Verde’s 
theory the isotropic component should increase relative to the sin? 6 component as 
the proton energy decreases in a similar manner to the D(y, n)P reaction but our 
experimental results do not show this tendency. It would be of interest, though 
difficult, to study this mirror reaction, D(n,y )'T, with fast neutrons for comparison. 

One possible way of distinguishing between these two alternative explanations 
of the isotropic component would seem to be to determine the polarization in the 
vicinity of 0°. However, it is not clear that this is possible, since the elliptic 
polarization of the small 1+cos?@ component combined with a portion of the 
predominant plane polarized sin? 4 component would look the same as the circular 
polarization of the magnetic dipole transitions of the second theory. 

This reaction D(p, y)*He and its inverse would appear to be very suitable 
for testing the principle of reciprocity in nuclear physics. Unfortunately the 
cross section for the photodisintegration, deduced from the radiative capture 
cross section, is only about 10-*8cm? for 6Mev quanta which is at the limit of 
detectability at the present time even taking into account the coincident appearance 
of the two charged particles in the photodisintegration. 

Theoretical calculations for the direct radiative capture processes in very light 
nuclei usually proceed from a consideration: of the inverse photodisintegration 
process to the radiative capture using the reciprocity theorem. It is first necessary 
to make some guess as to the wave function describing the nucleus in the ground 
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state based on the binding energies, magnetic moments and a nuclear force law. 
This approach has been quite successful in the case of the deuteron, and calcula- 
tions for the more difficult three-body case have been made by Burhop and Massey 
(1948), Verde (1950) and Gunnand Irving (1951). Except for Verde these authors 
have considered only the symmetric part of the ground-state wave function, so 
only the sin?@ part of the cross section is included. Since there seems to be some 
discrepancy between the three-body theory and results in the present case and in 
the scattering of neutrons by deuterons (Buckingham and Massey 1942, Adair et al. 
1953), calculations which did include non-central force components required by 
two- and three-body binding energies and magnetic moments (Tsi-Ming Hu 
and Kung-Ngou Hsu 1951), and which covered a wider range of distance depen- 
dence of the wave functions than the gaussian used by Verde, would be of interest. 
At the present time it is not clear whether any greater precision in the measurement 
of the cross section for example, would be of value in choosing the form of the wave 
function owing to the approximations made in the theoretical calculations. 


ACKNOWLEDGMENTS 


We should like to acknowledge the help of Mr. E. Critoph with the preliminary 
measurements and of Mr. J. Sample who assisted with the neutron detection. 
One of us (G. M. G.) gratefully acknowledges the receipt of a National Research. 
Council of Canada fellowship. This work was made possible by generous 
assistance from Atomic Energy of Canada Ltd. 


REFERENCES 


Apair, R. K., Okazaki, A., and WaLT, M., 1953, Phys. Rev., 89, 1165. 

BUCKINGHAM, R. A., and Massgy, H. S. W., 1942, Proc. Roy. Soc. A, 179, 123. 

Buruop, E., and Massry, H. S. W., 1948, Proc. Roy. Soc. A, 192, 156. 

Cuao, C., ToLLestrup, A. V., FOWLER, W. A., and LaurITSEN, C. C., 1950, Phys. Rev., 79, 
108. 

CurRAN, 5. C., and STROTHERS, J., 1939, Proc. Roy. Soc., 172, 72. 

Fow ter, W. A., Lauritsen, C. C., and ToLiestrup, A. V., 1949, Phys. Rev., 76, 1767. 

Gunn, J. C., and Irvine, J., 1951, Phil. Mag., 42, 1353. 

JENNINGS, LEITER and Sun, 1950, Westinghouse Technical Report. 

Li, C., WHaLiInc, W., Fow er, W. A., and Lauritsen, C. C., 1951, Phys. Rev., 83, 512. 

Ts1-Minc Hu, and Kunc-Ncou Hsu, 1951, Proc. Roy. Soc. A, 204, 476. 

VERDE, M., 1950, Helv. Phys. Acta, 23, 453; 1951, Ibid., 24, 298. 

Warren, J. B., Laurie, K. A., James, D. B., and Erpmawn, K. L., 1954, Canad. 7. Phys., 32, 
563. 

WENZEL, W., and WHALING, W., 1952, Phys. Rev., 87, 499. 

Wivkinson, D. H., 1952, Phil. Mag., 43, 659. 


The lonization Loss of Relativistic u-Mesons in Neon 
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(with an Appendix by J. M. Hammersley § and K. W. Mortont) 
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Abstract. Proportional counters filled with neon have been used in conjunction 
with the Manchester magnetic spectrograph to investigate the relationship between 
the momentum and the most probable‘ionization loss for u.-mesons at momenta 
greater than about 10° ev/c. The logarithmic increase of ionization loss with 
momentum is found to be in good agreement with that indicated by treatments 
which ignore interactions among the target molecules, and the onset of polarization 
effects is compared with that previously reported in oxygen. 


$1. INTRODUCTION 


HOSH, JONES AND WILSON (1952, 1954) have measured the ionization 

of -mesons traversing a gas by drop counting in a cloud chamber 

placed in the beam of the Manchester magnetic spectrograph (Hyams 
et al. 1950). ‘They showed that for relativistic particles the ionization increased 
logarithmically with increasing momentum until polarization effects in the medium 
became important and the ionization appeared to approach a saturation maximum, 
the so-called ‘Fermi plateau’. 

Recently several workers (Becker et al. 1952, Price et al. 1953, Parry et al. 
1953) have investigated the same phenomena by measuring the most probable 
ionization loss of particles traversing various gases contained in proportional 
counters. ‘The results so far published establish the logarithmic increase, 
but there remains considerable uncertainty in the magnitude of the saturation 
value of the ionization corresponding to the Fermi plateau. ‘This is mainly on 
account of the difficulty of measuring the momentum of mesons when this exceeds 
10 ev c. 

A modification of the Manchester spectrograph, in which a system of cloud 
chambers is used to define the particle trajectory (a detailed description will be 
published elsewhere), has greatly extended the resolution of the instrument ; 
the momentum of single particles can now be measured with a maximum detectable 
momentum of the order 10! ev/c. ‘The modified spectrograph combines two 
instruments, the first of which, referred to as the ‘counter spectrograph’, has 
already been described (Hyams et al. 1950), while the second will be referred 
to as the ‘cloud chamber spectrograph’. ‘The determination of momentum 
using the cloud chamber spectrograph is relatively tedious and is normally used 
only if the momentum of the particle exceeds 101° ev/c, but a small number of 
particles of lower momentum are also recorded by the cloud chamber spectrograph 
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to provide a reasonable overlap with the counter information. This instrument 
affords the opportunity to examine particles in the ‘Fermi plateau’ region of 
ionization loss uncontaminated by particles of lower momentum. 

When ionizing particles all of the same momentum and mass traverse a given 
mediuin, the loss of energy is not unique but fluctuates over very wide limits. 
Landau (1944) calculated a distribution function applicable to thin absorbers, 
and the treatment has been extended by Symon (1948) to thicker absorbing 
layers. Landau calculated this distribution in terms of (A—Ag)/é where A is 
the energy lost by the ionizing particle in travelling a distance x and Ay is the most 
probable energy loss for a particle of velocity Bc. For a singly charged particle: 


A, =& (In é/e’ +0-37), 


._.2nNet XZ 

oe S = neep? PSA” 
(rd P(Z) 2 2 
and C= Imep — B?) exp B?. 


In these expressions N is Avogadro’s number, e and m are the electronic charge 
and mass, while Z, A, p and I (Z) are respectively the atomic number, atomic 
weight, density and average ionization potential of the medium traversed. 

An essential condition for the validity of Landau’s calculations is that 


CA aad Sey 


where £,,,, is the maximum possible energy transferable to an electron in a single 
collision. 

When € is not very large compared with /(Z), which is the case for convenient 
sizes and fillings of proportional counters (including those used in this experiment), 
a broader distribution results; the exact shape of this distribution is best deter- 
mined experimentally (West 1953). However, even when the condition is far 
from satisfied, all authors agree that the most probable ionization does not seem 
to be greatly different from Landau’s value; so it is still convenient to compare 
the experimentally determined values of the most probable ionization with 


Landau’s theoretical values, even though there is at present no rigorous justification 
for doing so. 


§ 2. EXPERIMENTAL DETAILS 


The magnetic spectrograph recorded the momentum of each particle and the 
ionization loss was simultaneously recorded in two rectangular proportional 
counters placed one above the other between the two magnets of the spectrograph. 
In this position the particle beam was collimated and did not extend beyond the 
sensitive volume of the proportional counters. The path lengths of all particles 
traversing the counters were the same to within }°%,. The proportional counters 
and recording equipment have already been described by Price et al. (1953) 
no modifications were necessary for the present experiment, apart from the change 
of gas filling. 

The dimensions of the counters were: useful length 25 cm, internal depth 
in the direction of the beam 7:0 cm, width 9 cm (effective width of the beam 6 cm). 
The counters were filled with neon and methane at partial pressures of 40-0 cm 
and 4-4 cm of mercury respectively at 15°c; the pulses from the counters were 
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amplified and, after separation by delay lines, were displayed on an oscilloscope 
and photographed. ‘The oscilloscope was triggered by master pulses generated 
by particles traversing the spectrograph and the ionization losses of the particles 
were determined from the height of the photographed pulses. 


§ 3. ‘THE TREATMENT OF RESULTS 


The pulse records were assigned to twelve momentum ranges and the pulse 
amplitudes in each range plotted in the form of histograms. These momentum 
ranges were of two kinds: the first nine ranges, corresponding to groups of 
deflection categories of the counter spectrograph, contained mesons of momentum 
up to 10" ey,c, the remaining three ranges contained the particles of high 
momentum directly measured in the cloud chamber spectrograph. 

In experiments of this kind, the events lying in the ‘high-energy tail’ of the 
experimental ionization distribution cannot be observed with any accuracy, 
as they saturate the amplifier. Since it is therefore impossible to make a satis- 
factory measurement of the average ionization, it is preferable to determine the 
most probable ionization, i.e. the mode of the distribution. It has been pointed 
out by a number of earlier workers (Becker et al. 1952, Price et al. 1953, Parry 
et al. 1953 and Yeuseyev et al. 1953) that it is important when determining the 
mode to use some objective statistical method. ‘The method adopted by all of 
these workers was to fit a suitable smooth curve to the ionization histograms, 
and to determine the mode of the fitted curve. In this way effectively the whole 
of the observations can be utilized in deriving the result, and not merely those 
lying in close proximity to the mode. In the work of Becker, Price and Parry 
and their respective co-workers an application of the method of ‘maximum 
likelihood’ was used to fit the ‘ideal curves’ (derived from auxiliary experiments 
with electrons) to the experimental distributions. A somewhat similar statistical 
treatment was used by Yeuseyev and his colleagues. However, neither of these 
methods of analysis is completely rigorous, although both yield results with 
only a moderate amount of computation. 

In the present analysis, the curve fitting and determination of the mode was 
carried out using the method of ‘linear unbiased estimators of minimum variance’ 
in an application specially developed for the treatment of these results by 
Hammersley and Morton (1954). A very brief summary of the method, including 
a ‘computing recipe’ is given in the Appendix to this paper. 

The ‘ideal curve’ fitted to the histograms was obtained by suitably combining 
the observations in the eight lower momentum groups, 1.e. those mot in the region 
of the polarization plateau. ‘The median was first found for each distribution. 
This was possible because even though the magnitude of the saturation pulses 
corresponding to the large energy losses could not be determined, their number 
was known. The eight pulse-height distributions were then plotted, each with 
the median as origin, and all eight were then added together, giving a histogram 
containing a very large number of observations (~5000). The ‘ideal curve’ 
was obtained by smoothing this histogram, and it was then fitted to the individual 
histograms by adjusting both the mode and the width. 

The method of preparing the ideal curve implicitly assumes that the width 
and shape of the ionization distributions for each of the eight histograms were the 
same, so that the only effect of the relativistic increase of ionization was to shift 
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the whole distribution bodily. This assumption was subsequently justified 
by the computed results, which showed no significant variation in width over 
this range of momenta. 


§ 4. ERRORS IN THE VALUE OF ENERGY Loss 


The amplifying system of the proportional counters was checked at the 
beginning of the experiment for linearity over the range used, and daily calibrations 
were made using the K x-rays from a °!Cr source placed against the thin central 
windows of each counter (Rothwell and West 1950). This particular x-ray 
energy, 5-0 kev, was in the neighbourhood of the most probable energy losses 
measured in the experiment, and so extrapolation errors were minimized. The 
standard deviation of an individual calibration was +5°%, and the mean of all 
the daily readings had a standard deviation of less than + 1%. 

Except for a short period when there was a partial failure in the recording 
equipment, the amplification of the proportional counter pulses varied by less 
than the observational uncertainties in the daily calibrations throughout the 
period of the experiment. ‘The number of traversals per day was such that an 
additional check of the constancy of the amplification factor was possible by the 
examination of the distribution of energy losses of a group of particles within 
a well-defined momentum range over successive periods. 

Because calibration was carried out throughout the experiment, systematic 
errors in the amplification factor are unlikely to be more than 1%; since the 
random errors were also reduced to less than 1°%,, the overall accuracy of the 
relationship between measured pulse height and energy lost in the counter is 
probably appreciably better than to 2%. 


§ 5. ‘TABULATED RESULTS 


The tabulated results are based on the two different techniques of momentum 
determination: 


(A) Using the counter spectrograph. 


With this instrument the particles are grouped into ‘momentum categories’ 
(Hyams et al. 1950) ; the momentum spectrum in each category has been calculated 
from the incident spectrum and the geometry of the apparatus. ‘To determine 
the ‘ effective momentum ‘ the ionization distribution function (the ‘ideal curve’) 
was integrated numerically over the momentum spectrum of each category 
taking into account the existence of the relativistic increase of ionization. The 
‘effective’ momentum was then assumed to be that value which would have 
a most probable ionization equal to the mode of the distribution obtained from 
this integration. ‘The ninth group of this section of the table, corresponding to 
category ‘(Q’ of the counter spectrograph data, contains particles of so wide a 
range of momenta that the ‘effective’ momentum of this group is probably less 
significant than that for other groups. 

(B) Using the cloud chamber spectrograph. 


The procedure adopted was the same as in (A) except that the directly observed 
incident spectrum between chosen deflection limits was used. The instrumental 
precision in the momentum determination will be discussed in detail elsewhere, 


but it may be stated that the accuracy to which deflections of the order 0-5 em 
are measured is better than 0-1 cm. 
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Effective Measured distribution of energy loss 


No. of momentum. Mode Width at 
Selection traversals (10° ev/c) (kev) + height (kev) 

Category 

SS // 742 1:5 3:86+ 0:06 3:14+0-14 

7 255 2:0 3:91 £ 0-12 3565 0°23 

6 446 233 3:92+ 0:08 317220718 

5 559 2°8 4-02+ 0:07 3:08 + 0:16 

A - 745 Si7/ 4-05+ 0-07 3:28+ 0-14 

3 860 5-0 4-22+ 0-06 3:20+ 0:13 

2 999 6:9 4-51+0-06 3:24+0-12 

1 954 11-6 4-69+ 0-06 3:63+ 0:12 

(QO) (258) (20) (4:88 + 0:12) (3:46 + 0:24) 

Deflection (cm) 

2-0-1-0 262 17 4:96+0-11 3°30+ 0-23 

B 1-0-0°5 157 33 4:97+ 0-20 457+ 0:33 

0-5-0-0 95 100 4-99 + 0-23 4:12+0:39 


A: Counter spectrograph ; B: Cloud chamber spectrograph. 


§ 6. DISCUSSION OF RESULTS 


The table shows, as does previous work, the difficulty of accumulating sufficient 
data at the higher momenta to follow closely the variation of ionization with 
momentum in this region of particular interest. It will be useful, however, to 
compare the results now given, and also those of Ghosh, Jones and Wilson (1954), 
with recent calculations by Sternheimer (1952, 1953). 


(Mev g-'cm?) 
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Ionization loss of relativistic 4-mesons in neon. 


In the figure, the full curve and left-hand scale refer to the present experiment 
showing €prop in kev, following equation (52) of Sternheimer (1953), and using 
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the values of constants given in tables I and II of Sternheimer (1952). ‘The 
broken curve and the right-hand scale refer to oxygen at s.1T.P. (Ghosh ef e/. 1954) 
and show p-1(dE/dx) — 7, in units Mev g-! cm, the average energy loss per gramme 
excluding collisions involving a transfer 7) greater than 930 ev again following 
Sternheimer (1953, p. 261) and making the correction (model I) for the energy 
going into Cerenkov radiation. ‘The two scales have been fitted at p/c=10. 

Experimental results are shown as black circles (neon, present experiment) 
and open circles (oxygen, Ghosh e¢ al.). The energy calibration of the former 
has been described above, for the latter the recorded number of ion pairs per 
centimetre have been transformed using Valentine’s (1952) value for the energy 
required to produce each ion pair in oxygen. Although both calibrations 
essentially compare the ionization by very energetic particles with that of particles 
of low energy, there is at present no evidence to suggest that this procedure leads 
to an error of calibration. 

In the region below the onset of polarization effects both experimental sets 
of points fall below the calculated curves, by about 8%, for oxygen and by about 
2°,, for neon. At the present time this discrepancy is probably not serious. 
For a comparison of the polarization effects in the two gases, the neon measure- 
ments raised by 2%, (large shaded circles) and the oxygen measurements raised 
by 8%, (large open circles without error limits) have been added to the figure. 
These show that, while both sets appear to fall off somewhat more rapidly than is 
predicted, the difference between them is of the kind and, as far as the precision 
of measurement permits any conclusion, of the magnitude which Sternheimer’s 
calculations suggest. ‘The difference is in part a simple density effect, the neon 
measurements being made at lower pressure than those in oxygen, but it is mainly 
an intrinsic property of the two gases. 
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APPENDIX 


ANALYSIS OF THE HISTOGRAMS 
By J. M. HAMMERSLEY anp K. W. MORTON 


For each momentum range we are given experimental values of F(x), the 
proportion of counts with ionization lass less than x, for several fixed values 
x;(¢=1, 2,...”) of x. In addition we are given a cumulative distribution function 
(x), the ‘ideal curve’, also obtained experimentally but with about ten times as 
many counts. It is assumed that F(x) is of the same form as ®(x) with a change 
of location and scale, i.e. F(x)=®(«%+ 8x). We then wish to make estimates of « 
and f to enable us to estimate, for example, the mode of f(x) given that of 4(x), 
where these are the frequency distributions corresponding to F(x) and (x) 
respectively. The validity of the above assumption can also be tested by 
evaluating 


yee > Lf(x;) — b(a + bx) ]2/6(a-+ bx). 


The method adopted and the reasons for its adoption are set forth in more 
detail elsewhere (Hammersley and Morton 1954), but we shall give here a brief 
description followed by a computing recipe. 

It has already been pointed out that an evaluation of the mode of f(x) is more 
reliable than one of its mean, because of the long tail of the distribution and the 
lower accuracy of the readings there. Standard maximum likelihood techniques 
cannot be used for this because the ‘ideal curve’ M(x) will not stand the number 
of differentiations necessary. Instead, we proceed as follows: corresponding 
to each value x, of x we obtain y, given by F(x;)=®(y;).. Comparison with the 
assumption F(x;)=@®(x% + Bx;) then suggests that we estimate « and f by fitting 
a straight line to the points (x;, y;). In doing so we must remember that the y; 
arenotindependent. Indeed, if we let v,; be the variance of y,and w,, the covariance 
of y, and y,, then the interdependence of the y,’s is summarized by the matrix 
V =(vz,,), called the variance—covariance matrix of the y,. 

Our estimators a and b of « and f are linear functions of the y;, and are so 
chosen that their expected values over an infinite number of similar experiments 
actually equal « and f (i.e. they are unbiased); in addition they are chosen so that 
their variance isa minimum. ‘This involves taking into account the dependence 
of the y, uponeach other. Itisastandard result (Aitken 1935) that such estimators 
are given by the formula 

(5) FOV GAN ty) oe: (1) 
| Sn nee | 


eta, 


where X’= ( ) and y’=(4,y2---¥,), and V is the matrix defined 


above; and also that the sampling variance-covariance matrix of these estimators 
(defined as for the y,;) is (X’V-1X)?. 
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In the present case the elements v,, of V are given by 
Vij = COV (Yi Vj) =COV(Fi, F5)/Fihin 
where F;= F(x;) and 4;=[¢®(x)/0x]._,,- Further, if N is the total number of 
counts for this momentum range, NF; is the number of counts with energy loss 
not exceeding x,. If p; is the probability of such a loss, F’; is a binomial variate 
with mean p, and variance p,(1-p,)/N; and when 7<j the covariance between 
F, and F, is given by cov(F;, F;)=p,(1—p,)/N. Hence putting in the approxi- 
mations F, for p; and combining with the case 7=] we have 


Oj; => U;5 => F,(1 ae F,)/N¢;4; for 1 <j: ce eeee (2) 
Further, by constructing the product VV"1, it can be verified that the inverse 
matrix W~! occurring in formula (1) 1s 


(Gye Ore i) 
Vi Algo Veit) 0 


0 0 0) Cn-1 Yn-1 
L 0 0 0) Vet Cn 
where (with the convention Fy=0, F,4,=1) 


= 67 Fis — Fia)/Pi- PMA Fa); i= — $ibialFisr— i). - ++. (3) 


We are now in position to evaluate formula (1) in terms of the observations F;. 


After a little manipulation these results enable us to give a computing recipe 
as follows: 


(1) From the given values x, and F;, compute y, such that 
O(y,)= F,, and $;=[E®(x)/0x],_y, for SW AOA 


(11) Compute c; (¢=1, 2,...m) and y, (¢=1, 2,...2—1) from (3). 


(i111) Compute 
m—1 n—I 


wv Vt 
Sy= 2,442 2.73 Sie= > CX S Vil Xj + 41) 
i= i= =i f=1 


n—1 n—1 


Sen = ye, OF Fa ee PS, ViMi Xia 5 Shy x 22 CVT 2 vii +441) 
= =1 4= i= 


n Wiel 
Say = 2 CRM 5 Vil %Viza + Vihi41) 5 D= SS ee Sie 

(iv) ‘Then the estimates of « and f are 

a=(S 7 Sie aD; B= (Sie Sie 5) O- 
The sampling variances and covariances are 
eal DS varb=S,,/ND; cov (a, b) = — S,,/ND. 
If the mode of 4(w) is 1, the estimate of that of f(x) is m=(.—a)/b and 

var m= [b* var a + 2b(4— a) cov (a, b) + (u—a)? var b)/b4. 

Since m is the quantity we are interested in we should strictly have minimized 
varm, but algebraic difficulties preclude this. As a result, m now has a small 
bias, but we can make a correction for this and in the present case this is nowhere 
greater than 0-2%%. 
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The Detection of Mesic X-rays with Pressurized Proportional Counters 
using Cosmic Ray u-Mesons stopped in Carbon 


By D. WEST, R. BATCHELOR anp E. F. BRADLEY 
Atomic Energy Research Establishment, Harwell, Didcot, Berks. 


Communicated by W. F#. Whitehouse ; MS. received 3rd March 1955 


Abstract. ‘The advantages of proportional counters over scintillation counters 
in the study of mesic x-rays from light elements are pointed out. 

A preliminary investigation is described in which mesic x- rays from carbon 
are detected with proportional counters. Aluminium counters filled to a pressure 
of seven atmospheres of xenon were used. 


$1. INTRODUCTION 


HEN a negatively charged u-meson is brought to rest in matter, it is 

captured into a Bohr orbit round a nearby nucleus and cascades down 

to the lowest orbit, emitting mesic x-rays characteristic of the element 
in question (Wheeler 1947). Subsequently it decays or is captured into the 
nucleus. Fora point nucleus the orbit size is 1 times smaller than the corresponding 
size for an electron (where p is the ratio of the mass of the meson to the mass of 
the electron) and the transition energies are yz times greater than in the correspond- 
ing electron case. 

For elements of atomic number greater than ten an appreciable fraction of 
the lowest orbit lies within the nucleus and the transition energies are considerably 
modified. Fitch and Rainwater (1953) have been able to measure nuclear radii 
from the observed change of energy (factor of three reduction in the case of lead) 
in the 2p—I1s transition. 

For elements of low atomic number the nuclear size makes only a small 
difference to the energy of the 2p—1s transition (—0-5°%, for carbon) and a correction 
due to vacuum polarization by the nucleus—a consequence of the Dirac theory 
of the electron—is equally important (+0:5% for carbon (Foldy and Erikson 
1954)). A determination of the energies of mesic x-rays from light elements is 
| therefore capable of yielding a very accurate value for the mass of the «-meson. 
| Measurements of mesic x-rays from light elements, using scintillation counters 
| as detectors, have been carried out, in the case of u-mesons, by Butement (1953), 
| Stearns, De Benedetti, Stearns and Leipuner (1954) and Koslov, Fitch and 
Rainwater (1954). ‘The last authors overcame the difficulties of the direct 
measurement of pulse size, due to the poor resolution of scintillation counters. 
at low energies, by determining the energies with critical absorbers. ‘They 
concluded that the mass of the p-meson was between 206-89 and 208-95 electron 
masses. 

An alternative approach is ‘to use proportional counters as detectors. ‘he 
energy resolution attainable is nearly six times better than that of a scintillation 
counter and opens up the possibility of a more detailed direct investigation of 
mesic X-ray spectra from light elements. A disadvantage of the proportional 
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counter compared with the scintillation counter is its lower efficiency. For the 
present preliminary investigation, in which only cosmic ray p-mesons were 
available, it was necessary to increase the efficiency of detection. ‘This was 
achieved by using counters filled with xenon at a pressure of seven atmospheres. 


§2. EXPERIMENTAL METHOD 


The design of the experiment was largely conditioned by intensity 
considerations. Self-absorption and backscattering of mesic X-rays in the 
graphite source sets a limit to its thickness. The resulting distortion of a y-ray 
spectrum was investigated using a one atmosphere xenon (+5% methane) 
filled counter and an artificial source of y-rays (59-8 kev) whose energy is similar 
to that of mesic x-rays of carbon (~75 kev). Figure 1 shows the effects of 
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Pulse size (v) 
Figure 1. Effects of absorption and backscattering of graphite on the pulse height spectrum 
fiom 59°8 kev y-rays of **?Am ina proportional counter filled to 1 atmosphere pressure 


with xenon. a, no absorber, b, source in centre of graphite block (3-0 cm in thickness), 
c, 1:5 cm of graphite between source and counter. 


Inset: Computed spectrum from a source in the centre of a graphite block 1-4 cm 
(2:2 g cm?) in thickness. 


absorption and backscattering when a block of graphite 1-5 cm in thickness is 
interposed between source and counter, and also when the source is placed in 
the centre of a graphite block 3 cmin thickness. A broad peak due to backscattered 
Compton radiation is very pronounced. Inset in figure 1 is the spectrum 
computed from this data for a block 1-4 cm in thickness as used for the main 
experiment. ‘The restriction on the source thickness necessitates the use of a 
large area source to obtain adequate intensity. A block of graphite 20 cm x 32 em 
was used with three proportional counters immediately below it. A conventional 
Geiger counter telescope as shown in figure 2 detected pp-mesons stopping in the 
graphite by means of the delayed coincidence technique. After reaching the 
KK shell 90°% of j:-mesons decay in graphite so that the decay electron can be used 
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to identify a stopped u-meson without an appreciable loss of efficiency. Only 
decay electrons emitted upwards can be used, since the remainder will pass 
through the proportional counters and although the decay electron is delayed 
with respect to the mesic x-ray it would mask the mesic X-ray pulse due to the 
slow collection time in the counters. The Geiger counters in A are connected 
in parallel. Those in B have their outputs mixed electronically since the tray 
is required to be sensitive to both the incident ue-meson and the decay electron. 


Graphite 


Proportional counters 


Figure 2. The counter telescope. 


The circuit gives a standard size pulse when any counter is fired and these pulses 
are added (Hincks and Pontecorvo 1950). Consequently, a discriminator whose 
level is set above the height of the pulse from a single Geiger counter is only 
triggered when two or more counters in B have been fired and it is sensitive to 
a delayed pulse. ‘The pulse at the input of the discriminator is put in coincidence 
with the output from the Atray. A coincidence between trays A and B (resolving 
time 0:5 usec) caused by a penetrating particle, triggers a square wave of 5 psec 
duration. his is differentiated and the trailing edge used to produce a sharp 
pulse delayed 5 usec with respect to the passage of the particle. The threshold 
output B’ from the discriminator then triggers a square wave whose duration is 
set at tysec. This square wave and the pulse from the AB coincidence (which 
is delayed by 5ysec) are then fed into a gate. Consequently if the B’ (4,sec) 
pulse occurs between 1 and 5 microseconds after the incident particle has triggered 
the telescope the AB pulse will get through the gate and give a trigger pulse 
5 microseconds after the passage of the particle. It is necessary to use a minimum 
delay of 1 usec otherwise delays in the Geiger counters give rise to a large back- 
ground of spurious ABB’y.j,,.4 events. The tray S is in anticoincidence with 
the ABB’,,., pulse and is used to reduce the number of background events as 
discussed in §4. An event ABB’,., —S which always occurs 5 microseconds 
after the initiating particle has passed through the telescope then operates a 
triggered oscilloscope and camera (‘Type 1102A) for recording any pulses from 
the proportional counters. 

The mesic X-ray is emitted at the same time as the initiating particle stops 
and the pulse from it, if suitably delayed, always appears at the same distance 
along the oscilloscope trace. ‘he pulses from the three proportional counters 
were delayed artificially by 6-2, 10-7 and 16-7 microseconds respectively and the 
counter responsible could be identified from the position of a pulse on the time 
base (Becker et al. 1952). ‘The counters could then be calibrated separately 
instead of being accurately adjusted to give the same output. In addition events 
in which more than one proportional counter participated could be identified 
and rejected. 
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$3. THE PROPORTIONAL COUNTERS 


The proportional counters were of conventional pattern but were made 
of aluminium to minimize absorption of x-rays in the walls. ‘They were 4-4 cm 
in diameter, fitted with 0-005 in. diameter platinum wire and the counter walls 
were 1mm in thickness. Their active length was 44cm. The ends of the 
counter (figure 3) were made from short lengths of * Al-fin’ bar as suggested by 
Aves (1953). The bar consists of a solid steel core with aluminium moulded 
around it and alloyed to the steel at the interface. The outer section of aluminium 
was argon arc welded to the counter tube and a Kovar seal and pumping stem 
were soft soldered into the steel core at either end. 


ee eee 53cm 


Sem {l Glass Steel Brass 
CJ (Aluminium WO Solder SS] Ceresin wax 


Figure 3. Aluminium pressure proportional counter. 


Several problems were encountered in operating these counters at high 
pressures of xenon. In the first place the wire had to be chosen very carefully 
as it was found that the multiplication factor is very sensitive to the uniformity 
of the wire at high pressures. Some wires tested showed variations in multi- 
plication factor of up to 10% along the length of the counter. ‘This will be 
discussed more fully elsewhere (West, Morgan and Bradley, to be published later). 
A platinum wire was selected by trial and error. ‘This wire showed variations in 
multiplication factor of up to 2% along its length when the counter was filled to 
seven atmospheres pressure. ‘The behaviour of the counter becomes much more 
sensitive to impurities as the pressure is raised. Impurities which form negative 
ions reduce the number of ionization electrons available for initiating avalanches 
and the resolution of the counter is worsened. An effective way of purifying the 
gas (especially mixtures containing methane) was evolved. A glass flask 10 litres 
in capacity fitted with a condensing tube was coated on the inside with a mirror 
of sodium. ‘This was produced by repeatedly melting sodium metal in the 
condensing stem and pumping the flask. A few days storage in this flask cleaned 
out any oxygen or water vapour. It is usual to add 5°% of methane to counter 
fillings at one atmosphere pressure. At higher pressures a much smaller 
percentage was needed and the best conditions were obtained with the same 
absolute pressure (~4 cm Hg) as for one atmosphere fillings. 

The counters operated at 8000 volts when filled to a pressure of seven 
atmospheres. Differentiation and integration time constants of five micro- 
seconds were used in the amplifier. Electrical breakdown was invariably 
encountered outside rather than inside the counters and was eliminated by 
moulding ceresin wax on to the Kovar end of the counter and around all soldered 
connections. ‘The pulse size distribution in one of the counters from 59-8 kev 
y-rays of *41Am is shown in figure 4. The energy resolution, 4:3°% half width 
at half maximum, is only slightly worse than that obtained at one atmosphere 
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(3-2%). After the counters had been filled for one month the resolution was 
found to have deteriorated to between 5°% and 6%, presumably due to outgassing 
from the walls. The filling gas was therefore returned to the purifier flask for 
a few days at monthly intervals. On refilling, the original resolution was obtained. 
The overall efficiency of the counter was measured directly at 59-8 kev using a 
**'Am source of known strength immediately outside the counter. The efficiency 
was found to be 16-5°% which corresponds to 10-4°% efficiency at 75 kev—the 
expected energy of j.-mesic x-rays of carbon. 


Counts per Channel 
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Figure +. Pulse size distribution from y-rays of ?44Am in one of the proportional counters 


filled to 7 atmospheres pressure with xenon. 


$4. CHARACTERISTICS OF THE COUNTER TELESCOPE 


The behaviour of the counter telescope was tested under various conditions 
prior to the main experiment. It was appreciated that the apparatus would 
respond to mesons stopping in any material below the B tray and so the telescope 
was erected on an open steel frame with a clear space of 1-6 m between the counters 
and the floor of the laboratory. ‘The delayed coincidence and other counting 
rates are given in table 1. A disturbing feature is the high rate of delayed 
coincidences in the absence of the graphite, which greatly exceeds the casual rates 
It arises from p-mesons stopping in the counter walls and boxes and from delay. 


Table 1. Delayed Coincidence and other Counting Rates 


A B B’ S AB ABS AB-S 
Counts per minute 2750 12g) 82 4013 480 370 120 
(1) (2) (3) (4) (5) (6) (7) 
ABB’ qe) (ct/hr) 6-3-5015 §:95-0:27, 9-034 0:12)\7.13*52-0-09 (1-72) 4547220215 
ABB’ gei-S (ct/hr) 3:-80+0:18 4-164+0-08 8:35+0-07 0-43 4:19+0-11 


(1) Conditions; (2) nothing below B tray; (3) with anticoincidence tray only ; (4) with 
anticoincidence tray and proportional counters; (5) with graphite, anticoincidence tray 
and proportional counters; (6) casuals; (7) difference due to graphite. 
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in the Geiger counters or associated circuits when two Geigers are fired 
simultaneously. ‘The background rate is considerably reduced by the anti- 
coincidence tray. The residual rate is due to p-mesons stopping in the 
anticoincidence tray itself and to the inefficiency of the tray. Further reduction 
of the background rate could be achieved by using special thin walled Geiger 
counters and by increasing the efficiency of the tray. Even so it was estimated 
that a background of ABB’,,,-S events of about 3 counts per hour would remain | 
and this improvement was not considered worth while. The background is 
comparable with that obtained by other workers with this technique. Its 
importance in the present experiment is due to the fact that it is associated with 
charged particles traversing the apparatus. Those which cross the proportional 
counters are detected with 100° efficiency whereas the expected efficiency for 
detecting mesic x-rays is less than 10°%. ‘There are, however, two features which 
diminish the importance of the background. In the first place the anticoincidence 
tray, which is sensitive to delayed as well as prompt counts, will reject the majority 
of events in which a charged particle passes through the proportional counters. 
Secondly, the most probable energy loss of a relativistic particle in crossing the 
gas of the counter is 150 kev, and so most of the pulses from charged particles 
will fall above the range of pulse sizes from the mesic x-rays. As it turned out, 
only 9°%, of the background triggering events were associated with proportional 
counter pulses of energy less than 160 kev. 

The expected rate at which cosmic ray «-mesons stop in the graphite (1:44 kg) 
was calculated from the value of the vertical intensity of slow mesons given by 
Rossi (1948). It was assumed that the angular distribution of slow mesons is 
the same as that of the penetrating component. ‘The calculated rate at which 
mesons stop in the graphite after triggering the telescope is 20-2 per hour. An 
elementary calculation shows that a fraction equal to 0-19 is then detected by 
means of their decay electrons. The expected rate of delayed coincidences is 


therefore 0-19 x 20-2 =3-8 counts per hour, which agrees with the observed value 
of 4:19 + 0-11 counts per hour. 


§5. RESULTS 


The pulses from the three proportional counters were fed into separate 
head amplifiers and were delayed and mixed before the main amplifier stage. 
The positions on the oscilloscope trace at which pulses from each counter occurred 
were determined by triggering the recording apparatus on particles which passed 
through the proportional counters. It was found that the pulses from any one 
counter appeared over a region corresponding to three microseconds on the trace. 
This is due to the long collection time of electrons in the counters at 7 atmospheres 
pressure. ‘The separations between the pulses from the three counters were 
45 and 6-0 microseconds so that no confusion between pulses from different 
counters should arise. The counters were calibrated with 59-8 kev y-rays from 
*41Am. Calibrations were carried out by allowing many pulses to record on the 
same frame of film (using a diminished brilliancy setting and lens aperture). 
The position of the calibration line could be clearly identified and measured. 
The three counters were operated at the same high tension (8000 volts) and 
separate gain controls in the mixing circuit were adjusted to give nearly equal 
outputs from each channel. Throughout the runs each counter was calibrated 
at intervals of about 40 hours. The position of the calibration line remained 
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constant to within a few per cent. The oscilloscope and camera were triggered 
on each ABB’,,.-S event. The individual counting rates of the trays and the 
AB, ABS, and AB-S rates were monitored daily and the number of ABB’ qq 
and ABB’,,,-S events were recorded. During the course of the measurements 
the gas filling in the counters was removed, purified and returned to the counters 
on three occasions at monthly intervals. The pulse heights were measured from 
the film using a microfilm reader. Pulses corresponding to an energy greater 
than 160 kev gave deflections beyond the limits of the oscilloscope screen and 
only the number of such pulses was recorded. The apparatus ran for a total of 
1794 hours with the graphite in place. A background run, 368 hours in duration, 
was taken without the graphite. 1481 pulses were measured during the main run 
and i37 during the background run. A very small number of events in which 
two proportional counter pulses recorded was rejected. The mean counting 
rates in the two runs are given in table 2. It is seen that the graphite only gives 


Table 2. Counting Rates during the Main Experiment (counts per hour) 


ABB’ ge ABB’ gey-S Proportional Counter Pulses of 
Energy 
<160 kev >160 kev 
With graphite 13-5.2-'0-09 8-35+0-07 0-82;+ 0-02 0-92+ 0-02 
Without 
graphite +9-03+ 0-12 +4:1640-08 0:37,+ 0-03 0:93+ 0-05 
Difference due 4:-47+0-15 4-19+0-11 0:45,+ 0-03, —-0:01+ 0-05 


to graphite 


+ Additional runs in which the proportional counter pulses were not recorded were also 
used in obtaining these values. 


rise to proportional counter pulses in the energy region below 160 kev. Above 
this energy the pulses are all due to background. ‘The histogram of the energies 
of the proportional counter pulses is shown in figure 5 where the approximate 
background cistribution is shown dotted. A well defined peak is seen at an 


Nutnber of Pulses. 


ce) 


\50 


100 
Energy (ke y) 


Figure 5. Energy histogram of proportional counter pulses. 
Total number of pulses 1481. Time 1794 hours. 


$08 D. West, R. Batchelor and E. F. Bradley 


energy close to 75 kev together with indications of an escape peak near 
75 —29:-6=45-4 kev. The energy of the 2p-ls transition in carbon is calculated 
to be 75-3 kev for a p-meson mass of 207 m, (Foldy and Erikson 1954). 

The efficiency of the three proportional counters for detecting mesic X-rays 
from the graphite was computed from the measurements using *'Am y-rays 
already mentioned. The mean transmission of the graphite is 0-73 at 59-8 kev 
averaged over the three counters, which corresponds to a transmission of 0-76 
at 75 kev. From the ratio of the photoelectric absorption coefficients of xenon 
at the two energies, one obtains an overall efficiency of 16-5 x 0-76 x 0:63 =7:9% 
at 75 kev. Of the number of stopped mesons of both signs which triggered the 
recording apparatus (7520 +200) it is calculated that 3410+ 90 were negative 
mesons. From this one can calculate the expected number of mesic X-ray 
pulses, assuming there is one radiative 2p—Is transition for each stopped meson. 
‘Table 3 shows the numbers of pulses expected from mesic x-rays and background 
events. There is a residue of 373 + 68 pulses which is not accounted for. A very 


Table 3. Analysis of the Number of Proportional Counter Pulses 
of energy <160 kev 


Origin No. of Pulses 
Mesic x-rays (photo peaks) 269 + 10 
Mesic x-rays (backscattered Compton radiation) 148+ 10 
Background measured in absence of graphite 670+ 54 
Casuals due to background pulses in the proportional counters Milse 5 
‘Total 1108 
Number of pulses observed 1481 
Excess 373 + 68 


inaccurate spectrum of these pulses was obtained by subtracting the expected 
distribution from mesic x-rays together with the known background without 
graphite from the histogram in figure 5. The residual pulses lay on a continuous 
distribution which rapidly went to zero above 90 key. 

The most likely source of these extra pulses is bremsstrahlung from the decay 
electrons and positrons. Owing to the slow collection of electrons in the counters, 
delayed pulses from bremsstrahlung cannot be distinguished from the prompt 
pulses due to mesic x-rays. Bremsstrahlung from the decay electrons is strongly 
collimated in the direction of the electron. Since the decay electrons associated 
with a triggering event are moving upwards, away from the proportional counters, 
only Compton scattered bremsstrahlung can enter the counters. ‘The number 
of bremsstrahlung quanta which are produced on an average in the graphite 
and undergo Compton scattering was calculated. In the energy region from 
5 to 100 kev it was computed that ():13 quanta per decay electron undergo Compton 
scattering, giving rise to 180 proportional counter pulses during the course of the 
experiment. The remainder of the pulses can easily be accounted for by a 
similar process occurring in the glass counter walls of the B tray and the counter 
box. The total weight of the counters and the box is 3 kg to be compared with 
that of the graphite (1-44 kg). The contribution from the lead and iron between 


the trays A and B is negligible due to the high self-absorption of the radiation in 
these materials. 
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$6. CONCLUSIONS 


It has been demonstrated that mesic x-rays from light elements can be detected 
with proportional counters. 

The advantage of the proportional counter over the scintillation counter, 
as far as resolution is concerned, is to some extent counterbalanced in the present 
investigation by background events. The number of slow p-mesons available 
in cosmic rays is approximately 10~* of the flux of penetrating particles, and 
imperfections in the selection of events by Geiger counters constitutes a major 
background. An increased efficiency for detecting mesic x-rays is consequently 
required and can only be obtained at present with proportional counters by 
increasing the pressure. The collection time of electrons and hence the variation 
of time lags between an event and the appearance of a proportional counter 
pulse is also increased. Discrimination between prompt and delayed events is 
thereby lost and bremsstrahlung from the decay electrons constitutes an additional 
background. Both these sources of background will largely disappear if strong 
artificial sources of j.-mesons are used with lower pressure counters. 

This investigation has also shown the desirability of using sources less than 
2 gcm * thick to avoid an excessive amount of Compton scattered radiation. 
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VI: The Total Electronic Orbital Angular Momentum of the 
1so,, 2so, and 3so, States 
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Communicated by D. R. Bates; MS. received 25th March 1955 


Abstract. The total electronic orbital angular momenta in the Iso,, 2so, and 
3sc,, states of H,* are calculated using the exact two-centre wave functions. For 
the lowest of these states, calculations are also carried out using apparently quite 
accurate approximate wave functions but the results obtained are seriously in 
error. 


§ 1. INTRODUCTION 


of a molecule (with nuclei held fixed) is of interest in that the variation 

with increasing internuclear distance is of assistance in visualizing the 
growing change in the character of the wave function: and, moreover, as its 
magnitude depends mainly on the angular distribution, calculations using exact 
and approximate wave functions provide a test of the accuracy of these latter 
different from those usually employed. 

Exact two-centre wave functions are now available for a number of states of 
H,* (Bates, Ledsham and Stewart 1953), as are also various approximate wave 
functions (Dalgarno and Poots 1954). The former are used to evaluate the 
expectation value of the square of the total electronic orbital angular momentum 
at various internuclear distances (0 <R <4 atomic units) for the 1sc,, 2so, and 
3so, states; the latter are used for the 1so, state only. 

Throughout the paper all quantities are in atomic units. 


ik HE expectation value of the square of the total electronic angular momentum 


§ 2. Exact CALCULATIONS 


Using the customary prolate spheroidal coordinates (A, 1,4), the exact 
two-centre wave functions for the o states of H,+ may be expressed as 


FOLR=AG [RYMG | R) e -(1) 


where R, on which the wave functions depend parametrically, is the internuclear 
distance. ‘The equations satisfied by M and A are 


d dM 
pide) at +{—A+p%23}M=0 wet) 


d dA 
and {OG} H{A+2RA—pANA=0 caleee ican 
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in which 4 and p? are certain quantities tabulated by Bates, Ledsham and Stewart 
(1953). The solutions to these equations may be written in the form 


Wale aac tlle WR ts (4) 


aN 
and A(A) =(A+ 1)’ exp (— pd) pe (Ss) TA (5) 


o,g,, and f,, also being tabulated func and P,, being the Legendre polynomial 
indicated. 


For a given internuclear distance the expectation value of the square of the 
total electronic angular momentum about the mid-point of the line joining the 
nuclei is 


M2 = [Pear is i oe (6) 


the wave function being normalized as usual and #1? being the relevant quantum 
mechanical operator, given by 


pee oh ee ee th Ot We Oca pe OMe 
a i 2 % reek au? ne Pie aa 


Din bes Ap Cons 


on +p?—1 2 ] 
+ eT ae |° ee ee (7) 
OPH T =p) a 
Making use of equations (2) and (3) and omitting the term involving differentiation 


with respect to the azimuthal angle 4, as it yields no contribution in the case of o 
states, (7) becomes 


= — si aes al ile 


LOR ae Mana 
[BAS 2 —A5 +22 — OFZ + ABA — Aut + 3Au2] 
‘i OF =p2)2 On 
[32 = ie ae ee = 6A? ae pen _, prt as 3pr*] oO 
z (P= FF ap 
+ OO [pnt —2Rd— A) + Geel). 8) 


The integrations over ¢ and p in (6) may be carried out analytically. ‘The 
resulting expression in A must be integrated numerically ; it is cumbersome and 
will not be presented in full. Briefly if we write 

3 a 
Me = = | ROVCeS 6 Sages (9) 
1 
then F(A) is of the form 


F(A) =A%A) {| 4G,0)—P°C.0) + G3(A) + [2A(A —22p2)G,(A) — AG, (A)] Ins} 


+ 2RA2(Q) {6,0)- AG; (A) In 1 


+A(A) ae {6,0)- 5 + G(X) In 5 a oH ets (10) 
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where the G’s are polynomials in even powers of A, the degree of which depends 
on the number of terms included in the expansion of M(w), e.g. if only two terms 
are included, G, and G, are of the eighth degree in A and the other polynomials of 
the sixth degree, while if three terms are included the corresponding degrees are 
the twelfth and the tenth. 

By expanding in inverse powers of A, considerable simplification may be 
effected, giving 

F(A) =Ag(A) = AQ)+hA)A2A) iw se ee (11) 

where g(A) and A(A) have leading terms in A~? and A? respectively. For A greater 
than 3 approximately this series is much easier to evaluate than is expression (10), 
in which there is great cancellation. 


§ 3. APPROXIMATE CALCULATIONS 


We represent the wave functions by approximations II and IV of Dalgarno 
and Poots; that is, the separated atoms approximation 


Y= N,{exp(—fr,)+exp(—Bm)}  «s.-. (12) 
and the united atom approximation 
Y= Niexps oe 7) eee (13) 


in which r, and r,, are the position vectors of the electron relative to the nuclei 
A and B, « and £ are variable parameters chosen to minimize the electronic 
energy and 


N2= Best yee ease (14) 
ING a 34,3 (3 + 3p AD?) Ceol tO) Lie eyegiehasieee (15) 
L= BR. p= 20K 4 | « cekte ee ee (16) 


The distinguishing subscripts, s and u, affixed to the symbols ¥’ and N will also 
be affixed to other symbols where necessary. 

These approximations were adopted because of their simplicity and apparent 
accuracy. When R is 1, 2 and 4 the energies associated with ‘’, are within 
1%, 15% and 1% of the true energies; and those associated with WV’, are within 
05%, 2% and 10% of the true energies. 

Substituting (12) and (13) in (6) we obtain 

7R® (1+t)e’—1 
Mo = 3B ( fe Kinase (17) 


MM 2— 142R2_ Kyo( P) + «Kas P) 


u 


Kya(p) = | cos” @, exp [ — 2a(7, +1p)] dr 


: ‘ue ‘ 
Kylp)= | ;-cos* by exp[—2alr, tri )]dr. | 
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Expressions for Kyg and Kygy have been provided by Coulson (1941). The 
second of these is, however, given incorrectly.t It should read 


R2 
Kig(3, R)=  [—A(15 — 159 + 692 — 98) e* Bit (24) 
—4(15 + 15¢ + 69? + 3) e-2(y + log 2q) 


a GUI 20 00g Ih? a8) "|, 8 fe iwes (20) 
where y is Euler’s constant, g=6R and 


: : ; kee, 
Ei*(«) = — Ei(—x)= | —— dy. 
Approximation VII of Dalgarno and Poots 


Ty, s— exp { —a(7, +7,)} + diexp (— 6r,) +exp(—pr,)} --.... (21) 
d being an additional variable parameter, is superior to approximations IT and IV 
but its use was not thought to be justified since it leads to integrals which are 
linear combinations of the J(R, /, m)’s cf Barnett and Coulson (1951) and are of 
great complexity. 
§ 4. RESULTS AND DISCUSSION 


Using the formulae based on the exact wave functions, -#? has been calculated 
as a function of R for the lowest three nso, states. ‘The results are presented 
in figure 1. Inthe case of the 1so, state computations were also carried out using 
the formulae based on the separated and united atom approximations. In figure 2 
the values of -W2 and .@,? are compared with the true values. 
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Figure 1. Electronic orbital angular Figure 2. Electronic orbital angular 
momentum of the lowest three nsog momentum of the Iso, state of Hy*. 
states of H,+ using exact two-centre 
wave functions. 


For a given state the square of the total electronic angular momentum is a 
rapidly increasing function of the internuclear distance; and for a given inter- 
nuclear distance it is a rapidly decreasing function of the principal quantum 
number, as would be expected. ‘The behaviour in the three cases is very similar ; 
indeed over the range investigated all three (.#?, R) curves may be fitted closely 
to a single arbitrary function of the ratio f,/f), where fy and /, are the first two 
coefficients in the Legendre polynomial expansion. 


+ Professor Coulson agrees that the original result is in error. 
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The small absolute value of .#? is due to the contribution from each element 
of space being small, rather than due to cancellation between the contributions 
from the different elements of space. Within the range of interest in molecular 
problems it is apparent that the azimuthal quantum number of the united atom 
is quite a good quantum number at least for the 2so, and 3sa, states. 

In view of their success in other applications (cf. Dalgarno and Poots 1954) 
the extent of the failure of the approximate wave functions as exhibited in figure 2 
might at first seem rather surprising. This failure is a manifestation of the fact 
that Y’, and ’, do not represent the angular distribution properly. Clearly -@ 
may be regarded asa measure of the departure from spherical symmetry. Another 
measure of this is given by 


S(O (22) 
where Xe= | Ve dr, 2= | Peed; Se Ree (23) 


the = axis being taken along and the x axis perpendicular to the line joining the 


nuclei. From the tables of Z? and X? given by Dalgarno and Poots it is found, 
for example, that when R is 3 then « is actually 1-54 but is 2:03 on the separated 
atoms approximation and is 0-43 on the united atom approximation. Since the 
corresponding values of M? are 0-82, 1-17 and 0-14 respectively the fractional 
errors are comparable and in the same sense. It may be noted incidentally that 
approximation VII of Dalgarno and Poots (equation (21) of this paper) gives « 
correct to within 1%, so that this wave function must therefore be very accurate 
even as regards the angular distribution. 
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Abstract. By applying the selection rules of auto-ionization to the (1s2s2p)*P 
state of the negative helium ion, it is shown that only the *P,). energy level is not 
liable to auto-ionization. Provided the lowest triplet state of the atom has positive 
electron afhnity, this ionic state is metastable in the same sense as the triplet state. 

A thorough energy calculation of the quartet state of the ion has been carried 
through, and a positive electron affinity of at least 0-075 ev is found, enough to 
explain the experimental observation of it in the mass spectrograph as reported by 
Hiby. The unexplained line 310061cm™! (322-54) observed in the vacuum 
ultra-violet by Kruger may then probably correspond to the transition 
(2s2p”) *P-(1s2s2p) #P in He’, yielding an error of only 0-083 ev in the energy 


calculations. 


§ 1. INTRODUCTION 


p to the present it has been usually assumed that the negative helium ion 

does not exist as a stable entity (Massey 1938). Although Tiixen (1936) 

made a careful experimental search for it with the mass spectrograph, he 
did not succeed in observing it. However, in a later report on mass spectrograms 
of canal rays from pure helium gas, Hiby (1939) declared that he had found a 
weak trace which he identified with the negative helium ion. 

Therefore, it is very important to prove theoretically by quantum-mechanical 
methods that any energy state of the ion might be stable or metastable when 
forming the ion from the atom by electron capture. 

Meanwhile, it will be noted that the state (1s?2s)*S which corresponds to the 
ground state of the lithium atom, has previously been investigated by ‘T'a-You Wu 
(1936) and found to be unstable. ‘The same holds true concerning (1s2s2p)?P 
(Holoien 1951). Furthermore, the excited states (1s2s?)’S and (2s2p?)!P are 
both subject to auto-ionization, that is, spontaneous dissociation into a neutral 
helium atom and a free electron with positive energy in the continuum. 

In the present paper we have focused our attention on the lowest quartet state 
(1s2s2p)*P;/. because this is the only one which does not undergo auto-ionization. 


§ 2. THE STATE (1s2s2p)*P5/. 1s METASTABLE 


First of all, we note the selection rules of auto-ionization as follows (Condon 
and Shortley 1935): , 

If the matrix components of the Hamiltonian connecting a discrete level above 
the ionization energy with the states of the continuum at the same energy are not 
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to vanish, these states must be of the same parity and the same /J-value (the most 
important conditions), and, furthermore, in the case of Russell— Saunders coupling 
(LS coupling) they must have the same L and S values. 

When applying these rules on the three levels 4P., *P32 and *P5). of the 
(1s2s2p)-configuration, it must be remembered that the auto-ionization arises by 
interaction with the (1s?kp) states of the continuum only. Doing this, we see 
that no states of the continuum can be found which interact with the quartet state 
mentioned above if the selection rules in full are taken into account. ‘Through 
partial breakdown of the LS coupling, however, #P,/.and 4P3). become respectively 
mixed with ?P,, and ?P, of the same configuration, and hence they can show 
auto-ionization because the term 2P itself is unstable (Holoien 1951). On the 
other hand, as the level #P,,. is the only one with J = 5/2 in the configuration con- 
cerned, it is not liable to breakdown of the LS coupling and in this way escapes 
auto-ionization. 

Now we can explain the observation of the negative helium ion in an electrical 
discharge of helium atoms as reported by Hiby (1939) in the following way. - We 
know that by a relatively small electrical discharge the helium atom becomes 
excited into the lowest triplet state (1s2s)?S and remains in this metastable state 
for a while (lifetime about 10~* sec). 

If now the total binding energy calculated for the negative ion in the *P;). state 
is lower than the actual (experimental) energy of the lowest triplet state of the 
neutral atom, one extra electron can be attached in a 2p orbital of the atom, all 
three electrons with their spins orientated parallel with the orbital angular 
momentum (J =5/2). Hence, it is evident that the negative ion can be formed, and 
it remains in this state (metastable) till collisions of the second kind, i.e. collisions 
with neighbouring particles or with the tube, cause the ion to give up its exciting 
energy without radiation. 


§ 3. PROCEDURE AND WavE FUNCTIONS 


It is well known that the total energy of an electron system in the lowest state 
of a given multiplicity is defined by the absolute minimum of the variation integral 
concerned, and it should be kept in mind that by using approximate wave functions 
only an upper limit to the true total energy can be obtained. 

The variation integral may be written 


4 | b* Hd dr dr, 
| $* bdrdr, 


where H is the Hamiltonian operator of the system moving in a Coulomb field, ¢ is 
the total spin orbital wave function, and dr, is the volume element in the spin- 
space. Expressing the energy in rydberg units (1 Ryd=} atomic unit) and the 
distance in units of @,/2 the Hamiltonian is 


Pee s {vero} 3 = ee ee (2) 


=i Y; i>j 1 G3 


As can be seen, we have neglected both the relativistic effects and the effect of 


spin-orbit interaction. Furthermore, assuming infinite mass of the nucleus, we 
can fix it in the space. 
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It is generally known that the total spin-orbital wave function must be anti- 
symmetric for interchange of the electronic coordinates (Pauli principle). 


$=6(123)=4(123) STB) a. (3) 


symbolizing antisymmetry and symmetry respectively. 


bars —— and 


In a quartet state the spin part S(123) is symmetric for interchange of the 
—— 


electronic spin coordinates, and, hence the spatial part (123) must be anti- 
symmetric for interchange of the ‘electronic space coordinates. 

Introducing (3) into (1) and carrying out the spin integration we get, since the 
Hamiltonian is independent of the spin coordinates : 


4 | b* Heb dr 
 [ bbae 


or by substituting ¢=% (123) ==,(— 1)? P¥ (123) where £,(—1)? P is an anti- 
symmetrizing operator (here six permutations) 


4{ b*HY dr 


4 


| Sais dt 


Furthermore, when introducing a scale constant k, we can write 
(123) =2( kr, Rs, Bre, Rtas, Rrag, Rios) 
(123) = > (—1)? Pg =h(kry, kre, krg, Rry9, Rr yg, Rog) | 
P 
2M+kV 

am k bt | 

N j 
where 


3. Bf 
Ma =4 > JAY Pedr=4 > | grad.h grad,g dr 
j=1 Geiss 


and 


. See eee al 
sea ae SOs 


eR) Mi) 
We now look for an approximate wave function of the generalized form 
§y (123) = (1/47?) F, (123) Yi (955 $3) 


where Y),,, (9, 6) are the normalized form of the spherical harmonics: 


(ZF a aay ; 
Yin (0,8)=[ 7 aE EAE Pi (cos'0) exp (1b), sate (7) 
a F,,(123)= De, f, (123) 
p 
f, (123) =f (mnq, stu) 
= {N (mnq, stu)}-¥? exp { — 3 (ar, + Brot YI) 11" 2" 1377 19° 113 Tag" ++ +++ (8) 


the unit of length being @,/2. N(mmnq, stu) is a normalizing factor and «, B and y 
are potentially variable parameters. ‘The letter p is used as an abbreviation for the 


numbers (mmnq, sti). AA aheee . 
Substituting from (7) and (8) into (6) and minimizing the energy with respect 
to the coefficients c,, we get the following set of homogeneous equations 


Sete ania NPIS ae, (9) 
p 
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and the corresponding energy minimum is the lowest root of the secular equation 
[22 Mary tRVgrp—ENypl=9, we nee (10) 
symbolizing (m'n'q’, s‘t'u’) and (mngq, stu) with p’ and p respectively. 
Expressions of the matrix elements of energy M,,, and V,,, and of the unity 
N,,, together with some recurrence relations are given in the appendix. 


§ 4. INCLUSION OF ANGULAR CORRELATION BETWEEN THE ELECTRONS 


Ta-You Wu and Shen (1944) have calculated the total energy of He’ in the 
(1s2s2p)*P state by using approximate one-electron wave function products, 
obtaining the value —4:326Ryd. When using a more flexible 2s function, the 
energy value — 4-340 Ryd has been obtained (Holoien 1951). 

Since the total charge distribution of the electrons in the ion is essentially 
effected by a closer interaction between the L-electrons, it was hoped that a more 
flexible wave function which, to a sufficient degree, takes into account the angular 
correlation of these electrons, might lead to a positive actual electron affinity of the 
atom in the lowest triplet state. It should be noted that in the present paper a 
preliminary calculation has been made with the aim of obtaining such a positive 


electron affinity of the atom by investigating the easiest cases f/(mnq, stu) cos 63, 
when stu=000, 200, 020 and 002. 


§ 5. CHOICE OF ‘TERMS. NUMERICAL RESULTS 


In selecting terms we first started with the basic term f(011, 000) of approxi- 
mately the form which would be a solution of the problem with static screening 
charges. ‘The optimum values of the screening parameters in this first approxi- 
mation have been determined and found to be «=4-18, B=1 and y=0-72. The 
corresponding total energy calculated is E= — 4-335 712 Ryd. 

When proceeding to higher approximations it would be desirable to permit 
independent variation of the parameters «, f and y, that is, to find the optimum 
values of the screening constants for each term, but this degree of flexibility cannot 
be combined with that secured by the inclusion of many terms with adjustable 
coefhcients without increasing the labour of computation too much. 

Therefore, we have fixed (not quite arbitrarily) screening parameters both for 
the inner and the outer part of the electronic orbitals, denoted by «*, B* and y* in 
table 2. 

Table 2 shows the fixed values together with the optimum values of the 
screening parameters, the latter values obtained by minimizing the energy when 
adding each term on the left to the basic term in the wave function. The deviating 
fixed values are chosen for convenience in computing numerical tables of the basic 
integrals. 

Some comments may be given on the figures in table 1. The terms which have 
been investigated by inclusion in the wave function, are listed in the first column. 
In the next columns are given the total energy values (rydberg units) calculated 
with an approximate wave function containing terms written on the left (first 
column) and above. 

As can be seen from table 1, the inclusion of terms f(0g, 002) in the wave 
function produces appreciable improvements in total energy. The terms 
f (Ong, 020) are not so helpful, and f(011, 200) is almost completely without value. 

In tabie 1 the optimum values of the scale constants by different approximations 
are given in brackets, and table 3 shows the corresponding coefficients oe 
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Table 1. Total Energy by Different Approximations 
Basic term: f(1)=f(011, 000). E=—4-335712 Ryd. (k=0-4778). 


2nd approx. 3rd approx. 4th approx. 
‘Terms f() fF) ff H)+f2)4FC) 
f(2)=f(011, 002) — 4346917 
(0-4843) 
F (3) =f (011*, 002) — 4343123 — 4-354354 
(0-4765) (0-4830) 
f(4)=f (012, 002) — 4-338737 — 4-350566 — 4356035 
(0-4770) (0-4837) (0-4830) 
#(5)=f (011*, 000) — 4-337936 — 4-350228 — 4-354451 
(0-4767) (04835) (0-4830) 
f(6)=f(012, 000) — 4-337450 — 4-349008 
(0-4772) (0-4838) 
f(7)=f (011*, 020) — 4-337137 
(04786) 
f(8)=f(01*1, 000) — 4-336321 — 4-347314 
(0-4791) (0-4851) 
f#(9)=f(001, 000) — 4336009 
(0-4790) 
#(10)=f(011, 020) — 4-335929 
(0-4785) 
f(11)=f (0*11, 000) — 4335875 
f(12)=f(011, 200) — 4-335813 
(0-4784) 
f(13)=f(111, 000) — 4-335712 


Table 2. Values of the Screening Parameters «, B and y 


Terms oY p y Optimum values 
f(011, O00) 4-18 1 0:72 
Ff (011%, 000) 4-18 1 B83) DDT} 
f(012, O00) 4-18 1 4-18 3-66 
#(01*1, 000) 4-18 4-18 O72 4-90 
f(001, 000) 4-18 228 Or 5-6 
f(0*11, 000) 0-65 1 0:72 0:65 


Table 3. ‘The Coefficients c, by Different Approximations 


2 terms 3 terms 4 terms 
C—O 9138 C.= 0:90000 C— 091401 
m= Uli Coe OMNG Goa 4 1010) 
aps OVC =) 28 oile7 
g== U0 P= (Ottile's) 
Ce—  0-04734 Cp— a 2D C— 0292022 
C= 2007245 C—O 27995 
Cg= —0-01392 G— , 0°:92086 (= OOS 
Cy= —0:01784 CoO 10670 
Cy ORVOSI 
ep= OWOLor Co— 10°82504 
ap= OU2%OS! C.— 0-08760 
Cyn 6552 
Cg= —0-01837 


54-2 
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$6. THE TRANSITION (2s2p?)4P—(1s2s2p)4P IN He~ 1s POssIBLE 


The energy level (2s2p2)!P of He~ is found to be a closed one (Holoien 1951), 
that is, the negative ion can be formed from a helium atom excited either to the 
(2s2p)?P state or the (2p?)’P state (the electron affinities are found to be at least 
0-407 ev and 1-884ev respectively), but the state is subject to auto-ionization. 
The auto-ionization probability of this three-electronic state is assumed to be 
of the same order of magnitude as in doubly excited states of He, namely of the 
order 10! sect. 

Accordingly, the transition (2s2p?)*P-(1s2s2p)*P can take place and it is of 
interest to try to identify this with some of the unexplained helium lines in the 
vacuum ultra-violet. 

According to our energy computations this transition gives as result an emission 
line with wave number 309 388 cm~! (323-2 A), in good agreement with the observed 
lines with wave numbers 310061 cm~! (322-54) and 311346cm™ (321-24) as 
reported by Kruger (1939). The difference from the first line is only 673 cm“! or 
0-083 ev (0:2%). 

Kruger does not specify the widths of the lines observed, but it seems not 
unlikely to assign to them a maximum width of 0-05 A, which requires an auto- 
ionization probability of not more than 2 x 10™sec~! as reported by Bransden and 
Dalgarno (1953). 

As mentioned above we here assume the probability of auto-ionization to be | 
about 10™ sec "1, similar to that of the two-electronic states, but it is possible that the. 
probability might conceivably be so small that detectable broadening of the lines. 
would not ensue. 

At all events, the correspondence in wave numbers is very striking. 


§ 7, CONCLUSION 
An approximate wave function containing four terms and eight adjustable 
parameters (the scale constant and the coefficients included) may now be written 
g={f(l)+egf(Z) +esf(3)+ersf(4)}cos@s  . saavene (11) 
and the corresponding total energy 
E= —4-356035 Ryd. 


Accordingly, this approximation proves that the helium atom in the lowest 
triplet state actually has a positive electron affinity of at least 


Et — Lele = (4356035 — 4.350523) Ryd =0-075 ev. 


Comparing the result of this approximation with the corresponding energy for 
the atom as calculated theoretically by using a wave function of the same form and 
flexibility, we obtain an electron affinity of 


Ete — Eegie = (4356035 — 4-345 000) Ryd = 0-150 ev. 
Even though we are not justified in relying upon such approximate consider- 
ations it appears reasonable to believe that some additional terms, especially 
angular correlation terms f(mnq, 001), f(mnq, 010) and f(mnq, 100), which are 


postponed to later investigations, may yield an actual electron affinity that is a 
great deal better than 0-075 ev. 
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At all events, we have proved by the wave function given here, that the negative 
ion can exist as a stable structure in the lowest quartet state for a relatively long 


time (about 10~* sec), enough to explain the observation of it in the mass spectro- 
graph as reported by Hiby (1939). 
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APPENDIX 


The calculation of the matrix elements of energy and unity in the secular 
equation (10) is based on the evaluation of integrals 


I (mnq | «By | stu) = | exp; — (ory + 6ro4 74) 7 ra 3 Fas Fis! Ton” CT. 
By means of the relations 
rp =rP +r? —2r7r; cos b,, 
cos 6,;=cos 6;cos 6;+sin @;sin 6; cos 4;; 
1 ay 


= = > eh igs (cos 6;;), 


a3 


and 


where ry and R is the smaller and greater of 7; and 7; respectively, all the integrals 
occurring in the present paper can be evaluated without serious difficulties. It 
should, however, be noted that by the integration both interelectronic distances 7;; 
and angles 6,, subtended at the nucleus between the electronic vectors r; and r; have 
been used as integration variables. 


As already mentioned, we have used approximations containing terms 


Ff (mnq, 900), f(mng, 002), f(mng, 020) and f(mngq, 200) only, and in equation (7) 
we put 


Yn (93, $3) = Y10 (93, 63) = COS Os. 


The matrix elements of kinetic energy may therefore be written as follows: 


M,,=4> | grad,(h,) gradi(g,) dr 


iF 


3. (dh, de, dhy eg, the Is) 
= dae ie OUD p D D p\ yy 
42 es ax, * Oy, oy, * Oa Oxf 


ies Oh yy Of» I oh, Ck : Oh yy Of» 
ee alles or, ‘ r? 00; 00; ee Or,; OF ;; 


aul i>J 

fe 1 = > ri? ai ie a r Oh og , Be Og , al 
21 GF 13 Or, -Or;; OF, OF,; 

4b 1 : > rv, oF Vie =, aes E Og a Og ss |fer 
yeas ego ii Vik OF ;; OF in — OF: OT ix 


As can be seen, the calculation of the components of this matrix element is 
reduced to evaluating of integrals of the form (12). 
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In the same way the matrix elements of eee energy and of unity 


V yy = -42 | “oie 14> [282 a 
i>j/ Vs 
and : 
Norp=| hy 8p Ot 


can be directly evaluated. 

The expressions of these components that have finally been obtained are too 
long and tedious to be given in the present paper. We may mention only that the 
first step of the computation is the construction of tables of some basic integrals as 
follows: 


O(n|a)= | ety dy=nia@t) whenn20. 


pod gin fal 1] 
R(m,n|a,b) =| je e-@e— bY ym yt dxdy =(—1)"*" aa Ae (aie CEN 


a>Yy 


= > bl (a+b) 1 is) ln sine 0 mer 0 
s=0 


W(m,n,q|a,b,c) = | | | ene—by-e2 yn yn 24 dudyde 
x>y>2 
=a t{mW(m—1,n,q|a,b,c)— R(m+n,q|at+,c)} 
m>1 m+n>0 m+n+q>-1 
R(0, —1|a,b)=a1In {(a+ b)/b}. 
Furthermore we have 
W(0,n, q|@, b,c)=a" {R(n, q|6,c)—R(n,q|a+4,c)} n>0, n+q>-1 
and the recurrence relations when checking the computations : 
R(m,n|a,b)=(a+by! {m R(m—1,n| a,b) +n R(m,n—1|a,b)} 
m>1, m+n>0 
W(m,n,9@|a,b,c)=(at+b+c)1{m W(m—1,n,q|2,5,c) 
+nW(m,n—1,q|a,b,c)+qW(m,n,q—1|a,6,c)} 
m>1, m+n>0, m+n+q>-1. 


When checking the numerical tables we have also the following useful 
relations : 


R(0,n 4,5) =a {0 (nb) —O(n]a+5)} n>0 
R(m,n|a,b)=a1{m R(m—1,n|a,b)—O(m+n|a+b)} m>1, m+n>0 


? =b+{nR(m,n—1]|a,b)+Q(m+n|a+b)} m>0, m+n>0 
an 


W(m,n,q|a,b,c)=b-" In W (m,n—1,q|a,b,c)+R(m+n,q|a+b,c) 
—R(m,n+q|a,b+c)} 
m>0, m+n>0, m+n+q>-1. 
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The Triplet Band Systems of Aluminium Monofluoride 


By P. G. DODSWORTH anp R. F. BARROW 
Physical Chemistry Laboratory, University of Oxford 


MS. received 29th March 1955 


Abstract. The vibrational analyses of three triplet band systems of aluminium 
monofluoride obtained in emission have been carried out. They arise from 
transitions from three 3S states to a common lower #II state. The order of the 
sub-levels of the °II state and of the corresponding state for BF is considered. 
The relative position of the triplet and singlet levels for AIF is predicted. 


§ 1. INTRODUCTION 

OLLOWING the analysis of the singlet band systems of AIF observed in 
f emission and absorption (Rowlinson and Barrow 1953 a,b, Naudé and 

Hugo 1953 a, b, 1954, Barrow and Rowlinson 1954), and the vibrational 
analysis of one triplet system b?-a?!l] (Rowlinson and Barrow 1953 a), the 
vibrational analyses of two further triplet systems have been carried out. ‘These 
systems lie in the ultra-violet at 2520-2650 A and 2700-2912 A and form system 
(2) of Naudé and Hugo (1953 a). A preliminary account of this work has already 
been given (Dodsworth and Barrow 1954). 


§ 2. EXPERIMENTAL 


The triplet systems of AlF were excited in emission as before in hollow cathode 
discharges using a 1000 v d.c. generator (Rowlinson and Barrow 1953 a). The 
bands in the region 2520-29124 were photographed on Ilford Process plates 
on the quartz optics of a Hilger E.478 prism instrument (focal length, Nap 1-7 m). 
Further heads were measured on spectrograms of the 3600A system previously 
obtained (Rowlinson and Barrow 1953 a) to enable a more complete analysis to 
be made. Wavelengths of the band-heads were determined by comparison 
with internal standards, mainly Fe and Mn lines from the hot cathode, and are 
given together with the frequencies and the allocation of the heads in tables 1-3. 
Internai evidence indicates that the measurements of the band-heads are correct 
to about +1 cm}. 

§ 3. ANALYSIS OF THE TRIPLET SYSTEMS 

The bands observed fall into two systems closely resembling the b?¥—a?II 
system at 3450-3720 which has been analysed previously (Rowlinson and 
Barrow 1953a). Assuming then that these systems are also due to 3S—3I1 
transitions, there are expected in each band nine heads, three to each sub-band, 
and one of the three will be formed at the beginning of the branch, i.e. very close 
to the sub-band origin. This head is not always observed because of overlapping, 
more intense, structure, and the P,, head is formed at such high J values as to 
be unobserved in any band. A theoretical Fortrat diagram for the (0, 0) band 
of the system which we shall call c—a is shown in the figure. Assumed values of 
B(By =9:585 cm, By” =0-550 cm~!) have been used; these are chosen to give 


the correct head—origin separations for the branches and are not based on a full 
rotational analysis. 
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Table 1. Band Heads of the b*2-a#[] System of AIF 
A(A) v4fhan-) Head ee vad AA) v,,Aem-) Head wu 
3717-0 268893 PP, O,, 3597-74 277873 P,, 
15-96 933 Py On, Ry 9485 809-7 Py O,, 0, 0 
14-54 23 Po 94-22 14-5: Po: Oss, Ry; 
1094 397 PO, 0, 1 
09-41 50-8 Pry Ons, Ris 9435 8097 Py O,, do24 
0635 69-4 Pp. 80-31 922-6 Pi On, Ry 
409 895 PL. 
03-28 954 PL OR, 3492-21 28627-0 Py, O,, 


69-82 4077 Pe; O-,, Ri, 
59-60) 48-4 P,, 

2 85-34 81-8 Uo, Ors 1, 0 
54-08 93-8 Pos, Ove, Ry 
$2-35 708-1 ra 
79-32 Sc Pe Oi; 


00-54 27015-4 Ps, On, R,, 
3694-35 60-7 Pz, O~, R;, t 
87-77 109-0) as Q,;. R,; 


7939 170-7 Py.Qn,Ry 2, 3 B40 407 PaO R, 

08-21 706-7 Py OQ, rae sige fea Raed 

05-92 24-1 Pie: Pas, Ons, Riz fiat icakah | MO ee a 

140 91 PO, 0, 0 

00-12 69-0 Pe, Ox, Rz. or 097. Pa On, Lop ae 2 
a | ee oie ae ee 


Note. All heads are given for the (0,1), (0, 0) and (1, 0) bands, but only additional heads 
(see § 2) for other bands. 


Table 2. Band Heads of the @¥-2?I] System of AIF 


A(A) v,,em-*) Head en oa A(A) ¥en?) Head ou" 
2912-1 34329-, Px. O,, 2831-6 35304-, P.», O,, 
11-3 38-5 Pa, On, Ry 30-8 15-2 Pe, Qos, Ri, 
09-3 So Pas 29-2 a ¥. 1,2 
(80 77-, Pu, Qu 0, 2 277 54, Pu, Oy 
05-3 409-, FP; 27-0 62-, Ps, Qs;, Ry; 
03-9 26-4 Ps, Qi 
03-2 4 FC, Ra 2780-3 i= Fa,0. 
79-1 Te | Fz, Qe; Ri; 
01 6 A-s Pz, On 78-5 80-, Py, 
006 65°, Py, Os, Ris 763 36008-, Px», OQ, 0, 0 
2399-3 0-, Py 75-6 17°; Paz, Qos, Rus 
97-4 303-5 Pes, Oye j Oe J4-1 36-4 Be 
96-3 ii, Fe, On, Ra 72-4 58°, Pay, Qu 
94-7 35%, 'P,, 720 65°; Pas, Qn, Ry; 
52°, F5;,0 
“i y nie 68-2 114-5 Pee, Qe 
450. 35139-, Pes Ov 66-9 Sg. Ege Oe, Ry, 
444) Sy Bes, On, Res 65-9 44-, P,, 4 
42-9 4, Py» (43 of, Fa, 0; 
44 ) 88-, Px, Ow 0, 1 63-6 74°, P,,, Oz, R,, 
<4 96- | Zs On. R,» 
ig 219-, P.. 106 881-, Px, QO, 
37-0 38-5 Px, On 09-2 ee Ae a Riz; Py. 
: Begs, (es, Ie. 06-7 5-, 20, Que 
36-7 D4 z1> Io;, RK; ee a Oe 1, 0 
= 6 55-4 sx, O35 04-6 63°, oa 
ence eo a ad 029 85, Pa, Oy, 
343 ID» 2 02-4 93-2 Pa, Qa, Ry 


\ 
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Table 3. Band Heads of the d?2—a3II System of AIF 


AA) we. (ene) Head v,U- A(A) Veae cis?) Head v,v" 
2648-6 37744-5 Pes; Oe 2585°6 38663 "5 Raw On 
46°8 (05 IPM 85:2 70°, Pai, Qei, Raa O70) 
44-6 802°, Pos (On IRYie Ope il 
ee gers NP aie TP Or, 
417, Asay (Eas Qu 81-0 732-6 Pas Ou 
79:2 60:9) Pin Lod 
33:0 72-7 Pas, Qus TIA 83-9 Pas, Qu 
34-1 052-5 eb i, i, 2 77.3 300. DenO. re 
32°8 70°6 Po, Qu 
25922) 38565, Py Oss 31:0 39498-, Pos, Qis 
Dies 78°4 P33, Qss, Ry 29:8 516°, P33, Qos, Ry33 Pye 
90-8 86°53 Bie Dey S05 Riso O75 ik 0 
88-9 614-; Poo, Qi O, 0) 27-0 61 “9 Peo, Or Rie 
88-3 23g P32, Qoo, Rie 25°9 Oe ia 
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Fortrat diagram for the 0, 0 band of the c—a system. 


From the branch formulae, the head-origin separations are given by 
(B' + BO xq)? 
4B’ — BP.) 


where 7=1 for the Q,,+P,, branch, 7=2 for the Qi2+ Ps. branch, and 7=3 for 
the Q,,+ P,3 branch, and 


Vy =) — 


(3B' + Boy)* 
4B — BP.) 
where 7=1 for the P,, branch and 7=2 for the Pj. branch. 


Vy =o +2B' — 
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Since for all three triplet systems B’~ B”, the head-origin separations are large, 
and in each sub-band the ratio of the two head-origin separations is very nearly 
four to one. ‘This makes possible the estimation of the position of the sub-band 
origin when the head formed at the origin is obscured, except for the 3X11, 
sub-band where, as already explained, the P,, head is not observed. 

The analyses of the three triplet systems were carried out simultaneously as 
follows. First of all, a table of sub-band origins was drawn up for each system, 
and from these an average value of A, the triplet splitting in aI, was obtained. 
Then, from tables of the mean values of the band origins, the vibrational constants 
of the common lower state were calculated by a least squares treatment of all 
the AG” values. Finally, the vibrational constants of the upper states were found. 
The constants obtained are given in table 4. 


Table 4. Constants of the Triplet States of AIF 


State To We XoWe VoWe IN Gry ie 
a> a+38623°5 — — — 938-5 
eh a+ 36017-6 — _— — 930-5 
b?= a+27769-0 936°3 O25 0-2, — 
ac Ll a 82 3°95 — — 


If we assume any one B value, it is possible to obtain a self-consistent set of 
rotational constants which will account for all the observed head—origin separations 
within the limits of experimental error. Owing to the large number of overlapping 
branches, however, it is not possible to carry out a full rotational analysis. 


§ 4. THe 3II STaTE or BF 


The rotational analysis by Paul and Knauss (1938) of the b?2—aIl system of 
BF presents several disturbing features. If one considers the upper state 
differences R(K)—Q,(K), the values for 7=1, 2 and 3 for the same K value in 
any one band do not agree within the limits of experimental error, although the 
differences for a given K and a given z but for different bands (the (0, 0), (0, 1) 
and (0, 2) bands) show much better agreement. As the triplet splitting of the 3X 
state is too small to be observed, this points to the existence of appreciable 
A-type doubling in the lower state. “The non-agreement of values of RK) — Q(K) 
and Q(K+1)—P,(K+1) confirms this view, although owing to the scarcity of 
unblended lines in the P branches of this analysis the reliable Q,(K + 1)— P,(K + 1) 
differences are so few that it is not possible to calculate the magnitude or the varia- 
tion of the A-type doubling in the three sub-bands, and thus to decide whether 
the II state is regular or inverted. 

The second method of determining unambiguously the character of the 3I1 
state is the observation of the first lines of the branches: the structure of these 
bands is so complex that this is not possible without the use of much greater 
resolution. 

A third method, developed by Challacombe and Almy (1937), was applied 
by Paul and Knauss to this system of BF. ‘The method involves the observation 
of lines of low K” in corresponding branches and is difficult to apply in this case 
because of the overlapping of branches and blending of lines. If we plot 
(R,(K)— Q,(K))/(K + 1) against (K + 1)? we should obtain straight lines of slope 
—4D,, and intercept 2B,, neglecting A-type doubling, or at least a straight line 
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at low K values with an intercept independent of 7 for the sub-bands where the 
doubling is a function of K. We find that at K=10 the values of the function 
plotted are abnormally low, much more so than can be accounted for by the lack 
of resolution in this region. Thus there may be some incorrect assignment of 
lines near the band origins. 

Finally, we have calculated the positions of lines near the origin of the (0, 0) 
band of a 8S-3I transition for a hypothetical molecule with rotational constants 
similar to those of BF. We have taken B,’ = 1-6235 cm“, D,’ =6-70 « 10-§ cm", 
By" = 1-4030 em, and Dy’ =6:39 x 10-6 cm, and carried out the calculations 
for two values of the coupling constant Y, —12 and +16. Spin tripling in the 
upper state and A-type doubling in the lower state were ignored, and the formulae 
given by Herzberg (1950) for the levels of a *II state intermediate between case 
(a) and case (6) were used. These calculations show that in the complex over- 
lapping structure which is obtained it is most unlikely that one should be able to 
distinguish between the cases Y= —x and Y=x+4 without the use of greater 
resolution than was attained by Pauland Knauss. ‘The positions of corresponding 
lines at K”=3, for example, differ by an average of only 0-45 cm™, while at 
K’ =9 the average difference between corresponding lines for the two values of Y 
is only 0-17 cmt. 

We conclude that there is no definite evidence for the inversion of the *II state. 


§ 5. Tue a®II State or AIF 


The observed *II states of BF, AIF, GaF, and InF are very similar to each other, 
as we should expect for low-lying states arising from similar electron configurations. 
For example, the ratio w,(?I1,):,(x'2*) for these molecules is 0-95, 1-03, 1-06 
and 1-07 respectively. It seems probable that since the 3II states of GaF and 
InF are known to be regular, as is the corresponding case (c) triplet state for 
TIF, the a?II states of BF and AIF are also II,. 

We may furthermore expect that the dissociation products of these states 
are in similar states of excitation. ‘The B®II, state of InF appears to dissociate 
into In(??P,/.) + FP) (Barrow, Jacquest and Thompson 1954) and we may assume 
that the corresponding #11, levels of all this group of molecules dissociate to give 
a metal atom in its ground state (?P,/.). 

The dissociation energies Dy of the 311, states of GaF and InF calculated on 
this basis are then 17167+202 and 12988 +202 cm~ respectively, or 34:2% 
and 29-6", of the dissociation energies of the corresponding ground states 15+. 
If the corresponding value for AIF is about 40%, then we should expect 
Vo, (a2 II-x!X*) to be about 33000 cmt. 
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Further Observations of Cosmic-Ray Events in Nuclear Emulsions 
Exposed Below Ground 
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+ The F.B.S. Falkiner Nuclear Research and Adolph Basser Computing Laboratories, 
School of Physics,* The University of Sydney, Australia 
{ Messrs. Standard Telephones, London 


Communicated by H. Messel; MS. received 1st February 1955 


Abstract. Earlier work with underground emulsion has been extended by making 
observations at greater depths, and by obtaining more data at depths previously 
employed. ‘The final result for the interaction cross section of fast .-mesons with 
nucleons is (4:-6+0-5) x 10-°° cm?. The flux of fast 7-mesons is certainly less 
than 0-17°, of the flux of fast u-mesons, and a more probable figure for this ratio 
is 0-04%. 


§$ 1. INTRODUCTOIN 


stars and mesons observed in nuclear emulsions prepared, stored and pro- 
cessed at various levels below ground. ‘This work has been extended in two 
respects: more data have been accumulated at the depths previously employed 
and the maximum depth of observation has been extended to one equivalent to 
600 metres of water. A brief account of these new observations is given in this 


paper. 


I N a previous paper (George and Evans 1950) we gave an account of cosmic-ray 


§ 2. EXPERIMENTAL 


In our earlier paper, we had exposed nuclear emulsions at various stations on 
the Underground Railway in London, estimating the depths to be equivalent to 
20, 34 and 60 metres of water respectively from the given real depths. ‘The 
equivalent depths have been checked by observing the counting rate of a three-fold 
vertical counter telescope containing a 10-cm lead absorber at these three places 
and at sea level, and then reading off the equivalent depths corresponding to the 
relative counting rates from figure 5 of the survey paper of Rossi (1948). The 
equivalent depths found in this way were 25, 45 and 57 m water respectively, and 
these we shall take as the most reliable estimates of the depths for these points of 
observation. In addition, emulsions were exposed on a new site on the City line 
at Waterloo, the depth being equivalent to 8 metres of water, and in a coal mine at 
Pensford, near Bristol. ‘The depth of the coal mine was 300 metres below surface 
and the equivalent depth was taken at 600 metres of water. Ilford emulsions 
type G5, of thickness 200, 400 and 600 microns were used in these experiments. 


§ 3. RESULTS 
A total volume of 843 cubic centimetres of emulsion has been searched, and 
265 stars of three or more prongs and 2816 mesons stopping in the emulsion have 
been observed. 


* Also supported by the Nuclear Research Foundation within the University of Sydney. 
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3.1. Slow Mesons 

The results for the slow mesons are collected together in table 1. In this 
table, the errors given are the statistical standard deviations. 'The combined 
effects of the revision of the figures for the equivalent depths, and the use of 
thicker emulsions which give slightly higher rates result in good agreement 
between the observed frequencies of slow u-mesons as a function of depth, down 
to 60 m water equivalent, and those given by Rossi (1948, fig. 6). 

The exponent of the differential spectrum of the y-mesons in the energy band 
10° to 101? ev is close to 3, and hence the expected frequency of slow p:-mesons 
at 600 m depth is approximately one thousandth of the frequency at 57 m, viz. 
2-6x 10° cm™’ day-!. The observed frequency at 600 cm depth (2 x 10-) is 
seen to be of the expected order of magnitude. 


(a) o-Mesons. 


We have shown previously (George and Evans 1951) that the underground 
o-mesons are mostly -mesons, the stars resulting from their capture being mostly 
one-prong disintegrations of rather low energy, corresponding to a mean nuclear 
excitation of about 15 Mey. ‘The remaining o-mesons are 7-mesons. Using the 
method given in our previous paper, we have estimated the number of 7--mesons 
among the observed o-mesons, and these are given in brackets in the fifth column 
of table 1. ‘The remaining o-mesons we assumed to be pz-mesons. 

It is seen from table 1 that the 47 o-mesons classified as u-mesons were 
observed at the same time as 2738 stopping p-mesons, a ratio of (1:7+0-3)%. 
This corresponds to a figure of (6+ 0-9°) for the ratio of the number of stopping 
u-mesons producing visible disintegrations, to the total number of captured 
je--mesons. 


(b) z-Mesons. 

In table 2, we have divided the total number of z-mesons of either sign of 
charge (the bracketed figures in column 5, plus the figures in column 7 of table 1) 
by the frequency of stars at the same depth (cf. table 3). 


Table 2 
Depth 8 ws 45 ay 600 
(m.w.e.) 
a* 0:244+ 0-11 0:13 40:05 0:11+0°5 0:14+ 0-04 0-3 
Stars a 


The weighted mean value of this ratio is 0:15+0-03. The one o-meson 
observed at 600 m water equivalent was of the 7-meson type and it is seen that 
the observed number of z-mesons at this depth, 1, is close to the number expected 
(0.5), if the ratio of 7-mesons to stars is a constant. 


Be LOLS: 


The final figures for the frequency of occurrence of nuclear-disintegration 
‘ stars ’ at various depths are given in table 3; column 4 gives the frequencies of 
stars of all types lumped together, and column 5 onwards, the frequencies of 
various star-types individually. 

Some of our colleagues, believing that the frequency of stars may be sub- 
stantially higher than that originally reported, have suggested that the plates 
used previously might have been searched inefficiently. We checked this point 
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by arranging for a sample of our present plates, exposed at 57 m, to be searched 
at one tenth of the speed used in searching the remainder. ‘The results of this 
test are given in table 4. 
Table 4 
Searching speed (cm? d~?) DOS 25 
No. of Events 14 94 
Observed frequency of stars with 3 or more prongs 4°3+1°-1 3°8+0°4 


The results suggest that the number of events observed at the normal, faster, 
scanning speed could be as much as 30°%, low but the error is unlikely to be much 
more than this. Certainly the results cannot be out by an order of magnitude. 
In addition, to test the scanning efficiency, plates already searched by one observer 
were re-searched by asecondone. No additional stars were found, again indicating 
a negligible loss of events by the scanners. 

Previously (1950) we have given the following picture of the formation of 
underground stars. A certain fraction (viz. stars of type I,, and showers, all of 
which have fast charged primary particles) are produced directly by the electro- 
magnetic excitation resulting from the passage of fast u-mesons through nuclei. 
These primary stars emit strongly interacting particles, neutrons, protons and 
m-mesons, which often possess sufficient energy to cause secondary stars. ‘These 
secondary events occur mainly as stars of type O, and O,. 


(a) Cross section for star production by fast -mesons. 

The cross section for star production by fast ~-mesons may therefore be 
evaluated from the sum of the frequencies of the I, stars and showers, given in the 
last column of table 3. If S is the frequency of occurrence of stars per cm? of 
emulsion per day, and N the number of nucleons per cm’, then the cross 
section for star production per nucleon by u-mesons is given by 


3S/eNT |) eee (1) 


where / is the y-meson flux in the vertical direction per steradian per day. 

Values for the cross section for star and for shower production at various 
depths obtained by inserting the relevant values of S in equation (1) are collected 
in table 5. Also given in table 5 are the values of J used, which were obtained from 
Rossi (1948). 


Table 5 

Depth I (steradd™) a (I, plus showers) o (showers) 
(m.w.e.) 10° cm? nucleon 10-*° cm? nucleon7} 

8 378 4-5 + 1-4 OR iO 

25 138 4-7+0°8 0-824 0:4 

45 67°5 4-44 1:2 Omit 

Sy AD, 4-8+ 0-9 1:35+40-4 

Mean 4-6+0°5 Mean ley se Msg 


These figures are our final values for the cross section for the interactions 
of w-mesons with nucleons. 


(b) Identification of shower particles. 


In our previous paper we reported the existence underground of stars accom- 
panied by showers of thin tracks, and in line with the results of Fowler (1950) for 
high-altitude stars, we suggested that most of the shower particles in the under- 
ground stars also were 7-mesons. With the larger amount of data we have since 
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accumulated, it has been possible to confirm this guess. From among the shower 
tracks with grain density less than 1-4 times the plateau value, four were sufficiently 
long for the methods of the Bristol group to be applied. For these four tracks, 
the multiple scattering x9) and ‘ blob ’-density were measured. The ‘ plateau’ 
blob density was determined from the background of fast high-energy straight- 
through tracks. Defining in the usual way g* as the ratio of blob density for a 
given track to the plateau value, it was found in all cases that the pairs of values of 
g* and 9) Were consistent with those for 7-mesons, although the experimental 
errors were such that the possibility that the particles forming the shower tracks 
were y-mesons could not be excluded. ‘The values of pf for these four particles 
were found to be 70, 75, 600 and 630 Mev/c respectively. 


§ 4. DIscussION 
4.1. Slow Mesons 


The probability of a scanner observing a slow meson depends on the length 
of track available, and this in turn depends on the thickness of the emulsion 
being used. In thin emulsions, therefore, the observed frequency of events is 
likely to be significantly lower than the true frequency. This is illustrated by the 
fact that the frequency of ;.-mesons stopping in emulsions 200 thick at 57 m water 
equivalent reported in our earlier paper was 0-017 cm-3 day~1, whereas the figure 
we now obtain is 0-026. The difference is due to the fact that the new results 
were obtained using emulsions 400 and 600 microns thick. In fact, the result for 
the thick emulsions alone is 0-035 showing that our figure for 200 yw plates is low 
by some 50%. 

At a depth of 25 m water equivalent, emulsions 200 u thick only were used, 
and this means that the true frequency of slow ;:-mesons is likely to be about twice 
the observed figure. Multiplying our observed figure by two, we get 0-2 + 0-06 as 
the corresponding thick emulsion figure, at 25 m water equivalent which is in 
good agreement with the result of Kaneko et al. (1954), whose result for the 
frequency of slow p-mesons in emulsion exposed at a depth equivalent to 23 m 
of water is 0:22 + 0-03. 

Our earlier work on the capture of negative -mesons (George and Evans 
1951) was confirmed by workers using machine-produced negative p-mesons 
(Fry 1952, Sherman eta/. 1952), and it was obvious that the much greater statistical 
accuracy obtainable using machine-particle beams made the approach via the 
cosmic radiation unprofitable and we accordingly did not push our investigation 
any further. It remains to demonstrate that our results are consistent with those 
obtained using machine-produced particles. 

The latest results are those of Morinaga and Fry (1953) who observed 591 
cases of star production among 24 000 stopped negative u-mesons, a ratio of 2.4%. 
From table 1, we obtain our figure for comparison as follows: 47 cases classified 
as the capture of j-mesons in a total of 2738. Of the latter, 44% were negative 
(Owen and Wilson 1949) giving 1202 negative y-mesons stopping. ‘The ratio 
of 47 to 1202 is 3:9+0-6%. The difference between this figure and that of 
Morinaga and Fry we do not regard as significant on account of the poor accuracy 
of our figures, and also because the efficiency of detecting }-mesons ending in 
stars was likely to be somewhat higher than that of recording isolated j.-mesons. 
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4.2. Stars 


Concerning the nuclear disintegrations, we have little to add to what we have 
said previously (George and Evans 1950; George 1952). The figures in table 4 
are our best values for the cross section for the nuclear interactions of fast u-mesons 
and are consistent with the underground cloud-chamber results of Braddick and 
Leontic (1954), Lovati e¢ al. (1953) and McDiarmid (1954). 

These interactions may be explained in terms of the coulomb interaction of 
the electric charge of the fast .-mesons with nuclei. ‘The details have been 
fully discussed in our earlier papers, and need not be repeated here. ‘The 
numerical value of the cross section is consistent with that obtained from the 
known cross section for photo-nuclear disintegration obtained by Miller (1951). 

Since we have shown that the shower particles are mostly 7-mesons, it is clear 
that there must be a small flux of fast 7-mesons underground, and it is of 
interest to enquire how big it is, and to what extent it may contribute to the 
frequency of stars, large-angle scatters etc. which have been observed. 

The calculation will be performed for a depth of 60 m water equivalent. 
The mean free path in emulsion, A, for the production of stars with three or more 
prongs by fast z-mesons will be required, and this will be taken from the work of 
Morrish (1954) who obtained A, = 115 cm, for 200 Mev z-mesons. 


For the sake of argument, we shall now assume that all the stars with charged _ 


primaries are produced by z-mesons: although we do not believe this assumption 
it will serve to give us an upper limit. From table 3, the frequency of such stars 
per cm? per day at 57 m is (0-33-+ 0-32 + 0-36) x 10-?=1-5x 107%. ‘This, together 
with the value for A; gives 1-5 x 10-3 x 115 =(0-17 + 0-03) cm-? day-+ as the upper 
limit to the flux of relativistic 7-mesons at 60 m depth. Since the flux of fast px’s 
is of the order of 100 cm ? d~1, this means that the upper limit to the ratio 


Relativistic 7-mesons 


——s O17: | oe ee 2 
Relativistic u-mesons ee © 


In actual fact, a more realistic figure would be obtained by assuming that the 


O, stars are the ones due to the fast 7’s (Camerini et al. 1950), which reduces the | 


ratio of z7/y to 0-04%,. 

This low figure for the flux of 7-mesons renders unlikely any explanation of 
the anomalous scatter of fast particles below ground observed in emulsions by 
Kannangara and Shrikantia (1953) and in cloud chambers by George, Redding 


and ‘Trent (1953) and McDiarmid (1954) in terms of a 7-meson contamination 
of the underground cosmic radiation. 


§ 5. CONCLUSIONS 


From the work reported in this paper, we have drawn the following conclusions: 

(1) The proportion of stopping negative u-mesons in the cosmic radiation 
which causes stars with visible prongs is (3-9+0-6)%. On account of possible 
systematic errors, the difference between this figure and that of Morinaga and 
Fry for machine-produced mesons, 24%, is not significant. 

(ul) Over a wide range of depths, from 8 to 600 m water equivalent the ratio 
of 7*-mesons to stars is substantially constant, the ratio being 0-15 + 0-03. 

(ii) ‘The flux of fast 7-mesons is certainly less than 0-17°% of the flux of fast 
j-mesons, and a more probable figure for this ratio is 0-04°%. 


| 
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(iv) The ‘ shower ’-particles produced in energetic nucleon disintegration 
observed below ground are mostly 7-mesons. 


(v) The frequency of large-angle scatters of fast particles observed below 
ground by various workers is greater by an order of magnitude than that calculated 
for the maximum possible flux of 7-mesons. Hence the observed scatters are 
not, in the main, examples of 7-meson interactions. 
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Determination of Proton Synchrotron Beam Size with a Crystal 
Scintillator 


By B. LEDLEY anp L. RIDDIFORD 


Department of Physics, The University of Birmingham 


Communicated by P. B. Moon; MS. received 23rd March 1955 and in amended form 
21st April 1955 


§ 1. INTRODUCTION AND APPARATUS 


RYSTAL scintillators are now commonly used inside synchrotrons to 
detect accelerated particles. In the Birmingham proton synchrotron 
(Nature 1953) a #-inch square thallium activated potassium iodide 
crystal about +-inch thick has been employed. It is cemented with Canada 
Balsam to the end of a polished }-inch diameter Lucite rod which passes along and 
close to the bottom of the vacuum chamber. The rod is smoothly curved, as 


shown in figure 1, so that the crystal may be located near the back wall, where it 


Crystal Perspex Brass 


Pump-out 


“0” rings 


Figure 1. Cross section of vacuum chamber, with scintillator probe inserted. Contours of 7 
are shown. 

does not interfere with injection or acceleration of the protons. ‘The O-ring 
vacuum seals make rotational and translational motion possible. Light from the 
crystal passes along the j-inch rod and then down eight feet of one-inch rod to a 
type EMI 6262 photomultiplier tube. Both rods are enclosed in brass tubes 
which keep out spurious light. The photomultiplier tube is screened from the 
fringing field of the synchrotron by mumetal cylinders. A thin 0-0004-inch 
aluminium foil protects the crystal from spurious light, and the curved part of the 
Lucite rod is wrapped with copper foil. The aluminium foil serves also to prevent 
the intense flash of light associated with the pulse of 500 kev protons injected into 
the synchrotron if they are allowed to strike the crystal. 

In a synchrotron the particles move on complex orbits about the mean orbit, 
which is determined by the magnetic field and the frequency of the potential 
used to accelerate them. ‘T’he spatial distribution of protons in the bunch being 
accelerated is determined in the vertical direction solely by free oscillations and in 
the horizontal direction by both free and phase oscillations. If the radio-frequency 
accelerating potential is removed the particles spiral in towards the crystal as the 
magnetic field continues to increase, and finally strike it. ‘The distribution in 
vertical oscillation amplitudes may be obtained by varying the position of the 
crystal in the vertical direction, and the distribution in horizontal amplitudes 
inferred from the time variation of the signal from the photomultiplier tube, 
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§ 2. RESULTS 
Figure 2 shows a typical photograph of an oscilloscope display of the scintillator 
signal (the upper trace) together with that from an induction electrode (Riddiford, 
Van der Raay and Coe 1955). The step in the induction electrode pattern is 
at the instant when the accelerating potential is removed. The area under the 


Figure 2. Oscilloscope traces of scintillation and induction electrode signals. 


scintillation trace is a measure of the number of protons which have struck the 
crystal, and the height of the induction electrode trace is a measure of the number 
of protons which were circulating inside the synchrotron. It is necessary to 
normalize the scintillator’s response to the number of circulating protons, since 
this may vary substantially from pulse to pulse in a proton synchrotron. Since 
the crystal is small compared with the vertical extent of the beam, it is assumed 
that when in acertain vertical position it will bestruck byall particles with oscillation 
amplitudes equal to, or greater than, its distance from the centre of the beam, 
and by no others. ‘This is reasonable, since the oscillation amplitude is unlikely 
to change in the time a particle takes to spiral radially inwards a distance equal to 
the crystal thickness, whereas the phase of one of the free oscillations which occur 
during this time is certain to be such as to make the particle strike the crystal. 
A plot of scintillator signal against vertical position obtained in this way is drawn 


in figure 3, curve a. 


o Horizontal 
6 x Vertical 


Beam Half-width (cm) 


0 0:2 0-4 0-6 0-8 10 
Time (sec) 
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Figure 3. Figure 4. 


A comparison between the measured vertical distribution of protons at 
0:4 second and the theoretical value. 
a, experimental ; 6, integrated Rayleigh function. 
Abscissae : a, vertical position of crystal (origin 1 cm below geometrical median 
plane); 6, oscillation amplitude B. } i 
Ordinates : a, integrated scintillator signal ; }, ie P(B) dB. 


Figure 3. 


Figure 4. Variation of beam half-width during the acceleration cycle, 
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§ 3. DiscussIon 
3.1. Vertical Distribution 


In general only free oscillations due to gas scattering will matter, for the 
divergence of the injected beam is known to be small, and the associated oscilla- 
tions are rapidly damped. The distribution in oscillation amplitudes will then 
bea Rayleigh one if there is no loss of particles to the walls of the vacuum chamber. 
That is, the probability P(B) that the amplitude of oscillation B lies between B 
and B+dB is 


(b2)B exp { — (B2/2b®)} dB 


where 62, the mean square value of 4, is half the mean square value of B. Inte: 
gration of a Rayleigh function yields curve 6 of figure 3, which is seen to agree 
fairly well with experiment. The centre of the experimental curve is about one 
centimetre below the geometrical median plane of the synchrotron magnet, 
supporting other observations (Riddiford et al. 1955) that the magnetic median 
plane is low. 

The variation in vertical size of the beam during acceleration is shown in 
figure 4. The points refer to the widths at half maximum of curves such as those 
in figure 3, which however correspond closely to the peak to peak widths of the 
Rayleigh distributions. That the beam width passes through a broad maximum 
during the acceleration cycle is in qualitative agreement with theory (Blachman 
and Courant 1948), but it should decrease steadily from the maximum until 
acceleration is complete. That it does not could be due to the steady decrease 
in n, the magnetic field index, in the region in which the crystal is located, 
associated with saturation of the steel in the magnet at greater field strengths. 
In any event, the crystal is near a field region where ” varies in space, as is evident 
from the contours dotted in figure 1, which were obtained from electrolytic trough 
measurements (Bracher 1950). The vertical free oscillation amplitude is 
inversely proportional to 1/n, so that the beam size will be greater than that 
expected for the value of n(=#) existent at low field strengths. ‘The beam size 
in the vertical direction is comparable with that suggested by aperture studies 
reported elsewhere (Riddiford et al. 1955). 

Towards the end of the acceleration cycle the beam suddenly expands in the 
vertical direction if it is made to approach the region of the magnet in which the 
crystal is placed. It strikes the top and bottom rather than the back wall of the 
vacuum chamber. ‘This is a result of resonant coupling in which energy is 
transferred to the vertical free oscillations from either the horizontal free oscilla- 
tions or the rotational energy of the particles in the accelerator, should z reach a 
suitable value. A similar phenomenon was observed with the Berkeley 184-inch 
synchrocyclotron (Henrich, Sewell and Vale 1949). Figure 4 suggests that there 
exists no substantial sudden reduction in the extent of the horizontal oscillations 
at the instant in question, which implies that the resonance arises from the 
rotational energy. Low order resonances may then occur for n=}, é, etc 


3.2. Horizontal Distribution 


After the radio-frequency accelerating potential is removed the beam spirals 
at a rate given by 


dr r(dBidt) 


i) Bow 
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where r is the radius, B the magnetic field and Bor”. Using this equation 
the distribution of radial oscillation amplitudes can be obtained from traces such 
as are shown in figure 2. Phase oscillations cease when the accelerating potential 
is removed, but the radial dispersion due to them will continue to exist, resulting 
in an apparent broadening of the Rayleigh distribution due to gas scattering. 
The trace will of course show only one half of the distribution. ‘The variation 
in half-width of the bunch in the radial direction with time is shown in figure 4. 
Early in the acceleration cycle the beam is distributed across the whole of the 
vacuum chamber. At later times the radial extent of the beam becomes less 
than the vertical extent. It is probable that the spread due to phase oscillations 
is then small. For the vertical free oscillation amplitude to exceed the horizontal 
amplitude, in the absence of resonant coupling one would require n to be less 
than 0-5 in the field region in question. The resonance described above could 
then be one of low order. 
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The Scattering-in Correction 


By B. A. CHARTRES anp D. A. TIDMAN 


The F. B.S. Falkiner Nuclear Research and Adolph Basser Computing Laboratories, 
School of Physics, The University of Sydney, Sydney, Australiat 


Communicated by H. Messel; MS. received 1st February 1955 and in amended form 
‘23rd March 1955 


Abstract. In experimental work with nuclear research emulsions, one sometimes 
makes scattering measurements to determine the energy distribution of a beam 
of particles incident on the emulsion. - To do this, one selects particles which 
leave tracks longer than a certain minimum length. This sample is a biased 
sample, and a correction for this bias has been calculated, considering both single 
and multiple scattering. 


$1. INTRODUCTION 


N using the photographic plate to study charged particles, one sometimes 
requires to make a measurement of the number of particles of a particular 
energy which enter the emulsion or are produced by events inside the emulsion. 
For an accurate measurement of the energy of a particle to be made its track must 
be longer than a certain minimum length x, usually ranging from 0-1 cm to 1 cm. 
The elimination of all tracks shorter than this minimum length introduces a 
systematic bias into the estimate of the number of particles in a particular energy 
group, this bias arising through the scattering of the particles in the emulsion. 

We have calculated a correction for this bias for the special case in which it 
is desired to measure the angular and energy distribution of cosmic radiation 
in the atmosphere using a photographic plate exposed in a vertical plane. 
A similar correction will be relevant in many other cases. 

Ignoring scattering altogether, and considering the geometry of a photo- 
graphic plate exposed in a vertical plane in the atmosphere, one expects a certain 
number of tracks of various lengths to be left by particles passing through the 
emulsion. We shall show that when scattering is considered one obtains more 
tracks longer than the minimum length than the geometrical number expected. 
The difference we call the scattering-in correction. In our calculation of this 
correction we have considered the effect of both multiple and single scattering. 


§ 2. STATEMENT OF PROBLEM 


Define /(’, pf) to be the angular and energy distribution of cosmic radiation 
in the atmosphere, where ‘I’ is the angle a particle makes with the vertical, p is 
its momentum and B=vc"!. Let J,(y, pf, «9) be the angular and energy distribu- 
tion obtained by examination of tracks longer than a certain minimum length xp 
in the photographic emulsion; y is the angle a track makes with the vertical 
projected on to the plane of the emulsion, the angle being measured where the 
particle first enters the emulsion (see figure 1(a)). We require the relation 


between J and /, when the scattering of particles in the emulsion is taken into 
account. 
+ Also supported by the Nuclear Research Foundation within the University of Sydney. 
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Consider a particle entering the emulsion of thickness d at an angle ¢ to the 
emulsion surface. If it entered at an angle < tan 1(d/x))=¢, and suffered no 
scattering it would be certain to have a track length greater than %». However, 
like particle 1 in figure 1 (b), it may be scattered out of the emulsion. Similarly, 
a particle entering at an angle 6 >¢, may, like particle 2, be scattered into the 
emuision in such a way as to leave a track length greater than x). We shall 
show that ‘ scattering-in’ predominates over ‘scattering-out’. 


Vertical 


I(¥,pA) 


(a) (b) 
Figure 1. 


Considering figure 1 (a), the incident particle makes an angle Y”’ with the 
vertical given by the equation cos‘’=cos¢cosy. We shall need the probability 
N(¢, pB, x9) that this particle makes a track in the emulsion of projected length 
greater than x. 

To investigate the order of magnitude of the angles involved we consider 
as a typical example a minimum track length of 5 mm ina 200 micron plate which 
gives 6) equal to 2:3°. We shall show that even for the lowest energy particles 
we shall consider, the function N(¢, p§, x9) tends to zero exponentially for angles d 
greater than 2¢, and can be considered as zero for 6>3¢,. Consequently we 
see that the plate considered above accepts particles only within an angular range 
of seven degrees. Since J(‘t’, pf) is known to be a slowly varying function of ‘¥ 
for small ‘V it follows that we can neglect the dependence of the incident spectrum 
on ¢. Also for small 6 we have cos ‘= cosy, and the distribution in y will then 
be the same as in ‘’. 

We define I(y, 4, p8)ddbdyd(pB) as the number of particles in the intervals 
y toy +dy, > to +d¢ and pf to pf + d(pf) arriving on a unit area perpendicular 
to their direction of motion per unit time. Also I,(y, PB, x9)dyd(pB) is defined as 
the number of tracks starting on a unit area of the emulsion surface in the ranges 
y toy + dy and pf to pf + d(pf) and of length greater than x, divided by the length 
of time for which the emulsion was exposed. We then have the relation 


ome] 2 
L(y PB. %a)= | dbsindl(y, 4, PBYN(4, PB, %). 
Neglecting the dependence of J on 4, as justified in the preceding argument, 


we find Jes PBs 84) = K (PBs 5H, PB) vanes (2.1) 
K(pB, x)= | : gin Os Peed ene (2.2) 


where 
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A(pB, xo) is the number of tracks longer than xy) per unit angle as measured 
in the plane of the emulsion, when there is one particle per unit solid angle per 
unit area perpendicular to the direction of motion incident on unit surface area 
of the plate. It is this function that we shall calculate. 

At very high energies when scattering can be ignored, the function N(4, PB; Xo) 
is unity for ¢ less than 4, and zero for ¢ greater than ¢y._ For this case of simple 
geometrical acceptance we have 

lim K( DB, X%))=K (mo) =48i dys? as a es (2.3) 
p> 


We now define the scattering-in correction C as 


OE (SS | eee ae (2.4) 


$3. SUMMARY OF METHOD 


The scattering cross section o of particles by emulsion nuclei has been divided 
into two parts, o,, +o, at an angle @,, such that o,, takes account of the most probable 
deflections through small angles, and o, gives the probability of large deflections. 
We then work out the scattering-in correction for multiple scattering using o,,, 
by defining an overestimate and an underestimate of the correction. Using o, an 
exact expression for the single-scattering correction is obtained on the assumption 
that a particle suffers at most one large-angle scatter in passing through the 
emulsion. 

It is shown that it is possible to choose 6, in such a way that the approximations 
made in the calculation are good ones, and that the single and multiple corrections 
can be combined additively. 


§4,. ‘THe DISTRIBUTION FUNCTION 


Let o(p8, @)dwdx be the probability that a particle of momentum /p suffers 
a deflection @ into the solid angle dw in travelling a distance dx. In the small 
angle approximation we can write 0?=0,?+6,? and dw =d6,,d0,, 

Let o(pf, @,,)d0,dx be the probability that the particle suffers a deflection 
which has a component 6,. ‘Then the projected scattering probability o is given 


by 
o(pB, 9,)= | (PB, (0,2+62]2)d0,, sees (4.1) 


We now consider a beam of particles incident along the w axis. The 
distribution function P is defined such that P(@,, vy, x)dé,dy is the number of 
particles at (y, x) passing through the line element dy in the angular interval 
6, to 0,+d6,. Then this projected distribution function obeys the diffusion 


equation (Rossi 1952) 


BE eo Pele 
Ee ler | d6’o(8,, —8,')[P(G,',.¥, *) — P(A, ¥, *)] 
with P(O,y,2=0)=3(8,)3(y). ne (4.2) 


This equation is soluble if certain assumptions are made. We will follow 

a procedure similar to that of Butler and split our cross section o into two parts 

o,, +6, at an angle 6,, so that o,, takes account of the very frequent deflections 

through small angles and g, gives the probability of large deflections (Butler 1950). 
56-2 
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Using o,, as the scattering cross section in equation (4.2) we have a distribution 
function which is dependent on small-angle scattering. We can then expand P 
in the integrand of (4.2) into a Taylor series and take the first non-vanishing term 
which is proportional to the second moment of our cross section ,,. Making 
this multiple-scattering approximation, and dropping the subscript y on @ as 
we shall not refer to the three-dimensional case again in this section, we have 

OP” OP Serr 

ax ay abe 
where a4) Pon (@)d0 ae (4.4) 
the integral extending over all 0. 

In an infinite medium equation (4.3) has the solution which was first derived 
by Fermi 


P(0, y, x)= Bh exp | - = (3y2— 3xy + x08) | Le. eee (4.5) 
The lateral distribution Y(y, x) irrespective of the angle @ is given by 
, Jn Nee oye 
Y(y,-«)= | P(O, y, x) d0= (==) exp | ieee ] Bap eects (4.6) 


Alternatively, using o, in (4.2) we can make use of the exact ‘first-collision’ 
integral equation corresponding to (4.2), namely 


V0) = I dx’ exp (=p aX’) | d0a,(0)Y(y— 0x — Ox’, x—x’)+6(y) exp (—pox) 


where ies: 

p= {| es0yae 
If @, is chosen so that the probability of scattering through angles greater than 6, 
is small, that is if ppx is small, we can use the convergent ‘scatter-by-scatter’ 
iterative solution of equation (4.7), viz. 


Vee a Majule, suey Wl, 4 2 ages Ln ons See (4.8) 
n=O 
oa “0 
Vx(y, x)=] dx’ exp (—pox’) | d00,(6)Y,_s(y— Ox — 02", x — x’) 
: “SES ae © Say ORs wees ener (4.9) 
Yo(y, x)= 0(y) exp (— Pox). 
Y,, is the contribution to the distribution function of particles which have suffered 
n scattering collisions. 

We shall calculate the correction C using solutions (4.5) and (4.9). These 
two distribution functions cannot be added to yield the distribution for combined 
multiple and single scattering, but we shall show that, under certain conditions, 
the scattering-in corrections for these two extreme cases, which we shall write as 
C™ and C*, are additive, and their sum is the required correction C. 


$5. DEFINITION OF OVER AND UNDER ESTIMATES OF C™ 
The functions P and Y give us the distribution in particle numbers in an 
infinite medium. In the emulsion a particle once having crossed out through 
either the emulsion—air or emulsion—glass surface is lost. (A particle passing 
out into the glass has a good chance of returning to the emulsion, but it is not 
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recognized as the same particle). We therefore require to obtain from P and Y 
the ‘first passage time distribution’ for two imaginary parallel plane boundaries 
in an infinite medium, the boundaries representing the surface of the emulsion. 

Consider a beam of particles of unit intensity incident at the surface of the 
emulsion at O, at an angle ¢ to the surface (see figure 2). Choosing the » axis 
along the direction of the beam and O as the origin of coordinates, the equations 
of the two surfaces are 

Vs XO, Aen =e i a in eee (5.1) 


if d is a small angle. 


oo” O Surfacel \ Yr ze 


Figure 2. 


lf the emulsion were part of an infinite medium, then at «=., the lateral 
distribution function Y would be 


. 3 1/2 ove 
J (a ) ih (==) exp f == | SO mrp be pacitere too (5.2) 


Now consider the integral 
rY (Xo) 
NE Pe yeaa) Yager ee Boers (5.3) 
~ Yy(X)o 
This counts all the particles between the boundaries at xy irrespective of how they 
gotthere. Hencea particle included in this integral may have crossed a boundary 
at some x <x, and returned again. ‘This cannot happen in the actual emulsion, 
therefore \,™ is an over-estimate of the number of particles still in the emulsion 
Bee Ns: 
Now consider the integral 


| "de | Rear cm sor VEU ae Onl wllemaet (5.4) 


J 0 / —n/2 

This is the number of particles crossing out over surface 1. However, included 
in it are particles which have previously crossed out, returned, and are again 
crossing the boundary. Such a particle will be counted twice, in fact one particle 
lost will be counted as x particles lost if it crosses out and returns 2 times. ‘The 
integral (5.4) is therefore an over-estimate of the number of particles lost through 
surface 1. 

Since the function P decreases exponentially with increasing 6, we are able 
to extend the range of integration from —7/2 to — « and replace sin(@+4¢) 
by (@+¢). Inthe same way, the loss through surface 2 1s 


[“ dx | d0(0-4+46)P(0,d—xh, 8) sea (5.5) 
/0 beach 
ro fo) 
DESI 1-N,m= | dx | d6(0 +4) P(0, d—xd, x) 
J0 = 


=| : A ie MAGLIO, — 0b, 0) se (5.6) 
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which we write as 
1—-N2@==-N™; +401 =e ee (S09 

where N,™ is an under-estimate of the number of particles still in the emulsion 
AM ine 

We shall show that VN, and N,™ are close limits bounding the correct value 
Nm of the number of particles of track length greater than x, and later will 
consider the best way of taking a weighted mean of the two limits. 

We can also split 1 — N,™ into a contribution from each surface, giving 


(1-N,™),=3[11-O@VX)) 2. eeee (5.8) 
(1—-N,™),=4[1-O(1-¢]VX)]—iié‘«««t eee (529) 
where = ¢/¢, X = 30 07/ A: 
Now consider the expression we have obtained for (1—N,™),: 


es) 


(Nate he dx | O+ SYP, d= 2b 9) vores (5.10) 


If we were to extend the range of integration of @ in (5.10) to — oo it would 
count not only those particles passing out through surface 2 but also subtract 
those entering through the surface. But this would simply give us another 
expression for (1— N,™),. We therefore have 


ro _— 

(2N*),-(— 1,5), 4 dx | d0(0+4)P(0,d—xd, x). ween. (5.11) 
/ 0 J —=© 

We shall use this expression for numerical computation of (1—N,™), as it is 

much smaller than (5.10). It can be simplified to 


" (2. 760] 
(1—Ngm)o—(1—Nya™)a= Fe | exp (~ Yexp(—Z8)— vaZ[1 - O(Z)) 
ieee 


where Z=(4A7 437 Sw), Y=Xy(yn—-$). 


$6. Isorropic DISTRIBUTION OF INCIDENT PARTICLES 


So far we have obtained expressions which give us N,™ and N,™ for a parallel 
beam of particles incident on the surface of the emulsion at an angle 6. We now 
need the corresponding expressions for an isotropic distribution in 4. The 
quantities giving the over and under estimates of the number of tracks longer than 
Mare then 


“IU 


2 
KS NUP (o) sin Oddi » = tee (6.1) 
~ 0 


7/2 
Km= | Nm(d)sinddd 
with Ki™> K™> Km, ‘ 

From table 1, which has been calculated for the typical value X = 1-4, it can 
be seen that at ¢=3 the estimates of loss through surface 1 have become very 
nearly zero and through surface 2 nearly 100°. These limits are approached 
exponentially. Hence in integrating over ¢, if we consider those quantities 
which tend to zero with increasing ¢(= yi) it will be valid to replace sind by d 
and extend the range of integration toinfinity. Table 1 also shows that the function 
N(4, PB, x), as stated in $3, tends rapidly to zero for y>2. This justifies the 
use of an isotropic angular distribution. 
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The quantities we used for computation are 
(1) Over-estimate of loss through surface 1: 


(1—Ky™),= | (1-N™),¢d6=0-152362/X. seen, (6.3) 
0 
(11) Under-estimate of loss through surface 1: 


(= kaya) WEN eie0-msoge (6.4) 
LQ 


(111) Over-estimate of number remaining in 


K,™= | N= hdd 
40 


beara) pienso maf) 7) 009) | (6.5 
=f lot+aetaane (Gtax A 1 Ae) 0) La meer ee (O35) 


(iv) Difference between estimates of loss through surface 2: 


ae 0) 
(1—K.™),—(1-K.™)_= | [(1-Ny™.-(1- Ny). db. see. (6.6) 
“ 0 
‘Table 1 
ib (—N.»), (1—N,™), 
0 90-5000 0-0463 
O-4 0:2506 0:1565 
1-0 0-0463 0-5000 
2:0 0-0004 0:9537 
3-0 0-0000 0:9996 


The integrands in all these integrals tend exponentially to zero for 6 >3¢y. 
The above choice of quantities computed has been made so that the only one 
which requires a numerical integration, namely (iv) (which requires a double 
numerical integration), is an order of magnitude smaller than the others. In 
figure 3 are drawn curves of K,™ and K,™ as functions of X. It can be seen that 
the limits define the true value of K fairly closely down to quite small values of X. 
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§7. ESTIMATE OF THE CORRECTION FOR MULTIPLE SCATTERING 


We have shown that the true value of K™ lies somewhere between K,™ and 
K™. We now investigate the possibility of obtaining from A,™ and Kean 
estimate for K™ which is more accurate than either of the former. ‘This is done 
by comparing the relative magnitude of the errors in K,™ and K,™. 

The correct number of particles lost, viz. 1—K™, is obtained by counting 
as one particle lost every particle which crosses either boundary any number of 
times between x=( and x=. The under-estimate 1—K,™ of the loss is 
obtained by counting as one particle lost any particle which crosses the boundaries 
an odd number of times, but not counting those which cross an even number 
of times. ‘The over-estimate 1—A,™ counts 1 for a particle crossing once or 
twice, 2 for one crossing three or four times, and so on. 

Now if a particle is much less likely to cross 2 + 1 times than n times for fairly 
small ” (and this is so when the scattering-in correction is a few per cent) we can 
take Am — K, as an approximate expression for the number crossing once, K,™— A™ 
for the number crossing twice and K™—K,™ for those crossing three times. 
Assuming that the probability of a particle re-crossing a surface is independent 
of whether it has already crossed once or twice we obtain the following approximate 
relation 

(Km — K,)(K™ — Kym) =(Kym— Km)? 
which reduces to 


Km =|(K,>)?— KA 2K," — Ko — Ky 


Although the above reasoning breaks down when the correction is large, 
that is for Y <0-5, we may still assume that equation (7.2) gives a better estimate 
of K™ than either K,™ or K.™. KA™, as obtained from (7.2) is plotted, together 
with K,™ and K,™ in figure 3. 


§ 8. SINGLE SCATTERING 


In this section we calculate the correction which arises from one single large 
angle scatter. By a suitable definition of ‘large angle’, that is, by a suitable 
choice of @,, we can ensure that at most one such event will occur in the majority 
of tracks. We will show that this choice of @, is quite satisfactory over the range 
of physical interest. We shall also show that when such a large angle scatter does 
occur its effect predominates over that of multiple scattering, so that multiple 
scattering can be ignored in this section. 

Owing to the simplicity of the single scattering solution (4.9) we can make 
an exact calculation of the single scattering correction C%, i.e. we do not assume 
here that the emulsion is part of an infinite homogeneous medium. 

Using the same notation as previously, consider the iterative solution (4.9). 
We must substitute in it a cross section o, which is a function of position, i.e. zero 
outside the emulsion and o, inside. This will ensure that once a particle has 
left the emulsion it cannot return. We therefore write 


o(4, Ye x) = o,(9) f d(y aP px — €) de 


=0,9) if d—dx>y>—¢x 
=0 otherwise. soveee(d.1) 
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If we make this substitution, (4.9) yields 
Yo(y, x)= 8(y) exp (— pox) 
rt = 00 “tl 
Yi(y, x)=exp(—pyx) | dx’ | — 8 | deo,(0)3(hx’ — €)8(y — 0x + Ox’). 
“~ 0 4 —@ “0 
thee (8.2) 


The number of particles which have suffered n collisions and are still in the 
emulsion at v=. is given by 


Pace rd 
K= | pdb] dy¥,(y-diip). eee (8.3) 

CU ( “0 

Defining A, exactly as before we have 
K,=44 92447 exp (—PoXo)(1+pp%)- we es (8.4) 


The approximation is valid under the assumption that two or more large-angle 
scatters are highly improbable. The single scattering correction C* then 
becomes 


ee Ki +K—K, 


Ky 
_ Xo exp (— Pop) ny 1 . dé 1re : do 
= K, | 732 oiee (9) — bo)? F + a os(B\( —4044)82 5 | 
Peeae (8.5) 
where 


= | o,(0)0? d0. 
$9. COMBINATION OF THE SINGLE AND MULTIPLE SCATTERING CORRECTIONS 
We take for the scattering cross section o(@) the formula 
o(8) = R(6?+ 6,7)? if 66. 
=() if Oe a Ph adinyen (9:1) 
2 
arte R=4> N,Zer2 (Fs) ; 


ry, is the radius and m, the mass of the electron. ‘The summation is over the 
numbers JN, of nuclei per unit volume, of different charges Z,; in the emulsion. 
6, is a large angle cut-off introduced at an angle when the nucleus can no longer 
be considered a point charge : 


Ge SUAR Cpe we 6S el eaieiee (9:2) 
where A is the atomic mass number. For a mixture of atoms we have taken the 
mean value A¥?= ¥.N,A23N-1, 

The angle 6, is small and is due to the screening of the nucleus by electrons 


1 
= —— Zi/3 a ene Re yr) 9.3 
01 = Faq ZiPmecp (9.3) 


6, enters into our equations in the form In(6,/0,) where 6,>6,. Hence numerical 
factors of approximately unity in equation (9.3) arising from different atomic 


models are of little importance. 
We have used for the mean value of Z1? (Scott and Snyder 1950) 


Z8=| > NZ? / DAN ZAEUED =) Teas (9.4) 
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Now consider the angle @, at which we have divided the scattering cross 
section o into two parts. The condition 6,<d¢y is equivalent to making it only 
possible for a particle to get outside the emulsion at x=, by suffering a large 
number of collisions, i.e. it is the condition that the multiple scattering distribution 
function should be gaussian as assumed. 

The condition that we must impose in order to justify our assumption that 
more than one large angle scatter is very unlikely is pyvy<4 say. This imposes 
a lower limit on @,, which for a G5 emulsion is 


eee 1 4 


Oe 77450, 


(PB) 


where pf is in units Mev/c and x» in microns. 

These two conditions on 6, can be simultaneously satisfied only for a certain 
range of pB and xy. We shall give the scattering-in correction for this range 
which, fortunately, happens to be the range of most interest to experimenters. 

As can be seen from figure 4, the single scattering correction C* is consistently 
smaller than the correction C™ due to multiple scattering. But it should be noted 


|< x 10 sees eos) 


10-0 & CE 


1 08 08 07 G6) OS Oa” OF 


Ge/ ho 


Figure 4. 


that a single scatter occurs in only a small percentage of tracks, viz. one in every 
(PoXo) ‘tracks. The magnitude of the correction in those tracks in which a large 
angle scatter does occur is therefore given by C5(p 9x9) which is plotted in figure 4. 
It can be seen that in those tracks which have a large angle scatter the multiple 
scattering correction is negligible in comparison with the single scatter correction. 
Consequently C™ and C® are additive, and we get 


C= exp (—ppxX))C™+ CS, vce oc SiON 
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Now, if @, is chosen correctly, the total correction should be insensitive to variation 
init. For the particular emulsion, track length and energy considered in figure 4, 
the condition (9.5) reduces to 0, > 4% . It can be seen from the graph that C isa 
slowly varying function over the range plotted, so for simplicity in calculation we 
take the value 0,=4p. 

The total correction C and the ratio K/K, for G5 nuclear research emulsion 
are tabulated in table 2 as a function of p8 for four typical values of x, and d. 


Table 2 

d=200 pn, x»=5000 iu d= 200 p, x» =10000 pp 
pp Grn) iC. pp Cre] K/K, 
83 46-21 0-6838 230 43-69 0-6959 
100 37-01 0-7298 i 250 39°77 Oslo 
150 21-89 0-8204 300 32:07 Ne7is7 
200 14-25 0-8753 350 26:59 0-7899 
250 9-33 0-9146 400 DIINO) 0:8163 
300 6-93 0-9352 450 19-07 0-8356 
350 5-24 0-9502 500 16:77 0-8564 
400 4-01 0-9614 600 12:78 0-8867 
500 P26 0:9745 800 7-64 0-9290 
600 1-81 0-9822 1000 5-00 0:9524 
700 133 0-9869 1200 3°64 0-9649 
1400 2-64 0:9743 

d=400 p, x»>=5000 pw d=400 p, x 9=10000 p 
PB C(%) «KK pB = C(%) «KK 
4] 46-74 0-6815 115 43-61 0-6963 
100 14-25 0:8753 150 31-29 0:7617 
150 7-00 0-9346 200 23-00 0-8130 
200 4-02 0-9614 250 16:76 0-8565 
250 2-60 0-9747 300 12-60 0-8881 
300 (hei 0-9821 350 9-40 0:9141 
400 7°63 0:9291 
500 5:02 0:9522 
600 31°52 0-9660 
700 2-62 0:9745 


From these tables we see that the scattering correction C is positive, i.e. the 
number of the tracks K longer than x, in the emulsion is greater than the geometric 
number K,. ‘This 1s true in all cases in which the intensity of radiation incident 
on the plate is slowly varying over an angular range of 6<3d¢,. Using this 
correction the photographic plate can be used reliably to extend energy spectrum 
measurements down to the region p6~100 Mev/c. 
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Abstract. Alpha particle and « +3H tracks have been measured at angles of dip 
between 0 and 90° in Ilford C2 emulsions. No significant variation in track 
length with angle of dip has been found except in measurements made with one 
microscope. A fault in the depth measuring mechanism is shown to account for 
this effect. 


§ 1. INTRODUCTION 


M best ons of an apparent variation in length of the track of a 


heavily ionizing particle with angle of dip in photographic emulsion 
for nuclear research have been reported with differing results. 

Rotblat and ‘Tai (1949, 1951) found that « and «+H particle track lengths 
observed in the processed emulsion increased with increasing angle of dip 
between the track direction and the surface of the emulsion for angles of dip 
greater than a certain critical value which they related to the grain spacing. ‘They 
suggested that, when the emulsion shrinks during processing, tracks in which 
the silver grains are close together contract to some extent, but resist the full 
shrinkage of the gelatine. The track lengths obtained therefore for tracks at 
large angles of dip, which are calculated on the assumption that the track shrinkage 
in a vertical direction is the same as that of the gelatine, are too large. Horan 
(1953) using «-particles from ?!°Po in Eastman N.T.A. and N.T.B. emulsions 
also found an increase in length of track with angle of dip. The track length is 
reported as increasing by 65% from measurements made in a plane parallel to 
the free surface of the emulsion to measurements made at 40° dip. Greenberg 
and Haslam (1953), using ?!°Po particles calculated a shrinkage factor by measuring 
tracks incident at a known shallow angle (up to 5°) on the plate. _ Using this value, 
they obtained the lengths of tracks incident at greater angles to the emulsion 
surface, and concluded that the emulsion shrinkage was uniform and that track 


lengths do not vary with dip. The experiments reported here have been made to 
investigate further this effect. 


§ 2. EXPERIMENTAL PROCEDURE 


Measurements have been made on «-particle tracks from ThC’ in Ilford C2 
emulsion and on 3H +z¢ tracks in Li loaded C2 emulsion. The a-particle track 
measurements have included measurements on tracks formed by particles entering 
the surface of the emulsion and also on tracks distributed throughout the emulsion. 
‘The °H +. tracks measured were all distributed throughout the emulsion. 
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The surface irradiation of C2 plates of 100 thickness was made from an 
active deposit source of thorium. A brass plate carrying the source was fixed 
to the lid of a small vacuum chamber with a movable shutter beneath it. The 
plate, which had previously been stored at constant humidity, was attached to 
a small table beneath the shutter. This table was pivoted and weighted so that, 
as the vacuum chamber was tilted, the table always remained horizontal. The 
position of the radioactive source relative to the surface of the plate could thus be 
varied, and by tipping the evacuated chamber through angles up to 180° in a 
vertical plane whilst the shutter was drawn aside, particle tracks incident at 
widely varying angles were obtained over the whole surface. 

Alpha particle tracks were obtained throughout the emulsion by preparing 
a solution of ThB and C in hydrochloric acid. This was diluted until the activity 
was such that the track density produced finally in the exposed plate was convenient 
for measurement. A 100 plate which had been pre-soaked in water was 
immersed in the radioactive solution for 45 to 60 minutes. The plate was dried 
rapidly a vacuo and left for 2 or 3 days under conditions of constant humidity, 
by which time the activity had fallen to 3% or less, leaving tracks distributed 
throughout the plate. It was expected that these tracks would show a tendency 
to be shorter than the surface tracks since some were produced while the emulsion 
was swollen, but these should occur randomly at all orientations. 

The *H +~ tracks were obtained by bombarding 200 » Li loaded C2 emulsions 
with low energy neutrons. Of these, the thermal neutrons reacted with the 
lithium nuclei releasing an «-particle and triton of fixed energyineachcase. ‘These 
particles produced straight tracks of constant length orientated randomly in the 
unprocessed emulsion. 

Before development, the corners of each plate were cut off and a number of 
measurements of the emulsion thickness were made at each corner by scraping 
away part of the emulsion and focusing a microscope on the emulsion and glass 
surfaces in turn. ‘The rest of the plate was soaked in water, cold-developed in 
amidol developer, soaked in a cold 2% acetic acid stop-bath and fixed in a 20% 
hypo solution with constant stirring. It was then washed thoroughly and allowed 
to dry in a horizontal position at room temperature and humidity. 

After processing, each track length was determined by measuring the projected 
horizontal length x and the apparent depth x. By use of the apparent shrinkage 
factor S the total track length L is given by L =(x?+.S?z?)!?, where S is the ratio 
of the apparent thickness of the processed emulsion, obtained by focusing a 
microscope on the surface and through the emulsion on to the glass backing, 
to the original thickness previously determined. ‘The final processed thickness 
varied slightly over the whole plate, so that frequent measurements of this 
thickness were made as tracks in different parts of the plate were being observed 
and the appropriate value of S was used to compute the individual track lengths. 

In addition the emulsions of some plates were swollen to more than their 
original thickness by soaking them in a 20% solution by volume of glycerine in 
water. ‘They were then dried and coated with a thin film of Perspex in chloroform ; 
this dried rapidly leaving a thin coating of Perspex on the surface which made 
the swollen plates easier to handle and prevented excessive absorption of moisture 
by the glycerine from the atmosphere. ‘They were then re-examined, the 
shrinkage factor in this case being almost unity, and the total depth measurement 
of the processed emulsion therefore being rather less critical than in the previous 
examination. 
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§ 3. MEASUREMENT 


The track measurements concerned were carried out on three different 
microscopes. Horizontal measurements of track lengths were made by means 
of an eyepiece graticule initially calibrated against a stage micrometer, and vertical 
measurements were made by means of a micrometer drum on the fine focus 
mechanism calibrated by the makers in micron divisions. ‘The drum was 
re-calibrated on the same scale as the eyepiece graticule by fixing the stage 
micrometer ina vertical plane in the place of the microscope objective and viewing 
this horizontally through another microscope while the drum was rotated in 
100 « steps throughout its complete range. 

A complete analysis of a number of plates, however, showed considerable 
discrepancies between plates examined by means of microscope 2 and those 
examined by means of microscopes 1 and3. The microscopes were re-calibrated, 
particular care being taken with the vertical drum calibration, and microscope 2 
was found to exhibit an error. Whilst the fine adjustment drum was being 
rotated consistently in one direction, 100, depths were consistently recorded 
onthe drumas 1001... When, however, an attempt was made to repeat a particular 
100 depth measurement and the drum was rotated back to a position just above 
the first setting and the depth measurement repeated, the depth measurement 
recorded on the drum was found on an average to be 102-5. When the drum 
was rotated back to a position further from the first setting (e.g. 204 above that 
setting) the average value of the depth measurement on the drum tended to be 
smaller, and if the drum was rotated still further back (e.g. 100 1 above the original 
setting), the true 100 depth was recorded on the drum as 100, as before. In 
fact it was found that the reading obtained for any particular setting could vary 
by 2:5 » depending on the conditions of approach. ‘Thus any depth measurement 
of 20 or over was liable to a maximum error of 2-5, seeing that the lower 
setting was always approached in approximately the same way. Smaller depth 
measurements were found to be liable to smaller maximum errors, as errors were 
obtained in both upper and lower settings and tended to cancel when the depth 
value was determined by subtraction. The fault was fully investigated and an 
estimate was made of its effect on measurements of a constant track length at 
different angles of dip, and it was found to account for the discrepancy in results. 
The fault may be inherent in the design of this type of fine focus adjustment, 
and its presence would not necessarily have been detected by normal calibration. 


§ 4. ANALYSIS OF RESULTS 


In figure 1 are shown the results obtained for ThC’ «-particles and «+3H 
tracks measured on microscopes 1 and 3. ‘Track measurements have been 
divided into groups with angles of dip (0-10°, 10-20°, etc.) defined as dip relative 
to the surface of the emulsion. Line A is the result of measurements made with 
microscope 1 on 7 different plates, each point representing between 80 and 
250 surface track measurements; line B is the result of measurements on two 
thorium loaded plates using microscope 3, each point representing approximately 
50 track measurements. Line C is the result of measurements on one plate, 
both dry and swollen with glycerine, most points on it representing over 50 track 
measurements. ‘I’he error shown at each point on the graphs is the standard 
deviation of the mean of the track lengths. It will be seen that there is no signifi- 
cant variation of track length with angle of dip in any case. 
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In figure 2 are shown the results obtained from track measurements made 
using microscope 2. Curve 4 represents measurements made on about 240 
surface g-particle tracks in one plate. Curve 5 represents measurements on two 
thorium loaded plates with a total of approximately 1000 tracks. Curve 6 
represents measurements on 1100 «+H tracks in three different plates. One 
of these plates had previously been analysed using microscope 3, with results 
included inline C. It can be seen that in all the above measurements track lengths 
apparently increase with angle of dip. Curves 7 and 8 show an attempt that has 
been made to investigate the effect of faulty depth measurements on the final 
calculated length of a track of true length 47-5 y if it were measured at different 
angles of dip in the emulsion. It has been found by measurements made with 
the microscope that depths of 3, 4:5 yw, 8, 15 and 17 are recorded as 4p, 
6, 95, 17 and 19-5 respectively when subject to a maximum consistent 
error. By assuming the 47-5, track to lie at such an angle that the necessary 
depth measurement coincides with each of the above values in turn, and that a 
maximum error is involved in each measurement, the final faulty value that 
would be obtained for the track length has been calculated, together with the 
corresponding angle of dip, a shrinkage factor of 2:7 being assumed for the 
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emulsion. These calculated lengths involving maximum errors in depth measure- 
ment are shown in curve 7, and it can be seen that the increase in length with 
angle of dip is greater than that shown in the experimental curves. In fact the 
maximum error will not be obtained in all depth measurements, but errors will 
vary between zero and the maximum. It is difficult to estimate the overall 
inaccuracy appearing in any given depth measurement in normal use, but it is 
considered that half the maximum error would be a reasonable average error to 
expect. On this assumption a further set of values has been calculated for the 
47-5 y track and this is shown in curve 8. It may be seen from this that the fault 
in microscope 2 can account for the increases in length with angle of dip observed 
when using this microscope. 


§ 5. CONCLUSIONS 


These results indicate that with the processing technique used by us there is 
no variation in the track length of a heavily ionizing particle with angle of dip in 
nuclear research emulsions. Although the tracks produced using Hford C2 
plates and the processing technique described were fully developed with close 
grain spacing, a true variation in length with angle of dip was not observed. ‘This 
indicates that such tracks formed in C2 nuclear emulsions shrink with the gelatine 
during processing so that the same shrinkage factor can be applied to tracks at all 
angles of dip. The importance of the accuracy of depth measurements is 
demonstrated, and it is seen that small, systematic errors either in the determination 
of shrinkage factor or in track depth measurements can give very misleading results. 
This is true even though these errors may be small and comparable in size with 
random errors, which can be statistically reduced. 
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Abstract. While in most observations on the helium II film, transport at the 
critical velocity has been studied, the present paper describes observations of 
film transfer at velocities less than the critical. Three different methods of 
investigation have been employed. ‘The first is an analogue of an electrical circuit 
embodying a current-potential measurement on a superconductor. The second 
method uses as indicator the formation of bulk liquid out of a film which passes 
over a surface of varying perimeter. In these two methods film transfer occurs 
from a higher to a lower meniscus of bulk liquid. In the third method film 
transfer is initiated by the introduction of a thermal gradient and transfer rates 
under varying heat input are studied. ‘The experiments show conclusively that, 
similar to the phenomenon of superconductivity, below a critical velocity, flow 
of helium through the film is completely free of dissipation. The third method 
has been used to determine the heat of transport for the film, and these experiments 
are described and discussed 1n an Appendix. 


§ 1. INTRODUCTION 


surfaces (Daunt and Mendelssohn 1939 a) revealed a type of flow which, 

though unusual in character, obeys fairly simple rules. ‘The phenomena 
are in fact so clearly defined that subsequent investigations could add little to the 
original observations. Indeed those experiments which seemed to indicate 
a deviation from this simple pattern (Atkins 1948, de Haas and van den Berg 1949) 
could be traced to secondary effects, such as contamination of the solid surface 
(Bowers and Mendelssohn 1950), or surface irregularities (Chandrasekhar and 
Mendelssohn 1952, Chandrasekhar 1952, Daunt and Smith 1954). 

In contradistinction to the flow properties of the helium II film, the transport 
phenomena in the bulk liquid are of very considerable complexity. Attempts 
have been made to interpret these phenomena as a mixture of two types of flow, 
classical viscous flow and ‘superflow’ with vanishing dissipation of energy. 
On the basis of this two-fluid model, it has been postulated that viscous flow is 
effectively suppressed in the thin transfer film, which therefore exhibits pure 
superflow. The most striking feature of liquid transfer by the film is that it 
takes place, for a given temperature, at a steady rate which 1s independent of the 
level difference, the height of the barrier and the length of the path. ‘This has 
led to the concept of a critical rate of mass transfer in the film, for which recently 
indications have also been observed in the bulk liquid (Bowers and Mendelssohn 
1952, Hung, Hunt and Winkel 1952, Chandrasekhar and Mendelssohn 1953), 
The invariance of the critical film rate with the nature of the experimental 
arrangement indicated that transfer up to this rate is free of friction. 
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The absence of dissipation below a critical transport rate in conjunction with 
other features creates an interesting parallelism between liquid helium II and 
superconductivity (Daunt and Mendelssohn 1942, F. London 1945, Mendelssohn 
1945). In the early experiments the helium transfer always took place at the 
critical rate and thereby differed from the classical experiment on superconductivity 
demonstrating zero resistance. ‘he latter is a current—potential measurement 
which, as shown in figure 1 (a), uses a battery B and a resistance R for limiting 
the current in the circuit so that its value in the superconductor S is sub-critical. 
The voltmeter V will then indicate zero potential difference across the super- 
conductor. The question arose whether a similar experiment can be carried 
out in the case of liquid helium II, demonstrating mass flow under zero potential 
difference. 


Figure 1. Analogue between a current—potential measurement on (a) a superconductor 
and (6) the helium film. 


The fact that the rate of film transfer has been found to be accurately propor- 
tional to the available perimeter of solid surface offers such a possibility. Let us 
for instance consider transfer from a level L, to a level L, as shown in figure 1 (bd) 
in which use is made of two solid bridges, B, leading from L, to an intermediate 
level L,, and B, from L, to L3._ If the perimeter of the bridge from L, to L, is 
smaller than that between L, and L,, the total transport of fluid will be determined 
by the width of the first bridge. The arrangement now is quite analogous to the 
circuit shown in figure 1 (a). The battery B providing the potential difference is 
represented by the level difference between L, and L,. The bridge between 
L, and L, corresponds to the resistance R, since it limits the transfer to a value 
which is smaller than the critical rate across the wider bridge between L, and 
L;. ‘The latter therefore corresponds to the superconductor S and the potential 
drop across it is measured by the level difference between L, and L, corresponding 
to the voltmeter V. If the sub-critical flow of the helium film is free of friction, 
this difference will be zero. 

An experiment based on the principle outlined in figure 1 (6) making use of 
two concentric beakers corresponding to B, and B, was carried out some years 
ago. ‘The result mentioned in a brief communication (Daunt and Mendelssohn 
1946) indeed showed that there existed a transfer of mass under zero potential 
difference. 

The transport of helium by superflow is accompanied by a mechano-caloric 
effect (Daunt and Mendelssohn 1939 b). While it appeared unlikely that in 
the experiment with the double beaker mentioned above this effect influenced 
the phenomena, the importance of the result (cf. F. London 1954) made it desirable 


Sub-Critical Flow in the Helium II Film 859 


to check it more carefully. Moreover other questions connected with flow below 
and above the critical rate, as for instance the formation of bulk liquid from the 
film, required elucidation. Finally the thermo-mechanical effect (Allen and 
Jones 1938, Daunt and Mendelssohn 1939 b) seemed to offer another possibility 
of studying helium transfer at sub-critical rates. The work described in this 
paper deals with these three aspects of sub-critical transfer in the helium II film. 
For the sake of clarity, the results of each section are discussed together with the 
observations. ‘The thermal measurements also offer a means for determining 
the heat of transport in the film, and these measurements are described in the 
Appendix. 


§ 2. FILM TRANSFER UNDER ZERO POTENTIAL DIFFERENCE 
2.1. Method 


If helium is transferred from a higher level inside a beaker to a lower level 
outside, the observed quantity is the rate of change dh/dt of the level. For a 
cylindrical beaker dh/dt=2R,./r, where R, is the critical rate of transfer of the 
helium film measured as volume per unit time per unit length of perimeter, 
and r is the radius of the beaker. Since dh/dt is inversely proportional to the 
radius, the outflow of helium from two concentric beakers is determined by the 
radius of the outer beaker. This means that when starting with the same height 
of level in the inner and the outer beakers, the transfer over the rim of the inner 
beaker takes place at a rate smaller than the critical rate R,. Neglecting the wall 
thickness of the beakers, the flow rate from the inner to outer beaker at the start 
of the experiment is (7,/r,)R., where 7, and r, are the radii of the inner and outer 
beakers respectively. Accordingly, in this experiment, the separation between 
the levels in the inner and outer beakers corresponds to the potential difference 
to be measured. 

In order to make sure that the temperature in the three volumes of helium 
was the same, the lower part of the two beakers was made of thin-walled copper, 
as shown in figure 2. Thermal equilibrium was ensured between the inner and 


Figure 2. Diagram of improved double beaker. 
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outer beakers by the vanes V, and between the outer beaker and the bath by the 
copper spiral tube S. Cylindrical glass tubes G of inner diameters 0-84 and 
1-26 cm respectively were sealed to the copper assembly at C. ‘The wall thickness 
of these glass tubes was approximately 0-1 cm but this may be neglected in our 
subsequent discussion, as the results deduced are not affected. 


2.2. Results 


The equilibrium condition for the beaker partly immersed in the bath of 
liquid helium II was for the inner and outer levels to be at the same height as that 
of the bath. In fact the outer level was slightly raised above the other two levels 
owing to surface tension. ‘The separation of the levels was not uniform throughout 
the annulus because it had been impossible to seal in the glass tubes in a perfectly 
concentric manner. ‘The calculated rise due to surface tension was 0-04 cm, 
while the actually observed value varied between 0-02 and 0-05 cm. 

For the experiment, the beaker was raised out of the equilibrium position, 
so that the levels in the beaker were about 2 cm above that of the bath. ‘The 
menisci in the beaker were measured every 30 seconds and it was found that they 
stayed together, falling at a rate corresponding to the diameter of the outer beaker. 
This result therefore confirms our earlier observation and shows that the latter 
was not falsified by thermal effects. ‘The slight separation of the two beaker 
levels due to surface tension did in fact facilitate the observation of equal fluid 
pressure. 

It is immediately apparent that the film transfer cannot be due to acceleration 
by gravity. From the latest determinations of the film thickness (Ham and 
Jackson 1954) and of the transfer rate (Mendelssohn and White 1950), the average 
velocity of helium flowing from the inner into the outer beaker can be calculated 
for the temperature of the experiment (1:27°K). This is by assuming that all 
the helium in the film takes part in the motion. In this way we obtain the 
minimum velocity which the moving mass in the film can have, since if only a part 
of the film were engaged in the actual transport, the moving mass would be smaller 
and its velocity higher. In our case this minimum velocity was between 15 and 
20cm sec"! Thus in order to arrive at a final velocity of approximately 
35 cm sec"!, the separation between the levels would have to be about 0-6 cm. 
On the other hand, the levels were certainly coincident at all times within 0-02 cm, 
this being the uncertainty of the observation. 

The only other way in which gravity can be made responsible for the flow 
from the inner to the outer beaker is to assume that the film forms a siphon in 
which helium can move with vanishing viscosity. Such a picture can in fact 
be used in order to determine from our result an upper limit for the coefficient of 
viscosity of helium II in the film. Putting 

= pas 
max = 61 dv) di ao bod (1) 

where Ap is the pressure difference corresponding to the uncertainty of the level 
separation, d the film thickness, / the length of the film and dv/dt the rate of volume 
flow, we arrive at a value of the order of 10-™4 poise. ‘This is the lowest maximum 
value for the viscosity which has so far been given. 

This limiting value of 7max must however not be considered to mean that the 
siphon model is a physical reality. max as determined in our experiments 
corresponds exactly to the maximum value of resistivity which can be ascribed to 
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a superconductor. To interpret the transfer phenomenon as a siphon flow with 
vanishing viscosity would be equivalent to describing a superconductor as a 
normal metal with very small resistivity. The breakdown of the siphon model 
becomes apparent when instead of the flow from the inner to the outer beaker, 
we consider that from the outer beaker to the bath. With max IN equation (1) 
becoming smaller, the rate of volume flow should nevertheless remain proportional 
to the pressure difference Ap and inversely proportional to the length of the 
film /. On the other hand, our present experiments, and indeed all earlier 
observations show that dv/dt is quite independent of either Ap or /. The only 
way out of this difficulty is to assume that in the helium film, similar to a super- 
conductor, the resistance is actually zero, which would make equation (1) 
indeterminate. We further see that, again analogous to a superconductor, the 
condition of zero resistance by itself is insufficient to describe the phenomena. 
In order to prevent dv/dt from tending to infinity as 7 tends to zero, a limiting 
value has to be introduced, which in physical reality is represented by the critical 
transfer rate R.. It has been suggested (Mendelssohn 1945) that the momentum 
of film transfer is derived from the zero-point energy. ‘The critical rate of transfer 
is accordingly given as the speed under its zero-point momentum with which 
a mass of helium can be redistributed to a state of lower total energy. In the 
case of a beaker, the state of lower energy is clearly that with levels inside and 
outside the same, and the rate of redistribution should depend on the dimension 
of the connecting link, t.e. the film. The fact that the relation o~h/md (where 
m is the mass of the helium atom and d the film thickness) does indeed yield the 
correct order of magnitude for the average velocity of film flow v is encouraging 
although, owing to the dimensional nature of the relation, it can hardly be regarded 
as a proof for the model. 


2.3. Further Experiments with the Double Beaker 


Making use of the conclusions reached in the preceding paragraph, 1.e. assuming 
frictionless transfer in the film which is limited by a critical rate R,, one can 
predict any readjustment of the levels. There are six different mutual positions 
of the inner, outer and bath levels, two of which correspond to the initial conditions 
investigated in the earlier work and re-examined in the preceding section. ‘These 
are the cases of the sequence: inner level, outer level, bath level, with the bath 
level in the highest or the lowest position. ‘The four other cases present a slightly 
more complex aspect, but if our assumptions are correct, they should follow directly 
from the geometry of the arrangement. As long as the three levels are separate, 
the movements of the inner and outer levels dh,/dt and dh,/dt are given by the 


equations: 
CL ACIRE ON ae at in 1 he een (2) 
Andi eee I Va, ii IP eNy To Peeaeee (2a) 
The four remaining cases have been investigated and the results are shown 
schematically in figure 3. The slight change in the height of the bath level has 
been neglected. 

The results of these observations show indeed that the prediction about the 
behaviour of the levels is fulfilled, and for practical purposes the assumptions 
made by us can be accepted for solving problems of film transfer. It should be 
emphasized again that these considerations can be applied only when the film 
transfer takes place isothermally on smooth and uncontaminated surfaces. 
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§ 3. FORMATION OF BULK LIQUID FROM THE FILM 


It had already been observed in the early experiments that under certain 
conditions bulk liquid in the shape of drops can be formed out of the film. Under 
isothermal conditions no such formation can take place above the highest liquid 
level in the system. Otherwise an arrangement could be constructed which is 
equivalent to a perpetual motion machine. On the other hand one cannot 
predict under which conditions liquid will leave the film below the highest level 
or what will happen if in a non-equilibrium state there are a number of levels 
at different heights in the system. Evidently the size of the solid perimeter 
above the highest place where the film is in contact with the bulk liquid is of 
importance since it had been observed that film flow through a constriction in 
the perimeter has a different value according to whether or not this constriction 
was above the highest meniscus (Daunt and Mendelssohn 1939 a). 


Figure 3. Movement of helium levels with time in the double beaker. The diagrams 
refer to the four relative positions not treated in the original experiment. 


In order to investigate this problem a beaker was constructed in such a manner 
that the flow over a varying perimeter below the highest level could be made 
super-critical or sub-critical. The formation of drops could then be observed 
and the conditions under which this took place clearly defined. 

The beaker was made of glass in the form shown in figure 4. Its diameter 
decreased in steps from the top downwards, the widest section A being at the top. 
The glass ‘skirt’ D was attached to the ‘waist’ of the beaker, and inside D was 
another ‘skirt’ E. ‘The maximum diameter of D was greater than the inside 
diameter of A, and that of E was between the inside diameters of Aand B. Dand 
E each had a glass ‘drop’ (not shown) fused to the rim, to help collect any bulk 
liquid that might form. The actual dimensions of the apparatus, in centimetres, 
were as follows: inside diameters of: A=1-8, B=0-8, C=0°35; maximum 
diameters of: D=2:2, E=1-4, F=0-5. The beaker was enclosed in a thin- 
walled copper radiation shield, with two narrow vertica! slits cut in it to permit 
observation. For the experiment the beaker was filled with liquid helium and 
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raised out of the bath, which was at a temperature of 1:2°x. The following 
phenomena were observed: (i) With the inner level in A, drops were seen to form 
at all the three points D, E and F, detach themselves and fall into the bath. The 
rate of formation of these drops at each point remained constant as long as the 
inner level was in A. (ji) As the inner level passed through the narrowing part 
of the beaker from A to B, the intervals between successive drops from D increased 
and when the inner level entered B, these drops ceased altogether. The drops 
from E and F continued. (111) When the inner level entered C, drops ceased to 
form at E also, and continued to appear at F only, 


Figure +. First experiment on the formation of bulk liquid from the film. 


The observations listed under (i), (ii) and (iit) can be fully explained under 
the assumption that drops are formed because the film cannot exceed the critical 
rate. At the beginning of the experiment helium leaves the top reservoir in a 
film of perimeter A and at the rate AR,. As it runs down over the outside of 
B and C pure film flow cannot be maintained, since the perimeter is smaller than A, 
and R, would have to be exceeded. Bulk liquid will be formed, and from an 
observation of Jackson and Henshaw (1950) one might expect this to be in the 
form of droplets. ‘This stream of liquid is subsequently distributed over a 
larger perimeter than A, when it reaches the rim of the outer skirt D. However 
in order to reach a lower level than the rim of D the helium will have to run up 
the inside of D and down the outside of the inner skirt E. Since E is smaller 
than A the flow in this section of the path cannot remain pure film transfer because 
the rate R=(A/E)R, would be super-critical. Free liquid will therefore form 
on the inside of D, collect at its rim and eventually fall down in drops. A similar 
process will take place at the next stage where helium has to run up the inside of E. 
Only that amount of helium, corresponding to FR,, can reach the outside of the 
beaker. The rest must drop off at E in the form of free liquid. 

As the level inside the beaker moves into B, the critical rate on the outside of 
E, ER, would be larger than the rate BR, at which the film is now formed. ‘There 
is thus no necessity for surplus liquid to be separated out on the surface of D and 
consequently no drops are formed at the rim of D. ‘The same argument can be 
used for the third case, when the helium level has dropped into C. Now the 
rates ER, and FR, are both larger than the generating rate CR,. As a result, 
no drops are formed either at D or at E, and the helium transferred out of C moves 
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in the form of the film over the whole surface of the beaker, until liquid is eventually 
formed into drops at the bottom of F. 

The most remarkable of the three cases is (ii). It shows that even below the 
highest level in the system, the helium which has been in the form of droplets 
will be formed back into the film if the perimeter is larger than the generating one. 
The film issuing from B cannot move as such over the outside of C and droplets 
will be formed. The fact that these droplets of free liquid do not collect at the 
bottom of D shows that they have been re-formed into the film. 

As mentioned earlier, the object of this experiment was to determine the 
conditions under which free liquid will be formed out of the film and it seemed 
therefore advisable to test the conclusions reached through the observations just 
described in an experiment involving a different arrangement. For this purpose, 
the apparatus shown in figure 5 was constructed. It consisted of two concentric 
beakers A and B of internal diameters 1-5 cm and 1:05 cm respectively. ‘The 
lower part of A was given a conical shape. ‘The beakers were held in position 
by a narrow glass tube C which at its top was drawn out to a small orifice. ‘The 
whole assembly was surrounded by a copper radiation shield with observation 
slits. By dipping the apparatus into the bath of liquid helium so that the level 
of the latter was above the orifice of C but below the rim of A, liquid could be 
filled into B while A remained empty. 


Figure 5. Second experiment on the formation of bulk liquid from the film. 


For the experiment, B was partly filled in this manner. The time necessary 
to do this was very short, and no observable amount of free liquid collected in A 
due to transfer through the film from the bath. ‘Then the apparatus was lifted 
out of the helium bath altogether. Film transfer now took place out of B into A 
and out of A in to the bath, and the rate of this transfer was determined by the 
inside perimeter of B. As the film reached the lower end of B on the outside 
the solid connecting surface available to it decreased below the generating ee 
meter, and free liquid was formed. ‘This liquid could be seen to collect in the 
bottom of A. As the experiment proceeded the level in A rose slowly until it 
finally came to rest still within the conical part. From now on helium kept on 
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disappearing from B ultimately finding its way to the bath, but the level in A rose 
no further. ‘The final position of this level was that at which the inside perimeter 
of the cone was just equal to the generating perimeter in B. This is precisely 
the result which had to be expected from our earlier conclusions. The total 
transport of liquid was determined by the inner perimeter of B multiplied by the 
critical transfer rate at this temperature (1-27°k). The final level in A simply 
marked that position above which the rate was always sub-critical. 


$4. "THERMOMECHANICAL FILM TRANSFER 


Film transfer to a higher temperature will occur in any helium cryostat 
below the A-point. However, not only are the conditions ill defined under these 
circumstances but also the transfer takes place always at the critical rate. The 
early experiments of Daunt and Mendelssohn (1939 b, 1950) in which the 
existence of a thermomechanical effect in the film was established were carried 
out under non-adiabatic conditions. An adiabatic experiment, using a Dewar 
vessel with a closely fitting lid, to the inside of which heat was supplied, was 
carried out by Atkins (1948). For purely technical reasons his results were 
unfortunately inconclusive as was shown by a repetition of his experiments 
(Brown and Mendelssohn 1950) under slightly different conditions. 

A systematic study under well-defined adiabatic conditions of the thermo- 
mechanical flow of the helium film was therefore indicated. Experiments of 
this kind will yield information on three different aspects of the helium problem: 
(i) the relation between transfer rate R and heat input dQ/dt will give a measure 
of the dissipation, (11) they will provide a measure of the critical rate, and (ii1) they 
yield a determination of the ‘heat of transport’ which is required to convert unit 
mass of helium from film to bulk liquid. Only the first two aspects fall strictly 
under the scope of this paper, while the third, which 1s of more general significance, 
will be dealt with in an Appendix. 


4.1. Method 

The method used was identical with that of Brown and Mendelssohn (1950), 
i.e. helium was drawn into a Dewar vessel closed with a tight-fitting lid and the 
relation between heat input and mass flow determined. One of the objections 
to Atkins’ experiments was that for purely geometrical reasons a critical rate 
which was apparently too high had been observed. In Brown and Mendelssohn’s 
experiments this error had been eliminated by making the inside perimeter of 
the Dewar vessel larger than the outer one. ‘This precaution was unnecessary 
in the present experiments, since the establishment of the numerical value of the 
critical transfer rate was of secondary importance. 

The transfer beaker is shown in figure 6. A was a small unsilvered Dewar 
vessel of inside diameter 0-46 cm, depth 7 cm, and outside diameter 1:10 cm. 
The lip of the Dewar was blown flat and optically polished. A glass cap B, 
with its lower side also optically polished, fitted on the Dewar. ‘This whole 
arrangement was surrounded by a cylindrical radiation shield made of thin copper. 
The shield was made in two parts C and D, which screwed together at H. By 
inserting the steel spring E between D and the glass cap, and then screwing 
down D, the cap was held firmly pressed against the Dewar. C had two narrow 
slits to permit observation of the helium level inside the beaker. Heat could be 
supplied to the inside of the beaker by passing a current through the resistance G. 
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The gap K between the optically polished surfaces was estimated by flow 
measurements, with air at room temperature and liquid helium at 42°K. The 
results by the two methods agreed, giving about 1 for the width of this gap. 
A small helium ‘tank’ F was attached to the top of the radiation shield by means 
of two stout copper supports. ‘The tank had a small hole at the top, through which 
it could be kept filled with liquid helium right through the course of an experiment 
by dipping it into the bath from time to time. This tank prevented radiation 
from the warmer parts of the liquefier cryostat impinging on the top of the flow 
apparatus. 
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Figure 6. Apparatus for the Figure 7. A typical set of observations (at 1-40°K) 
observation of thermo- showing the rise of the thermomechanical 
mechanical film transfer. level difference for different values of heat 


input. The figures on the curves denote 
values of dOQ/dt in 10~* watts. 

‘The first experiments showed that the arrangement was highly adiabatic, 
since when lowered into helium I] the empty beaker would only fill extremely 
slowly if no power were applied through the heater. Extended observations on 
the flow rate under zero heat input showed that the stray heat influx in the range 
of our experiments corresponded to 1%, or less of the critical heating rate dQ./dt. 
This correction was at the limit of observation, and moreover will not affect our 
results since it would only produce a very small parallel shift of the (R, dO/dt) 
curves, but not alter their slope. 

A feature of the experiments which was at first puzzling was that the inner 
level would occasionally become stable a few millimetres below the height of 
the outer level. ‘This was explained when it was realized that the gap K was 
filled by surface tension with bulk liquid (cf. McCrum 1954). A temperature 
difference of 10-°-10~4 degree between the gap K and the bath, as could easily 
be accounted for by stray heat influx, would be sufficient to stabilize the inner 
level at a millimetre or two below the bath level. This is because, owing to the 
adiabatic nature of the interior of the beaker, thermomechanical equilibrium 
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between it and K exists, but not between K andthe bath. It was further observed 
that when the temperature of the bath was suddenly reduced by pumping, drops 
of bulk liquid would form in the upper part of the beaker and run down on the 
lead wires. This again was due to the high adiabaticity of the arrangement which 
allowed the formation of bulk liquid at the inner rim of the gap K owing to the 
thermomechanical pressure difference between the warm inside and the cold 
outside of the beaker. 

The experiments were carried out by applying, at constant bath temperature, 
different heat inputs dO/d¢ to the inside of the beaker, and observing the rise of 
the liquid level in the beaker with time. A typical set of curves obtained at 
a temperature of 1:-40°K is shown in figure 7. _It can be seen that in the beginning 
the rise is linear, and only after some time does the rate of rise drop owing to loss 
of heat fromthe beaker. The linearity is a further proof of the adiabatic conditions 
of the experiment. 


4.2. Results 


The results of the flow rate R of helium into the beaker under varying heat 
input dO dt and at different temperatures, are givenin figure 8. ‘The experimental 
points all refer to the tangent at the origin of the curves typified in figure 7. Since, 
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Figure 8. Variation of transfer rate R with heat input dQ/dt. 


in the latter figure, the first observational points on all curves fall on straight lines, 
our values of R refer to conditions in which deviation from perfect adiabaticity 
could not be detected within the accuracy of our measurements. 

The curves for the different temperatures appear each to be made up of three 
sections. Starting at the origin, R rises first linearly with dQ/dt. ‘Then follows 
a curved section in which the increase of R with dO/dt becomes slower. Finally 
R remains independent of dQ/dt up to the highest values investigated. Only 
at the highest temperature is the curved section completely missing. ‘This curved 
section seems, as will be discussed below, to be due to the geometry of the 
arrangement, and is not considered to be of general importance. 
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In general shape, the (R, dQ/dt) curves for the film are similar to those obtained 
for the flow of bulk liquid through fine slits (Bowers and Mendelssohn 1952). 
In these observations, too, the first rise of R is linear, indicating that for small 
velocities the transport occurs without friction. Frictional forces only make 
their appearance beyond a certain critical flow rate R, which in some of the 
experiments was very sharply defined. Originally a dependence of friction on 
the cube of the velocity had been postulated by Gorter and Mellink (1949) 
from measurements on wide slits filled with bulk helium II. However, the 
lack of friction for small velocities in narrow slits has recently been confirmed by 
Hung, Hunt and Winkel (1952). The distinguishing feature of the present 
results is the complete independence of R from dQ/dt for higher heat inputs. 
This gives the impression that in the film no thermomechanical flow at all can 
occur beyond a certain critical rate. How completely different the flow mechanism 
in the film is from that in wide capillaries is shown in figure 9, where our results 
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Figure 9. Dependence of heat input used up in overcoming friction, dO,/dt, on the transfer 
rate R at 2:09°K and 1:63°K. The broken lines represent the minimum values for 
dQ,/dt according to the Gorter-Mellink Theory. 


at 1-63°K and 2-09°k have been compared with the Gorter—Mellink theory. 
This theory describes fairly well the occurrence of friction in all but the very 
narrow capillaries (Atkins 1951). Following the procedure of Bowers and 
Mendelssohn (1952) we have divided the (R, dQ/dt) diagram into flow velocities 
with and without friction, the division being indicated by the broken lines for 
the two temperatures mentioned above in figure 8. For any given value of R 
the heat input dO/dt is therefore divided into a presumably reversible part 
dQ,/dt which is used to withdraw liquid from the film, and another part dQ,,/dt 
which is required to overcome friction in the liquid flow. In figure 9, Ris plotted 
against dQ,,/dt. ‘These experimental values are compared with the theroetical 
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curves of the Gorter—Mellink theory, which have been fitted to our plots by 
normalizing the function at the highest value of dQ,/dt covered by our experi- 
ments. It is obvious that the results on the film cannot be brought into accord 
with the flow phenomena in the bulk liquid. Besides the appearance of frictionless 
flow at low velocities, there is also no evidence for the existence of a cube law of 
friction at velocities higher than the critical. On the contrary, the friction seems 
to rise from the value zero, with only a short intermediate region (none at 2-09 °x), 
to infinity. 

We are reluctant to draw conclusions concerning the small region in which 
the friction rises gradually. The object of the present experiments was to 
establish the linearity of the lower part of the (R, dO/dt) curves and thereby to 
demonstrate the freedom from friction in the region of sub-critical flow rates. 
Since no attempt was to be made to establish the value of R,, the latter being 
known from other experiments (Mendelssohn and White 1950), no special 
precautions had been taken in the geometrical design of the apparatus which was 
therefore open to the same objections as Atkins’ original (1948) experiments. 
This means that as dQ/df 1s rising, the limiting velocity will first be approached 
on the inner rim of the gap K and from then onwards helium can still enter the 
beaker by bulk liquid flow at super-critical velocities (cf. Bowers and Mendelssohn 
1952) until the critical film velocity is reached on the outside of K. It should be 
noted moreover that the true available perimeters in the present case were not 
easy to compute since account would have had to be taken of the radiation shield 
outside the beaker, and the electrical leads inside. However, a plot of those 
points in figure 8 at which the horizontal portions of the curves begin against the 
absolute temperature results in a curve which is in good agreement with the 
well known (R,, 7) curve for isothermal film flow (figure 10). 

Summarizing, we can conclude that the experiments dealt with in this section 
also show the existence of friction-free transfer at sub-critical rates in those cases 
where the transfer is initiated by a thermomechanical rather than a hydrostatic 
pressure difference. 
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Figure 10. Comparison of the dependence of R, on temperature between the present work 
(circles) and Mendelssohn and White (1950) as shown by the curve. "The values 
have been normalized at 2:09°K. 
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§ 5. CONCLUSIONS 


One of the main objects of the experiments described in this paper was to 
compare superfluidity in helium with the phenomena of electrical super- 
conductivity. he striking features of the latter only become apparent below 
a certain critical current density which depends on temperature. While the two 
phenomenaare similar, the analogy is of course not complete owing to the difference 
in the nature of the particles involved. However, a close resemblance to the 
superconducting phenomena could be expected in the case of the helium film 
where, owing to the small thickness, the hydrodynamical effect of the normal 
component can be disregarded. The conditions in helium under these circum- 
stances are therefore similar to those in a superconductor at low frequencies. 
It was the aim of the present work to try and demonstrate in helium two basic 
phenomena observed in superconductivity: flow free of resistance, and the 
limitation of this flow by a critical current density. The first of these phenomena 
was demonstrated in §§ 2 and 4, and the second in §§ 2, 3 and 4. 

The suggestion of a fundamental analogy between superconductivity and 
superfluidity (Daunt and Mendelssohn 1942, Mendelssohn 1945, 1954) was 
taken up in 1945 by F. London who has since elaborated the theoretical background 
of the analogy in many ways (F. London 1950, 1954). One of us (K. M.) likes 
to take this opportunity to record his gratitude to the late Professor F. London 
for many extensive and clarifying discussions on the subject. 


APPENDIX 
THe Heat or ‘TRANSPORT 


The mechano-caloric effect provides direct evidence that the liquid helium 
II passing in superfluid flow through a narrow channel has a lower entropy 
than the bulk liquid. The first direct observation (Daunt and Mendelssohn 
1939 b) showed clearly that if under adiabatic conditions helium is forced from 
one container into another through narrow connecting channels, a quantity of 
heat is liberated on entering the channel and absorbed on leaving it. This heat 
of transport was subsequently measured accurately by Kapitza (1941) who 
compared his results at different temperatures with the value 7S where S is the 
total entropy of the liquid as derived from measurements of the specific heat. 

The measurements of Kapitza were the only existing direct determination 
of the heat of transport. ‘They were carried out with the bulk liquid passing 
through a slit below the levels in both reservoirs. Since for theoretical inter- 
pretation it is essential that the transport from one reservoir to the other should 
be pure superflow, the nature of the connecting link is of importance. Our 
arrangement described in the preceding section now offers a possibility of carrying 
out a direct determination of the heat of transport using the film as the connecting 
link. Since our experiments have shown that the film is the best example of 
frictionless transport which can be realized experimentally, the results obtained 
for the heat of transport in this case should come near to the theoretically interesting 
quantity TS. 

Applying general thermodynamic considerations to F. London’s model 
(1938) of helium IT as a condensed Bose~Einstein gas, H. London (1939) connected 
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the heat of transport per gramme Q, with the entropy per gramme S of the 
liquid at temperature T by the equation 


Oras er) 


H. London assumes that the liquid flowing in the film will carry lattice vibrations, 
but that their entropy is only a negligible part of the total entropy S. 

The data used for the determination of Q, are those given in figure 8. If 
dV ‘dt is the rate at which helium enters the Dewar vessel under a rate of heat 
input dO dt, the heat of transport 


_ 1 d(dOQ/at) 
Ne 7 p d(dV /dt) OR Har sitee: ete: (4) 


Since dV’ dt was determined immediately after the heating current was switched 
on, the corresponding difference of temperature between the helium in the 
bath and that in the reservoir was vanishingly small. Because we use for our 
determination the tangents to the experimental curves drawn at the origin, 
the determination of Q, corresponds to adiabatic conditions. The corrections 
which had to be applied are small but in view of the discrepancies to be discussed 
below, must be mentioned in some detail. One correction arises from the fact 
that the energy supplied by the heater will not only be used for drawing liquid 
into the Dewar but also for heating the liquid already inside the Dewar. The 
highest value of this correction was of the order of 0:5°%. Secondly, as the helium 
in the container rises the vapour phase is compressed and some of it must condense, 
supplying its heat of condensation to the inside of the beaker. As is known from 
earlier experiments (Brown and Mendelssohn 1950) this process 1s instantaneous 
owing to the high heat conductivity of liquid helium II. This correction, which 
is very small at the lowest temperature, is, however, the most important one at 
the two highest points measured by us at 1:93°K and 2-09°k, where it amounts 
to 3 and 5% respectively. Other processes taking place, such as the evaporation 
of liquid due to the increase in vapour pressure and the specific heat of the vapour, 
did not provide detectable thermal effects. The effect of heat loss from the inside 
of the Dewar to the outside, and its elimination in the calculations, has already 
been discussed earlier in this paper. 

Our results are given in figure 11. Here our measured points are compared 
with the results of Kapitza (1941) and it can be seen that the agreement is 
satisfactory. Our curve gives slightly higher values for Op at the higher tempera- 
tures, but this may be due to the correction for vapour condensation, which is not 
mentioned and may not have been applied in his case. 

In order to compare these results for Op with the value T'S derived from specific 
heat measurements, we have included in our graph the data given by Kramers, 
Wasscher and Gorter (1952) and Hercus and Wilks (1954). As can be seen, 
there is a discrepancy between the two latter determinations, but reasonably 
good agreement between our values and those of Hercus and Wilks. ‘These 
authors have already discussed the discrepancy between the two sets of values 
of the specific heat without being able to arrive at a satisfactory explanation. 
However the applicability of the H. London formula to our values of QO, and those 
of TS measured by Hercus and Wilks is encouraging. 

In the temperature range investigated by us, any discrepancy between QO, 
and calorimetrically determined values of 7S due to the phonon contribution 
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should, except at the lowest temperature, hardly be noticeable. Measurements 
of the specific heat of liquid helium below 1°k (Hull, Wilkinson and Wilks 1951, 
Kramers et al. 1952) indicate that in the neighbourhood of 0-7°K the ie law gives 
way toa T? law. This may indicate that the entropy of liquid helium is made up 
of a phonon contribution following a 7? law to which is added a spectrum of 
anomalous excitations giving rise to the A-phenomenon. ‘The latter would then 


Present work 

Kapitza (7'S' from specific heat data) 
Kramers, Wasschev and Gorter 
Hercus and Wilks 


Q, (cal/g-') 


1:2 14 1-6 8 20 
Degrees K 


Figure 11. The heat of transport QO, as a function of temperature. 


evidently follow a law of higher power of T and become noticeable at 0-7°K. 
If, as has been suggested (Tisza 1947, 1949), the anomalous thermal effects in 
helium II are due only to those extra excitations, H. London’s formula should 
become invalid as the temperature of 0-7°K is approached. A preliminary 
measurement of the thermomechanical effect between 0-5°k and 1-1°k (Bots and 
Gorter 1953) has indeed indicated a lower value than that to be expected from 
the London equation. Measurements of this kind suffer from requiring the 
complex technique of adiabatic demagnetization, and the difficulty of maintaining 
temperature differences below 1°K. It would appear that the same information 
could be obtained more simply by isothermal measurements of Q,, such as are 
described in this paper. Using the published values of the specific heat and 
extrapolating the 7* region with a Debye function of @= 27-5, one should expect, 
if phonons are carried, that at 1°K and 0:8°k Q, would be 50% and 25% 
respectively of the values of 7S. Using a specially designed helium cryostat, 
it should be possible to make measurements of Q, in the range between these two 
temperatures. 

At the lowest temperature at which measurements could be made with the 
apparatus described in this paper (1:2°k) the deviation of Op from TS would 
amount to only about 20%. It is worthy of note that our measured point at 
this temperature agrees well with the value TS derived from the specific heat 
measurements. Our results therefore seem to favour the suggestions made by 
Landau (1941) and by Ward and Wilks (1952) that the phonons also contribute 
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to the heat of transport. A difference of 20% should certainly have been detected 
with the accuracy of our measurements. However, one is reluctant to base 
important conclusions on data obtained at one extreme end of our range of 
measurements and the final decision as to whether or not phonons are carried in 
the thermomechanical effect must be left to specially designed measurements 
of Q, at somewhat lower temperatures. 
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Abstract. The effect of a uniform magnetic field on the conduction band of a 
metal is investigated, using as model the tight-binding approximation for a simple 
cubic crystal. The normally discrete magnetic levels pertaining to free electrons 
are shown to be non-uniformly spaced and broadened as a result of the lattice 
forces. 


§ 1. INTRODUCTION 


HE effect of a uniform magnetic field on the conduction electrons in a metal 
| is of general interest for a variety of magnetic phenomena. Little attempt, 
however, has been made to examine the problem rigorously. For some 
effects, e.g. diamagnetism, the approximation of an effective mass has been 
successfully used, thus reducing the problem to that of free electrons, which is 
then easily handled. ‘This procedure has some support from a theorem first 
enunciated by Peierls (1933). ‘This states that an approximate Hamiltonian 
describing the magnetic motion is obtained by replacing E(k) by E(x) where 
[k a) | =(ze/hc)H,, etc., H being the magnetic field and E(k) the energy relating 
to a particular band. ‘This implies immediately that there is no mixing of bands 
and that they can be treated independently. If, therefore, the occupied levels 
lie at the top or bottom of a band, E(k) may be represented by the use of effective- 
mass parameters (to describe anisotropy of the metal) and if one takes 
in=p—(el\A(r), — p=AVIi, 
E(x) reduces to a quadratic differential operator whose eigenvalues are easily 
obtained. 
‘The above theorem was initially obtained for the limiting case of tight binding. 
A more general derivation has been given by Luttinger (1951) using Wannier 
functions. ‘There remain, however, several obscurities as regards the inter- 
pretation of 4(%); more important, no useful estimate of the errors involved was 
provided. In this paper the theorem is assumed and used to investigate magnetic | 
eigenvalues in the case of tight binding fer a simple cubic lattice. This special 
case serves to illustrate features common to more complicated band structures. 
What is important to notice is that motion in a particular band is considered as | 
independent of other bands, interband terms being omitted. This is usually 
described as the single-band approximation. A subsequent paper will complete 


the examination and indicate in what circumstances the approximation is. 
justified (Harper 1955). 
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§ 2. SOLUTION OF THE EIGENEQUATION BY A W.K.B. MetTHop 


The eigenequation considered is 


E(x)u(r) = Wu(r) 
where 


ui) € 
hx= py Aw. weoa (heh) 


A discussion of the exact meaning of u(r) is reserved for a subsequent paper. 
It is sufficient at present to regard it as the actual wave function. Then a 
convenient gauge for A is A= (0, Hx, 0), i.e. H is directed along the z-axis. Inthe 
case of tight binding, E=8(cosk,,a+cosk,a+ cos k,a) if the field H is assumed to 
coincide with a crystallographic axis. ‘Then (1) and (1.1) give 


3 [u(x + a) + u(x —a) + exp (teHxa)u(y + a) + exp (—teHxa)u(y — a) 
+u(z+a)+u(z—a)]= Wu(r). 
u(r) = exp (zk, y) exp (¢k,2)u(x) separates the variables, giving 
[u(x + a) +u(x—a)] + cos (c@Hx — k,a)u(x) =(W — cos k,a)u(x) 


where « =e/hc, and W is supposed measured in units of 6. The energy due to 
motion in the field direction is thus additive. Including it in the eigenvalue W, 
and changing the origin of x, (1.2) may be more simply presented as a difference 
equation, 
Sot ug) (Cosan— Wy = 0, 99 9 sae (133) 

where «=ca"H. For fields H ~ 104 oersteds, and taking a~10-$cm, « ~ 10-4. 
Consequently cos%n may be regarded as slowly varying, and approximate eigen- 
values may be found using an adaptation of the W.K.B. method. For con- 
venience write cosan—W as k,. ‘Then for k, less than 1, wu, is oscillatory; 
for k,, greater than 1, wu, behaves exponentially. k,=1 is therefore a classical 
turning point and in its vicinity w, clearly behaves linearly. 

It is now evident that | W| <2, since for |W] greater than 2, |k,,| is always 
greater than 1 and therefore boundary conditions cannot be satisfied. Thus the 
eigenvalues W are confined to a band whose energy limits are identical with those 
occurring in the non-magnetic case. ‘The levels are, of course, discrete (apart 
from the field-direction energy cosk,a) and may be obtained as follows : 

For |z,| <1, put u,=expid,. Then (1.3) becomes 


exp (Ad, .1) + exp (—7A¢,,) + 2k, =0 
where A¢,, denotes the first difference ¢,,—¢,_1, 1.€. 
exp {1(Ad,, + A?¢,,41)} + exp (—7A¢,,) + 2k, =0. 
Assuming now that A¢d,, is slowly varying, then A*d,, ,, ~A*¢,, <1, and therefore, 
cos Ad,, + 47 exp (1Ad, Ad, = — Ry. 


As a zero-order approximation, cosA¢,9=—k,. Put Ad, =Ad,°+Xn X», being 
of the same order of magnitude as A*¢,,, then 


cos Ad,,°— x,, sin Ad,,° + $1A2¢,,° exp (1A¢,°)= —F,, 
or Xn= 34(cot Ad,? +7)A*d,,°. 


58-2 
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Consequently, b,= > (Ado +x) 


= > Ad! + dilog sin Ad,,° — $A¢,,° + const. 
(replacing > by | dl). 
T : 
Thus 


u,c=const. (sin Ad,,°) 1? exp ( od | Ad? at) ft be sonien (104) 


This is in obvious analogy to the usual results for a continuous variable. For 
k,, >1, the corresponding expression 1s 


u,~const.(sinh A¢,,°exp + | Addl,  ——... s (1.5) 


where coshAd¢,°=—k,. These approximations fail near the turning point 
k,,=1, since then A?¢,,° is not small but of the order of unity. 

In the usual way suitable combinations of these solutions have to be matched 
in order to provide eigenvalues. In the region k, ~1, cosan—W may be 
expanded to 1—a(m—m,)sinamy where cosamy-W=1. hk, is therefore linear 
in m and two independent solutions are 


(a) eS ! 
J n-Ny—mM \ m 5) Ages ent Well eS @ See ( .0) 


where m=I1/asinnygz. For |m|>1, and n~ny, both these expressions behave 
linearly (see Nicholson’s formulae, Watson 1944, p. 249) in accordance with an 
earlier remark. ‘To effect matching, asymptotic expansions are available (Watson 
1944, p. 244) and the arguments run parallel to those usually presented for the 
case of a continuous variable. 

There is one important difference, namely that the turning points my are 
infinite in number, and cyclic boundary conditions are necessary. It is clear 
that u,,,2,), Satisfies the same equation as w,. It is permissible therefore to 
choose solutions w,, such that 

Un + Inj = Un EXP (2rrtk ,a/x) 
i. 
U,=v,exp(tk,na), —ta<k,a<ta 


where now v, is periodic with period 27/x. Equation (1.3) thus becomes 
Un41 Xp (tka) + VU, exp (—7zk,a)+v,(cosan—W)=0. ...... (17) 


This simple procedure is, strictly speaking, correct only for special values 
of «, namely if 27/a is integral, or N=27/ea?H an integer. This, however, is 
a mild restriction on the field since N~ 10° for H~ 104 oersteds. It is clear 
that only positive W (say) need be considered since putting v,=(—1)"w, and 
changing the origin of by z/x reverses the sign of W. The eigenvalues are 
therefore symmetrical about W=0. 

The effect of phase factors exp (+ 7k,a) in (1.7) is to add k,a to A¢,, throughout 
the analysis. Thus Ad,,° is determined by 


cos(k,a+Ad,°)+cosan—W=0. —...... (1.8) 
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The matching of (1.4), (1.5) is carried out using the linear solutions (1.6) 
and their asymptotic expansions. The phase of (1.4) is determined and as 
usual is corrected by z/4. From familiar arguments quantization is then effected 
by requiring that 

~ 277/%—no 

| . 

| Aga Gein | ~— e (1.9) 
the upper and lower limits of the integral being two adjacent turning points which 
contain the oscillatory part of w,,. 


§ 3. LEVEL BROADENING 
Equations (1.8) and (1.9) are a particular instance of Onsager’s results (1952). 
For completeness one should also take. account of the phase k,a occurring in 
cosan. ‘There are then two parameters k,, k,, in addition to 7, necessary to 
describe completely the level spectrum. It will presently appear that the former 
describe a broadening of a (nearly) discrete level /. 
Omitting k,, k, for the present, the equation for eigenvalues is 


cos 1(W—cosan)dn=(j+3)t eee. ae 


where cos am)—- W+1=0, 0<an, <7. 
Plotting the integral in (1.10) as a function of W (see figure), one sees for 
example, that the unbroadened levels become more widely separated near W=0. 


2 


R= 


ie) (3 
To examine broadening, consider k, only. ‘Then 
Ad, = —k,«%+cos-1(W—cosan), 
and (1.9) becomes 


| cos-!(W—cosan) dn—2nyk,a=(j+3)7 


or 


r +o 


No 


Since —4a<k,a<4z the broadening term is always less than 7 so that the levels 

are always separated. Using equation (1.1) then the levels may be described as 

follows. For W=2—w, w <1, an approximate solution is 
w=(jt+4)a+2k,a[(2j + 1)a]"?. 

Thus at the edge of the band the levels are uniformly spaced, the separation 

being given by the effective mass in the customary way. There is in addition 

a broadening, but so slight as to be negligible. Qualitatively the figure indicates 


Cie 
cos !(W—cosan) dn=(j+3)7+ oo (W-1). 
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how the levels vary throughout the band, the most important fact being that 
near the centre, W=0, the broadening is extremely large, the actual separation 
in fact being small compared with it. The situation here then is just the inverse 
of that occurring at the edge of the band. 

It should be remarked that, strictly speaking, the above equations do not 
hold at the very centre W=0, since for this value the turning points m are no 
longer linear and the preceding analysis does not apply. On grounds of 
continuity, however, the conclusions seem fairly assured. 

Concerning Onsager’s work it is perhaps worth emphasizing that the magnetic 
quantization of levels is a direct consequence of [x,,«,]=7eH, etc. and that the 
notion of wave packets is unnecessary. 
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Abstract. Using translational properties of the Hamiltonian, a standard form 
is derived for the wave functions describing conduction electrons moving in 
a uniform magnetic field. ‘This is used to obtain a solution of the Schrodinger 
equation in order to examine the magnetic energy levels. For non-overlapping 
bands the notion of effective mass is shown adequate (neglecting level broadening) 
but in an overlap region neighbouring bands interact strongly and distort the 
single band levels. A brief application to the diamagnetism of metals is 
considered. 


INTRODUCTION 


HE large diamagnetism of metals has long been understood to be due in 

some way to the ‘free’ conduction electrons. It is also well known that 

it is entirely quantum-mechanical in origin, since classically a mechanical 
system can possess no magnetic moment at all. To get a first understanding, 
therefore, one neglects entirely the effect of the crystal lattice and solves the 
Schrédinger equation for a free electron moving in a uniform magnetic field. 
For the alkali metals, where the electrons are very nearly free, the approximation 
is, in fact, likely to be a good one. ‘The energy eigenvalues (including magnetic 
energy due to spin) are simple to obtain and may be used to calculate the free 
energy F from which the total magnetic moment is obtained as M= —dF/0H. 
Fermi—Dirac statistics are used, otherwise the electrons are treated as independent. 
That this is permissible is to some extent justified by the success of the model. 

The susceptibility is thus obtained as a function of the field and temperature. 
Measurements of the constant susceptibility (weak fields, high temperature) 
of the alkali metals demand the variation of some parameter, however, and of the 
universal constants available the electronic mass is the only one permissible. 
The notion of ‘effective mass’ is, of course, also supported by the band theory 
of metals, and its use in the magnetic problem is already plausible. Further 
support comes from the (low temperature, strong field) susceptibility where it 
was pointed out by Peierls that if the electronic mass is sufficiently small and the 
electron density low, an oscillatory behaviour might be expected. Such an 
effect was indeed observed by de Haas and van Alphen in bismuth. 

More direct support was provided by Peierls (1933) when he obtained an 
expression for the constant susceptibility for conduction electrons, of which the 
greatest contribution appeared essentially as an average of the effective Bohr 
magneton over the Fermi surface. For free electrons this reduced to the form 
obtained by Landau. There remained a contribution analogous to atomic 
diamagnetism (and thus small) and a third part having no simple interpretation 
but again apparently small. 

+ Now at Division of Electrotechnology, Commonwealth Scientific and Industrial 
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These results were obtained, not by considering directly the energy eigenvalues, 
but by application of the interesting theorem that an equivalent energy operator 
is found (at least approximately) by replacing E(k) by E(x), [*., x, ] =1(e/he)H,, 
etc. All results were obtained for the limiting case of tight binding but have 
since been shown to be of more general application (Wilson 1936, Luttinger 
1951). 

For electrons lying near the top or bottom of a band, E(k) may be taken as 
quadratic in k (not necessarily isotropic) and the replacement of k by % then 
introduces the effective mass in a natural way. Blackman (1938) was thus able 
to extend the expression for the low-temperature susceptibility to allow for 
anisotropy of the metal. ‘That is, by considering combinations of ellipsoids of 
suitable eccentricities to represent the Fermi surface (for holes and overflowing 
electrons), effective mass parameters are introduced and used to interpret the 
complicated modulations, phases, etc., of the susceptibility oscillations (Shoenberg 
1952): 

However, some doubt was thrown on the simple use of an effective mass when 
Adams (1953) showed that, at least in the case of the constant susceptibility, the 
previously neglected third contribution mentioned above could become very 
important in just those situations for which the effective mass approximation is 
most useful, that is, when the energy gap is small and consequently the effective 
mass small. Briefly, his argument was that in such a case there is a degeneracy 
of Bloch states, and that the magnetic field mixes them considerably. 

The main purpose of the present paper is to examine this and other difficulties 
by means of a direct solution of the Schrodinger equation for a conduction 
electron moving in a uniform magnetic field. An exact solution in closed form 
is not, of course, to be expected since, even without the field, that does not exist. 
What is meant is a treatment analogous to the solution for nearly free electrons 
which establishes the existence of energy gaps, etc. A brief application of some 
of the results to the magnetic susceptibility is given though much more remains 
to be done. 


$1. ‘TRANSLATIONAL PROPERTIES OF THE STATE FUNCTION 


If an electron moves in the periodic field of a crystal lattice, and an external 
uniform magnetic field H is imposed, the electron stationary states are determined 
by the Schrédinger equation 


h? 7€ 2 b 
[ae +V(0)-W]y=0, Renee) 


where H=curlA, and the vector potential A is linear in coordinates r. V(r) 
represents the lattice potential and therefore V(r + t,)= V(r), where +,, 7=1, 2, 3, 
are basic lattice vectors. Consider a displacement 1; of r; then from the linearity 


of (1.1), 
(r+ 7,) = exp [7<A(z;).] > Codi tS eee (1.2) 


where « =e/hc and the index A enumerates all states of energy W. The matrices 
C;/, , together with the phase factors exp [7eA(t,) .r] (which simply effect a change 
of gauge) form representations of the elementary translations. Such operations 
commute and therefore 

C!C'= C'C/ exp te[A(t,) .t,— A(t) - 7], Pa Sy beso) 


matrix multiplication being understood. Thus C’ do not in general commute 
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and cannot be simultaneously diagonalized. For example, taking a cubic lattice 
of lattice constant a, and A=(0, Hx, 0) 
C¥C* = C*C" exp (—teHa?) 
Ge Cx — C2C2 
C=O C= 
In this case C* commutes with C’, CY and may be treated as diagonal. Since 
C*, CY do not commute, if C* is diagonal, CY is not, and vice versa. 
| It is interesting to note that symbolically C’ could be represented by 
C'=exp(i.7,), where [«,,«,]=7eH, etc. (for the case A=4Hxr). A more 
useful representation is obtained by introducing a vector k and writing 
(k’ | C'|k)=exp(tk.7,)8[k’-—k+eA(t)]. ee (1.4) 
(In the above example this makes C* arid C* diagonal.) Thus, taking A=0, (1.4) 
reduces to the diagonal Bloch representation. In the magnetic case however, 
the vector k is not to be identified as a momentum vector since the motion is not 
that of plane waves. 
That (1.4) satisfies (1.3) is clear since 
(k’ | C/C"|k) = exp [—7eA(t,) . t,] exp (dk . t, + t,)d[k’ — k + A(t, + 7,)]. 
Interchanging 7, / the result follows. 
Choosing this representation then and using (1.2) and (1.4), 


oy (r+ t;)=exp (7k .t;) exp [teA(T;) reat p(h) vee ee (185) 
It should be noted that since the summation over k is restricted to the surface 
W(k) = W, if the only surviving term that the 5-function permits is to be included, 
it must follow that 
W[k—A(x)] = W(k), 
i.e. that W be periodic in k with the (vector) period A(t;). For the case A=0, 
(1.5) reduces to the familiar Bloch relation 
(r+ t,;)=exp (2k . t,)y,(r). 
A formal solution to the functional equation (1.5) is 
min=expak.n)U[k—<eA(r)orik]; 9 Asa. (1.6) 
where U is understood to be formed from a unique function of three variables by 
replacing the first written by a linear combination of r and k. Furthermore the 
dependence of U upon r is periodic, of lattice periodicity, the dependence of U 
upon k periodic with (vector) period A(t;). If such a function be constructed, 
it will be seen to be the most general function satisfying equation (1.5). ‘That it 
is unique will presently appear when explicit representations are introduced. 
By using the functional form (1.6) in the Schrédinger equation and taking 
the gradient with respect to k, matrix relations analogous to those holding for 


Bloch functions may be obtained. 
Thus, 


é€ m 

| val a 7 Akad 8 = fh VE W,(k), 

| * a dq &® W. = VV a \WA LUE @r=0 mGee)) 
ka { P— C Per oi h ( a a) ko! Yk ko ) Soe00 
2s Mee (eld A slaw _y_ ™ EW ee 
Ley Wa We h? ok,? oe | 


where « denotes any other quantum variables necessary for 2 complete description. 
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For the particular case of free electrons, i.e. V(r)=0, and using A= (0, Hx, 0) 
say, all results obtained so far may be verified provided one is careful to choose the 
proper linear combinations of the degenerate states, W then being degenerate in 
Ray dys 

§ 2. REPRESENTATIONS FOR THE SCHRODINGER EQUATION 
To avoid unnecessary complication, take A=$Hxr. Then from (1.6) 
, = exp (7 .r) U(x, r), where x=k-—cA(r). 
(The separate dependence of U upon k is now understood to be present and will 
not be written in explicitly.) 

In this form it resembles a Bloch function though it must be remembered that 
% is a linear combination of k and r. 

The Schrédinger equation (1.1) becomes therefore, 

1 2 ; 
E (p- A) + V(r)— w | exp (Oe. Fr) U (45 Fr) =O) eee (a) 
m 
p, in the kinetic term, is a total differential operator; it acts on the explicit r 
(in which U, keeping x constant, is periodic) and on the r contained implicitly 
inx. If d/dx“ therefore be replaced by 
0 a OK” O 
ON One One 
le. p->p—3H x 7V,, the two operations are separated and x and r may be regarded 
as independent variables. ‘This is nothing more than elementary implicit 
differentiation, but one should note that since the square of p occurs, it is important 
that x be linear in r. 

Then (2.1) becomes a differential equation in the two independent vector 
variables, r and x, thus: 

(a e 2 
a E oy A(r) ; avv,) | + V(r)— Ww exp (ix.r) U(x, r)=0~ 2222.2) 
(V, means gradient with respect to x). 

There are now two different representations possible : 

(i) exp(%.r)U(x, r) having the translational symmetry of the lattice, may 
be expanded into the ordinary Bloch functions ¢, ,(r) where 


E + V(r)— F,¢) | by 1(t) =0. 
ps BRIO MEHY a Nata C9) 


7 
the summation over / extending over all bands. 


(11) U(x, r) being periodic in r, may be expanded into Fourier plane waves, 
thus 


exp (1x .r) U(x, r)= > u(x) exp [i(«, +) -r], 
where x, are the lattice vectors of the inverse lattice, i.e. exp (7%). ty) =1 for all Z, 1’. 
Considering (i), it is a matter of algebra to verify that it leads to a set of 
simultaneous differential equations in x which may be written as follows: 


é . 
E,Un e MC 2 [p -A +AQV, ann’ 


eres > [A?+ 2A . A(iV,) + A2(iV, Janne ve+s0e(2.3) 


2mic2 


—Wv,=0 
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where (p.A),,,,, A,,,,2 etc. are the matrix elements 


| Pin (p y A)d,. gan, cae Ab, ¥ etc., 


and A(7V,),,,,, means A(’V,)5,,,.. 
Equation (2.3) might be written more elegantly as 
la 
E>—p.a+ Me Un = We eaaraaal 2: 
2. ] mec E 2mc* 2 bel aD (2) 


where 4,,,,=A(r +7V,.),,,,, and Q? is defined to mean the last term in (2.3) so that 
Ai(V,,.) -A does not occur. 

An equation similar to (2.4) has been derived by Wilson (1936) though from 
quite different principles. It differed in being an equation for the density matrix 
rather than for eigenvalues. 

Adams (1953) has also considered a somewhat similar equation though he 
used the formalism of Wannier functions to derive it. Both these authors were 
intent on calculating the constant magnetic susceptibility to which purpose the 
equation is well suited. For eigenvalues it is more convenient to use (ii). 

With less trouble it is seen to produce 


h2 
2m 


[x +%,—<A(iV,) Fux) + > Vpup(x)= Wulx) ...... (2.5) 
Ue 


where V’, are the Fourier components of V(r) and &,.;, is restricted to /’, /” for 
which *, +); =x). 

Equation (2.5) is again a set of coupled second-order differential equations 
which are simpler than (2.4) in that the coupling occurs only through the numbers 
Vand that no complicated matrix elements appear. ‘The equations are an evident 
generalization of those holding in the absence of a magnetic field for the Fourier 
components of Bloch functions: k is replaced by m=x—cA(V,) so that 
bas 77, | =eH etc. 

It may be remarked that the unambiguous derivations of equations (2.4), 
(2.5) are further demonstrations, if such were needed, of the uniqueness of 


U(x, r) as a function of the two independent variables, r, x. 


§ 3. DISCUSSION AND SOLUTION OF THE SCHRODINGER EQUATION 


Since Adams has extensively discussed what is probably the only useful 
application of equation (2.4), nothing more will be said about it in this paper. 
In any case, (2.5), besides being simpler to treat, gives some useful insight into 
the origins of the non-diagonal contributions which Adams regarded as important. 

In analogy with the non-magnetic case, A=0, V(r) is restricted for the sake 
of simplicity to be sinusoidal; it is not pretended that this is at all realistic but it 
may be expected to lead to results of qualitative importance and suggest extensions 
to more general potentials. An immediate consequence (which would not be 
generally true) is that motion in the field direction is separable and is simply 
the unperturbed Bloch motion. If this is removed there remains the motion in 
a plane normai to the field H, which will be taken to be in the x direction. 

A second simplification involving no loss of generality is to take A =(0,//x,0). 
Since the equations were derived using A= 4H x r, the necessary corrections are 
discussed in the Appendix and it is seen that A(/V,) must be replaced by 
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(—iH@/dr,, 0,0). Supposing H to coincide with a crystallographic axis equation 
(2.5) may be simplified to 


h2 2am 0 \2 2an\2 
i [foe Bt att) «(v0 22) 9pm. 


a Vi (Un+4, n a Un—1, a) a Viug n+1 ae Um ie) = 0 Pe eR 4 (3: 1) 
where the metal is supposed to have cubic symmetry of lattice constant a, and 
V, V’ (taken as different for convenience) are the Fourier components of V(x, y) 
in the x, y directions. 

In (3.1), «, is a constant of the motion and, in fact, is equal to k, since A, =0. 
First suppose V =0, i.e. a periodic field in one dimension only (though the 
motion is, of course, two-dimensional). This is not physically interesting, but 
serves to illustrate simply how the calculation proceeds. ‘Then the index m is 
redundant and (3.1) becomes 


2 2 
1am (Fe +ieH =) + (+ =") |- W yun Vi (Geta tl ay) 0 eee «(322) 


where «,, is abbreviated to x. 

Suppose the last term is small (the precise condition for this will appear shortly), 
then the effect of a lattice may be treated as a perturbation to the free magnetic 
motion, the zero-order wave function being 


2 
u x)= exp] i i(k, mat) feet | . oscillator function of («+ =") 


and W,=(j+ 3h, wy = — 


mc 


mi | u,(ie)u; («+ =) ue 


Provided the overlap et is sufficiently small, the level W, is thus broadened 
since k, can take a continuous range of values. That the lattice forces might 
produce such broadening was earlier suggested by Dingle and Shoenberg (1950), 
Dingle (1952 a) and Shoenberg (1952). Remembering the definition of w,,, it 
is seen that #, extends throughout the lattice, this representing the proper linear 
combination of (localized) Landau solutions. ‘These simple results are also 
obtainable more directly by treating V(x, y) as a perturbation to such free-electron 
solutions and one then obtains the useful results — }eaH <k, <}eaH, k,,=2nt/L,, 
¢ an integer and L,, the x-dimension of the metal. 

However, the requirement 


V | use (. + =) dk pH, 


necessary for the success of perturbation treatment, is satisfied only for 
W <<)=(h?/2m)(z/a), this being the energy at which u(x), u(« + 27/a) begin to 
overlap appreciably. An asymptotic expansion of the integral is given by 


ES 21 27r* \—14 
| és Uj(K)u, («- =) ai (sen) (JapoyrtcasO" Wy ee, 


©) being a slowly varying function of 7. The approximation is poor near W ~¢,, 
but improves with increasing W. Taking H~104 oersted, V~1 ev its order of 


The perturbed energy then becomes 


2V' cos ene 
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magnitude is 0-02 ev, compared with uH~10-4 ev. Thus, perturbation methods 
fail for energies close to and beyond ¢, that is, beyond the first energy gap region, 
Returning to equation (3.2), an inspection of the non-magnetic solution 
(nearly-free electrons) suggests that a better method is to neglect all but two 
adjacent components, say wv, v, and regard these as strongly coupled. Symmetry 
considerations will then show how to allow for a true solution. 
Then (3.2) becomes, 


Elfen 2) ca]-meerant, | 
a K 
7 rare (3.3) 


Hh d\? Dar\2 
oe J a ee 
\ 2m | (Ae ral =) T (. 1 E ) | W hay + V Ug 0. | 


From the first, 


Latina Uae Via | 
= DI (ketie Z) +e |W wy aMokcie eile (3.4) 


Inserting (3.4) into the second of (3.3) 


Aca i fede NE es W ee 2) — w | Se, = 0 (3.5) 
1 Oa ee _ é on K | ‘Oimm) serene . 
abbreviating k,,+1eHd/dk to D. Define now #,'(«), &,'(«) to be the roots of 


asy h 27\2 om Ne 
(9 “2m E 2m (+=) |-¥ = a ese (3.6) 


/ 


then (3.5) may be re-written as 


h2D? h2D2 : Or Be fal ; 
{| ie ay (ie) w || es Pic) w | “r Ee tie a wy ©) |} Uy =9, 


the last (commutator) term arising from the necessary re-ordering of the operator 
De 

The potentials %,’, %,’ are illustrated below; the broken curve corresponds 
to the ‘free electron’ potentials. 


Consider first the region «>—7/a. If @,’(«) is chosen as the lower 
branch then h?x?/2m— %#,'(x) is slowly varying except near k= —z/a. In zero 
order therefore, the commutator in (3.7) may be neglected, and w(« > —7/a) 


may be taken to satisfy 
a aes om )-W | u=0 
2m a (« 0 5) 


and consequently from (3.4) 


i ey & Cal eo 
=> Ss us ‘ye SO eee oer 3.8 
Uy V’ & a, ) Uy ( ) 
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Equation (3.8) is incomplete since boundary conditions are necessary to 
determine W. Considering now the region «<—v7/a, it is evident that (to a 
similar degree of approximation) a solution is 


h2D2 
2m 


) 
Sere 
1 h2 | =) ra ] : Sou ead \ 

T= V' Dp KT 2 a 1: ; 


The boundary condition adopted is that w%(«>—7/a) (determined from 
equation (3-8)) join smoothly to u,(«<—~z/a) (determined from the first of 
(3.9)). Note that choosing %,’ requires interc hanging ug, uy. 

One might at first object to such boundary conditions since from (3.8), for 
example, w,(7/a@)= —uo(—7/a) and therefore both uy and w, are discontinuous at 
«=-—a/a. ‘There need be no discontinuity in %, however; it is merely necessary 
to re-label the uw, such that the greatest is denoted by w) and simultaneously to 
change the origin of k, by an inverse lattice vector, 27/a. ‘This corresponds, 
in the non-magnetic problem, to adopting the convention of regarding all functions 
of k as periodic with the periodicity of the inverse lattice. 

It should be remarked that, owing to the neglect of commutators, these solu- 
tions are only approximate, and choosing the largest component tobe continuous 
(along with its derivative) means that in general the smaller one will not be. 
In fact there is a slight discontinuity in slope at «= —7/a. It is of no special 
consequence however, and may be ignored. 

It is now evident from symmetry how to include all components w,: #,’, 3, 
are to be replaced by F(x) and E,(«), the latter being the first and second band 
energies (in x) relating to a sinusoidal potential in the y direction. Equation 
(3.6) is the usual secular equation determining E(«) in the simple one-dimensional 
problem of nearly free electrons. 

Thus a, satisfies the equation 


+ B,'- W) aa) 


h d 
E (ze + tel —- ) +BY) — 0] Up= 0, eee (3.10) 


with the boundary condition that w9'(«) should be zero at a maximum of E(«). 
The generalization to more complicated potentials is obvious and will not be 
elaborated upon. ‘The remaining components are provided (approximately) 
by equations like (3.8) and are evidently small compared with um) except in the 
immediate vicinity of maximum E(x). Note that a knowledge of such components 
is not necessary for a determination of W. 

Since £(() is periodic in «, (3.10) is a Bloch-like equation whose eigenvalues 
are therefore bands. Considering dimensions however, one sees that far from 
an energy gap, the width of the potential barrier is so great that the bands must be 
very narrow; they are in fact, nothing but the broadened levels mentioned 
earlier. 

The effect of a periodic potential in the x direction may also be considered, 
it now being necessary to factorize (approximately) the expression 


h? lar d 5 h? d 
Pale Ripe a tie 7) +e |-W} ‘am (Fe +i 7) et |- Whar 
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| 


Using the Fourier transform of 1, 


ug(k)= | u(q) exp[—i(g—R,)(«—h,) eH] dg, 
then k,,+1teHd dx—q, xk, +icHd/dq, and the equations reduce to the previous 


form, « being replaced by g andk, by k,. The solutions for u(q), u4(q) may be 


discussed as before and lead to similar conclusions, the broadening now being 
described by k,. 


The analogue of (3.10) is 


1 hn? 
(I) epee f Se; ist 
|e. (4. + eH =) + oe Ww | Tia) ee SR 5 Arann (3708) 


where the boundary conditions are now applied to w(q), thus introducing the 
absent k,. &,, in (3.11) is of course ‘redundant, just as k,, is for (3.10); these 
degeneracies are removed when both V and V’’ are present. 

One might guess that using a two-dimensional potential, i.e. including V, V’, 
(3.10) and (3.11) would be combined in an obvious manner. In fact, a fresh 
difficulty arises which may be loosely described as a band coupling. To discuss 
this it is sufficient to consider the equations (3.1) retaining only to, U1, M49) U41- 

Then the equations run, 


Hygtto9 + Vityy + Vig, =0, | 
Hoyo + Vit + V ugg =9, | 
ptig t+ V tinny + V t=, 
FUyythyy + Vtg + Vt =0, 


where H, ,, are abbreviations for the differential operators (including W) which 
appear in (3.1). 
From the first and second equations of (3.12), 


1 a 
Lip = V (A oto + V'tto1), 
chat a thn ace atl brett a (3.13) 
CA ish a a V (Ao ittoy + V'ut99). 


ed 


Substitution in the third and fourth gives 
(Hy pHo9 — V? + V) tog + V'( Hy + Aoi)01 = 9, 
V"(Hy1 + Hooton + (HH — V? + VV) = 9. 
These are conveniently written in the following form: 


hx? . h? D? Wii 
(9,4 5 -W) at V'n-| a, — Pe Tox | too=0 OT 0 (3.14) 


; He 2m\2 h?D? h? 27\2 2 
V'xi+| 8+ a+ =) -w| 1 | Ta 8 ml =) ]un=0 


N22 


i= (+ Dye W) Ugg + V'utoy 


; i 2ar\2 
Maa Vay +| 9+ mal =) fi w | Uoy 


(the argument of #,, #, being D=k,,+7Hd/dk). aie 
If the final commutators in (3.14) are omitted then a solution is y,;=x2=0. 


| 
Ste (3.15) 
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This, from (3.15), leads to 


hx 
| (, + 3,/— W)(d, + 3,’ — W)+ 4, E seh 
Neglecting the final commutator, an approximate solution is 
(2, aig es i W )ugo = (). 


This is the form expected to appear from a combination of the two cases already 


discussed. From (3.15) the other components are given by 
Pe 7(S 9,) ap Te one (alg) 
(Pe = a —d, \(a - 9,') liga: 


Equation (3.16) may be discussed along similar lines as before except that now 
boundary conditions are to be applied to both wo(«) and wu (gq). By choosing 
appropriate combinations of #,, v,, %,’, w,’, three other bands are obtainable, 
two of which, for V’=V, are erence 

Symmetry considerations again permit the immediate generalization of 
equations like (3.16) to 


ES (i+ teld =e) + E,™(s) = w | Ugo = 0 
K ir 


with appropriate boundary conditions at the maxima of E,, E,,. 

Equation (3.18) is a particular instance of Peierls’ theorem stated more exactly ; 
namely, that replacing E(k) by E(x), [«,, «,] =H, etc., provides an approximate. 
energy operator for the conduction electrons in a uniform magnetic field. x, 
in this case, is k—«A°7V,), AS=H x r—A (see Appendix). Luttinger (1951) 
has also given a general demonstration of this theorem using the Wannier 
representation. An advantage of the present treatment is that the theorem is 
presented quite naturally as a zero-order approximation, the validity conditions 
of which are easy to obtain. ‘To this end, consider again equations (3.14), (3.15). 


By eliminating Xe» Uor there results a pair of simultaneous equations wo, x1 
which may be written as: 


enetia eles 


2.2 F272 
[ (+ BN TM + By —W)+| SS — 8, ] 
2m : 
hh? , 
+| 8. Seal, || Uoo | 
h2 2Q7\2 ) 
acne fCoB) ae 
, ; hx . 
| (+ 9, —W)(d, + 3, -W)+| %, Om dD, ] f Shevexcnone (3319) 
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Considering the left-hand sides of these equations, it is clear (from previous 
arguments) that in both the leading term is the first one written. For Ugg the 
first operating factor represents (approximately) the first band; for x1 the second 
band. Their eigenvalues (or more properly, the eigenvalues of their general- 
izations to forms like equation (3.18)) themselves form bands of broadened levels 
lying between the same energy limits as those found in the non-magnetic problem 
(Harper 1955). Thus, in the present case of nearly free electrons, these bands 
will certainly overlap, though the equations might be regarded as including the 
less interesting situation that arises when they do not. 

The commutator terms (still on the left-hand side) will modify these 
eigenvalues. ‘Treating them as a perturbation, the first-order correction 7 to 
a level W will be given by 


1 | (dy! — yb die= | $*Ud de 


where U is the sum of the two commutators appropriately defined on both sides 
of k, g= —7 a, and ¢ is an eigenfunction of %,+%,'. A typical term in U is 


ee. Dey 
a 2m a 2m” 2m : 


h2 ae (tric ad d\2 (hrre2 
Sym 21 Tra ta : = 7, pes | Poa fre ca 1 
2m Ez dk ( 2m I, ) (k. te =) (<1) (=) (= a, )| . 


Now ¢#,' — &,’) is least when the electron is largely confined to the vicinity of 
x=—7/a. This happens when W~2(e,—V), i.e. near the top of the first band. 
(#,’—0%,,’) is then of order 2V and the electron behaviour is described by the use 
of an effective mass m*. The final term in the above expression is then 
approximately 


Ce A ANG m m 
be My Sa EN ae pees) ey ee a ee 
tae, (xn) (=) (« at) a) (1 =| 


where pp =eh/2mce. 

Thus it contributes (uH/V)(1—m/m*)uH to 7 which is a small correction 
even though 1—m/m* might be of the order of 10, since pwH/V <1. The first 
term is not constant and therefore more difficult to estimate, but on dimensional 
grounds it is probably of the same order of magnitude. 

These commutator terms then are likely to be small and are conjectured to 
correspond, in the limiting case of tight binding, to perturbation of atomic levels, 
though this has not been verified directly. 

The discussion so far applies, for example, to the case y,=0 and neglects 
coupling between first and second band. Suppose now, asa better approximation 
x1 is determined from the second of (3.19) using w%») from the first (but with 
x,=0). Then this contribution to 7 1s given by 


1 | $(,'— H)8de= 6" 4-4 THe Z) et} | avd 


But in the case when the eigenvalues W** of &,+%,' overlap with W?. of 
5, + ,’, it will frequently happen that a pair of them nearly coincide (periodically 
so, in fact, when the two effective masses in this region are constant) and con- 
sequently x, becomes large since it contains components of the order 
(W*;*—W.*)1, The complexity of the coupled equations (3.19) makes any 
quantitative examination of their solution an unattractive programme. In any 
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case they represent the situation only approximately since all but adjacent 
components were neglected. It is not difficult however to obtain the following 
dimensional estimate for 7 : 


mr ee provided WA eee (3.20) 


W”* being the closest eigenvalue of %,+ 3,’ to W**. (The resemblance of 
this result to perturbation theory seems fortuitous since, for example, there should 
be a factor V(W*:?— W":*+V) which is supposed of order unity.) 

If now the bands do overlap, 7~H in the overlap region, i.e. of the order of 
the level spacing itself, which means that the coupling is strong and cannot be 
regarded as a weak perturbation to single band levels. However, an inspection 
of the matrix elements concerned shows that in the overlap region (where in 
general the use of effective masses for the separate bands is permissible) they are 
slowly varying and, since near coincidences of W?.* with W** will occur (almost) 
periodically, the actual level spectrum should still exhibit great regularity, even 
periodicity. Whether this situation can be represented by the use of effective 
mass parameters is not clear from such simple arguments. ‘The success obtained 
in fitting experimental curves by such means suggests that it can, though the 
interpretation of such masses is then uncertain. 

For non-overlapping bands, or far from an overlap region, (3.20) gives 
n~(vH)?/AE, AE being the energy gap, and thus, 7<pH. ‘The correction in 
this situation is thus comparable with the perturbation first considered, though its 
origin is different. 


$4. SUMMARY AND CONCLUSIONS 


Apart from some initial generalities concerning properties of the state functions, 
most results refer to a simplified model chosen in order to avoid purely mathe- 
matical difficulties. Firstly, the periodic potential describing the effect of the 
lattice was restricted to be sinusoidal. It is evident however, that results con- 
cerning single-band motion are immediately extendible to include all V(r) of 
the form V,(x)+V.(y)+V,(z) using, of course, any convenient set of axes 
(x, y, 2). Secondly, the magnetic field H was supposed to lie along such an axis 
(not necessarily a crystallographic axis). In consequence of this, and the fact 
that E(k) is separable into E,(k,)+E£,(k,)+£(k,), no ordering ambiguities arise 
in applying Peierls’ theorem concerning k>* —<A(iVx). 

The magnetic wave functions depend of course upon choice of gauge in 
A(r). Comparison with those for free electrons (in a magnetic field) show that 
in the particular case A=(0, Hx, 0) the wave functions are of the extended sort, 
being (for low energies at least) approximately linear combinations of the 
degenerate Landau functions. Application of the first of formulae (1.7) shows 
that there is a very slow linear motion of the electron in the x direction, this being 
a translation of the ‘orbit’ due to Bragg collisions with the lattice. 

Of more interest are the magnetic energy levels. Neglecting field direction 
motion, the highly degenerate discrete levels of free electrons are broadened as _ 
a result of lattice forces. In the preceding paper (Harper 1955) the case of 
tight binding was discussed and some of the results are quite general. The level 
spacing is also affected, since it is no longer uniform. When there is no band 
overlap the variation in spacing is slow and the concept of effective mass certainly 
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valid. For overlapping bands however, there appears to be a strong coupling 
which, while distorting the level structure in that vicinity, may still leave great 
regularity. It is not certain whether a description in terms of effective mass is 
applicable. 

Knowing something of the magnetic level density what can one say of its 
effect on the magnetic susceptibility ? Consider first the level broadening. Dingle 
has shown that the effect of collision broadening is to damp the low temperature 
susceptibility oscillation or what proves to be equivalent, raise the effective 
temperature by a degree or so. Lattice broadening has the same effect. Taking 
the spacing as uniform, simple perturbation theory indicates that the broadening 
might be well described by 


h 27k, 2, 
= cos - + COS 
caH 


for each level, where 25<yu*H. If one now corrects the classical partition 
function by a factor 


> exp {—e(k,, k,)} 
Tenge By : 


and uses the analytical method of Sondheimer and Wilson (1951), the vth 
Fourier component of the level density is seen to be diminished by a factor 
J[)(de7 u*H)|? Jo being the zero-order Bessel function regular at the origin. 
Consequently the magnetic moment is damped by the same factor. Dingle 
(1951) also examined this question and arrived at a similar result to the one 
given above, namely, that a periodic perturbation in one direction (perpendicular 
to the field) reduces the susceptibility amplitude by the factor J)(bvz/u*H), 
b being given by the overlap integral of two Landau wave functions. ‘Taking 
2b u*H, i.e. extreme broadening, the first (and greatest component) is heavily 
damped. Since in the monovalent metals the Fermi surface may be supposed to 
lie in the centre of the band and since the broadening is greatest there (see Harper 
1955), it suggests a possible explanation of the absence of any observed oscillations 
in these metals. 

For b<p*H, the broadening factor may be written approximately 
exp [—(bvz/u*H)?] and the broadening effect becomes additive to that due to 
collision as described by Dingle (1952 b). 

The level structure in the vicinity of an energy gap near a zone boundary is 
all-important for the de Haas—van Alphen effect. Unfortunately, this seems 
very difficult to determine in detail, even for a sinusoidal potential. Apart 
from the regularity already mentioned there seems little one can say. It is likely, 
however, that if periodicity exists, the period will give rise to effective mass 
parameters much smaller than one would otherwise expect. ‘This is because the 
level structure will consist of irregular groups, regularly repeated. Since the 
period is large, the oscillatory period will also be large and the effective mass 
correspondingly smaller. 
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APPENDIX 
With an arbitrary gauge A(r), the Schrédinger equation becomes 


| - ice (v ee 1) + V(r) W |exp [icA(r) .r] U(x, r) exp (x .r)=0 


2m he 


(a ; - iN? : 
bh —icA+icV(Ajr}. | + V(r)+ ec (A .r)ic > exp (x .r) U(x, r) 


Now VA .r)=0, V(A.r)=2A—H xr, 
consequently, +A—V(A.r)=Hxr—A replaces A(r) in the kinetic term. . 
Considering now the implicit differentiation on x, 


a 2a QA" a 
Ax” Axk “Ax Ox?) ” 


Writing curl A=H and remembering that 0A”/dx" are constants, 
oA” 6 
Ox" OK” 


= —HxV,+(V,-V)A(r) 
= —HxV,+A(V,). 


‘Therefore in the kinetic term, 
V—V+e«[H x V,—A(V,)]- 


‘Then the whole term may be written 
é 2 
E ae Ar +iVy) | 


where A(r)=H x r—A(r). 


For the case A=$Hxr, A°=A. For A=(0, Hx, 0), A®°=(—Ay, 0,0) and 
vice versa. Note however, that the definition of * is unaltered, i.e. x =k —cA(r). 
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On the Positive Temperature Effect in the Cosmic Radiation 
and the p-e Decay 


By H. TREFALL} 


Imperial College of Science and Technology, London 


Communicated by P. M. Ss Blackett; MS. received 4th April 1955 


Abstract. It is shown that the positive partial correlation which exists between 
the meson intensity at sea level and the, stratospheric temperature can be inter- 
preted as being due to the p-e decay. ‘Two ‘second-order’ effects of the u-e 
decay contribute to the positive temperature effect which is observed at sea 
level. One is due to the fact that neither of the standard pressure levels (the 
100 mb and 50 mb levels) which have been used as reference levels in the analysis 
of experimental data is a sufficiently good approximation to the mean level of 
meson production. The other is due to the fact that the survival probability of 
a y-meson depends on the way in which its energy loss is distributed over the 
distance which the meson has to traverse. ‘The theoretically predicted values of 
the positive temperature effect associated with the p—e decay are in reasonable 
agreement with the available experimental results. ‘The observed dependence 
of the effect on the choice of reference level is also explained. 


§ 1. INTRODUCTION 


HE work of Duperier (1949, 1951) has proved the existence of a positive 

partial correlation between the sea-level flux of .-mesons and the strato- 

spheric temperature, the other independent variables being the barometric 
pressure at sea level and the height of the 100 mb level. ‘This positive temperature 
effect was found to be of the order of 0-1°% per degree, and it was interpreted as 
being due to competition between disintegration and nuclear capture of the 
77-mesons. 

However, Duperier (1951) has pointed out that the observed effect appears 
to be considerably greater than it should be according to this interpretation. 
The experimental work on the positive temperature effect at sea level as well 
as that performed underground has recently been re-examined by the author 
(Trefall 1955) and compared with more accurate theoretical estimates of the 
effect due to the z—u decay. It was then concluded that whilst Duperier’s theory 
could adequately account for the results of the underground measurements, a 
real discrepancy existed between the theoretical estimates and the positive 
temperature effect observed at sea level. 

A possible explanation of this discrepancy as an effect of the y—e decay has 
already been put forward (Trefall 1953). A similar suggestion was made 
independently by Olbert (1953). Even though only second-order effects of the 
pe decay are involved, they may nevertheless be great compared with the effect 
of the zy decay if the mean energy of the recorded radiation is relatively low, 
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as is the case at sea level. It is the purpose of this paper to discuss the relevant 
effects of the -e decay to see whether they suffice to explain the discrepancy 
between the observed positive temperature effect and that which is expected to 
arise from the 7—w decay. 


§ 2. Ture ATMOSPHERIC EFFECTS IN THE COSMIC RADIATION 
The observed correlation between the intensity of the hard component of 
the cosmic radiation at sea level and the atmospheric conditions is usually 
described by means of a linear regression equation with three independent 
variables, viz. 


(I-NjIl=8(B—B)+8({H-A)+B{T—1). eae (1) 

Here J denotes the intensity, B the barometric pressure at sea level, H the height 
of a suitably chosen reference level and 7 the temperature in the neighbourhood 
of this level. Bars denote mean values. ‘The above representation of the 
atmospheric effects on the cosmic-ray intensity is due to Duperier (1949). ‘The 
reference level is assumed to represent the mean level of meson production. 
Usually, the 100 mb level is chosen as the reference level, and Duperier (1949, 
1951) has shown that this is a good choice. Occasionally, the 50 mb level has 
been used instead. The variable 7 is usually defined as the mean temperature 
of the layer between the reference level and the 200 mb level. 

It is usually taken for granted that each term of this experimentally established 
formula can be given a unique physical interpretation. ‘The first term on the 
right-hand side of (1) is regarded as representing the effect of absorption of 
j-mesons in the atmosphere, whilst the second term is due to the instability of 
the y-mesons and expresses the fact that their survival probability depends on 
the distance between their mean level of production and the place of observation. 
The third term was introduced by Duperier because it was found that a regression 
equation with B and H as the only independent variables was insufficient for the 
description of the observed atmospheric effects. Duperier found the coefficient f, 
to be positive and of the order of 0-1°% per degree. This is the positive temperature 
effect which was interpreted as being due to competition between disintegration 
and nuclear capture of the 7-mesons. 

However, the assumption that it is possible to give each term of equation (1) 
a unique physical interpretation is not strictly true, for only in the first approxi- 
mation can the survival probability of the «-mesons be regarded as a function 
of H only, and the second term of (1) as the total effect of the -e decay. Ina 
more accurate theory, the two other terms are both found to be ‘contaminated’ 
by second-order effects of the -e decay. 

These second-order effects of the -e decay are particularly important in the 
theory of the positive temperature effect, for they seem to be responsible for the 
greater part of the effect observed at sea level. In this case two different second- 
order effects have to be considered. First, the chosen reference level may not 
coincide with the mean level of meson production. Such a coincidence is, in 
fact, highly improbable, for the reference level has, for reasons of convenience, 
always been chosen as one of the standard pressure levels for which meteorological 
data are available. Therefore, the distance between sea level and the mean level 
of meson production may not be uniquely determined by the height of the 
reference level, but may also depend on the temperature of the upper atmosphere. 
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If the mean level of production lies below the reference level, an increase in 
temperature in the upper atmosphere will reduce the distance between sea level 
and the production level, provided H and B remain constant. The survival 
probability of the u-mesons will then increase, and a positive partial correlation 
between the meson intensity at sea level and the temperature of the upper 
atmosphere will be observed. As we shall see later on, this is exactly what 
happens, but the sign as well as the magnitude of this second-order effect of the 
#e-e decay must depend on the choice of reference level. The effect will also 
depend on the energy of the recorded radiation, not only because the mean life 
of a z-meson depends on its energy, but also because the mean depth of meson 
production is a function of energy. With increasing energy, more of the mesons 
produced in the uppermost layers of the atmosphere will reach sea level and the 
mean depth of production will move:towards smaller atmospheric depths. It 
is therefore quite possible that this second-order effect of the -e decay, which 
depends on the distance between the reference level and the mean level of meson 
production, can be positive at low energies and negative at high energies for 
certain choices of reference level. Such a change of sign actually occurs when 
the 100 mb level is used as reference level. With the reference level at 50 mb 
the effect is always positive whereas with the reference level at 200 mb it would 
always be negative, irrespective of the energy of the recorded mesons. 

The other second-order effect of the u~—-e decay which contributes to the 
observed positive temperature effect is a combined effect of the relativistic time- 
dilation and the slowing down of the .-mesons in the atmosphere. If a u-meson 
is to travel a given distance while losing a given amount of energy, the survival 
probability will depend upon how the energy loss 1s distributed along its path. 
Because the mean life of the u-meson is an increasing function of its energy, the 
survival probability will increase if some of the energy loss can be transferred 
towards the end of the path. This is exactly what happens if the temperature of 
the stratosphere increases while B and H remain constant. Under these con- 
ditions, the temperature of the lower atmosphere must decrease. Consequently, 
some amount of air, and with it some energy loss, will be transferred towards the 
end of the path which the meson has to traverse, thereby increasing the survival 
probability and giving rise to a positive temperature effect. It will be shown 
that this effect of the .-e decay also increases with decreasing atmospheric depth 
of the reference level. 

During the above qualitative discussion we have used the concept of a mean 
level of meson production. In the following sections, the theory for the positive 
temperature effect associated with the y-e decay will be developed for the general 
case in which mesons are produced throughout the atmosphere. 


§ 3, ANALYSIS OF THE MESON COMPONENT 


The hard component of the cosmic radiation at sea level is known to consist 
almost entirely of 4-mesons. According to our present knowledge, practically 
all .-mesons are decay products of 7-mesons. A comprehensive analysis of the 
meson component should therefore begin with a discussion of the 7- decay. 
However, as the positive temperature effect due to the 7 decay has already 
been investigated and found to be very small (Trefall 1955), the discussion may 
proceed without any explicit reference to the 7 decay. The discussion in this 
section will be restricted to vertically travelling »-mesons. 
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It will be assumed that the number of u-mesons which are produced in an 
atmospheric layer dx with momenta in the interval dp is proportional to 
pexp(—x/A)dpdx, where x is the atmospheric depth measured in gcm™ 
and p is the momentum measured in units of m,c, m, being the mass of the 
u-meson. (Throughout the paper, momenta will be measured in units of m,c.) 
The justification for the above assumption is the following: It is known that 
the intensity of that component of the cosmic radiation which produces penetrating 
showers decreases exponentially with increasing atmospheric depth, and ‘Ticho 
(1952) has shown that the attenuation length of the shower-producing radiation 
is almost independent of its energy. ‘Therefore, if we identify this component 
with that responsible for the production of 7-mesons, it is reasonable to assume 
that the momentum spectrum of the produced 7-mesons is independent of the 
atmospheric depth. The same will then apply to the production spectrum of 
the .-mesons. A power law was assumed to hold for the production spectrum 
because it is then possible to obtain very good agreement with the observed 
sea-level momentum spectrum. For the attenuation length we will adopt the 
value A=125 g cm found by Ticho (1952). 

The momentum spectrum at sea level also depends on the survival probability 
of the u-mesons and their momentum loss in the atmosphere. If it is assumed 
that the momentum loss per gcm ? of air for relativistic particles is independent 
of their velocity, the differential momentum spectrum at sea level may be 
represented by the function 


n.(P)= | 0(% ¥s Po) Po ax)“exp(—H/A)d(K/A) saad (2) 


where /p, is the sea-level momentum, w(x, x,, Py) is the survival probability from 
the depth of production x to the sea-level depth x,, a is the momentum loss 
per gcm ” and fy is defined by 


Po — Pp ae AX). “Kw ee ctisetettets (3) 
p being the momentum with which the meson was produced. ‘The connection 
between py and fp, is 


Poe Pack Ge sina, at eee (4) 
The parameter py will be called the ““momentum of the u-meson at the top 
of the atrnosphere”’. It is a very useful quantity because mesons reaching sea 


level with equal momenta have equal values of py, even though they may have 
been produced with different momenta at different atmospheric depths. 
The reference level can now be introduced by writing 


2X, Xs, Po) = W(X, Xp, Po) (Xp) Xy5 Po) wseeee(5) 
where x, is the atmospheric depth of the reference level. ‘The second factor 
on the right-hand side is the survival probability for a meson travelling from 
the reference level to sea level. If «<x, the first factor is the survival probability 
from the place of production to the reference level, but if x ><x, this factor, wall 
be the inverse of the survival probability for a meson travelling from the reference 
level to the depth x. 
According to (2) and (5) we can now write 


nf Ps) = W(X, Xs Po)Mr( Po) srersicnexs (6) 


where 


ne(Po)= | i 20(%, Xp» Po\(Po— ax) exp(—x]A)d(w/X), ....(7) 
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the relation between p, and the sea-level momentum p, being given by (4). The 
function 7,(po) can be given the following physical interpretation: If j4-mesons 
were produced at the reference level only, 7,(py) is the production spectrum 
which would give rise to a sea-level spectrum identical with that which is actually 
observed. 

The general formula for the survival probability of a meson travelling from 
the depth x, to the depth x, is 


“Uo (1 Le pays =] 
J ate Wlaea © EP 


where p is the density of air, t,, is the proper mean life of the ~-mesons and the 
other symbols have their usual meaning. The factor (1—?)!? accounts for 
the relativistic time-dilation. It is convenient to introduce the momentum 
p= (1—6?)'? and to write p=x/H), where Hy is the scale height of the 
atmosphere. If an isothermal atmosphere is assumed, H, is independent of x, 
and one easily arrives at the formula 


EA KN, Ppl | ee | eee (9) 


X9( Pp — 2X) 


w(x, X95 Po) ca exp] an 


where 
v= A, |ct, Po sieve cie et 10) 
and a denotes the momentum loss per gcm- of air. 

Our next step is to derive an approximate formula for ,(p 9), defined by (7). 
For the survival probability w(x, x,,p)) we will use the general formula (9). 
This is permissible because most -mesons are produced in the almost isothermal 
stratosphere, where also the reference level is situated. We then introduce the 


approximation Po—axcpyexp(—ax|py). ane (11) 


This can be done because most p-mesons are produced at such small depths 
that v<x,, and the minimum value of p, for «-mesons reaching sea level is, 
according to (4), ax,. Usually, therefore, one has ax<p,, and the above 
approximation is a good one. By means of (7), (9) and (11) one then finds that 


Nx Po)=Po “Xr ” | | ‘ i“ x” exp | e oe es ; | d(x/d). ...(12) 
0 “0 


If the upper limit of integration could be extended to infinity, the integral could 
be transformed to the one defining the factorial function v!. ‘This approximation 
is, in fact, permissible: Because A=125gcm™ and x,=1033gcm"?, we have 
x,/A>1. Further, we have s~3, while py >ax, and v<0-5 for all mesons reaching 
sea level. Therefore, at the upper limit of integration the argument of the 
exponential is numerically much greater than 1. ‘This, combined with the fact that 
the exponent wv is always small, shows that no significant error is introduced by 
extending the upper limit of integration to infinity, and we obtain 


My Po) =Po “(wv !(A/ xy) "(1 — ax,/Po)"[1 = (s+ v)ar/Pof OO. +++ + (13) 
Finally, we need a formula for the survival probability of a j.-meson travelling 
from the reference level to sea level. We will use an approximation which corre- 
sponds to an atmosphere consisting of two isothermal layers, the stratosphere and 
the troposphere, and write, therefore, 


W(X) Xss Po) = Eee [ a | ore (14) 


X4( Po — AXy) x3( Po — ax) 
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where x, is the atmospheric depth of the tropopause, v is defined by (10) and 
v’ — Hy! \ct,,py, Ho’ being the mean scale height of the troposphere. Ho: will be 
defined by the equation 

Tg lini 8) 03) el Ye bees (15) 


where H, is the height of the tropopause, for (15) is the formula for the vertical 
distance between the levels x, and x, in an isothermal atmosphere with scale 
height Hy’. 

The actual values of x,, Hy’ and Hj, used in this work have been chosen in 
accordance with the properties of the ‘international standard atmosphere’ (see, 
for example, Berry et al. 1945). Its definition is the following: ‘The sea-level 
pressure is 1013-2 mb, corresponding to a sea-level depth x, = 1033 gcm-*. At any 
altitude 4 <11000m above mean sea level, the temperature is (15 —0-0065h)°c, 
h being measured in metres. For #>11000 m, the temperature is independent 
of h and equal to —56-5°c. One then finds that the tropopause height of 11 000 m 
corresponds to a pressure of 226 mb or a depth of 231 gcm-?, which makes 
H,/ =7340 m. The scale height of the stratosphere is H)= 6330 m. 

The final step in the analysis of the meson component is to calculate the 
theoretical momentum spectrum at sea level for different values of the exponent s 
in the production spectrum and compare the results with the observed sea-level 


spectrum. Measurements of the sea-level spectrum have been performed by | 


Caro, Parry and Rathgeber (1951) and by Owen and Wilson (1955). With 
s=3-0 one obtains very good agreement between the two experimental spectra 
and our theoretical spectrum. The momentum loss of s.-mesons in air was taken 
to be 0-02m,c per gcm *, which is a good average value for mesons in the atmo- 


sphere. For the mass of the u-meson we have used a value of 207 electron masses 
(Smith, Birnbaum and Barkas 1953). 


$ 4. ‘THEORY OF THE POSITIVE "TEMPERATURE EFFECT 


In § 2 we discussed in a qualitative way the two second-order effects of the p-e 
decay which would contribute to the positive temperature effect. Inthe preceding 
section we derived equations which will make it possible to deduce explicit 
formulae for those effects. It was found convenient to express the sea-level 
momentum spectrum asa product of the function 7,( py), defined by (7) and approxi- 
mated by (13), and the survival probability w(x,, ¥,,p9) for a y-meson travelling 
from the reference level to sea level, approximated by (14). This representation 
is advantageous because it enables us to discuss separately each of the two second- 
order effects of the u—e decay. 

The function ,(py) depends on the stratospheric temperature 7 through the 
parameter v. According to (10), v is proportional to the atmospheric scale height 
H, and is, therefore, also proportional to T. Differentiation of In [x,(p))] with 
respect to 7 then yields the formula 


ly td: d m\ Po — aX, (1+ wv)ar v 
a ed et em uaa seta gee See 
spo at = go BOD all be ete = sae Tig che 


for the positive temperature effect relative to the reference level. However, the 


derivation of this formula may seem to rest on rather strange assumptions about | 


the atmospheric temperature variations, for the basic formula (13) is valid only in 


an isothermal atmosphere. Therefore, during the derivation of (16) it has | 
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implicitly been assumed that the temperature variations are also independent of 
the atmospheric depth, but such an assumption is, strictly speaking, inconsistent 
with the atmospheric model which has been used in the analysis of experimental 
data. 

According to equation (1), the positive temperature coefficient 8, represents 
the change in cosmic-ray intensity which is observed if T changes while B and H 
remain constant, and H cannot remain constant if the temperature increases 
throughout the atmosphere. An exact theoretical estimate of the positive 
temperature effect should therefore have been based on an atmospheric model in 
which an increasing stratospheric temperature is compensated by a decrease of 
temperature in the troposphere, so that the height of the reference level can remain 
constant. However, as most of the s-mesons reaching sea level have been 
produced in the stratosphere, the distance between the mean level of meson 
production and the reference level is not very sensitive to changes in the 
tropospheric temperature. Consequently, the positive temperature effect caused 
by movements of the mean production level relative to the reference level will 
be adequately represented by (16). 

The positive temperature effect caused by the variation of the survival pro- 
bability from the reference level to sea level will now be discussed. In this case 
the temperature variation in the lower atmosphere may not be neglected. 
According to (14), w (x,, x, Py) depends on the stratospheric temperature 7 through 
v and on the mean tropospheric temperature 7” through v’, v and v’ being propor- 
tional to Hy and H,’ respectively. The stratospheric scale height H,, the mean 
tropospheric scale height H,’ and the height H of the reference level are related to 
each other by the equation 


(SPAT CMA We kaha cae’) ¢ by inn ene cre (17) 


If the atmospheric temperature distribution changes, H can remain unchanged 
only if the condition 


SH! In (xq/,) + 3H In (x,/x,)=0 cae (18) 


is fulfilled. By means of equations (14) and (18) and the fact that the parameters 
v=H,/ct,p) and v' = H,//ct,p) are proportional to the atmospheric temperature, 
one obtains the expression 


aries on (%/%s) 1, (oo =| —In Ges ——) | aga its (19) 
{XE e pa) G1 In(x,/%¢) Pos po — ax.) | T 
for the second positive temperature effect due to the we decay. 

For comparison with the experimental results we need estimates of the temper- 
ature effect on the integral meson intensity, whereas the formulae (16) and (19) 
describe the effects on the differential momentum spectrum only. Integral 
positive temperature coefficients are easily calculated by integrating the differential 
coefficients (16) and (19) over that part of the momentum spectrum which is 
accepted by the recording apparatus. This has been done, and the integral 
coefficients have been plotted against the cut-off momentum of the recorder in 
figures 1 and 2, the reference levels being at 100 mb and 50 mb respectively. In 
order to show the relative importance of the two effects described by (16) and (19); 
they have also been plotted separately. 
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§ 5. ZENITH ANGLE DEPENDENCE 


The formulae already developed in §§3 and 4 are valid for .-mesons arriving 
from any zenith angle 6 provided x is replaced by x,=x/cos@ and Hy by 
H,=H,/cos@. Instead of p, we will now use the symbol p, to denote the momen- 
tum of a meson at the top of the atmosphere. Inspection of the formulae (16) and 
(19) then shows that only the effect described by (16) will depend on @ provided 
Py and py, are related to each other by the equation ; 


Pa=PolCOSO. raters (20) 


As the most significant change in (16) is the addition of a term (v/7’) Incos@, we 
see that the differential positive temperature effect associated with the p—e decay 
decreases with increasing zenith angle if mesons with equal values of p, cos 6@ are 
compared. 


Table 1. Experimental Values of the Positive Temperature Coefficient obtained 
with the Reference Level at 100 mb 


Author and ae Opening Temp. coef. 
reference mea half-angle (°) (°% per deg.) 
(mp ¢) 
[. Duperier (1951) 4-1 23559 0:124+ 0-032 
II. Duperier (1951) 5°9 SOx 7i 0-075 + 0-010 
III. Chasson (1953) 3-6 38 x 60 0-068 + 0-018 
IV. Dawton and Elliot (1953) DS) 58 x 58 0:056+ 0-018 
V. Trumpy and Trefall (1953) 3°8 45 x 57 0-038 + 0-019 
VI. Trumpy and Trefall (1953) Deo SO < Al 0-:036+ 0-021 
VII. Cotton and Curtis (1951) $3085 Max. 17 —0-023 + 0:027 
VIII. Wada and Kudo (1954) Srl AX SP 0:271+ 0-040 tf 
IX. Wada and Kudo (1954) Si Chamber OS 50202355 


+ Calculated on the basis of results obtained with the 200 mb level as reference level. 
t Not plotted in figure 1. 


Table 2. Experimental Values of the Positive ‘Temperature Coefficient obtained. 
with the Reference Level at 50 mb 
Cut-off 


Author and at Sas ae Ps OE Temp. coeff. 
reference Las half-angle (°) % per deg.) 
Lu 
X. Duperier (1951) 4-1 23 X59 0-228 +0-045 
XI. Duperier (1951) 5-9 SOS< 7h 0-143 -++0-015 
XII. Dolbear and Elliot (1953) Ses Inclined 0-14 


It can further be shown that the integral positive temperature coefficient for 
mesons arriving from the direction 6 is approximately given by the formula 


B3(9)=B3(0)-thlncosG. 9) eee (21) 


provided the cut-off momenta in the vertical and inclined directions are related to: 
each other by equation (20). It has also been assumed that the attenuation length 
of the meson-producing radiation and the production spectrum of the y-mesons 
are independent of the zenith angle. ‘The factor k is a slowly varying function of. 
the cut-off momentum of the meson recorder. When discussing the results of the 
various sea-level measurements one can always use the value kX0-12%, per degree. 

Apart from measurements at specific zenith angles, the above considerations 
are of interest in connection with the interpretation of the measurements made with 
vertical cosmic-ray telescopes because the various workers have used recorders 
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with quite different angular apertures. In any vertical telescope the cut-off 
momentum in the direction @ and the cut-off momentum in the vertical direction 
are related to each other by equation (20). On the basis of the results obtained 
above we therefore conclude that the positive temperature effect due to the p-e 
decay will decrease with increasing aperture of the counter telescope. 
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Figurel. Positive temperature effect with the reference level at 100 millibar plotted against 
cut-off momentum 


A. Total positive temperature effect due to the w—e decay. 
B. Effect due to movement of production level (formula (16)). 
C. Effect due to redistribution of momentum loss (formula (19)). 


Figure 2. Positive temperature effect with the reference level at 50 millibar plotted against 
cut-off momentum. 


A. Total positive temperature effect due to the y—e decay. 
B. Effect due to movement of production level (formula (16)). 
C. Effect due to redistribution of momentum loss (formula (19)). 


§ 6. COMPARISON WITH EXPERIMENTS 


Several workers have now analysed the variations of the hard component of the 
cosmic radiation at sea level by fitting a regression equation of the form (1) to their 
data. The positive temperature coefficients thus obtained are given in tables 1 
and 2. In order to facilitate the comparison between theory and experiment, 
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the experimental results have been plotted together with the theoretical curves in 
figures 1 and 2. Each point representing an experimental value has been marked 
with a Roman numeral referring to the corresponding entry in tables 1 and 2. 

There is clearly no good agreement between the results obtained by the many 

different workers. ‘To some extent the apparent inconsistency may be accounted 
for by the very different experimental arrangements used by the different workers, 
for we have already seen that the positive temperature effect depends upon both 
the geometry and the cut-off momentum of the recording apparatus. However, 
the greater part of the disagreement is probably due to the large statistical errors 
of the measured positive temperature coefficients. Only measurement VIII of 
able 1 seems to be incompatible with the other experimental results. However, 
the positive temperature coefficients found by these workers in more recent 
experiments (Wada, private communication) are smaller than those quoted in 
table 1. 

Upon inspection of figures 1 and 2 it immediately becomes clear that the positive 
temperature effect associated with the ,.-e decay could account for almost all the 
experimental results even if there were no contributions from the 7—» decay. It 
is already known that this contribution is very small compared with the observed 
effect (Trefall 1955). Therefore, in view of the large statistical errors in the 
experimental results and the approximate nature of the theoretical estimates of the 
positive temperature effect associated with the —e decay, the agreement between 
theory and experiment must be considered satisfactory. 

It is particularly satisfying that the present theory can explain the observed 
dependence of the positive temperature effect on the choice of reference level. 
Duperier (1951) found that the ratio between the positive temperature coefficient 
obtained with the reference level at 50 mb and that obtained with the reference 
level at 100 mb was about 1-9, whereas the present theory gives a ratio of about 
25) 

Only Dolbear and Elliot (1951) have measured the positive temperature effect 
with a counter telescope pointing in an inclined direction. They obtained a 
coefficient of 0-14%, per degree as compared with a theoretical estimate of 0-21°% 
per degree for mesons arriving from the vertical direction with a corresponding 
mean energy. As the correction to be made for a zenith angle of 45° is about 
0-04%,, the net estimated effect of the u—e decay is reduced to 0-:17% per degree, 
which gives better agreement with the experimental value. The result of 
Dolbear and Elliot contains, therefore, evidence for a zenith angle dependence 
of the positive temperature effect in agreement with that expected for the second- 
order effects of the x—-e decay. 


§ 7. CONCLUSION 


It has been shown that two second-order effects of the »-e decay exist which 
contribute to the observed positive temperature effect. Of these effects, one is 
due to the fact that the mean level of meson production does not coincide with the 
usually employed reference level, while the other is caused by the redistribution of 
momentum loss along the paths of the ~-mesons which occurs when the atmo- 
spheric temperature distribution varies. Comparison with the experimental 
results has shown that the main features of the positive temperature effect observed 


at sea level can be explained by the properties of those second-order effects of the 
p-e decay. 
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A comprehensive analysis of the atmospheric effects on the cosmic-ray 
intensity has been carried out by Olbert (1953), and it is interesting to compare his 
results with ours. Olbert analysed the atmospheric effects from a purely 
theoretical point of view, and suggested that the variation of the integral meson 
intensity at sea level ought to be represented by the formula 

61/1 = Apdx, + AgdH(x,)+Ax[ST(%o)lay wee wee (22) 
where J is the intensity, », is the sea-level depth, H(x,) is the height of the mean 
level of meson production situated at the depth x, and [7(x,)],, is the average 
temperature of the atmosphere below the depth x. The quantities x, and x, 
are functions of the cut-off energy of the meson recorder, and with an amount of 
absorber of the order of a few hundred grammes per square centimetre they are 
x,=115 gem? and x,>190gcm~. The representation (22) differs from (1) in 
that the height of the reference level has been replaced by the height of the mean 
level of meson production and that the stratopheric temperature has been replaced 
by the average temperature of the lower atmosphere. ‘The third term of Olbert’s 
equation represents that second-order effect of the n—-e decay which is caused 
by the redistribution of the momentum loss along the paths of the x.-mesons in 
connection with a change of the atmospheric temperature distribution. The other 
second-order ettect of the p—e decay contributing to the observed positive tempera- 
ture effect is not explicitly represented in (22), for the reference level and the mean 
level of meson production are identical in Olbert’s representation. However, 
because of this identity between reference level and mean level of meson production 
Olbert’s decay coefficient 4, must differ from the coefficient 6, of equation (1) 
by an amount equal to the magnitude of the corresponding second-order effect 
of the u—e decay. 

In conclusion, we would like to emphasize that theoretical estimates of the 
atmospheric effects on the cosmic-ray intensity must always be based on an atmo- 
spheric model which corresponds to that regression equation which was used in the 
analysis of the experimental data. If this condition is not fulfilled, the theoretical 
and experimental results are notcomparable. ‘The present estimates of the positive 
temperature effect were therefore based on an atmospheric model in which a 
decreasing tropospheric temperature is associated with an increasing strato- 
spheric temperature, the temperature variations being so related that the height 
of the reference level remains constant. It is thus seen that as soon as the variables 
of the regression equation have been chosen, considerations of the general 
behaviour of the free atmosphere can only be of secondary importance. Such 
considerations may, however, be used to fill in the details of the atmospheric 
model on which the theoretical estimates are based. Our choice of tropopause 
depth is an example of this. 
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Theoretical Studies of the Kerr Effect 
I: Deviations from a Linear Polarization Law 
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Abstract. A theoretical expression is derived for the Kerr constant of a gas at low 
pressures using a general expression for the energy of a molecule in a strong electric 
field. It is shown that the temperature independent part is closely related to the 
change of molecular polarizability with field strength. For spherically symmetric 
systems, the measured Kerr constant can be used to find the magnitude of this 
hyperpolarizability. 


§ 1. INTRODUCTION 

HEN a substance is placed in a strong uniform electric field, it generally 

becomes birefringent, the optic axis corresponding to the direction of the 

lines of force. This effect, first discovered by Kerr (1875), indicates 
that the application of a static field leads to anisotropy inthe molecular distribution. 
This can be either because the molecules are intrinsically anisotropic and conse- 
quently become orientated by the field, or because the applied field itself induces 
some anisotropy. For most substances the first of these two effects is dominant. 
‘The magnitude and temperature dependence of the effect for gases at low densities 
can be interpreted with the aid of the well-known formula for non-polar molecules 
due to Langevin (1910), extended to polar molecules by Born (1918). These 
theories have been widely used to estimate polarizability anisotropies. 

The general theory of molecular polarizability at high field strengths throws 
light on the effect of the anisotropy produced by the field. If an atom 1s placed in 
a sufficiently strong electric field Z, the induced dipole moment yz will no longer be 
directly proportional to E, but will be given by an expansion of the form 

[= OR AVE sy sl Sansa (1.1) 
where « is the normal low field polarizability and y is a coefficient representing the 
modification of the usual law at high field strengths. For molecules there may be 
terms with even powers of E and the coefficients may have to be replaced by tensors. 
The order of magnitude of this ‘ hyperpolarizability’ has been discussed by Coulson, 
Maccolland Sutton (1952). Sewell (1949) has calculated it for the hydrogen atom. 

The aim of the present paper is to modify the Langevin—Born equations by 
including these distortion effects and to show their relation to polarizability 
coefficients such as y in equation (1.1). Since the additional field due to the light 
wave is periodic, it is necessary to neglect any dispersion effects, but if the frequency 
is not close to any natural frequency of the molecule, this should be a reasonable 


approximation. 


§ 2. THe PoLaRIzATION OF A MOLECULE IN A STRONG ELECTRIC FIELD 


In a full quantum-mechanical treatment of polarization, it is necessary to 
consider the alteration of each individual quantum state. For most molecules at 


normal temperatures, however, the rotational energy levels are close enough 
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together for it to be sufficient to treat the corresponding degrees of freedom 
in a classical manner. We shall suppose, therefore, that we are dealing with a 
molecule whose position and orientation can be described by variables r. When 
an electric field E, (using a tensor suffix notation) is applied to a molecule in this 
configuration, the energy u can be developed in a power series 


UT, £)= UO — OK, — to .phgea— Cp okt pE,, — HY apy ol pL, Es des 


where 1, 48, Bogys Yopyo +++» are tensors symmetric in all suffixes. Strictly 
these should be functions of the electronic and vibrational states of the molecule. 
However, dependence on electronic state is unimportant, as at normal tempera- 
tures most molecules will be found in their ground states. We shall also ignore 
any variation between vibrational states. 


Using the general relation 
du=—p dh. | 9 +1 ee (2) 


we find that the dipole moment j, in the presence of a field is 

by = Ma + ty pkg t dBapyol phy + bY apy ph, Bat... veeees (223) 
. represents the permanent dipole moment of the molecule, «.g the weak-field 
electric polarizability and Byg,,, ¥xg,0.---» describe the additional effects of strong 


fields. If the field is increased from F, to E, +6£,, the corresponding increase in 
moment is 

Sto = (%eg + Bap, t+ 2VapyeltyHe+..-)SEg=ll,goHg. ...... (2.4) 
The tensor Ig will be referred to as the differential polarizability. It measures 
the increase in moment per unit increase in field and has to be distinguished from 
the ratio of the total moment to the total field. ‘The two only coincide in the limit 
of weak field strengths. 

For molecules possessing elements of symmetry, relations exist between the 
components of the tensors «, 6, y,... . We shall not attempt any general analysis 
of these, but only consider the simple case of an axially symmetric molecule. 
Linear molecules satisfy such a condition exactly, and others do so approximately. 
If we take the direction O3 along the axis of symmetry, then the only non-vanishing 
elements are 


(Q) = —— = = 
B3 %11 — %o0 Bis = Boog Y1111 — Y2222 = 3¥ 1129 
X33 B333 71133 — 72233 ss eeee (2.5) 
3333 


and elements obtained by interchanging sufhxes. If the molecule has a centre of 
inversion (as in homonuclear diatomic molecules), only even powers of E can 


appear in equation (2.1), so that 4. and f,g, are identically zero. Finally, for 
spherical symmetry, we have 


iy =% 9 =A3, =e 


Vi111 = Yeee2 = 3333 = 31122 = 32083 = 3y3g11=Y- see es (2.6) 
and the dipole moment ina strong field is given by (1.1), and has the direction of 
the applied field. 


§ 3. "THEORETICAL EXPRESSION FOR THE MOLECULAR KERR CONSTANT 
‘The experiment measuring the magnitude of the double refraction resulting 
from the application of the electric field compares the refractive indices of a sub- 
stance in directions parallel and perpendicular to a strong electric field E Let 
on 
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e,'' and e,+ be unit vectors in these two directions. If the period of oscillation of 
the light waves is small compared with the time of rotation of the molecule, we 
can obtain an expression for the difference between these refractive indices by 
evaluating the difference between the differential polarizabilities I, ge,"'eg!' and 
I1,ge,tegt for each configuration + and then averaging over configurations 
with a Boltzmann-type weighting factor appropriate to the molecule in the static 
field E, only. If we write 


Cre) Une Cp ence); nee ee (al) 
then the difference between the refractive indices is given by 
Ny—Ny= aT Bota: (3.2) 


where VV is the number of molecules in unit volume, and where 
Te { Il(z, E) exp {—u(7, E)/RT dr 
fexpyjHaybyRT hdr 9 oes 
Using (2.4) and writing Ee,'' for E,, the full expression for II(z, £) is 
I(r, B) = (ag + Bo pyle," + bugle, Nes! +... MGyue ge Cynept)s esteiows (3.4) 
We now proceed to expand Il asa power series in F, noting that it depends on F 
both through II(7, £) and through the energy wu. It is convenient to use the nota- 


tion (X) for the average value of a quantity X(r, EZ) in the assembly with E=0, 
that is, 


Y)= f X(7, 0) exp { —uw/RT} dr 
eg fexp{—w kT} dr be pull ovatenanete 
We first note that II is zero when E=0, that is <Il}=0.” The coefficient’ of & 
in the power series expansion can be obtained by differentiating (3.3) with respect 
to FE and then putting E=0. This gives 


all oll 1 Ou 
Cal Se (3.6) 
The quantities du/dE and II /dE at E=0 are easily obtained from (2.1) and (3.4): 
we 0) I 3 
OE eae ae a 7 
ele E : ( ) 
all 
(5)... i Baile (e,!'eg" a Cul R)s att (3.8) 


It is clear that both terms in (3.6) vanish on averaging over all directions of e,". 
The leading non-vanishing term in the expansion of II is therefore in E?, the 
coefficient being 


>i] e711 1 ,,allau aru 1 du \2 
a(Set),_,-8(See) - aap (Zana + Uae) + mare ge) )- 
25 DS PO yee oe, ed ee ee (3.9) 
The second derivatives of (2.1) and (3.4) are 
(Sn) Sc rs (3.10) 
OE?) 5 apra “B 
Gar ay ab (eae ee jete,. VU a (3.11) 
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The averaging in (3.9) can now be carried out by averaging over all directions e,+ 
perpendicular to each e," and then over e,'', axes being fixed in the molecule 
(considering all possible directions of the fields is equivalent to averaging over all 
orientations of the molecule). Simple trigonometrical analysis leads to 


av (e,Megle, Mes!) = t (5,,p8a + Sy Bo + ry) (3.12) 
av (é,'leg'le,+e5*) = 5 (48.8 8ys — Say Bo— SadBy)) vv 2 ves (313) 
where d,¢ is the substitution tensor (unity if « = Band zero otherwise). Substitu- 
tion of (3.10) and (3.11) into (3.9) gives the dependence of II on E?. 
We shall use the definition of the molecular Kerr constant »AK proposed by 
Otterbein (1934). In the limit of low densities this reduces to 
, ,. Am—2,) Vm  20N etl . 
= lim ——s— = Sela) fee ee 14 
mK = lim “F758 ry (3.14) 
where Vy is the molar volume and N Avogadro’s number. From (3.2) and (3.9), 
we obtain onN f 


: 1 
mK = 405 {7 an88 ap PGR | ia Baap a 3( Xa B%B a 322) | 


3 2 
+ Taps [Xap eg — x(n) ,° SO Brie ae: (Gee ts) 
where « is the mean low-field polarizability 
a = 4 (044 + hoo + X33). so puseien (3.16) 


Equation (3.15) has to be modified if it is necessary to distinguish between the 
polarizability coefficients in a static field and those in a high-frequency field. 
‘These may differ because of the so-called ‘atomic polarization’ of a molecule 
representing distortion of the nuclear framework. If the frequency of the light 
is higher than that of the vibrational modes, this polarization will not contribute to 
the additional oscillating dipole moments. _ If we use a,g for the high-frequency 
polarizability, we then have 


(Il) p25 =Gapley eg en eg) ey eee (ele 
There should be corresponding modifications of (3.8) and (3.11), but we shall 
ignore any variation of these with frequency. Equation (3.15) is then replaced by 


, aN 1 
mK = 405 {20088 st RT [4B app a 3(%xBaxg _ 3xa)] 


3 
+ Fer [aap g — a(uy}} Ts Weicker (3.18) 


§ 4. Discussion 

Equation (3.18) is a generalization of the well-known Langevin—Born equation 
to include the effects of high field strengths on the polarizability. Since no account 
has been taken of molecular interaction (3.18) applies accurately only to gases at 
low pressures. A discussion of more dense media is presented in a following 
paper (Buckingham 1955). 

The general result is of particular interest for spherically symmetric systems, 
when it reduces to nk =4eNy/8lo 0) pe genes | mene (4.1) 


This suggests that a measurement of the Kerr constant can be used to determine the 
hyperpolarizability constant y, which would be very difficult to do by a direct 
measurement of dielectric saturation, ‘The Kerr constants of argon and methane 


ee 
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(which may be regarded as approximately spherically symmetrical) measured by 
Kuss (1940) have been used in this way to calculate the values of y given in the 
table. The low-field polarizabilities are also given, and so are the theoretical 
values for atomic hydrogen as deduced from Sewell’s (1949) calculation of the 
energy in an external field. The agreement in order of magnitude gives support to 
our interpretation of the non-vanishing Kerr constants of spherical systems. 


Polarizability Constants of Spherical Systems 


Substance Argon , Methane Atomic hydrogen 
mK x 10? (e.s.u.) 0-07 0-25 — 
a X 1024 (cm3) 1-63 2-60 0-667 (calc.) 
y <x 106 (e.s.u.) 0-7 2:6 0-672 (calc.) 
For molecules with centres of inversion, equation (3.18) becomes 
K 2aN & 3 2 
mA = 405 | *Yaa88 se EP %aB%aB = 3%a) Oe Sonos (4. ) 


‘The temperature-dependent term is dominant for many molecules, but in 
some cases the direct distortion term may be appreciable. Molecular hydrogen, 
for example, according to detailed theoretical calculations made by Ishiguro, 
Arai Kotany .andi, Mizushima, (1952). has \\04;=¢%54=0:0968x 10-24 cm*, 
%33 =0-9746 x 10-**cm?; the most reliable observed values are those obtained by 
Volkmann (1935) from light scattering experiments, namely 
Sep hag 0 1 cm, as, — 0-934 10- cms, 

The term y,,gg will probably be rather larger for molecular hydrogen than for the 
single atom, so y=1-0x10-*%e.s.u. should be a reasonable estimate. The 
calculated Kerr constant at 0°c is then 0-131 x 10-!e.8.u., of which 0-093 x 10-!2 
e.s.u. arises from the temperature independent part. The two could only be 
separated by measurements of »K as a function of temperature. 

The position is more complex for molecules with permanent dipole moments. 
However, for strongly polar and anisotropically polarizable molecules at normal 
temperatures, the term in 7" ? will be dominant, and in such cases measurements of 
mK may be used to deduce principal polarizabilities. When this term is not 
dominant, interpretation of the measurements will be difficult, for although y is 
probably small, there is no reason to suppose that the term in pyBygg is small 
compared with 4.ga.g— 3a. 
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Abstract. A statistical-mechanical theory of the Kerr constant is presented, and 
expressions are derived which are applicable at any density. For anisotropic 
molecules without permanent dipole moments, the Kerr constant is expanded in 
powers of the polarizability and the leading non-vanishing terms retained. ‘To 
this order of accuracy, the molecular Kerr constant of molecules of this type 
is unaffected by pressure changes provided the forces acting between the molecules 
are independent of orientation. Experimental data for some compressed non- 
polar gases support this conclusion. For orientationally dependent intermole- 
cular forces, the Kerr constant is expanded in powers of the density and the leading 
term representing a departure from ideal behaviour is discussed in some detail for 
both polar and non-polar molecules. 


$1. INTRODUCTION 


HE Langevin-Born theory of the electro-optical Kerr effect is strictly 

applicable only to assemblies of independent molecules. No account is 

taken of the possible interaction of molecules, so that the equations deduced 
will only be accurate when applied to gases and vapours at low densities. However, 
differences between the refractive indices in the directions of the field and perpen- 
dicular to it are often small at low densities for readily obtainable field strengths, 
so experimental measurements are frequently made on liquids and compressed 
gases. ‘There is a need, therefore, for a theory of the Kerr effect at densities at 
which molecular interactions are important. 

Raman and Krishnan (1927) were the first to attempt a general theory applicable 
at any density, and subsequent treatments have been proposed by Oka (1937) and 
Piekara (1939). However, each of these theories rests on the assumptions 
inherent in the models employed, so that the limitations of the results are difficult 
to assess. A rigorous theory must invoke the methods of statistical mechanics. 
It is the aim of the present paper to give an account of such a theory. 


§ 2. THE MorecuLar Kerr Constant IN A DENSE MEDIUM 


In this section we shall derive expressions for the molecular Kerr constant of an 
assembly of interacting molecules. Our discussion will be restricted to systems in 
which the static electric field is uniform. The molecular Kerr constant is defined 


by K onan, ' (“He 24 
mes 5 A rn ec sree é 

(n* + 2)?(e9 +2)? p50 et) 
where n, and n, are the refractive indices of the specimen in the directions of the 


unit vectors e' parallel to Eand et at right angles to it. Vis the molar volume and 
n and e€, the refractive index and dielectric constant of the specimen. 
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In order to isolate the external electric field as the effective local field acting on a 
molecule, we shall consider a large spherical specimen of volume Vy containing 
N (Avogadro’s number) similar molecules. If E, is the strength of the uniform 
field in the absence of the specimen, E =3E,/(e) +2), and equation (2.1) becomes 


2nV, Heat 
Re a lin! PE 2a Se a, 
m 3(n? = 2)" E, +0 (ee ( ) 


In Part I of this series (Buckingham and Pople 1955 a, to be referred to as I) 
it was shown that terms representing departures from a linear polarization law can 
be important contributors to »K in some special cases. The most interesting of 
these is that of spherical symmetry, when such a term is the only non-vanishing one 
for isolated molecules. We shall represent the configuration of the specimen by 7, 
and shall suppose that for this arrangement of molecules the moment is M (7,£p). 
In the first instance we shall suppose that the molecules are spherically symmetric 
when isolated. For such an assembly, the mean local field acting on a molecule was 
shown by Kirkwood (1936) to be E,{1 + O(«?)}, where « is the low field strength 
polarizability. Now « is usually small, and to a very good approximation (as is 
illustrated by the constancy of the Clausius—Mosotti function Vm(e9— 1)/(€9 + 2) 
for assemblies of spherically symmetric molecules) the local field can be put equal 
to Ej. ‘Thus, the molecular Kerr constant, as defined by equation (2.1), will be 
almost independent of pressure and therefore given by (4.1) of I, namely 

mi or NOL neers (2.5) 
Thus the molecular Kerr constant of spherically symmetric molecules is indepen- 
dent of both temperature and pressure. The constancy over a considerable 
pressure range is illustrated in the table by the figures for methane, which is only 
approximately spherical. 

For simplicity we shall from now on suppose that the polarizability of a mole- 
cule is independent of the field strength. ‘Thus 

Hel ae aR 
pee RT Is 
where I1(7, £,) is defined by 
1%(z, E,)= ap (Eql'e = e,+eg!) At tad (2.5) 
«,,) being the polarizability tensor of molecule]. ‘Theaveraging in equation (2.4) 
is over all possible configurations 7 in the presence of the external field. ‘Thus 


| (xr, Eo) exp {— U(r, By)/RT} a 
[ exp{- U(r, Ey)/AT} de 


where U(r, Ey) is the potential energy of the system in the presence of E, and in 
the configuration r. ‘Thus 


-E, 
U(r, Ey) = U(r, 0) - | MC, E).e'dE. ear 778) 


I(r, Ey) ere 


1®r, Ey) = Ponta 0) 


As in I, we shall employ the notation (X) for the average value of a quantity 
X(r, E,) in the assembly with E, = 0, that is 


| X(,0) exp {— U(r, 0)/kT} dr 
| exp{— U(x, 0)/kT} dz 


(X)= Srcsiee(2s0) 
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We note that ¢II) =0 if the specimen is isotropic in the absence of an external 
field, and we shall only deal with such assemblies. From (2.6), we find with our 
assumption that dII/dz, =0, 


oT By) angie ele i 
( aie ( ( 


On averaging over all directions of el, it is found, as in I, that (@L/0E5)x,~0 
is zero, so that the leading non-vanishing term in the expansion of [I(z, Ey) is 


in E,2. From (2.6) we find, on noting that (II®)=0= (dU/0E ), 


e117, Ey) whee era 1 me (zy pets 
( AV ee ee pA 5B2) + ET aE, )- lose! 

From (2.7), 
(se) ae al) A enn a SHE th (2.11) 

OE) / x,=0 
and 

C2 [Ul oM (7 =!) mT é 
ae =— (—_—~-— ma FES 2 
ae 0 ( dE, E,=0 e ( ) 


Now the total moment (7, E)) can be written as the sum of moments of indivi- 
dual molecules 


MG. E,) => > {3 + Oia” (Eoes" ae F)} ipuetev ales (2.13) 
= 

where 4, is the permanent dipole moment of the 7th molecule, and F’, is the 
field strength at the centre of molecule z due to the other N—1 molecules. From 
(2.12) and (2.13) 


eau) x : OF | 
Ae pe @){ @ le NM ee ieee 
(Sip) 0 =~ Be (ot eet) pe on 
From (2.2) and (2.4) ,we therefore find 
pe INO LING) 
mK = 5 (SE). eer (2.15) 
which, with (2.10), (2.11) and (2.14), becomes 
ss 27N N é 1 
mK = a Og) {> Go a kT MM} {e,Mes!(eNeg!! — e,tegt)} ) ‘ rai(Z.16) 


We have, in (2.16), neglected the term in OF x/dE, in (2.14), but it is of the order of 
o® and hence normally unimportant. 


Using (3.12) and (3.13) of I, (2.16) reduces to 


Ne ape pines nti | 
m= SOSRD\ |S, Stab Mad —taans OF + G7 (30g MoM tac} ) 


Ps (ee) 
Following the discussion in I, (2.17) will have to be modified if it becomes 
necessary to distinguish between the polarizability in static and high-frequency 


fields. These may differ because of the atomic polarization. If we use ayg for 
the high frequency polarizability, then 


1 = a, (e,Meg!—eteyt), eats (2.18) 


Theoretical Studies of the Kerr Effect: II O13 


With this modification, (2.17) becomes 


> Qa N 1 
mK = 405kT {5 34,8 P43 — Ay Mogg} He eases \M,,M,—a yo M?}), 


If we express ayg and %g in terms of the principal components a,, ay, a, and 
04, %, %3, then we obtain 


2nN 


* [ e Qs 
135kT Bb: AO AK, a 
1 
ape (M2 ae) | ee (2.20) 


where #,, is the angle between the s-principal axis of molecule 1 and the ¢-principal 
axis of another molecule whose position and orientation are represented by (r, w) 
referred to molecule 1 fixed at the origin, and where ,(r, w) dr dw is the probability 
of there being a molecule in the volume element dr and in the orientational element 
dw. Also, WM, is the component of M in the direction of the s-principal axis of 
molecule 1. For molecules which are symmetric about the 3-axis of polariz- 
ability, (2.20) becomes 


mK = mor 


s,t=1 


S AsO | | (cos? 6,,— 4)n,(r, w) dr ae 


( Ss il 
: Ee $243 | | (cos? @—4)ng(r, «) dr de a (GM,—M?) | 


where @ is the angle between the axes of molecule 1 and the molecule at (r, w), and 
k, and«, are parameters describing the anisotropy of an axially symmetric molecule, 


thus Ka (a; — a,)/3a, Ky = (a3 — %1)/3a. Betavekees (2:22) 


Asa particular case of interest, we shall consider an assembly of molecules with 
centres of inversion. For such molecules (M,?) is proportional to «”, whence the 
term in 7? in (2.20) will usually be small in comparison with the term in 7-1, 
Thus, if we include the contribution of y,g,, the molecular Kerr constant of a 
system of non-polar molecules can be represented by 


= Aagl 2 olf 
ak= 405, Ee + 72 3 Ah, — 3a% + ay Ag | | (cos? @,.— 4)n,(r, w) dr de 
5 ee eae a OE ee a er ar? ae 2 (2.23) 
which, for axial symmetry, reduces to 
47N OK Kad : 
(= a sot sere (nes 
mK = 405 Ee ORT {243 | (cos? 0 — 4)n,(r, w)deda} |. ( ) 


An immediate consequence of (2.23) is that »K for an assembly of non-polar 
molecules whose interaction potential energies do not depend on orientation is 
independent of pressure. This follows from the fact that for such a system 
(cos? 6,,) = 4, and the remaining expression for mK is simply that for the perfect 
gas, namely (4.2) of I. 

A second case of interest is that of strongly polar optically anisotropic molecules. 
For these, the terms in 7~? in (2.20) and (2.21) are dominant, so that to a good 
approximation for such molecules, we can neglect the remaining terms. It is 
noteworthy that the resulting equations accurately represent the contribution to 
the Kerr constant of the so-called dipole term. ‘They retain all powers of «, as 
can be seen by examining (2.10) and (2.11). 
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$ 3. DiscussION 


Experimental data from eaten the molecular Kerr constants of nitrogen, 
carbon dioxide, ethylene and methane can be computed have been published by 
Kuss and Stuart (1941). Their measurements cover the range 0-400 atmospheres 
and include figures for carbon dioxide both above and below the critical temper- 
ature. The results of our calculations of »K from these data are presented in the 
table. ‘The measurements were all made using the green mercury line as light 
source, the wavelength of this being 54604. The static field E was of the order of 
50000 volts per cm. 

The molecular Kerr constants of nitrogen and methane are seen to be almost 
pressure independent over the range covered, whereas for carbon dioxide (both 
above and below the critical temperatufé) and ethylene some variation is found. 
This is not unexpected, for the forces between carbon dioxide or ethylene 
molecules will doubtless depend more on orientation than those between nitrogen 
or methane molecules. 

For many molecules we would expect (cos?@) to differ from one third, and in 
the remainder of this paper we shall be concerned with such systems. We shall 
restrict the discussion to the imperfect gas, that is, we shall examine in detail the 
initial deviations from ideal behaviour. Both polar and non-polar molecules will 
be considered, and in the former case we might expect considerable variations in 
mK with pressure changes. 


$4. THE IMPERFECT GAS 
If we write 
B iN CK 


IK = Alas + == 
a Z Vu Vm? 


5 Crs al eed, Sa oC (45 


then A, 1s the molecular Kerr constant where there is no interaction between the 
molecules. ‘The term in V1! corresponds to the initial deviations from ideal 
gas behaviour and consequently depends on the interactions of molecules in pairs. 
We shall call Ay, By, Cy,..., the first, second, third, ... , Kerr constant virial 
coefficients. Ax, equal to liye (mK), is given by (3.18) of I. 

As in the previous sections of this paper, we shall suppose that the molecular 
polarizability is independent of field strength, and we shall also only discuss in 
detail molecules with axial symmetry. Thus 


By = PA eS eres x) Vm} 


_ 2nNak, lin (ON, 2 (12) 2_ Vy )\2 
= F35Er : im | {9N«, (cos? 2) dpe 7 (3M; M*—2(p)?)}Vin 


where 6” is the angle between the axes of molecules 1 and 2, and where the 
subscript 3 implies the component of a vector in the direction of the axis of mole- 
cule 1. For the calculation of By only a pair of mo.ecules need be considered 
and we obtain 


Qn Na 


By= T35kTO. | | Si.2( cos Ge) en ee os (3 (Hg? + eg)? — (pr + 2)? 


~ 249) | EXP { —Uyo/RT} dro, oos@0e( 4.3) 


OTS 


1af 


Vheoretical Studies of the Kerr Effect 


SLT 16-0 1-00€ 
98-1 £8-0 2-981 bL I 00-1 6-26 1S@-0 “ILE-0 €-SIF 
£61 LL-O &-T#T LL-1 +6:0 £-8€7 9F7-0 9SE-0 €-L8E 
$7-0 L870 L-6IF 96-1 69-0 6-601 £8: 1 06:0 0-9ZLT S7-0 90£-0 6-ZIE 
¢7-0 667-0 1-66€ Le fh S- TOE L0-@ 85-0 0-46 66:1 08-0 7-88 6¢7-0 987-0 0-ShZ 
LEM ~ £250 8-91 byl LE-0 €-S61 £-7 8£-0 8-48 80-7 +L-0 6-69 fS7-0 8E7-0 0-7 
L7-0 = phl-0 -9-8LT “PL I 97-0 8-26 DG = HCW espe O£-7 v-0 £9 8h7-0 81-0 0-991 
2-0 ZOL-O S-621 08-l IL-0 7-924 CEC OGIO, 215 vE-7Z El-0 £6 8r7-0 SOTO L-LbT 
C70 ~— 080-0 -9- £01 I8-T 680-0 E-bS OL? | SOO" SL6 97-% $800 L-9€ 8h7-0 LZI-0 9-TIT 
(‘n's"a) (,WU0 8) (“WyR) (‘n's'9) (,_WU9 8) (‘UNR) (m'sa) (,_UU9 8) (Une) (m's'9) (, U9 8) ("tue) (n's'9) (, wd 3) ("UNR) 
Ol 4 pp d Ob sro) Pp d pO) MDS os S72 d Ol” Pp d Ol SI ae d 
9,0-S7 ## "HO 9,0:0F #8 "H®D 9,0-0F 18 °OD 9o1-SZ 3 FOO SoT-SZ 38 FN 


IINSSOL | jo SUOTJOUN SV SOOUPRISGNES Ivjod-uoN jo SJUPISUO >) TION] ITP[NOI[OTAT 


916 A. D. Buckingham 


where w,, is the intermolecular potential energy of molecules 1 and 2, and 
| Ga 2OVe 


so that © is the integral over the angular coordinates. We shall now proceed to 
examine in detail a few special cases. 


(a) Non-polar Molecules with Anisotropic Dispersion Forces 
London (1942) discussed the dispersion forces between molecules with 
anisotropic polarizabilities in terms of a simple oscillator model. Combining 
his result with a Lennard-Jones 6-12 potential, we can use the force field (Pople 
1954) 
- \ 12 NG 53 
tng=4e { (2) — (Yb — Se [C1 1) cos" 0, + (11) €08" 08 


F r 


+x,(2 cos @,cos@,+sin@,sin@,cosp)?] —s_..... (4.4) 


where « and 7, are parameters having the dimensions of energy and length 
respectively, and where ¢ is the molecular separation, 0, and 0, the angles between 
the line of centres and the axes of the molecules and ¢ the angle between the 
planes formed by the two axes with the line of centres. 

Since the molecules do not have permanent moments, we can neglect the term 
in 7? in (4.3), and we then have 


TINK gkyae (° e . Te Qn 
Se ee Oe ee - 3 
Be i; 2 dy [sin dd, | sin A, 40, | dé {cos? 6, cos? 0, 
—2sin 6, sin 6, cos 6, cos 6, cos ¢ + sin? 6, sin? 4, cos? 6 — 3} exp (—u4o/kT) 
aoe (4.5) 
4? NK gk PAGNg? 
= —“3a75yteT ely) ty") es (4.6) 
Nae ] 
mat yas (a) ane (4.7) 
ee 6 ==3 4/2 
H,,(y) = y-m6 > i (=) ~ ead alateaen (4.8) 
p=0 yp 


The functions H,(y) have been discussed and tabulated by Buckingham and 
Pople (1955 b). 
(6) Non-polar Non-spherical Molecules 
If the shapes of the interacting molecules are not spherical, then there will be 
steric hindrance to free rotation. We shall represent the interaction energy of two 
non-spherical molecules without permanent dipole moments by the equation 


12 r \6 4D 12 
tls = 4e {(“) _ (2) \ + us {3 cos? 6, +3 cos?6,—2} ...400(4.9) 


5 
where D is a dimensionless parameter whose numerical value must lie between 
— 0-25 and + 0-5 in order that the molecules should repel one another in all orienta- 
tions when ¢ is small. For rod-shaped molecules orientations with 6, =0, =n 
will be favoured, so that D will be positive, whereas plate-like molecules will 
prefer positions with 6, and 6, equal to 0 or z, and for them D will be negative. 
On substituting (4.9) into (4.5), we find, to the second order in D, 


1672N2x,«,aur,?D?H. (y) 
‘Das Ce SeAGaA 2a\ VY 
Kk 3375kRT i. oes see( 4.10) 
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(c) Non-dipolar Molecules with Quadrupole Moments 
Some molecules without permanent dipole moments may have a strong 
directional interaction on account of their possessing quadrupole moments. We 
shall represent the interaction energy of two axially symmetric molecules by 


12 6 3(-)2 
ng=4e4 (2) = (2) me = = {1—5 cos? @, — 5 cos? 0, + 17 cos? 6, cos? 9, 


gles (4.11) 


where the quadrupole moment © is defined as ©, e,(;2—.,2), z; being the distance 
along the axis of the charge e,; and x; its distance from the axis. The effects of the 
quadrupole moment on By are two-fold. Firstly, the average value of cos? 002 — £ 
will not be zero since some configurations are weighted more than others, and 
secondly, even though the molecules have no permanent dipole moments, an 
interacting pair may possess a resultant dipole moment induced by the field of the 
quadrupoles. ‘This effect has been discussed by Buckingham and Pople (1955 c) 
in connection with the dielectric constant of an imperfect gas. Its influence in 
this connection is considerable for strongly quadrupolar molecules such as carbon 
dioxide. In evaluating this second effect, represented by the term in 7~? in 
equation (4.3), we shall suppose that the molecules are isotropically polarizable 
and have central force interactions. We shall, then, only determine the leading 
term of this contribution to Bx. Thus, to this order, 


+ 16 sin 6, sin 6, cos 6; cos 0, cos f + 2 sin? 4, sin? 4, cos? d} 


27? NK ,K,ax04*H,,(y) TINK af * a 
Bs=——g575pT@7 Ot asReTE |,” ‘dr | sind a si db 
j x(3F,2—F%)exp{—u/kT} 4 12) 


where F, is the component of the field at molecule 2 due to the moment of molecule 
: in the direction of the axis of molecule 1, and F is the total field at molecule 

2, and where uw is the central force part of (4.11). Thus, with the above 
assumptions, 


ee _ {3 cos 0, — 5 cos? 6;}? 
Ro eta: (4.13) 
| io rer {1 —2cos? 0, +5 cos*6,}. - 
Thus 
7? N x 200? [2,07 
BS FS ala a gop ttay) |) “ee 4.14 
Bx 4725kT r,2 Esa EX 5 A,(y)+ a(3 | ( ) 


(d) Molecules with Permanent Dipole Moments 


As a first approximation to By for an assembly of polar molecules, we shall 
evaluate the integrals in (4.3) for molecules without polarizability—that is, we 
shall suEpere t ie Uy, is the Stockmayer potential (1941). We shall put 


ro\! To\° | (ue (wey 
u =4e4 —|(-— ae: {2 cos 6, cos #,+sin 6, sin@,cos¢}. ... (4.15) 
i? r r Te 
We then have 


aN*K,a (° ey. ois e 3(w)? 
B= TR5KT |, r2 dr | : sin 6, dO, | : sin 0,00, | ‘ dd | (Se a oeriias 


4(u) | 
x-(cos? 002 — 4) P98 no | CXD (st IAL a & moms (4.16) 
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where cos 622) = — cos 6, cos 4, +sin 6, sin§,cos¢. Onperforming the integrations 
in equation (4.16), we find 


872N 2K gary? | (3 oe) {a yt Hy 9(y) \ 
SreN Ia L (5, dines 


5 Sea o5n 7: 4 7200 * 470400 


yer? [yA y) yr? His(y) 
ee { 700s. 705 600" eerie Mune a 


where 7 is a dimensionless parameter equal to ()?/er9?. 


§ 5. DiscussioN OF THE IMPERFECT Gas EQUATIONS 


The equations of (a), (b), and (c) of § 4 all predict positive values of By. ‘This is 
not surprising, since, for the configurations of figures 1, 2 and 3, Kx for the 
dimer is twice that for an isolated molecule, whereas in figures 4 and 5 it has the 
same magnitude for both. 


Figures 1-5. 


Molecules with anisotropic dispersion forces prefer configurations as in figures 
1 and 2, while plate-like molecules favour that in figure 1, and rod-like ones figures 
2 and 5, and a quadrupole moment prefers the arrangements of figures 3 and 4. 

To assess the orders of magnitude of B, for the various fields for non-polar 
molecules discussed in the previous section, we shall substitute the following 
parameters into the several equations (the parameters correspond roughly to 
those of carbon dioxide at room temperature). 


y= POR feo OA. Kg =Ky=0:24, a=2:6 x 10-4 cm}, 
=o Al OnaCi a OP Oe cess Dz OA Ve 290 Ke 
(a) Anisotropic dispersion forces (4.6) By =5-5 x 10-e.s.u. mole. 
(b) Non-spherical repulsive forces (4.10) By =1:3 x 10-e.s.u. mole. 
(c) Non-dipolar molecules with quadrupoles (4.14) 
By =(25 + 6) x 10-17 e.s.u. mole-?. 


Thus the contribution of neither the anisotropic dispersion forces nor the 
non-spherical repulsive forces has an important influence on the molecular Kerr 
constant of an imperfect non-dipolar gas such as CO,._ The major effect tending 
to increase mK as the pressure increases is the directional field of the quadrupoles. 
The contribution of the induced dipoles, that is the second term in (4.14) and in (c) 
above, being proportional to aa”, is of secondary importance. In this respect By 
differs from the second dielectric virial coefficient (see Buckingham and Poste 
1955c). Unfortunately, the measurements of »K shown in the table are not 
sufficiently precise for an accurate estimate of Bx tobe made. The only conclusion 
that can be drawn from Kuss and Stuart’s (1941) figures is that their results are 
not in disagreement with our calculations. 
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If the molecules possess permanent dipole moments then the configurations of 
figures 1, 2 and 3 will be preferred. Rod-like molecules will favour those of 
figures 2 and 3 and will have their dipoles in opposite directions, while plate- 
like ones will prefer to be in positions as in figure 1 with their dipoles adding 
algebraically. It might be anticipated therefore, that plate-like dipolar molecules 
will have large positive By values—considerably larger than those for corre- 
sponding rod-like ones owing to their larger net dipole moments. 

To estimate the expected order of magnitude of By for a polar molecule, 
we shall apply equation (4.17) to figures corresponding roughly to those for 
methyl fluoride at room temperature. On _ putting »%=1-:8D, y=1-6, 
Tes 48, KK, =009, 2=3-5x10 “em a=2:8x 10cm, T=300°K 
we find By, =1900 x 10-!e.s.u.mole-2. Also, for these parameters, and with 
Big =Yas=9, Ax=27x10-%e.s8.u. Thus measurements on dipolar gases 
should easily yield an experimental value for By, but at present there are no such 
data in the literature. 
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Anharmonicity and Monomolecular Reactions 


By R. H. TREDGOLD 


Physics Depaitment, University of Maryland 


MS. reccived 28th February 1955 


§ 1. INTRODUCTION 


f HE subject of monomolecular reactions has been treated theoretically 
by Slater (1939, 1948, 1949, 1950, 1953). He considered reactionsiam 
a gas in which the mean time between a molecular collision and the 
subsequent disintegration of one of the molecules is long as compared with the 
mean time between collisions. ‘Thus the reaction rate 1s proportional to the first 
power of the number of molecules not yet disintegrated. 

In order to study the actual mechanism whereby the collisions lead to delayed 
disintegrations of the molecules he assumed that, up to a certain separation, the 
forces between the atoms constituting the molecules are linear but that, at a 
certain critical breaking separation, there is a sudden discontinuity. ‘Thus if the 
internal motion of the molecule is represented by an appropriate number of normal 
mode coordinates, q1, 2, 93,---, then there will be certain regions in g-space 
corresponding to a disintegrated molecule and the problem of studying disintegra- 
tion resolves itself into the problem of finding the mean period between excitation 
and the time when the point representing the configuration crosses into one of 
these regions. In the linear approximation this mean time is obviously a definite 
function of the distribution of energies amongst the various normal modes 
immediately after collision. If this distribution of energies is considered to be 
purely random, the problem of calculating the reaction rate is thus a statistical one. 

It would be out of place to give a further discussion of this treatment here, 
but it should be noted that there will be many excited molecules having a sufficient 
energy to disintegrate which, until re-excited, will never be able to disintegrate 
as their energy will be distributed amongst the normal modes in such a manner 
that the point representing the configuration will never be able to cross one of the 
critical boundary regions. 

Now as Slater has pointed out (1948), the linear approximation is not entirely 
satisfactory in this context as the force between atoms will really be a continuous 
function of separation and thus, if one is to consider separations large enough 
to lead to disintegration, the anharmonic forces will be quite important. 

It is thus of interest to attempt to determine what the effect of anharmonicity 
is going to be. The problem of anharmonicity in the case of several bodies 
interacting according to a law which is treated as linear in the first approximation 
is also of interest in other contexts. Following Slater it will be assumed that the 
atoms are sufhciently massive and the degree of excitation sufficiently high so 
that it is legitimate to use classical mechanics. : 
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§ 2. THe PRESENT MODEL 


Since the effect of anharmonicity is assumed to be large it would obviously 
be out of place to use a perturbation method and one must therefore seek a model 
which embodies the essential physical problems under discussion, but which is 
nevertheless amenable to exact treatment. 

We therefore consider three bodies whose masses are, for convenience, taken 
to be unity and which are constrained to move in a straight line. 

We then take for the kinetic and potential energies respectively : 


LT fdx,\2 dx_\* dx\2 
T= 5| (+) +(—) +(— 

2 L\ at dt dt 
ee Pate . f ZEN Aaa. aloAed 14 I 
Jes PaGa + Xo” + 2317) — 75 (*12 + agi t+ Xg*) |. eee. (1) 
Since one wishes to obtain solutions formally equivalent to the normal mode 


solutions of a linear problem, the following substitution is made : 


1 = — 392 +3V 393 


%e=G—302—-3V 39g eee (2) 
%3= 1+ G2 
giving 
d7q, 
psa Ee 
dt? : 
a 5 : 
+ bqz — €4x(92" + 93") =0 fe ein abel (3) 
a? 9 9 9 | 
e + bg3 — €43(q2” + G3”) = 0. 
Ge J 
Putting 
Cpt ee ae a ee (4) 
one obtains 
d*r dd\2 : 
= eNCy ae) OE ER Oe ee 5 
de! (F) aed (5) 
do- 
a i anna? Gene. Ser 6 
dt r2 ( ) 


from which one may obtain 


r= (a) {0 +y)+(B—y) sn? | (Se) oe Im jo Pte (7) 


where 

Hee (By) (lar) lew a a) ee OAS (8) 
The elliptic function notation as used, for example, by Milne ‘Thomson (1950) 
is employed here and in equation (13). Here «, f, y are defined as follows: 


1=A+B; B=-MA+B)-WA-ByV3; y=—}(AtB)+HA-Biiv3 


where sate’ 
A=[n+ (2-0 2}, B=[n—(2-@ 2B, (10) 

and 
o=1-—2h lees SIE IL. 0 hus wine (11) 
3Ac i. pbi2 e 
h = D2 — \ Ce rhe nS ( ) 
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Here ) is the internal energy of the system. It may be shown that —1<h< +I 
and that the solution (7), corresponding to a stable system is valid for h<3/8 
irrespective of the value of k. For h>3/8 the system is unstable and another 
solution is applicable. 

The expression for 4 is somewhat cumbersome as it involves the incomplete 
elliptic integral of the third kind. However, one may obtain all the information 
that one requires to understand the behaviour of the system as follows. 

It is easy to see that the point representing the configuration of the system in 
g-space will follow a somewhat distorted ellipse and that this ellipse will precess. 

The precession is given by 


0 4 SARK {1 x i —y)(1 +" 


7 dae (1+a)(1 + B) 


x | Zolm) + —P _ — dn(p|m,)sc(p Jim) |} 20 radians per cycle 
— 1/2 
paseo a 


ZI 
(ity m; | teas (14) 


and Z(p|m,) is the Jacobian zeta function. @ is shown in the figure plotted as 
a function of k for h=0-1 and h=0-2. 


where 


03 


0-2 


@ (radians per cycle) 


0-1 


0 02 04 06 08 FO 
k 

It will be seen that for k approaching the critical value h = 3/8 the precession 
rate is quite rapid and there is thus a rapid periodic interchange of energy between 
the ‘normal modes’. Since in general the precession frequency and the basic 
frequency do not bear a rational ratio one to another the entire area between 
circles having radii equal to the semi-major and semi-minor axis of the quasi-ellipse 
will ultimately be explored. 

In a real molecule having sufficient total internal energy to disintegrate the 
anharmonicity will be important and one would thus expect to find a rapid 
interchange of energy between the normal modes as exemplified by the simple 
model discussed here. 

Thus it appears that a treatment of monomolecular reactions based on a purely 
harmonic model is not entirely adequate as it will always yield a lower reaction 
rate than will actually be observed. It is of interest to note that the special case 
of degenerate normal modes occurring in highly symmetrical molecules and 
discussed in detail by Slater (1953) will, in the presence of anharmonicity, differ 
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little from the non-degenerate case as the anharmonicity will remove the 
degeneracy. ‘This effect, and indeed the entire effect of anharmonicity, will 
not be important at high pressures but could make a very substantial difference 
to the reaction rate at medium and low pressures. 
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HE nuclear emulsion method has been used to study the «-disintegration 

of Th by Albouy (1952) and by Dunlavey and Seaborg (1952); Albouy 

concluded that the first excited state of "Ra lies about 75 kev above the 
ground state and is excited in 20%, of the disintegrations; Dunlavey and Seaborg 
reported about 55 kev for the excitation energy and 24+ 3% for the excitation 
intensity. In view of this discrepancy the present work was undertaken to 
obtain another determination of the excitation energy of the first excited state of 
228Ra. The thorium used was an analar grade supplied free from MsTh, and 
MsThg. 

When the normal process of emulsion impregnation (Jarvis and Ross 1951) 
was employed, difficulties arose from the low solubility of thorium citrate in 
neutral solution and the high density of impregnation required for the study of an 
x-emitter having a half-life of the order of 10!° years. Strong solutions of the 
citrate with pH between 3-0 and 5-0 produced local desensitization of the emulsion 
but weak solutions containing about 1g of thorium per cm* did not show this 
effect. The cause of the desensitizing action may therefore be a chemical 
action of the thorium salt on the gelatin. Weak solutions were used in the 
main investigation. After impregnation the plates were stored for 28 days in an 
atmosphere with 44% relative humidity. ‘They were then soaked for 30 minutes 
in a 2-5% solution of sodium bicarbonate to neutralize the acid in the plates and 
processed using the standard elon developer recommended by Messrs. Kodak. 

Measurements were made at a magnification of 100 on the tracks of «-particles 
and conversion electrons in events having single «-particle tracks with range not 
greater than 25... The «-particles from the disintegration of ionium (mean range 


18-6) and from the disintegration of radiothorium(mean range 23 ) were present, 
61-2 
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each with an intensity about 10%, of the main peak due to the disintegration of 
282Th (mean range 15-3). The half-width at half maximum of the main peak was 
(6 and the resolution of the °?Th events from the ionium events was almost 
complete. 
The figure shows a histogram and smoothed curve of the three-dimensional 
ranges of 142 conversion electrons associated with «-particles from: 22" the 
The smoothed curve resolves the electrons into two groups with peak ranges of 
11-4 and 17-5 respectively. Resolution of the two groups in accordance with 
the broken line in the figure leads to mean ranges for the two groups of 11:25 + 0-25 


Number of Electrons 


5 10 15 20 
Electron Range (microns) 


and 17:-5+0-4. From the mean-range versus energy relation of Zajac and Ross 
(1949) we infer mean energies for the two groups of 42-0 + 0-5 and 54-5 + 0-7 kev. 
Assuming the transition giving rise to these electrons to be of E2 type, and 
attributing the groups to L and M+N conversion, it follows that the L group 
arises almost entirely from conversion in the L,,; and L,,; shells having term 
values of 18-48 and 15-44 kev (Cauchois 1952) and relative conversion intensities 
51: 40 (Rose et al. private communication), and the M+ N group arises mainly 
in the M,;, M,; and M,,;, shells having term values in the range 3-8 to 4:8 kev. 
The energy of the transition is therefore given by 42-0+ 17:0 =59-0 kev from the 
L-conversion groups and 54:5+4-:3=58-8 kev from the M-conversion group. 
Its value may therefore be taken as 59 + 1 kev. 

The absolute intensity of the conversion electrons is 24+3° in agreement 
with Dunlavey and Seaborg (1952). 

The mean range of the «-particle tracks having conversion electrons is 
15-07+0-04 and the mean range of all «-particle tracks is 15-30+0-04,. 
Assuming that the «-spectrum of 78h contains only two lines of appreciable 
intensity, arising respectively in transitions to the ground and first excited states 
of ??8Ra, we infer that there is a difference of 0-30 + 0-06, in the mean ranges of the 
two groups of «-particles. This difference corresponds to a difference of 
60 + 12 kevin the kinetic energies of the «-particle groups. 'Thisenergy difference 
is consistent with the conversion-electron results and their interpretation in 
terms of L and M+N conversion. 

The resolution of the electron spectrum in the figure indicates that the ratio 
of L conversion intensity to M +N conversion intensity is about 3. 
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N recent years several workers have studied the energy distribution of 

neutrons and protons inelastically scattered by medium and heavy weight 

nuclei in the energy region 14-18 Mev. Some attention has also been 
given to (p,n) type reactions, but no results on the energy distribution of 
protons emitted by medium and heavy nuclei during (n, p) reactions have been 
reported. Paul and Clarke (1953) have shown that the cross sections for (n, p) 
reactions at 14 Mev are frequently significantly larger than predictions made 
on the basis of a compound nucleus theory and proposals that an additional 
reaction mechanism, involving mainly the surface of the nucleus, have been 
made to account for the observed cross sections (Austern, Butler and McManus 
£953). 

The energy distribution of neutrons and protons emitted during reactions 
involving the decay of a compound nucleus should be approximately given by 
the well known relations due to Weisskopf and Ewing (1940) 


I(e)de=const.Spewp(E) © tenes (1) 
(OLN OD Fs ou Coney 0 of ee LP (2) 


A distinguishing feature of this distribution is the low probability for the 
emission of high-energy particles. In contrast to this, surface interactions 
should favour the emission of high-energy particles. Furthermore, the decay 
of a compound nucleus should lead to an isotropic angular distribution of the 
emitted particles, whereas the direct interaction mechanism is expected to have 
an angular distribution which is peaked in the forward direction. In order to 
determine the relative contributions of these two mechanisms we began the 
study of the energy distribution of protons emitted in the forward direction 
during 14 Mey (n, p) reactions with medium weight nuclei. 
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Metal targets 0-0005 in. and 0-001 in. thick in the form of narrow strips 
were placed at one end of an evacuated cylindrical chamber lined internally 
with 0-02 in. gold sheet. The chamber was placed with the targets 2 cm from 
a 14mev T—D neutron source, and the protons emitted were detected by a 
300 Ilford type C2 photographic plate placed at the other end of the chamber 
8 cm from the targets. A rapid survey was made to find which target materials 
gave good yields of protons. Pairs of target strips 1 cm wide and separated by 
1 cm were placed side by side at the end of the chamber and at right angles to 
the plane of the emulsion. Since the points of origin of the particles leaving the 
target plane can be calculated from the positions and orientations of the tracks 
which they produce in the plates, plots such as illustrated in figure 1 (6) can be 
obtained. ‘These give the relative number of protons originating in rectangular 
zones 1 mm wide lying in the target plane and parallel to the target strips. “he 
figure shows clearly that the intensity of the protons which can be attributed to 
the targets is several times background for Cu and Ni. Good yields were also 
obtained from Al, Fe, Co, Zn, Mo, while Ag, Cd, In, Sn, Pt, gave yields which 
could not be resolved from the background. ‘The yield from Pd was just 
measurable. ‘lhe background was due mainly to proton recoils and other events 
originating near to the surface of the emulsion and indistinguishable from protons 
entering the emulsion from outside. 
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Figure 1. (a) Energy distribution of protons from reaction Cu(n, p)Ni. (6) Origin of tracks 
in target plane for Cu and Ni targets. 


The energy distribution of protons from a 0-0005 in. Cu target is shown in 
figure 1 (a) (upper curve) with the background (lower curve) obtained from a 
run with the target strip removed. In this figure the data have not been 
corrected for target thickness, but the energy loss in the targets is indicated at 
two energies by square brackets. ‘There is some indication that high energy 
particles are observed, but the most significant feature is the large number 
(about 85%) of low-energy protons below the barrier energy (7:2 Mev). The 
shape of the spectrum is more consistent with the Weisskopf model but with a 
greater coulomb barrier penetration than that usually assumed. 

An attempt was made to check the identity of the tracks by grain counting. 
A sample of 50 tracks of all lengths appeared to be protons, but the spread in 
grain counts was such that the possibility that deuterons were also present 
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cannot be ruled out. It may be significant that the break in the distribution 
at 7-5 Mev corresponds to the maximum possible deuteron energy (on a proton 
range—energy scale) for the two copper isotopes. A similar discontinuity occurs 
at the maximum deuteron energy in a spectrum for 27Al(n, p)?7Mg. Byerly 
and Stephens (1951) have studied the photodisintegration of Cu with x-rays 
from a 24 Mev betatron using photographic plates, and by grain counting have 
shown that 25°, of the singly charged particles emitted were due to deuterons. 
Using the same technique Toms and Stephens (1954) have shown that very 
few deuterons are emitted as a result of the photodisintegration of Co. The 
possibility therefore exists that the larger yields found for some elements in the 
present work may be due to deuterons. It may also be possible that some of the 
protons were produced by a (n, np) reaction. 

In view of these doubts an examination of the data in terms of the Weisskopf 
model may have only limited validity. The present results were compared with 
those of Graves and Rosen (1953) for 14 Mev ( n,n’) scattering by Cu, and of 
Gugelot (1954) for 18-3 Mev (p, p’) scattering by Cu. Using equation (1), 
relative values of log w were plotted against the excitation energies of the residual 
nuclei. ‘he rate of increase of log w with excitation energy for the (n, p) data 
was very much higher than for the (n, n’) data when the theoretical values of S,, 
(protons) for a nucleus with Z=30 were used (Blatt and Weisskopf 1952). The 
(n, n’) and (n, p) results, which on a compound nucleus theory should differ 
only by a coulomb barrier penetrability factor, could only be reconciled if a 
barrier penetrability corresponding to a nucleus with Z=10 was used. The 
(n, p) results were even more at variance with the higher energy (p, p’) data of 
Gugelot, but good agreement was obtained when logw was plotted against 
proton energy rather than excitation energy. A similar observation has been 
made by Gugelot (1954). 

Approximate cross sections for the (n, p) reactions at 0° are given below. 
Relative values are probably accurate to 15%, the absolute magnitudes may 
have been underestimated by as much as 30%. 


Element Al Fe Co Ni (Cin Zn Pd 
mbn sterad7! 16-0 8-4 3°8 17S 15°5 14-1 10-0 
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electrons of energies in the range 0-1 to 3-0 Mev by metal foils has been 

made (Van de Graaff et al. 1946, 1947, Kinzinger and Bothe 1952, 
Kinzinger 1953, Reich 1950, Paul and Reich 1952, Bayard and Yntema 
1954). Most of these experiments yield relative values only for the differential 
cross sections, and the only absolute determinations appear to be those of 
Van de Graaff et al. in the energy range 1-2—2-7 Mev, restricted to angles below 
60° for Be, Al, Cu, Ag, Au and a single determination by Kinzinger and Bothe of 
the cross section in Al for 245 kev electrons scattered through 50°. No absolute 
measurements of the differential cross sections for scattering in the back direction 
appear to have been made. ‘The difficulty lies in simultaneous measurement of 
the intensity of the incident and scattered electron beams when these differ by 
a factor of the order of 10-7 or 10-8 in the presence of a heavy x-ray background, 


[Dc recent years a number of studies of the nuclear scattering of 


We have for some time been using a method which largely overcomes these 
difficulties and allows of the measurement of differential cross sections down to 
rather less than 10° cm?. This consists in using an incident electron beam of 
some tens of 4A produced in an electrostatic generator capable of giving energies 
up to I Mev, collecting the electrons in an aluminium Faraday cylinder and 
measuring them directly by means of an electrometer triode, the total incident 
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beam being measured simultaneously by means of a galvanometer. ‘This method 
of measurement is very insensitive to x-ray background and the slight effect 
arising from this cause is readily allowed for. Discrimination against secondary 
and inelastically scattered electrons is carried out by means of suitable absorbers 
placed before the collector. In agreement with Kinzinger we find it is necessary 
to discriminate against electron energies up to 70-75%, of the incident beam 
energy. ‘The accompanying curves show some typical results for the scattering 
cross sections of Al over the angular range 100°-150° at energies of 0-4 and 
0-5 Mey. ‘The curves have been drawn from theoretical cross sections calculated 
mostly by means of the «4 expansion of McKinley and Feshbach (1948), a few 
values, however, having been obtained from the second Born approximation by the 
same authors with a correction derived from a comparison of the same approxi- 
mation with «* values where these have been obtained. In this angular range 
scattering measurements made on the ‘reflection’ and ‘transmission’ sides of 
an inclined Al foil show that in the foil used (0-265 mg cm?) the plural scattering 
correction is less than our experimental error which probably amounts to two 
or three per cent. The conventional multiple scattering correction is also 
negligible at these angles. It will be seen that the experimental results agree 
very well with the theoretical curves. Other experiments have been carried out 
on scattering in the forward direction (from 25° to 90°) in Al and Au at 0-2 mev. 
The results after correction for multiple scattering, electron—electron scattering, 
and electron screening, also show excellent agreement with theory, but as these 
merely extend the measurements of Van de Graaff et al. into the lower energy 
range we do not quote them here. 

The experiments are being continued to cover nuclear scattering in heavier 
elements where discrepancies between theory and experiment have been reported 
by Kinzinger and Bothe and by Paul and Reich. Some preliminary results 
have already been obtained and we hope shortly to publish a full account of our 
results, together with details of apparatus and experimental methods. 
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Phase Shifts in p-p Scattering 
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shifts, recently observed in low energy p—p scattering. 
A formula has been developed, valid for arbitrary angular momentum, 
relating the p—p phase shift to the corresponding n—p phase shift. For />1 it 
reduces to 


|: is the purpose of this note to offer an interpretation of the P-wave phase 


exp 277 


—k 3W(n, k*) = ral 


COLO) pip = COt Op nea iat eee (ay 
with 7=1/2RR. Here R(=2-88 x 10-12 cm) is the Bohr radius of the system. 
The wave number & is related to the energy F of the incident proton (in the 
laboratory system) by k? = 1-206 E, when k is measured in 10" cm! and £ in Mev. 
The term f; j,4 represents a small interference effect of the Coulomb and the 
nuclear field and is of the order 1/Ru, with 1/y the range of the nuclear force. 

Methods have been devised, based on an operational formulation, which allow 
accurate values of coté,,, , (including the case /=0), to be obtained with a 
minimum of labour. It is hoped to publish full details of this method later. 

The interpretation of the experimental values of 6, ,_, were carried through 
on the basis of equation (1) with the small interference term neglected. 

It can be shown (Blatt and Jackson 1950) that for scattering by a tensor force 


V(r) =V or) + Si2V (0), Oe O 


at low energies the three phase shifts 5(?P)), 5(?P,) and d(?P,) will combine, 
provided they are small, as 


}y = aol Be) a s0(°P,) +2 (®P,) 


9 


to give the P-wave phase shift which is observed experimentally. 
Using this result it can easily be shown that 5, can be derived from a 


Schrodinger equation, provided the Born approximation is valid, with a single 
central potential 


Ven(7) = Vo(r) - ae PV AP sseauer (4) 
(.V/ is the mass of the proton). 

We checked the assumption of the Born approximation being valid by 
comparing accurate values of 5,, obtained for the Yukawa and the exponential 
well in the way indicated briefly above, with values calculated in Born 
approximation. ‘The Born approximation was best at zero energy and gradually 
deteriorated with increasing energy. At 7 Mev the Born approximation still 
gave results correct to within 5°. These results are in agreement with the 


+ Now at the National Coal Board, Central Research Establishment, Cheltenham. 
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investigations of Kohn (1952) who showed that for 7>1, in the region of zero 
energy, the convergence of successive Born approximations will grow worse 
with increasing energy. 

It should be noted that if V(r) and V(r) are both weak, then V(r) will 
dominate (4). 

The experimental values of the P-wave phase shifts are given in the table. 
It was not found possible, unfortunately, to utilize experimental data of an 
earlier date as these were not of sufficient accuracy. 


Experimental Values of the P-wave Phase Shift for p—p Scattering 


Lab. energy P-shift 6, (deg) 
E (Mev) 
Worthington et al. (1953) 1-855 —0-049 0-020 
1:858 —():057 0-024 
2°425 —0:075 0-018 
S087 —(0-082 0-022 
soy) — (0-094 0-023 
3-899 —(0-109 0-020 
a 4-203 —():074 0-023 
Kerman et al. (1953) Se7'7 —(0-08 0-05 
Zimmerman & Kruger (1951) 5:86 -0°36 Ona 
Cork & Hartsough (1954) 9-7 No P-wave scat- 
tering observed 
Yntema & White (private comm.) 18-2 1-0 


We attempted to obtain a fit to the above experimental data by taking in turn 
for V.¢(7) a pure Yukawa and an exponential potential. It was found that no 
satisfactory fit could be obtained above 4 Mev. Approximate calculations with 
the square and the gaussian well produced similar results. 

A reasonable fit of the data was, however, obtained with the interaction 

Foe ny ne) Be Ge Cle yet ee eae (5) 
aly 
when we chose 
V,=136 mev, V5=257 MeV, 
Ait OX 105 cm, Lee)" 7045.90 1052? om 


The values of 6, ,, were calculated, using (5), in Born approximation; (1) then 
furnished the appropriate p—p shifts. In the figure, the results of the calculation 
are compared with the experimental values. 

For 18 Mev, we obtained a value of W(n, k?)-!=0-185 x 10-8° cm*. This is 
in good agreement with the value 0-191 x 10 *° cm? corresponding to the deter- 
mination of Yntema and White, though of course at this energy the Born 
approximation is less reliable than at the lower energies. 

A superficial comparison of (5) with (4) would appear to indicate a possible 
identification of the exponential and the Yukawa term of (5) with V,(r) and 
V(r) respectively. ‘This is not possible as the magnitudes of V; and Vy would 
be so large that the condition that d(°P,), 6(?P,) and d6(?P,) should all be small 
would be invalidated. 

We are therefore led to the conclusion that the whole of (5) must be essentially 
identified with V(r), the contribution of V;(r) being very small but indeterminate 
in the low energy region. 
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The main feature of (5) is such that near zero energy it will give a negative 
phase shift; somewhere in the region of 7 Mev 8, will pass through a zero ; above 
7 mey the shorter ranged well will then predominate and produce positive 
phase shifts. At high energies (5) should give extremely strong scattering, 1n 
contrast to the very weak scattering at low energies. 


—o-— Calculated values 
| Observed values 


Re? (10% cm-2) 


Belief in the change of sign is perhaps heightened by the recent determination 
of Rotblat and co-workers (private communication) at 9-5 Mev. ‘They obtained 
y= F121" £0-6-. 

More experiments in the 0-20 Mev region are particularly recommended 
as in this region the large experimental errors are to a considerable extent offset 
by the extreme sensitivity of 5, to the shape of the nuclear well. It is much more 
so for P states than it is for S states. 
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An Approximation for the High Order Phase Shifts in the 
Elastic Scattering of Slow Protons in the Inert Gases 


By Cr ASHAYWOOD 


Physics Department, University College of Leicester 


MS. received 4th January 1955 and in amended form 20th May 1955 


atom may be treated by replacing the field due to the electronic charge 
distribution by a static central field. 

It has been shown (Faxen and Holtsmark 1927) by the method of partial 

cross sections that the total cross section Q for the scattering of a charged particle 


r ‘o a first approximation the scattering of a charged particle by a neutral 
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of de Broglie wavelength \ by a central field of force in which the potential energy 
of the particle at a distance r from the centre is V’(r) is given by 
4 eee 
= RP > Gel) sini —- 3 eetens (1) 


n=0 
where k= 27/\ and 7, is defined (Mott and Massey 1949) as the phase occurring 
in the asymptotic form of the bounded solution 


G,(r)~s1n (kr — dnz +7,,) 
of aG ; ‘ n(n + 1) 
2 ; 
7 t E U(r) 2 ] G=0 


where U(r)=2mV(r), m being the mass of the particle. Atomic units are used 
throughout this paper. 
Further it may be shown (Massey and Smith 1933) that 


r 


n= —7mM I VON pe(BOdr ans (2) 


provided that 7,,issmall. J,,,,(kr) is the Bessel function of the first kind. 

For low energy protons, the convergence of the series for Q is very slow and 
a large number of terms is required. Also for slow protons the expression (2) 
is only valid for large n. 

The product rV(r) is known as the ‘effective nuclear charge for potential’. 
It is usually denoted by Z,(r) and has been calculated by the ‘self-consistent 
field’ method of Hartree for helium (McDougall 1932, Wilson and Lindsay 
1935), neon (Brown 1933), argon (Hartree 1938), and krypton (Holtsmark1930). 

As tables of J,,.,/. do not exist for m greater than 18, Massey and Smith (1933) 
make use of an asymptotic expansion of the Bessel function and evaluate 7,, 
numerically. ‘The method of the present paper avoids the numerical integrations 
entirely. It involves finding a good fit to the Z,(r) function of the form 


LAV gree (= b7 )a, exp — 057) Pages (Os) ac. ae geee (3) 
It has been found that sufficient accuracy is obtainable with, at the most, 
three terms of the expansion and for neon only one term is necessary. ‘The 


expansions are shown in the table and the agreement with the exact function Z,(7) 
for helium is shown in the figure. Of the expansions shown in the table that for 


C 
AG —- 2 3 
D 


r (atomic units) 


A: a; exp (—9,7) 
B2oeZ,(7) 

Cr 2 apex br) —Z)(7) 

DES a; exp ( br) ae Zy(7) 
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helium is the /east accurate, and it will therefore be sufficient to consider that case 
in assessing the resultant error in 7,,. 

Making use of a generalization of a Lipschitz—Hankel integral (Watson 1944) 
we obtain for the phase shift 


= He | {Sa exp ( aa b)| J nie (hr) dr 
/ 0 J 


m b;? 
a 724% (1 f 7) ee (4) 


where Q, is the Legendre function of the second kind. ‘Tables of Q,, for large 7 
do not exist but Watson (1918) gives an expression which exhibits the error involved 
in replacing a Legendre function by a Bessel function. ‘The expression is: 
Q,(cosh €) = exp { — (2 + $)&}1/(sech €)[exp {(m + 4) tanh €}K{(m + $) tanh &} 

+ 20/3(n+3)], (é20,n20) 0 eee (5) 
where K, is the modified Bessel function of the second kind and @ is a number 
which is less than unity. We then identify cosh €; with 1 + 6,?/2k? and substitute 
from (5) into (4). The product e”Ko(x) is conveniently tabulated (Watson 1944) 
for x from 0 to 16. 

Consider now the order of magnitude of the error involved in neglecting the 


term involving @ altogether. If k>b,, tanh€,—6,/k and the maximum error will 
be of order 


gt 1D ,a; 100° 
Sa, exp (nb,|k)K,(nb,[k) 


ay by as b, a3 b; 
Helium +10 3-070 —8 3-486 — a 
Neon +10 2:355 — _- = = 
Argon Seal 2-138 —21 2-942 +8 8-831 
Krypton (Hartree) +60 1-766 — 50 2-019 +26 4-887 
Krypton (Fermi—Thomas) +25:9 4-046 +9 1-197 ae teil 0-336 
Xenon +42:-1 4-063 +10 essay se low, 0-412 
Radon ae (KEK a2 1-801 OL Ost 83 


Taking n= 100 and k= 100, for all the cases given in the table the maximum error 
is less than 1%. ‘The value of & corresponds to a proton of energy about 70 ev. 
The error decreases for larger values of m and also for larger values of k. It 
therefore appears justifiable to neglect the term involving 0, and we have 


m ; 
= =F 2. a; exp {—(n + 3)&5}/(sech €,) exp {(n + 4) tanh &,}Ky{(n + 4) tanh E,} 
soles oe (6a) 


where cosh €;=1+6,7/2k?. It should be noted that this gives too small a value 
of 7, For values of k sufficiently large we may write é,—sinh¢,~tanh €,—8)k. 
Equation (6a) then reduces for large n, to the simple form 


-FDaK (=) tne Dele See (6b) 


For large values of the argument, the Bessel function may be calculated from the 
asymptotic expansion 


3 { a \12 1 9 75 
AC (eo ll a= pais 
nite (z) (: i S27 12822 7 10243 7 e4) Gian (7) 
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Consider now the error in 7, due to the lack of perfect ‘fit’ between Z,\1) 
and the series expansion. As already mentioned, the case of helium only will 
be considered. The figure shows that the error will be in excess because 
J .41/2°(R7) is positive. If then an extra term «e-*’ is subtracted from the expansion 
such that the error then becomes in deficit, it follows that the fractional error ¢€ in 
the former case must be less than 


ie 


| ee de ey) ar [ ZA(7)I nsajo(Rr) ar. 


~ 0 “0 


Without significant change this may be written as 
as) 


Ei) ae Wd, str) ar > A exp (O07) pias (RP) ar a noo (8) 
0 7 40, 


and may be calculated by application of equation (6) to both numerator 
and denominator. It is found in the case of helium that the function 
ae-*r ={)-24 e 354” converts the error from an excess to a deficit (see figure). The 
error, calculated from equation (8) for 7=100 and k= 100, is of the order of 3%. 
In view of the fact that the subtraction of the extra term «e~*” makes the fit to the 
exact function Z,(r) considerably worse and also that the errors in equations (3) 
and (6) are of opposite sign, the error may be expected to be substantially less than 
30 a 

For fast collisions the series in equation (1) for QO converges rapidly, all the 
phases becoming small, and it is then unnecessary to use the above approximation. 
The range of applicability of the above method is thus between say 50 v and 
20 kv energy. 

The physical significance of the small error involved for slow proton impact 
presumably lies in the fact that the discrepancy between the exact and approximate 
forms of Z,(7) occurs mainly in the region of small r. On the classical theory 
the slow proton does not penetrate into this region and consequently the form of 
the atomic field there is unimportant. In this connection it is interesting to 
consider the effect on the high order phases due to using the Fermi—Thomas 
instead of the Hartree field for a relatively heavy atom such as krypton. The 
discrepancy here occurs in the region of large r. Using equation (6) in con- 
junction with the table, we find a difference of 27% between the values of 1199 
for k=100. The Hartree fields for xenon and radon do not appear to have been 
calculated and so the comparison in these cases cannot be made. In these cases 
the values of the coefficients given in the table are for the Fermi—Thomas field. 
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Hyperfine Structure of Praseodymium 


Paramagnetic resonance in praseodymium ethyl-sulphate (diluted with the 
isomorphous lanthanum salt) was observed by Bleaney and Scovil (1952), who 
found rather broad lines. We have made measurements on the same salt with 
yttrium as the diluent and obtain rather narrower lines, with the asymmetrical 
shape characteristic of resonance from a doublet without Kramers degeneracy 
(see Bleaney, Llewellyn, Pryce and Hall 1954). The spectrum is fitted by the 
spin Hamiltonian 


J =o PHS AS AS Ay 
where S=4, 1=5/2, ¢,=1°52,+0-02, A,=0-075, + 0-002;:cmy, Veandwy gnc ace 


have a gaussian error distribution with average value zero. ‘The values of g, 
and A, obtained in this way are rather smaller than the earlier values because 
of a change in the interpretation of the line shape. ‘The separation between the 
hyperfine lines of 1059+ 29 gauss (which is independent of this change) agrees 
with the previous value (1052 gauss) within the experimental error, and gives 
the ratio Aig, — 0-0495 + 0-001 Sseme*: 

The hyperfine structure of an ion with a 4f” configuration is given by the 
formula 
EROAIENIED o 
CAEN s ey 


where Gy, is the “hyperfine structure parameter of a single 4f electron”’ as 
defined by Hin Lew (1953), and ¢J||N||/7) is a numerical factor given by 
Elhott and Stevens (1953a). For a free ion g, is isotropic and equal to the 
ordinary Landé g-factor (<J||A||/) in this nomenclature). In this formula 
matrix elements of the crystal field outside the ground state of the multiplet 
have been neglected, but in praseodymium ethyl-sulphate a correction must be 
applied for such elements between the ground state 3H, and the first excited 
state °H;. ‘This correction can be found using the theory of Elliott and Stevens, 
if the size of the crystal field is known. A reasonable fit with the resonance 
g-value given above, and with measurements of the principal susceptibilities of 
a single crystal over the range 2° to 290°K (Fereday and Wiersma 1935, van den 
Handel 1941), is obtained using the crystal field parameters (for notation see 
Elliott and Stevens 1952) V,°=50cm™, V,=—100cm"}, V,°= —48 cm}, 
V,8=660 cm~', which are not greatly different from values obtained by inter- 
polation between those given by Elliott and Stevens (1935 b) for the neighbouring 
ions cerium and neodymium. 

With these crystal field parameters, the corrections to 4, and g, have been 
calculated and it is found that ayy; is 10°, smaller than given by equation (1), 
having the value ay=0-0271 + 0-0008 cm-}. Taking the value of <r) as 


37+2A% (Bleaney 1955, following letter) the nuclear magnetic moment is 
estimated as 


2BB Ln Gre) = Age = 


bn =frd =3-9, + 0-2n.m. 
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For the free Pr atom 4f%6s?, 4I,,. Hin Lew finds 
Aye= 002354 cm, p,=3'8, + 0:4n.m- 


assuming <7 *)=32+3A-%. This lower value of (7°) for the free atom 
corresponds to an increase of about 0-8 units in the screening constant, 
presumably owing to the effect of the 6s electrons. Although these are generally 
thought to be ‘outside’ the 4f electrons, they have a finite density at the nucleus 
and some screening action is to be expected in the region close to the nucleus 
from which the major contribution to (7-3) arises. 

These values of the nuclear magnetic moment are in good agreement with 
other measurements from optical spectroscopy, which give 3-9 + 0:3 (Brix 1952) 
and 4:0 + 0-1 (Murakawa and Suwa 1954). The effect of any unpaired s-electron 
character has been neglected in all casés; in our result its effect is estimated as 
only about 2° (Bleaney 1955). 


Clarendon Laboratory, J. M. Baker. 
Oxford. B. BLEANEY. 
Pith July, 1955: 
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Nuclear Moments of the Lanthanons from Paramagnetic Resonance 


The principal source of error in the calculation of nuclear moments from 
measurements of hyperfine structure in the paramagnetic resonance spectra of 
rare earth compounds is the uncertainty in the value of <r-?). Elliott and 
Stevens (1953) have used the empirical formula 

7? = (12+ 3) 2 — 5) oe Ay* 
where the rather large error was assumed because of the considerable discrepancy 
between an estimate of 47 A-* for un-ionized europium based on the Fermi—Thomas 
model (Sternheimer 1950) and one of 644° for triply ionized europium obtained 
from the spin-orbit coupling. ‘The results for praseodymium (Baker and Bleaney 
1955, preceding letter) indicate that the value of {r-*) is appreciably smaller for 
the neutral atom, presumably because of the screening effect of the 6s electrons. 
Also, the Fermi~Thomas model is probably less reliable because it does not 
predict the start of the rare earth series at the right point. For these reasons 
it seems best to rely on values of <7~*) obtained in the usual way from the 
spin-orbit coupling energy ¢ of the trivalent ions. At first sight the multiplet 
splittings seem rather unpromising as a method of deducing ¢, because of the 


rather large deviations from the Landé interval rule; however, unpublished 


PROC. PHYS. SOC. LXVIII, IO—A 62 
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work of B. R. Judd has shown that these are due to intermediate coupling 
(spin-spin interaction is negligible) and fairly reliable values of ¢ can be obtained 
from the overall multiplet splitting. Such values are given in table 1, and if these 
are fitted to the formula 
2(Z —a)*B? 
°= AL+ l+ Dag 
the value of the screening constant o is found to increase from approximately 
34-6 at the start of the lanthanons to 35-9 at the end. A convenient empirical 
formula which fits the results within a few per cent over the whole range (see 
table) is 


C= 5:4(4 =47)7 cm ty Pa eee) eee (2) 
‘Then the usual relation between ¢ and (7?) gives 
(r?)=0-89Z—47 7 eee (3) 


Values of nuclear moments of the 4f series deduced from paramagnetic 
resonance measurements using this formula for (7~*) are also given in the table. 


pve C(cm) CE GRE) 5 Iso- Spin Nuclear moments 
valent %  tope 
ion (exp) from from pe (n.m.) OQ (10 cm?) 
(2) (3) 
59) (GE 640 660 3225 (Giles) — — — 
eee 800 = 790 Su (1:9) 141 3 3) — 
i ; : 143 Z 1-03 | ratio <All 
60 Nd 900 920 42 (2:4) 145 Z 0-64 f =1-083 <1 
61 Pm — 1070 47 (2-9) — a — 
e ; 147 $ 0:83 | ratio <7 
62 Sm 1200 1230 Sil (4-1) 149 3 0-68 f =1-22 <0:7 
63Eu 1410 1390 57 on eae ee a 
1530023 = eos = 
64 Gd — 1580 62 i — —_ es. 
65 Tb 1770 1770 68 (6:0) 169 = ip osy) — 
66 Dy 1860 1970 74 (2:9) — -— — 
67 Ho 2000 2180 80 CL) 11S Ze SES — 
68Er 2350 2400 86 (1-4) 167 ¢ 0-48 9-4 
69 Tm 2660 2640 92 (1-1) — — ae 
se es a : gut?! Se (040 ratio as 
70Yb 2940 2880 «98 OFS ia; tana onere = 


Values of ¢ from Gobrecht (1938) except for 
Ce (Lang 1936), Pr (Spedding 1940) and Nd (Satten 1953). 


They are generally close to those found from the spectra of the free atoms or 
ions where these are known, and the principal uncertainty arises from the same 
causes in both types of measurements. Apart from an error estimated as +5° 

in the value of <r-*) given by equation (3), there may be a contribution (cf. 
Abragam, Horowitz and Pryce 1955) to the hyperfine structure from unpaired 
s electrons. In the notation of Elliott and Stevens (1953), this would require 
the replacement of (J ||N||J) by (J || N||7)+«(<J [A |]J)—1). The value 
of « is known only for Eu?+ (Bleaney and Low 1955), but if the same empirical 
rule holds as in the iron group, then the value of «<7-?), which is (0-080 x 57) A-3 
for Eu, would be the same for all 4f ions. The sign of « is not known, and only 
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the magnitude of the correction to the nuclear moments which this assumption 
gives is shown as 6 in the table; it is small in all cases, the maximum being 6°, 
for Tb, and can be neglected. 


I am indebted to Dr. A. H. Cooke and Mr. J. G. Park for permission to quote 
unpublished results on ytterbium, and similarly to Dr. J. M. Baker on holmium. 


Clarendon Laboratory, B. BLEANEY. 
Oxford. 
11th July 1955. 
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The Entropy of Superfluid Helium 


A recent paper (Chandrasekhar and Mendelssohn 1955) has emphasized the 
need for an accurate determination of the heat of transport of liquid helium IT 
near 1°K. According to the simple two-fluid model, the heat of transport 
O,,= TAS (H. London 1939), where T is the absolute temperature and AS the 
entropy difference between bulk fluid and superfluid. It appears from the 
specific heat data (Kramers, Wasscher and Gorter 1952) that the entropy of 
liquid helium II is made up of two contributions. At temperatures below 
about 0-6°K the only significant contribution is that due to phonon excitations 
(S,,,) which increases as T?. Above this temperature, there is a further con- 
tribution due to anomalous excitations, which increases with a higher power of 
the absolute temperature, and becomes predominant at the higher temperatures 
near the lambda point. 

The question arises whether the heat of transport contains contributions from 
the anomalous excitations only (Tisza 1947, 1949), or whether the phonon 
excitations also form part of it (Landau 1941, Ward and Wilks 1952). In the 
latter case, as superfluid is converted into bulk at the end of a flow channel, we 
should expect all modes to require excitation, whereas in the former case this 
would not be true for the phonon contribution. ‘This question can therefore be 
decided by determining whether the measured heat of transport agrees with 
TSio, or with T(S,.-S),), where S,, is the total entropy containing both 
kinds of excitations. Clearly the percentage difference between these two 
quantities is greatest at the lower temperatures, where below about 0-6°K the heat 
of transport would be zero if the phonons were carried in superflow. However, 
measurements at these temperatures suffer from difficulties in technique, and 
the question can in fact be decided at higher temperatures provided that the 


measurements are sufficiently accurate. 
6252 
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Such accurate measurements have now been carried out in this laboratory 
using an apparatus the details of which will be published later. It is similar in 
principle to that used by Chandrasekhar and Mendelssohn (1955) except that 
the flow channel consists of a tube containing tightly packed jewellers’ rouge 
powder. Measurements were made in the usual way by observing the rate of 
flow of liquid produced by a given heat current, at temperatures from 1-14°K to 
2-05°k. From the results, values of the entropy difference AS have been calcu- 
lated with an estimated accuracy of better than 2%. These values agree fairly 
well with those of S,,, given by Kramers, Wasscher and Gorter (1952), being about 
5°, higher at 2-00°K, and showing a gradual trend to about 2%, lowet at 1-2 ie 
At this lower temperature S;,,—S,,, is about 25°, less than S,,,.. In view of the 
accuracy of the experiments, it can therefore be concluded that both the anomalous 
excitations and the phonon excitations contribute to the heat of transport, and 
that phonons are not transported in superflow. 

Details of these experiments will be given in a later publication. 


Clarendon Laboratory, D. F. BREWER. 
Oxford. D. O. EDwarbs. 
21SC Jnaly 19552 K. MENDELSSOHN. 
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Elastic Scattering of 80 kev Neutrons 


The considerable success of the ‘complex potential’ model of the nucleus 
(Feshbach, Porter and Weisskopf 1954) in accounting for the angular distributions 
of scattered neutrons of 1 Mev energy (Walt and Barschall 1954) led us to consider 
its experimental verification at lower energies. For neutrons of 80 key energy 
there is a p-wave single particle resonance at about 4 =92 when considerable 
anisotropy in the angular distributions is expected. ‘The theoretical ratios 
of intensities at 0°, 90° and 180° are 2-:1:1:1-4 for 4=92 decreasing almost 
to isotropy at d=78. 

In the reaction ‘Li(p, n)’Be, when 80 kev neutrons are produced in the direction 
of the incident beam, all the neutrons from the reaction lie within a cone of semi- 
angle about 40°. The proton energy is only 16 kev above threshold, and the 
neutron energy and intensity vary rapidly with proton energy in this region. 
The angle of the neutron cone also varies rapidly and the counting rate in a 
monitor at 40° changes by a factor of 2 for 2 kv change in proton energy. By 
adjusting the resolving magnet manually it is possible to hold the counting rate 
in this monitor constant so that the corresponding proton energy variation is less 
than 0:2 kv. 

The experimental arrangement is shown in figure 1. The monitors at 0° 
and 40° are ‘long-counters’ (Hanson and McKibben 1947) and the scattered 
neutron detector is a proton recoil counter (Skyrme, Tunnicliffe and Ward 1952) 
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filled with hydrogen at a pressure of about 1 atmosphere. ‘The target is of Li 
metal some 5 kev thick. In the earlier stages of this work difficulties respecting 
the stability of these targets were encountered, but these have now been overcome 
by the use of a platinum backing. The scatterers were conical in form and had 
transmissions of about 60°. The correction for multiple scattering is less than 
+ 6°, in the experimental range of angles. At each angle the recoil spectrum of 
the scattered neutrons was obtained by subtracting the pulse height distributions 


obtained with and without the scatterer, the neutron flux being monitored by 
a beam current integrator. 
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Figure 1. Experimental arrangement. Figure 2. Angular distribution of scattered 


neutrons. 


We can report the results obtained here using this method for tin and strontium. 
The observed angular distributions corrected for multiple scattering are shown 
in figure 2. These may be compared with the angular distributions calculated 
for the parameters V,;=9 Mev and €=0-05. 

There is fair agreement between the experimental and theoretical results 
for tin while for strontium the experimental curve is rather flatter. Other 
results of the authors, not yet however sufficiently well established for publication, 
do not exhibit the degree of anisotropy expected in this region. Further experi- 
mental work on these elements is being continued and a more thorough comparison 
of theory and experiment will then be possible. 

With the same arrangement, the angular distribution of neutrons elastically 
scattered from uranium, has been measured and found to be isotropic within the 
errors of the experiment. 
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Fluorescence Yields of the L Levels of Bi 


In our paper on fluorescence yields (Ross, Cochran, Hughes and Feather 
1955), calculated values of the internal conversion coefficient for M1 radiation 
in the L,,, shell were taken from the paper by Gellman, Griffith and Stanley 
(1952). These calculations did not include an allowance for screening by 
atomic electrons. Calculated values which include screening have now been 
given for the L,,, shell by Rose e¢ al. (private communication). ‘The new values 
give an internal conversion coefficient of 0-098 in place of 0-022 for the RaD 
y-ray in the L,,; shell of Bi, and make the intensity of conversion in the Ly; 
shell 0:60°, of the intensity of conversion in the L, shell. This calculated 
relative intensity agrees well with the most recently observed ratios, (0-7 + 0-3), 
found by Wu et al. (1953) and (0-86 + 0-05)°%, found by Bashilov et al. (1953). 
Thus the discrepancy discussed in § 3 (i) of our paper has been reduced to the 
order of magnitude of the experimental errors. ‘This being the case, the 
evidence now strongly supports the assumption that the RaD y-ray is of pure 
M1 character. 

The constant C, in our paper should now be changed from 0-0013 to 0-0060. 
The resulting changes in the calculated values of the yields are however insignifi- 
cant for the reasons stated in § 3 (i) of the paper. 
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Comparison of British and United States 
National Radium Standards 


The National Physical Laboratory has had the custody of the British national 
radium standard since 1913. The first standard (No. 3 issued by the Inter- 
national Radium Standard Commission) was a secondary standard, its radium 
content value being based on gamma-ray comparisons with the 1911 Paris 
and Vienna international standards (Meyer 1945). It was replaced in 1934 by 
one of twenty weighed standards prepared by Honigschmid (1945); two of 
these standards were assigned as replacements of the 1911 Paris and Vienna 
standards (Chamié 1940, Karlik 1953) and two were acquired as national stan- 
dards by the United States National Bureau of Standards. In 1952, one of the 
United States standards was compared at the N.P.L. with the British national 
standard, and the same two standards were subsequently compared at the N.B.S. 


(Davenport et al. 1954). The main purpose of this note is to place on record the 
results of the 1952 comparison. 
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Each standard consists of a sealed thin-walled tube containing a weighed 
quantity of RaCl,. It is seen (table 1) that the standards differ slightly in length, 
gross weight and in the stated weights of their contents, but that they are equal 
in diameter and wall thickness. In each case the radioactive material, which is 
granular in form, occupies only a small fraction of the total volume of the glass 
tube. The British standard is certified by weight only, as it has not been com- 
pared with the international standards. Comparisons at the N.P.L. in 1934 
showed that it was about 0-3°,, relatively more active than the first British national 
standard. ‘The United States standard is certified by weight and by gamma-ray 
comparison with the 1911 Paris and Vienna standards. In the certificates for 
both standards it is stated that the purity of the radium chloride is testified by 
Honigschmid’s value 226-05 for the atomic weight of radium, and by a spectro- 
graphic investigation by Gerlach which gave a maximum barium content of 
0-002 to 0-003 atomic °, of barium. 


Table 1 
Particulars of British and United States National Radium Standards 
: Salt Radium Gross Internal Wall 
= Ref 
Standard : es content content weight diameter thickness a 
ai sc (mg RaCl,) (mgelement) (mg) (mm) (mm) ones 

British 5432 20:50 15:60 276°74 3 0:27 38-8 

WES: 5440, XV. 26-86") 20-45) 267-86 3 0:27 37 

20°38) 


The date of the weighing of both standards by Hénigschmid is given on 
the certificates as 2nd June 1934. 

® By comparison with the 1911 Paris and Vienna standards as of June 1934. 
The certified value is 20-36 mg “‘ towards the end of 1936’. 


Three different measuring equipments were used for the comparison, namely, 
the standard combined gamma-ray ionization chamber and projection gold leaf 
electroscope normally used for radium standardization at the N.P.L. (Perry 1936), 
an ionization chamber of almost the same construction and dimensions as the 
standard chamber but connected to a Lindemann electrometer which serves as a 
null instrument in a Townsend induction balance, and a gamma-ray Geiger— 
Miller counter. The gamma-rays were filtered by 0-5 cm of lead before 
entering the ionization chamber or counter. ‘The normal procedure was followed 
to minimize instrumental and personal errors and the effects of asymmetry and 
absorption in the standards. ‘The values of the ratio of the gamma-ray activity 
of the United States standard to that of the British standard by the three 
measuring devices are given in table 2 which also includes the results of the 
comparisons of the same two standards at the National Bureau of Standards 
(Davenport et al. 1954, Connor and Youden 1954, Mann 1954). The limits 
given are the standard deviations of the individual values from the mean. 

It is necessary to note that as the glass tubes are very similar in dimensions 
and contain not very different quantities of radium salt, the absorption of the 
gamma rays in the glass wall and in the salt, estimated to be about 05%, is 
assumed to be the same for each standard. 
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Table 2 
Results of comparisons of British and United States National Radium Standards 
given as ratio of activity of United States standard + to activity of British Standard 


IN: Bale: N.B.S. 
1:3044+0-002 1:°3053 


Institution 

Ionization chamber and gold leaf electroscope 

Ionization chamber and Lindemann electrometer (null) method 1-306+ 0-001 

1:304--0-001 = 1:3057 
— 1:3116 
— 1S OT 


Geiger—Miiller counter 
Scintillation counter 


Radiation balance 


The N.B.S. values are not the actual results of the direct comparisons of the 
two standards; the Hénigschmid standard No. 5437, which is in the possession 
of the N.B.S., was included in the measurements thus providing three pairs of 
standards. The directly measured activity ratios of the members of each pair 
were adjusted statistically to satisfy a consistency criterion (Connor and Youden 
1954). The N.B.S. values given in table 2 are the adjusted values. 

‘The comparisons indicate a difference of the order of a few parts per thousand 
between the gamma-ray activity ratio and the weight ratio. In discussing the 
standards, Hénigschmid (1945) stated that the error of a single weighing did not 
exceed 0-02 mg, and that as two weighings were involved for each standard, the 
maximum error could amount to 0:04 mg. ‘The weight ratio is thus subject to an 
error of about 0-2°,,.. The standard error of the mean (1-3047) of the N.P.L. 
activity ratios is about 0-1°%,. The observed difference (0-4°,,) between the mean 
activity ratio and the weight ratio is therefore not significant. Similar consider- 
ations applied to the N.B.S. values lead to the same conclusion. 

‘he work described above was carried out as part of the research programme 
of the National Physical Laboratory and this letter is published by permission 
of the Director of the Laboratory. Acknowledgment is made to Dr. W. B. 
Mann of the National Bureau of Standards, for the loan and transport of the 
United States standard, and to Mr. W. Binks}, Mr. E. E. Smith, Mr. W. J. Callow 
and Mr. J. W. G. Dale of the Physics Division, National Physical Laboratory, 
for advice and assistance with the measurements. 


National Physical Laboratory, W. E. Perry. 
Teddington, 
Middlesex. 
23rd June 1955. 
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Energy Levels of Mu-Mesic Atoms 


It has been shown (Vachaspati 1954, Vachaspati and Shah 1954) that a 
nuclear charge distribution given by 


vr 


7 f cB2 e br 
Zep=Ze| — (c= 1)B%(r) 4 — ] Poe. (1) 


consistently explains both the electron scattering and nuclear coulomb energy 
data when c is taken equal to 1-75 and B is related to the nuclear radius R of the 
uniform model by (BR)?= 14:8. 

The 2P3+1S,, transition energy of a mu-mesic Pb atom provides an 
experimental result highly sensitive to the charge distribution. Hill and Ford 
(1954) have calculated this transition energy for a variety of nuclear models such 
that the charge density is everywhere positive. Their calculations exclude the 
case considered here, for our density given by equation (1) corresponds to negative 
charge at the centre and positive charge outside. We have calculated the above 
energy for this model. It has been stated (Cooper and Henley 1953) that, at 
least for light nuclei, two models would give the same result for electron scattering 
as well as mu-mesic transition energy, if the integral of the second moment of 
the charge density is the same in both cases. This criterion does not apply in 
our case as we are dealing with a heavy nucleus, and in addition, the integral in 
question has quite a different value for the given values of B and c from that 
for the uniform model. 

The non-relativistic Schrédinger equation for the above model is 


»o—Br 
cs [ooa(t 82) Hato 


Te if 


where G=R(r)/r, R(r) being the radial part of the wave function, k?=2yuE/h?, 
A=2uZe?/h?, E is the energy of the state and pz is the meson mass equal to 210 
times the electron mass. From Br =( to Br =} the equation is solved by expanding 
G into a series of increasing powers of Br, G starting as (Br)'+! for a given /. The 
value of G’/G is found at Br=3. 

For a value of r sufficiently large for the exponential term in the potential to 
be neglected, the solution of the equation is given by 


G= W,, e+ -ilaye2(P) 


where W is the confluent hypergeometric function, «=A/2(—k?)!” and 
p = 2(—k®)¥2r (Whittaker and Watson 1944). Values of G, G’ and G” are found 
with the help of this solution for y10-!2 cm and the solution is carried back to 
Br=}4 by point-by-point integration using the Runge-Kutta method. The value 
of G’/G at Br=3 obtained in this way is compared with the series expansion 
value, taking various values of £, until the solutions match, giving the correct 
value of the energy level. 

In this manner, values for the 1S and 2P states are found for Pb, taking 
R=1-2x 10-3413 cm. The spin-orbit interaction energy for the 2P state is 
calculated by the first-order perturbation theory using the above potential and 
point nucleus wave function, the fine structure splitting obtained being 0-19 mev. 
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The 2Ps.>15S,/. transition energy found is 10-34 Mev —4-53 Mev =5-81 Mev. 
Relativistic corrections are expected to increase this value by about 2°% bringing 
the transition energy to nearly 5-93mev. This compares favourably with the 


experimental value (Fitch and Rainwater 1953) of 6-0 Mev. 


Thus the charge distribution (1) gives correct values for the electron scattering 
as well as for the transition energy of the mu-mesic Pb atom. It has the further 
advantage that it gives a smaller radius for these phenomena and a bigger one 


for coulomb energy (Vachaspati and Shah 1954). 


I wish to thank Dr. Vachaspati for helpful discussions. 


Physical Research Laboratory, 
Ahmedabad 9, 
India. 
13th June 1955: 
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REVIEWS OF BOOKS 


Untersuchungen tiber die Elektronentheorie der Kristalle, by S. I. PrKar. 
Pp. viit+ 184. (Berlin: Akademie-Verlag, 1954.) DM 13. 


This book represents in a systematic way the papers by the author on polarons 
(slow electrons in ionic crystals) as well as on F-centres. The theoretical methods 
underlying this treatment are described in a clear manner. The movement of 
the ions induced by the electronic motion is treated both classically and quantum 
mechanically. ‘The main result in the theory of polarons leads to a very large 
effective mass. Unfortunately, the author did not know of recent developments 
in the theory of polarons which show that his method holds only for values of 
the interaction parameter « larger than 10. For smaller values of « another 
method which gives similar results to perturbation theory must be preferred 
(proof by variational technique). This makes the author’s application of his 
method to alkali halides invalid; other substances may exist, however, for which 
the method may be applicable. 

The section on F-centres is free from this objection. Here the author’s 
values of the thermal ionization energy and of the width of the absorption bands 
are in good agreement with experiment. The book should be mainly of interest 
to theoretical physicists who wish to study Pekar’s strong coupling approximation. 

H. FROHLICH. 


Molecular Theory of Gases and Liquids, by J. O. HrrscHFELDER, C. F. CURTISS 
and R. B. Birp. Pp. xxvi+ 1219. (New York: John Wiley; London: 
Chapman and Hall, 1954.) 160s. 


This book deals with the molecular theory of gases and liquids in a very 
comprehensive way. Little knowledge is assumed on the part of the reader, 
and the first two chapters consist of an account of simple kinetic theory, quantum 
mechanics and statistical mechanics. Apart from this introduction the book 1s 
divided into three parts, dealing with equilibrium properties of gases and liquids, 
non-equilibrium properties, and intermolecular forces. In each part the various 
theories are described in considerable detail and the results of a large number of 
numerical computations are given. For example the second virial coefficient of 
a gas is calculated for thirteen different types of potential function, corresponding 
partly to different degrees of elaboration of the theory, and partly to different 
types of molecule. In most cases a careful comparison with experimental results 
is made and the method of finding the force constants is described. Similar 
detailed treatment is given throughout the book, and this accounts for its con- 
siderable length. ‘The treatment is not confined to classical gases and liquids, 
and there are chapters on the quantum theory of the equation of state and the 
quantum theory of transport phenomena. ‘There is a useful section on the theory 
of flame propagation and also on the theory of detonation and the flow of propellant 
gases in rockets, subjects which were considerably developed during the war. _ 

The authors state that they hope this book will be useful to several groups of 
people including students, and they have therefore incorporated problems at 
the end of some of the chapters. It is true that some sections could usefully be 
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read by students, but the book’s length and detail make it unsuitable for a 
text-book, since a student would normally read only a small fraction of the book. 
On the other hand this very detail will make it invaluable as a work of reference 
to many people; most sections, for example, provide information that could 
otherwise be acquired only by a great deal of time and labour in searching the 
literature. 

There is one minor criticism to be made about the production of the book. 
Its sheer bulk and weight make it awkward to handle and carry about (it weighs 
over 2 kilos !) and it would have been more convenient to the reader if it could have 
been issued in three volumes, though this would presumably have made it more 
expensive. A. F. DEVONSHIRE. 


Einfiihrung in die Quantenelectrodynamik, by W. Turrrtnc. Pp. xii+122. 
(Vienna: Franz Deuticke, 1955.) DM 17.50. 


Apart from the Russian text of Akhieser and Berestetsky and the mimeo- 
graphed notes of Dyson and others in private circulation, this is the first account 
of quantum electrodynamics developed entirely from the post-war point of view. 
The book is written for theoretical physicists who are beginning a study of 
modern quantum electrodynamics and pre-supposes a thorough knowledge of 
quantum mechanics including all of Chapter 5 of Dirac’s book. After a brief 
chapter on the classical radiation theory, the author commences the quantum 
theory from the variational form of the action principle which has recently been 
formulated by Schwinger. ‘The Heisenberg representation is used throughout 
and no mention is made of the interaction representation so that the development 
is from the Lagrangian rather than Hamiltonian point of view, a policy which with 
the reviewer concurs. After sections on non-interacting fields and on the 
uncertainty principle in field theory, the problem of interacting fields is tackled 
by the Feynman—Dyson expansion of the S-matrix which is then applied to the 
self-energy problems of electron and photon, and the anomalous moment of the 
electron and Lamb shift are briefly discussed. These problems of course 
require renormalization, and they are followed by a summary of the general 
renormalization question. Appendices discuss the properties of Dirac matrices 
and the various Green functions of the theory and there is also a set of examples 
which is unusual in a book at this level, but should prove very useful to the 
student. ‘The author in his preface claims no completeness for the text on the 
references but one is nevertheless struck by some surprising omissions. The 
papers of Feynman which played so important a part in the development of the 
theory and contain the deepest discussion of it are not mentioned, nor is the fact 
that a paper of Schwinger quoted is the first of a comprehensive series or the 
subject. ‘The two-body problem is given one paragraph from the graph summing 
point of view and though positronium is mentioned the papers solving its proper- 
ties so well are not. ‘The renormalization section does not refer to the general 
perturbation solution of this problem by Salam. There is also no index. In 
so brief a book it is unreasonable to expect all these matters to be discussed but 
it costs no space to mention their existence and to give proper references to. 
papers which, after the book itself has been understood, should be the student’s 
next task. ‘These, however, are all faults of omission and the book can be 
recommended as a clear development of modern techniques, moreover the only 
consistently modern treatment which is easily available. S. F. EDWARDS. 
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Introduction to Experimental Physics, by W. B. Frerrer. Pp. viii +349. 
(London: Blackie and Son Ltd., 1955.) 35s. 


According to the author’s Preface this book has been compiled from notes 
taken at a course of lectures in experimental techniques given for some years to 
graduate students at the University of California. It is therefore not surprising 
to find that the techniques chosen for description are treated rather sketchily 
and in many cases inadequately from the point of view of the prospective user. 
The detailed instructions with which one had become familiar in books such as 
Strong’s Procedures in Experimental Physics are given considerably less pro- 
minence in the present volume. On the other hand the condensed presentation 
and the shortness of the chapters makes for easy reading. On reaching the end 
of the book the reader may well be left with the feeling that he has accompanied 
Professor Fretter on a tour of the Physical Laboratories of the University of 
California. He will probably retain after a single reading the same sort of 
impressions that might be gathered from such a tour. 

Most of the 32 chapters of the book are devoted to atomic and nuclear 
physics although many of the techniques described are useful in other fields. 
Thus the first chapters deal with selected topics in electrical and magnetic 
measurements, electronics, magnet design and vacuum techniques. ‘The next 
group of chapters gives a condensed account of methods of particle and radiation 
detection. ‘The material presented is obviously incomplete and is chosen mainly 
to acquaint the reader with the ‘ vocabulary ’ of the subject and to suggest further 
reading. Chapters 16-20 are mainly descriptions of the large accelerating 
machines at Berkeley. Finally there are sections on cosmic-ray techniques, 
mass spectroscopy, -ray, optical and microwave spectroscopy, molecular beams, 
magnetic resonance, pile techniques, x-ray diffraction and low temperature 
physics (with an average of about 12 pages each). The book concludes with a 
chapter on laboratory hazards (radiation exposure and toxicity of chemicals) 
and an interesting philosophical section on the design of experiments, which 
might well have prefaced the volume. 

Professor Fretter has achieved his object of presenting a wide range of topics 
in readable form. The book is full of interesting pieces of information and is 
likely to remind most readers of some long-forgotten fact or trick as well as to 
suggest some new back-of-the-envelope calculation. ‘Those who are giving or 
planning graduate courses on techniques will find the book useful both for its 
method of presentation and for the adequate but not overwhelming biblio- 
graphies at the end of each chapter. Altogether the author may be congratulated 
on having produced a volume which will both help and stimulate those who 


profess some interest in the arts of atomic and nuclear science. 
WwW. E. BURCHAM. 


Proceedings of the 1954 Glasgow Conference on Nuclear and Meson Physics, edited 
by E. H. Bettamy and R. G. Moornousr. Pp. ix+352. (London: 
Pergamon Press, 1955.) 63s. 


The conference on nuclear physics held in Glasgow in July 1954 was 
sponsored by the International Union of Pure and Applied Physics. Partly for 
this reason the conference was attended by an unusually large number of dis- 
tinguished visitors from overseas. 
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The formal business of the conference was divided into eight sections, each 
introduced by a survey paper; these were followed by specialized papers, 
totalling just over 100, and discussions. In the present volume of the Proceedings 
the editors have presented an extremely useful acount of the conference, an 
account which seems to have suffered little from the economies in text and 
diagrams which had inevitably to be made, although an index would have been 
helpful. The reports of the discussions, although brief, add considerably to the 
interest of the volume as a whole. 

It is impossible in a short review to summarize the work of a large meeting 
but the scope of the papers may be gathered from the section headings. Part I 
(Nuclear Forces) opens with a survey article by H. S. W. Massey. Part Il 
(Nuclear Data and Nuclear Models), which occupies nearly one third of the 
volume, is introduced by J. A. Wheeler and S. Devons and concludes usefully, 
after reports of many interesting experiments mainly on light nuclei, with a 
summary by V. F. Weisskopf. Part II] is a brief account of Photodisintegration, 
with a review article by E. W. Titterton, and Part IV covers Beta and Gamma Ray 
Transitions, with an introductory lecture by Kai Siegbahn. ‘The remainder of the 
volume deals with the sessions on high energy physics. ‘The subject of 
7~Mesons (Part V) is surveyed by H. A. Bethe and is followed by reports of a 
session on Field Theory (Part VI) introduced by W. Heisenberg. This is 
mainly devoted to theoretical methods and is followedby a chapter (Part VII) 
on High Energy Experimental Techniques. ‘The concluding section (Part VIII) 
is a survey of work up to June 1954 on Heavy Mesons and Hyperons; it is. 
introduced by C. C. Butler. 

Despite the wide range of topics covered certain unifying theories or hypo- 
theses are obvious throughout the volume. ‘The nuclear shell model and the 
nucleon isobar state are typical examples. Most of the contributions are dis- 
tinguished by extreme clarity and concentration on essentials—a welcome result 
of the compression presumably exerted by the conference authorities. Among 
the large number of interesting articles will be found, for instance, news of a new 
theory of photodistintegration, some remarkable pictures of the operation of a 
bubble chamber, and an account of an attempt to co-ordinate theoretically the 
growing family of heavy mesons. 

The ideal conference report would presumably appear in final form immedi- 
ately after the conference. ‘The present report has been delayed by some nine 
months, but much of the information contained in it, particularly the author- 
itative survey articles, is likely to be of value for several years to come. The 
editors and publishers have probably made the right decision in producing a 
volume of high quality which can be regarded as an addition to the literature of 
nuclear physics. W. E. BURCHAM. 


Neutron Diffraction, by G. E. Bacon. Pp. ix+299. (Oxford: University 
Press, 1955.) (Monographs on the Physics and Chemistry of 
Materials.) 35s. 

It is only a decade since intense beams of neutrons from atomic piles have 
been available for the study of the structure of matter by neutron diffraction. 
Yet in that relatively short period a very large amount of work has been done and 
the technique has proven a most valuable one, both to the physicist and the 
chemist. All workers will be grateful to Dr. Bacon for this most timely 
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discussion of the subject, especially so since the author treats the topic primarily 
from the practical viewpoint. Those workers who wish to find out what neutron 
diffraction is, the experimental techniques now employed and the kind of 
problems solved by its application will find that this book is ideal. 

Following an introductory chapter on fundamental theory, the second and 
and third chapter deal with the scattering of neutrons by atoms in simple 
and more complex molecules and the diffraction of neutrons by crystals. In 
the next chapter the experimental techniques are surveyed. Then follows a 
discussion of the measurement of scattering amplitudes and in Chapter VI the 
principles of magnetic scattering are described. The author then deals with 
one of the most important applications of the technique, namely the deter- 
mination of the positions of atoms of, light elements in compounds, e.g. the 
position of hydrogen atoms in sodium hydride, the ammonium halides and 
potassium hydrogen fluoride. ‘lhe remainder of the book is devoted mainly to 
the way in which neutron diffraction has been of value for the study of magnetic 
materials. Its importance in the study of ferro- and antiferromagnetic materials 
is very thoroughly surveyed. In the final chapter the results obtained by the 
application of neutron diffraction in gases, liquids and amorphous solids are 
discussed and an indication is given of present trends in this direction. 

The book contains a large number of diagrams most-of which are particularly 
clear and without unnecessary detail. The book is well up to the high standard 
of printing expected of the Oxford Press. The references, approaching 300, are 
well up to date ; there are many from journals published in 1953 and several from 
1954. The author and publishers are to be complimented for ensuring that the 
book deals with so much very recent work, an important feature in a monograph 
dealing with a rapidly developing subject. 

Practically no errors were observed but the reviewer does not claim to have 
checked more than a few of the values and equations which are quoted. 

This is a book which should be on the bookshelves of both physicists and 
chemists, especially those interested in the structure of solid materials and 
magnetic substances, and it is highly recommended. R. S. NYHOLM. 
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On the Barometer Effect on the Hard Component of the 
Cosmic Radiation 


BY He TREPALL 


Imperial College of Science and Technology, London+ 
Communicated by P. M.S. Blackett; MS. received 7th Fuly 1955 


Abstract. ‘The interpretation of the observed partial correlation between the 
meson intensity at sea level and the barometric pressure, the other independent 
variables of the regression equation being the height of the 100 mb level and the 
stratospheric temperature, is discussed. It is shown that even though the decay 
effect due to changes in the height of the meson-producing layer is represented 
by a separate term in the regression equation, the barometer term does not 
represent a pure absorption effect but contains also a contribution from the 
p-e decay. ‘This decay contribution is due to the relativistic time dilation which 
makes the mean life of a u-meson in the atmosphere depend on its energy loss 
and thereby causes its survival probability to change with changing sea-level 
pressure even if the height of the meson-producing layer remains constant. 
The decay effect is found to constitute about one third of the barometric effect 
observed in experiments performed at sea level. ‘The simple total correlation 
between the meson intensity and the sea-level pressure is also discussed. 


$1. INTRODUCTION 


T is well known that a negative correlation exists between the cosmic-ray 
intensity at sea level and the barometric pressure, and the simple regression 
equation Tote * 

(Eada BOB By | ees (1) 
can be used for a quantitative description of this effect. / denotes the cosmic-ray 
intensity and B the barometric pressure. ‘The coefhcient f will be referred to 
as the ‘total barometer coefficient’. 

This barometer effect was first observed by Myssowski and ‘Tuwim (1928), 
and was interpreted as being due to the absorption of the radiation in the 
atmosphere. However, after it had been discovered that the greater part of the 
cosmic radiation at sea level consists of unstable particles (the -mesons), the 
observed barometer effect could no longer be regarded as a pure absorption 
effect. If the sea-level pressure increases, the height of the meson-producing 
layer will also increase, which has the effect of reducing the survival probability 
of the »-mesons. Therefore, the observed barometer effect is partly due to 
absorption and partly due to the instability of the u-mesons. 

In order to separate the effects of absorption and decay, Duperier (1944) 
introduced the height of the meson-producing layer as a second independent 
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variable in the regression equation, now writing 
(I-Djl=p (BB) +e). ee (2) 


The best correlation was obtained when the 100 mb level was taken to represent 
the mean level of meson production. The first term of equation (2) was then 
regarded as representing the pure absorption effect while the second term would 
represent the effect of the »—e decay. 

Later work by Duperier (1949, 1951) has shown that the representation of 
the atmospheric effects on the meson intensity at sea level is improved if the 
mean temperature between the 100 and 200 mb levels is introduced as a third 
independent variable in the regression equation, which then assumes the form 


(I= Dil=6(B= Byes, AA Pe eee (3) 


The interpretation of the third term of equation (3) has been discussed in detail 
in previous papers (T'refall 1955a, b). ‘The inclusion of this temperature term 
has no significant influence on the interpretation of the observed barometer 
effect. The coefficients B’ and f, will be referred to as ‘partial barometer 
coefficients ’. 

However, even if the experimental data are analysed according to equation (2) 
or (3), the barometer term still contains a contribution from the -e decay. ‘The 
reason for this is the following: Because of the relativistic time dilation, the mean 
life of a w-meson increases with its energy. The probability for decay between 
the place of production and sea level therefore depends not only on the height 
of production, but also on the energy with which the »-meson was produced 
and on its energy loss in the atmosphere. As the energy loss increases with 
increasing sea-level pressure, the survival probability will decrease even if the 
height of production remains unchanged. Consequently, the partial barometer 
coefficients B’ and f, will be greater than the true absorption coefficient. They 
will, however, be smaller than the total barometer coefficient 6 of equation (1) 
because this coefficient also includes the effect of the changes in height of the 
meson-producing layer which usually accompany changes in the sea-level 
pressure. 

In the present paper an attempt is made to give a comprehensive analysis of 
the barometer effect on the meson component of the cosmic radiation at sea 
level. ‘The absorption effect and the decay contributions to the total barometer 
coefhcient 6 and to the partial barometer coefficient 8, are calculated. The 
theoretical estimates are then compared with the available experimental results. 
Only vertically travelling .-mesons are considered. 


§ 2. ‘THE ABSORPTION EFFECT 


A shielded counter telescope or ionization chamber measures the integral 
meson intensity above a certain cut-off momentum which is determined by the 
amount of absorbing material in and above the recorder. The effect of a change 
in barometric pressure is equivalent to the combined effects of a change in cut-off 
momentum of the recorder and a change in the differential momentum spectrum 
of the jz-mesons arriving at the recorder. The change of cut-off momentum is 
due to the change in air mass above the recorder, whilst the change in the 
differential meson spectrum is caused by the above-mentioned decay effects, 
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Let n(p) be the differential momentum spectrum of 4-mesons arriving from 
the vertical direction at sea level, and let N(p) be the corresponding integral 
spectrum. ‘I’he pure absorption effect caused by a change in the barometric 
pressure B is then given by 


I adN(p-) dp. n( Pe) dp. , 
Nib), deenuhin, oN) dp) ee (4) 


where p, is the cut-off momentum of the recording apparatus. 

Formula (+) shows that reliable theoretical estimates of the pure absorption 
effect can be obtained only if the differential momentum spectrum of j.-mesons 
at sea level as well as the momentum loss of x-mesons in air are accurately known. 
In these respects the absorption effect differs from all other atmospheric effects 
on the cosmic radiation. In the case of any other variation of atmospheric origin 
one measures what can be regarded as an effect integrated over the whole of the 
accepted momentum spectrum. Consequently, the magnitudes of those effects 
do not depend so critically on the exact form of the differential momentum 
spectrum of the meson component as does the absorption effect. For the same 
reason one can neglect the dependence of the momentum loss in air on the 
velocity of the «z-mesons when those other atmospheric effects are discussed. 
Only in the case of the absorption effect is it necessary to take into account the 
exact variation of the momentum loss with velocity. 

Many measurements of the momentum spectrum of cosmic-ray mesons have 
been performed. Rossi (1948) has discussed the information which was available 
at that time, and we shall refer to his summary as the ‘Rossi curve’. The later 
measurements agree very well with the Rossi curve except at very high momenta. 
The spectrum below p=0-5 kMev/c has recently been measured anew by Shamos 
(1954), who used an absorption method, and obtained results which are in good 
agreement with the Rossi curve. Measurements at higher momenta have been 
performed with magnetic counter spectrographs by Caro, Parry and Rathgeber 
(1951) and by Owen and Wilson (1955). In the region 0:5 kmev/c <p <10 kmMev/c 
the spectra of Caro et al. and of Owen and Wilson agree very well with the Rossi 
curve, but at higher momenta all three spectra differ. ‘The spectrum of Caro 
et al. decreases most rapidly with increasing momentum, then comes the spectrum 
of Owen and Wilson and finally the Rossi curve. 

For the purpose of the present investigation the following differential momen- 
tum spectrum has been adopted: The Rossi curve has been used as it stands for 
momenta less than 0-5 kmev/c whilst the empirical formula 2(p)=k(p+4) °°, 
with p measured in kmev/c, has been used for momenta greater than 0-5 kmMev/c. 
With a proper choice of the constant k the above formula very accurately repro- 
duces the Rossi curve in the region 0-5 kmev/c <p <10kmev/c. For p>10kmev/c, 
where the Rossi curve and the spectra of Caro et al. and of Owen and Wilson 
begin to differ, our empirical formula strikes a good compromise between the 
last two of the above-mentioned spectra. 

The factor dp,/dB in equation (4) has been derived from that curve for the 
momentum loss of heavy charged particles per gem ? of air which has been 
published by Rossi (1952, p. 25). The absorption coefficient for the vertical 
meson component at sea level has been calculated and plotted against cut-off 
momentum as curve A of figures 1 and 2. The change in momentum loss with 


velocity has an appreciable effect on the shape of the curve. 
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§ 3. THe Decay ErrecT WITH CONSTANT ATMOSPHERIC "TEMPERATURE 
DISTRIBUTION 
The effect of the -e decay is very simple if the atmospheric temperature 
distribution is independent of the sea-level pressure. An increase in the sea-level 
pressure then simply means that the whole atmosphere is lifted a certain distance 
upwards, which is dk =dx,/p,, where x, is the atmospheric depth at sea level 
measured in gcmr2 and p, is the density. Since all mesons must now travel 
this additional distance before they reach the recording apparatus, their new 
survival probability will be 
wd =werp(— dill) eee (5) 
where w denotes the original survival probability and ZL is the mean distance 
traversed by a meson before it decays. If the momentum p is measured in 
units of m,c, where m, is the mass of the jz-meson, one finds that L = pct,, where 
t, is the proper mean life of the »-meson. After introducing in (5) the expressions 
for dh and L, one obtains the formula 
1 dw 1 
de epepet 


for the decay effect on mesons with sea-level momentum p. ‘The corresponding 
integral effect is found by integration of (6) over the recorded part of the momentum 
spectrum with 7(p) as a weighting factor. ‘The decay effect has been calculated as 
a function of the cut-off momentum and has been plotted as curve B in figure 1. 
The combined effect of absorption and decay is represented by curve C. 

The total barometer effect has also been calculated by Olbert (1953) for this 
case, in which the atmospheric temperature distribution is independent of the 


sea-level pressure. Our results are found to be in good agreement with those 
of Olbert. 


§4. THe Decay EFFECT WITH CONSTANT HEIGHT OF THE REFERENCE LEVEL 


When the height of a reference level, supposed to represent the mean level 
of meson production, is used as an independent variable in the regression equation, 
theoretical estimates of the decay contribution to the barometer effect must be 
computed for a model atmosphere in which the temperature distribution changes 
with sea-level pressure in such a way that the height of the reference level remains 
unchanged. Obviously, there is an infinite number of ways in which this condition 
can be fulfilled. For the purpose of the present investigation the following simple 
model has been used: The atmosphere consists of two independent layers, the 
troposphere and the stratosphere. In accordance with the properties of ‘The 
International Standard Atmosphere’ (see for example Berry, Bollay and Beers 
1945) the stratosphere is assumed to be isothermal and the tropopause depth is 
taken to be 231 gcm’*. The stratospheric temperature is assumed to be identical 
with the variable 7 of equation (3). 

As all available experimental determinations of the partial barometer effect 
on the meson component have been made by means of the regression equation (3h 
the behaviour of our model atmosphere must be chosen so as to be in accordance 
with that equation. ‘That implies that only the tropospheric temperature can 
be allowed to change with the sea-level pressure, for the stratospheric temperature 
has already been identified with the variable 7 of equation (3) and must therefore 
be regarded as being independent of B, Under such circumstances the height 
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of the reference level can be independent of the sea-level pressure only if the 
height of the tropopause is also independent of B. The relation which must 
then exist between the tropospheric temperature and the sea-level pressure is 
determined by the equation 
‘2, A(x 

» of ee 


x 


H,= 


Jae 
where H,(x) denotes the value of the atmospheric scale height at the depth x, 
and xv, and x, denote the atmospheric depths at sea level and at the tropopause, 
respectively. Since the scale height is proportional to the atmospheric tempera- 
ture, equation (7) can be regarded as determining the mean tropospheric tempera- 
ture. The condition that the height of the tropopause (and thereby also the 
height of the reference level) shall be independent of x, is then expressed 
mathematically by the equation 

Hy) 


Vs CATES 


“'s OH / Ox, “axed 6° ONT eaten (8) 


x 


(hss 


found by differentiation of (7). 

It will now be assumed that all p-mesons reaching sea level have been 
produced above the tropopause. (It is not necessary to assume that they have 
all been produced at the same atmospheric depth.) ‘The probability that a 
y-meson shall not decay before it has reached sea level can then be written in 
the form 

Hie 8:10; Gow sey 3) KTS COT) i eo eeoc (9) 
where the factors on the right-hand side denote the survival probabilities from 
the place of production to the tropopause and from the tropopause to sea level, 
respectively. Since the stratospheric temperature is assumed to be independent 
of the sea-level pressure, the first factor on the right-hand side of (9) is independent 
Ore, 

If the momentum loss of a charged particle in air is assumed to be independent 
of its velocity, the general formula for the survival probability of a j.-meson 
travelling from the depth x, to the depth x, 1s 


yf 40 A eS > (“3 Hy) dx 
(Xt, vy P)= ex | Pee Oer ine neers (10) 


where a is the momentum loss per unit atmospheric depth, p is the sea-level 
momentum of the meson measured in units of m,c and H,(x) 1s the atmospheric 
scale height. Since only this second factor of (9) depends on the sea-level pressure 
the decay effect on mesons with sea-level momentum / is 
1 dw FL tay ays 0H, /0x, dx 
w(x, Xs P) Ox. i Pet Xs bes [perate, x )\icr, x 
In this case no serious error is introduced by neglecting the variation of the 
momentum loss with velocity. 

Some specific assumption must now be made about the tropospheric tempera- 
ture variations, and the simplest one is that the temperature variations are 
independent of the atmospheric depth. Since /)(x) 1s proportional to the 
atmospheric temperature, this means that ¢H)/dx, is independent of x. From 
equation (8) one then finds that 
0H A (%s) 


Ox,  '#,in(x,/x,)” 
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When (12) has been substituted in (11), the integration can be performed, and 
one obtains the formula 


1 dw Oy 1 ie pt+a(x,—x) )| Las) 
wox, | p  In(x,/x) P X4(p + ax,)et, 


for the decay effect on mesons with sea-level momentum Pp. 

The corresponding integral decay effect has been calculated as a function of 
the cut-off momentum of the meson recorder and has been plotted as curve B 
in figure 2. The combined effect of absorption and decay is represented by 
curve C. Comparison with curve A, which represents the pure absorption 
effect, shows that a significant decay contribution to the barometer effect remains 
even after the effects of changes in the height of meson production have been 
taken into account. 


§ 5. COMPARISON WITH EXPERIMENTS 


The available experimental values of the total and partial barometer coefficients 
are listed in the tables 1 and 2, respectively. In order to facilitate the comparison 
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| Experimental results 
=3:0- Vio ol I (numerals table 1) 


(a) | | ee 2 tt ! 
j 2 10 20 50 100 
Cut-off Momentum (72,,c) 
Figure 1. ‘ Total’ barometer effect. (No temperature variations.) 


Curve A: Contribution from pure mass absorption. 
Curve B : Contribution from p-e decay. 
Curve C : Combined effect of A and B. 


Table 1. Experimental Values of the Total Barometer Coefficient 8, 
determined by regression equation (1) 


Authors Cut-off momentum Barometer coefficient 

(m,,C) (% per cm Hg) 
!. ‘Trumpy and Orlin (1941) BOS == 3 

If. Duperier (1949) 4-] Pen Dale 37] 
{Ii. Duperier (1949) 4-4 = OV ea ORIG 
IV. Rose (1951) 338 — 1E7 Se O89 
V. Rose (1951) 6-0 — 2-113 +: 0:24 
VI. Chasson (1954) 3-6 —2:07+0-14 
VII. Jacklyn (1954) Bos = 1-635 10879 
VIET. Jacklyn (1954) 2°3 2-99 EO 56 
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between theory and experiment, all the experimental results have been plotted 
together with the theoretical curves in figures 1 and 2. Each experimental point 


has been marked with a roman numeral which refers to the corresponding entry 
in the table. 


5.1. The Total Barometer Effect 

Inspection of figure 1 shows that there is a very great spread in the experimental 
values of the total barometer coefficient. This spread is too great to be completely 
accounted for by the statistical errors. Duperier (1949) has shown that it is due 
to changes in the general behaviour of the atmosphere from one period to another, 
for such changes will affect the decay contribution to the total barometer coefficient. 
The great difference between Duperier’s two results (II and ITI of table 1) could 
thus be accounted for by the very different correlations which existed between 
the sea-level pressure and the height of the 100 mb level during the two periods 
of observation. The difference between Jacklyn’s two results (VII and VIII of 
table 1) could also be explained in the same way. 


=2-01 I T T =i) T | 


f Experimental results _, 
(numerals— sec table 2) 


l 
5 10 20 50 100 
Cut-off Momentum (72,,C) 


Figure 2. ‘ Partial’ barometer effect. (Constant height of 100 mb level). 
Curve A- Contribution from pure mass absorption. 
Curve B: Contribution from p-e decay. 
Curve C: Combined effect of A and B. 


Table 2. Experimental Values of the Partial Barometer Coefficient f,, 
determined by regression equation (2) 


Authors Cut-off momentum Barometer coefficient 


(m,,¢) (% per cm Hg) 

IX. Duperier (1949) 4-1 —1:05+0-16 
X. Duperier (1951) 5-9 —1-:21+ 0-06 
XI. Cotton and Curtis (1951) 3°5 —jhosyoy ae (eit 
XII. Trumpy and Trefall (1953) 28) —1:69+0-11 
XIII. Trumpy and Trefall (1953) $597) —1-49+0-14 
XIV. Dawton and Elliot (1953) 2:3 —1:67+0-16 
XV. Chasson (1954) 3-6 —1:56+0-23 
XVI. Wada and Kudo (1954) ci = 1-692. 0°23 
XVII. Wada and Kudo (1954) Sil —1-62+0-12 
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However, even though the experimental points are so widely scattered, they 
are approximately evenly distributed about the theoretical curve C of figure 1. 
This indicates that the assumption that the atmospheric temperature distribution 
is independent of the sea-level pressure will lead to reasonable estimates of the 
total barometer coefficient if long periods of observation are considered. 


5.2. The Partial Barometer Effect 


Inspection of figure 2 shows that there are no statistically significant differences 
between the various experimental values of the partial barometer coefficient. 
The agreement between the experimental results and the theoretical curve C 
is also found to be very good. The experimental results do, however, differ 
significantly from the curve A for the pure absorption effect. It is thus quite 
clear that agreement between the theoretical estimates and the experimental 
values of the partial barometer coefficient can be obtained only if the contribution 
from the p-e decay is taken into account. 


§ 6. CONCLUSION 


It has been shown theoretically that the barometer coefficient which is obtained 
by the use of a regression equation of the form (2) or (3) is not identical with the 
true absorption coeflicient for the hard component of the cosmic radiation. 
Calculations have shown that about one third of the effect observed at sea level 
must be due to the p—e decay. The validity of this conclusion is proved by 
comparison with the available experimental results. The majority of these 
results are found to be in very good agreement with the theoretical estimates for 
the combined effect of absorption and decay, whereas most of them differ signifi- 
cantly from the estimated values of the pure absorption coefficient. Consequently, 
the coefhicient ’ of equation (2) or the coefficient 8, of equation (3) should not 
be referred to as absorption coefficients. In order to distinguish between these 
coefhcients and the coefficient 8 of equation (1) it is suggested that B should be 
called ‘the total barometer coefficient’ whilst 8’ and 8, might be called ‘ partial 
barometer coefficients’. 

In view of the above discussion we may conclude that an experimental 
separation of the true absorption effect from the other atmospheric effects is not 
possible by means of any correlation analysis. ‘The reason for this is that the 
survival probability of a z-meson depends on its energy loss in the atmosphere 
and is therefore affected by changes in the sea-level pressure even if the height 
of meson production remains constant. 
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Abstract. A rotational analysis has been made of the 1,0, 0,0, 0,1 and 1,2 bands 
of the a—x system and of the 1,0, 0,0 and 0,1 bands of the B—-x system of InF. 
Two branches are found in the a—x bands, and three in the B—x bands, confirming 
the identification of a as 3f1,, and B as #f1,. The internuclear distance in the 
ground state, 7,” is 1-985 A. 


€ 


§ 1. INTRODUCTION 


HE object of recent spectroscopic and thermochemical studies of the halides 

of the Group IIIb elements has been to study as completely as possible 

the variations in bond properties throughout the group, from boron 
monofluoride to thallous iodide. ‘This is a particularly attractive set of molecules 
for such a study, as not only the force constants and internuclear distances but 
also the bond energies may, in many cases at least, be determined with some 
precision. ‘lhe present paper is primarily concerned with the determination 
of the internuclear distance in indium monofluoride. 


§ 2. EXPERIMENTAL 


‘The spectrum of indium monofluoride has been observed both in absorption 
(Welti and Barrow 1952) and in emission (Barrow, Jacquest and Thompson 
1954). In the present work, the InF bands were excited in a hollow cathode 
discharge of the type described by Naudé and Hugo (1953). Helium gas at low 
pressure was used to carry the discharge; no auxiliary furnace was used as the 
hollow cathode was heated adequately by the discharge itself. Exposures were 
made on a 21-ft concave grating set up in a Paschen mounting at the University 
of Stellenbosch. 

It was found in preliminary experiments that compressed pellets of aluminium 
trifluoride with finely divided indium metal in the cathode gave the InF bands 
with only rather low intensity. More intense spectra were obtained from 
compressed pellets of indium oxide, In,O,, with calcium fluoride and indium 
metal. 

Bands of the c—x system (2300-2400 A) were photographed in various orders 
up to the fifth order, and the triplet systems a, B-x (3100-3400 A) up to the sixth 
order. Exposure times on Ilford Zenith plates were about two hours for the 
C-x system and 35 minutes for the triplet bands. 

Exposures were also made in the visible and new infra-red regions of the 
spectrum in an attempt to observe systems similar to the visible and near infra-red 
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Rotational Analysis of Bands of the A, B—X Systems of InF 


1,0 Band 
RV) P(J) 
31032°62 
33°18 31:56 


24-218 


24-218 
24-218 


26°33 
26°63 
26°96 
27-30 


27-65 
28°04 
28°45 
28-83 
29°21 
29°67 
30-09 
30°58 
31-06 


31:56 


32°10 
32-62 
33°18 
33°81 
34-39 
35-00 
35°63 
36°31 
36°98 
37°65 


38°33 
39°08 
39°82 
40°57 
41°36 
42:12 
42-95 
43°81 
44°63 


Table 1. 


0,0 Band 


R(J) 


04:10 


05°50 


S 3 1S\+ 
System a®[],.—x'+ 


PY) 


63°95 
63°50 
( 9 
4 


61-038 
60-78 
60-49 
60-25 
60-02 


59°90 
60°02 
60°28 
60°49 
60°78 
61:11 


61°35 
61:73 
62°23 
62°64 
63-09 
63°50 
63°95 
64:45 
64°94 
65°39 


65°99 
66°55 
67:19 
67-79 
68°41 
69-08 
69°76 
70°43 
71°21 
71:96 


0,1 Band 
PJ) 


R(J) 


29936° 10 


88°42 
90:09 
91-89 
93°70 


95°46 
97°27 
99°18 
30001-0383 
02°95 
04:87 
06°83 
08:80 
10°80 


H indicates band head. 


31:23 
31+ 


30:73 


29-96" 


29-962 
29-964 
29:96" 
29-964 


49-41 
5O-40 
51-47 
52°51 
53°60 
54:68 
55:87 
57-07 
58:28 
59°47 


60:70 
62-04 
63°26 
64-63 
65°94 
67°35 
68°74 
70°21 
71-61 


1,2 


RJ) 


29980-92 


30000°74 
01-96 
03°18 
04:49 


O5:74 
07-038 
08°38 
09°77 
11:16 
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Band 


PJ) 


80°92 
81-70 


82°33 
83:08 
83°83 
84°64 
85:42 
86°31 
87:18 
88-07 
88:96 
89:95 


90°89 
91-89 
92°93 
93°93 
95:02 
96°10 
97:27 
98°37 
99°54 
30000°74 


01:96 
03°18 
04-49 
05:74. 
07-03 
08°38 
09°77 
11:16 
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Table 2. System B?II,—xt2* 


1,0 Band 0,0 Band 0.1 Band 


R(J) QV) PY) RJ) QW) PJ) RY) QV) PJ) 


0 

1 

2 

3 

3 0747-5 

j 3127841 71-29 8-48 

; 79:03 70-91 49-04 44-69 40°83 

8 79°83 70:55 49-86 44-95 40°50 

9 80°55 75:18 70:21 50-64. 45:17 40:20 
10 75:46 69-91 51-53 45:50 39°92 
11 75°74. 69°59 52-31 45-75 39-74 
12 : 75:86 69-34 53-22 46-11 
13 35-16 76:22 69-14 53-92 46°39 
{4 34-87 76-48 68°85 54:98 46°30 
15 34-62 76:93 55-95 A717 
16 34:37 77-21 57:00 47-57 
17 34-14 77°62 57°86 48°07 
1s 33-89 78-00 58°87 48°48 
19 33°76 78:41 59-92 49-04 
20 33-60 49-56 38-68" 
21 50:09 38:68! 
22 50-64 38:68! 
23 67-85% 51-23 38-68" 
24 67-858 65-51 
25 67-851 66°74 
26 32-942 67-854 67:96 
Oi 32-94% 69:24 
28 32-9411 70°52 
29 32-948 71-80 39-74 
30 01-60 84-60 73:17 56-22 39-92 
31 02:76 85-30 74-54 57-00 40:20 
32 3:9) 86-00 75:92 57°86 40:50 
33 86-74 68°85 77°39 58-70 40°83 
34 87-45 69-14 78°77 59-58 41-19 
35 88 32 Qt 60:54 41°55 
36 89-10 5 61:48 41:96 
37 33-60 89°91 69-91 62°46 42°39 
38 33-76 90-79 70:21 63°44 42°84 
39 76:49 54-88 33°89 91-64 70-55 64-45 43-33 
40 55-66 14:87 65-51 43°85 
41 16:33 66:57 44-37 
42 17-85 67-69 44-95 

3 19°36 68°83 45-50 
44 20-84 69-94 46-11 
45 22-36 7114 46-80 
46 23°96 (P5833 47-D7 
47 25-61 73°58 48:07 
48 74-82 48-92 
49 76:12 49-56 
50 64-04 02-76 75-74 77:39 50-37 
51 64-89 03°95 76:22 73:77 
52 65°88 05-08 76:93 80°15 
53 66:86 06:29 77-62 S151 
D4 j 07:49 78:4] 82:89 
55 68°77 08-70 79-03 84-39 
56 69°81 09°96 79°83 S586 
57 70°88 40-42 11-25 80°55 87:27 
58 72-00 40°91 12:57 81-44 88-90 57°56 
59 73:01 41:47 13:90 82°04 90-40 58-70 
60 74:14 42-14 15:23 82:96 91-95 59:58 
61 75:26 42-69 16°61 83-78 93-55 60°54 
62 76:49 17°85 84-30 95-19 61-81 
63 19°36 85-52 96°77 62-90 
64 20°84 86°43 98°55 64-09 
65 22-29 87°36 65-23 
66 23°74 88°32 66°57 
67 25°25 67-69 
68 68°83 
69 70:23 
70 71-55 
a 72-91 
ne 74:27 
ae 7562 
v4 77-03 
fo 78:47 
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systems of AlF (Naudé and Hugo 1953, 1954, Barrow and Rowlinson 1954), 
No such bands were found, even though in later experiments indium trifluoride 
was prepared separately, mixed with indium metal, and heated inside the hollow 
cathode as before. 

The rotational lines were measured against Fe arc lines whose wavelengths 
were taken from the M.I.'T. tables (1939). Wave numbers of the lines analysed 


are given in tables 1 and 2. 


ANALYSIS 


The rotational structure of bands of the c—x system was not resolved, even on 
the fifth order plates, but many of the lines of the triplet bands are well resolved, 
and the fourth order plates proved the most useful. Microphotometer traces 
of parts of the 0, 1 bands of the a, B—x systems are illustrated in figures 1 and 2. 
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Figure 1. The 0, 1 band of system A—x. 
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/ \P head 
\ of 1,2 
P head band 
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Figure 2. The 0, 1 band of system B—x. 


The analysis started with the 0,0 and 0, 1 bands of the B-x system. The 
Q branches were easily recognized, and their approximate J numberings were 
determined from the first differences. The R lines are well resolved only at low 
J values, and the P lines only at high J values, where they return from the head, 


so that the correct / numbering had to be found by trial and error from possible 
sets of A,F’(J). Only one arrangement gave sets identical within experimental 
error for the two bands. A selection of values of A,F’(/) is given in table 3; 
the analysis rests essentially upon these results, but is confirmed by the values 
of A,F’(J) obtained from the 0,0 and 1,0 bands of the B-x system, analysed 
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later. Preliminary values of the ground-state rotational constants were then 
evaluated from the rather small selection of values of A,F”(/) available, using 
D=4B?/w2: these were used to calculate values of A,F’(/) for the analysis of | 
the 1,0 and 0, 1 bands of the a—x system. | 


Table 3. Combination Differences 


A.F’(J) A LOB | 

R(J)-Q(/) QC DPC) RG OCG) Q(J)-P(J +1) | 
i Ox a0 a4 CHG as i | 00 10 Oj,O = 10 1 
10 5-98 6-03 6:15 6:01 5:70 5:79 5:87. — iW 
15 8:59 8-78 oe — 8-31 8-31 Se HS) | 
20 11-39 11-43 — 11-41 10:92 10-95 —- — i 
25 14-21 14-21 14:19 — 13-61 13-58 13:59 13-59 1 
30 17-00 16:95 — 16-80 16:30 16:20 — — 1 |) 
35 19-67 — 19-51 19-52 18:89 18-91 18:73 — 1 
40 22:34 — 22417 22:20 21:41 — 21:24 21-29 1 
45 24:98 — 24:89 24-76 23-95 23:86 23-86 I 
50 = — 27:73 27-54 — = 26°54 26:50 . 
55 — — 30-13 30-25 — = 28°87 28-85 
60 — — 32°83 33-01 — — 31:45 31-45 


The constants were evaluated as follows: 
(i) The Q branches of the B—x systems were fitted to equations: 


B(0, 0) v(Q) = 31274-1,+0-0112,J(J +1) 
3(0, 1) »(Q) = 3074405 + 0:0130,/(J +1) 
B(1, 0) »(Q) =31840-5, +0-0091g4(J +1) 


Thus AG44=506:3,, AG, = 030 1a a — 00020 ae — (0008 ene 
(11) A second value of «” was obtained from differences of the kind 


[RU )o, Q RV )o, z= [P( )o, Oa P(S)o, il eS fa AG" i a a" S(S ay 1), 


using R, Q and P branches in the B—x bands and R and P branches in the a—x 
bands. ‘The differences obtained from the various pairs of branches are in good 
agreement, and provide a good check on the correctness of the analyses of the 
A-x bands. ‘The values of the constants were found to be: 


AG" = 530-05, «” =0-0018, em-1. 


(iii) ‘The value of By,” was then evaluated for v”=0 and v’ =1 fromall reliable 
values of A, F"(J)/(J + 3), using x” = 0-0018, and D” = 2-5 x 10-7 cm~! (determined 
from Kratzer’s relation). We obtain By” =0-2615,cm—. 

(iv) ‘The remaining rotational constants were found as follows: B,”, B” were 
obtained from B,” and the value of «” obtained in (ii). The constants for state B 
were derived from the results of (i). The constants for state a were obtained 
In two ways: 


(a) From the sums R(/—1)+ P(/) which gave 


a(0, 1) v9 = 29935°5, AB =0-0126,cm-! 
a(0, 0) ¥y) = 30465-5, AB =0-0108, 
a(1, 0) vy = 31032-1, AB =0-0088, 


thus AG’ ,,=566-6, 


>»? 


oa = 0-001 9 ;em=". 
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(6) From the differences [R(J — 1), »>—R(J—1)y, 9], [PU +1)1,0— PU + 1)o ol; 
which lead to AG’,.=566-6,, «’=0-0020,cm-!. ‘The means of the estimates 
from (a) and (b) were accepted. 

(v) The differences [R(J),9—R(VJ)12], [P(J)1.9—P(J),.2] were used to 
analyse the 1,2 band of the a—x system, and to derive 

AG (Oy 2) = 105485) = 00018 scm" 
(vi) Values of the internuclear distances were obtained using 
J=16-8611/Ba.mtu.A?, and «=16:3081a.m.u. 

A small perturbation in the R branch was detected at about J =38 in v=0 of 
A®I1,... The effect in the P branch could not be observed with certainty, as the 
lines in this region returning from the head are not well resolved (see figure 1). 
However, it seems certain that the perturbation does in fact arise in the upper 
state. [he observation provides a check that the relative numbering of the 
R branches of the 0,0 and 0,1 bands of the aA—x system is correct. 


§ 4. COMMENTS 


The values of the constants for the electronic states of InF are collected 
together in table 4. The rotational constants for state c have been determined 
from R-Q and P-Q head separations, using the values of B,” and «,”. The 
vibrational constants for state A have been newly determined by calculating the 
head-—origin separations; it is likely that a cubic term in G(wv) is necessary, but the 
results are hardly of sufficient precision to warrant its evaluation. 


Table 4. Constants for the Electronic States of InF 


State is Wo FALE): VeWo Be x 7. (A) 
D (47536) 535 — _- —- _ — 
el 42771°6 463-9 7235 —0-:05 0-266, 0-005, OTK. 
Boule 4 te Bie 2:63 —0:095 Ome7Sun 0:0020, 1-943, 
A°I1 5+ 29935°55 SILI Be Gia — O27 Sse 0-0020, 1-944, 
xe St 0 Bs sie Deliae —- 0):2624, 0:0018, 1-984, 


The value of the internuclear distance, 7,”=1:985A is about 0-124 bigger 
than the value estimated empirically by Welti and Barrow (1952), from the general 
trends in the internuclear distance in the hydrides and halides of this group of 
metals. It is also bigger than the value to be derived from Guggenheimer’s rule, 
but this is also true for the other fluorides, thus: 


se i eine 
BF 1-262 1-197 0-065 
AIF 1-655 1-559 0-096 
GakF 1-697 
InF 1-985 1-853 0-132 


If GaF is regular, we should expect 7” =1-81 A. 

The second point concerns the difference between the internuclear distances 
in InF and InCl.  Froslie and Winans (1947) derived 7,”(InCl) = 2-315 A, so that 
r,"(InCl) —7,"(InF) = 0-33 A. In the case of the boron and aluminium compounds, 
the differences are bigger, 0-45, and 0-48, A; respectively. If the present value 
for InF is correct, it seems possible that the value for InCl is somewhat too low. 
This would suggest that the rotational analysis of the InCl bands may not be quite 
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correct; a careful examination of the published measurements has led to no 
definite conclusions, but it is noteworthy that the plot of A,F’(J)/(J +3) for 
this molecule departs from linearity in an unusual way, and that the limiting 
slope gives a value of the centrifugal stretching constant D” very different from 
that obtained from Kratzer’s relation D=4B?/w, which usually gives reliable 
results. ‘The view that Froslie and Winan’s value for r”(InCl) is a little too low 
is supported by the electron diffraction observations of Brode (1940), who 
obtained r’(InCl) =2:42 A.+ A similar difficulty arises in the rotational analysis 
of GaCl (Levin and Winans 1951); in this case a further problem arises in that a 
perturbation is apparently found in the ground state. Such a perturbation is 
not to be expected, and these anomalies in the published analysis, taken together 
with the difficulties arising from the isotope effect on this molecule, lead us to 
suspect that this analysis as well may need revision. 

Some light will be thrown on these questions by a study of the rotational 
structure of the #II-'X*+ bands of GaF now in progress. 
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Abstract. ‘The mesomeric effect is discussed in terms of a mixing of the ‘locally 
excited’ states of the hydrocarbon, and the ‘electron transfer’ states. If the 
substituent behaves as an electron donor, the energies of the lowest electron 
transfer states can be estimated from the ionization potential of the substituent. 

A substituent which has a small ionization potential will be expected to exert 
a strong mesomeric effect, since the electron transfer states have low energies. 
These states may give rise to new bands in the spectrum. The spectrum of 
aniline is discussed in these terms, and the band at 23504 is attributed to an 
excitation to an electron transfer state. 

If the ionization potential is large, then, in general, there will be only a weak 
mesomeric effect. In this case it is only possible to estimate the change in energy 
of the lowest electronic states. A method is described whereby the inductive 
effect can be allowed for, and this is applied to find the mesomeric effect of a 
methyl substituent from the various methylated benzenes. 


§ 1. INTRODUCTION 


HE mesomeric effect is exemplified by the tendency for the electrons of 

a substituent group to enter into conjugation with the z-electrons of an 

unsaturated molecule. One result of this conjugation is to bring about 
a change in the electronic spectrum of the molecule, the bands usually being 
shifted to longer wavelengths. 

In paper III of this series (Murrell and Longuet-Higgins 1955, to be referred 
to as If1) the effect of an inductive substituent on the spectrum of an aromatic 
hydrocarbon was considered. In this case, the substituent just alters the potential 
under which the z-electrons of the hydrocarbon move. In paper V (Longuet- 
Higgins and Murrell 1955) we dealt with the special case of the substituent 
itself being an unsaturated hydrocarbon. Both electron interaction and the 
mesomeric effect are important for this type of substituent, but on the molecular 
orbital model there is no inductive effect. 

In this paper, substituent groups will be considered which contain no 
unsaturated bonds. With this restriction the excited states of the substituent 
will tend to have a rather high energy, and hence electron interaction will be of 
secondary importance. Furthermore, it will be assumed that the inductive 
effect is small, or that it can be allowed for by the method of paper ITI. 


§ 2. METHOD 


It was shown in V that in order to predict the change in the electronic spectrum 
of a hydrocarbon due to the mesomeric effect of a substituent, the following 
information is required: (i) The energies and wave functions of the electronic 
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states of the hydrocarbon. ‘These are called ‘locally excited’ states. (11) The 
energies and wave functions of the states which arise from the transfer of an 
electron from the substituent to the hydrocarbon, or from the hydrocarbon to 
the substituent. These are the ‘electron transfer’ states. (111) The resonance 
integral B..= [¢,(7)H(y¢,(7)dz7,, where 4, and 4, are the atomic orbital functions 
associated with the atoms forming the bond between the hydrocarbon and the 
substituent. 

If the self-consistent molecular orbitals of the hydrocarbon are written 
,...%,, and those of the substituent 0,...6,, then the locally excited states of 
the hydrocarbon will be linear combinations of singly excited configurations of 
the type ys, 'y,, and those of the substituent will be combinations of the con- 
figurations 0,10, (see papers I and II in this series, Dewar and Longuet-Higgins 
1954, Pople 1955.) The electron transfer states are of two kinds, according as 
the electron is transferred from the hydrocarbon R to the substituent S, or from 
the substituent to the hydrocarbon. The former will consist of configurations 
of the type %,-1@, and will be written RS, and the latter of configurations 
6,,, tv, written S=R. 

Table 1 summarizes the interactions which occur between the states, when the 
hydrocarbon and the substituent come together to form a bond. 


Table 1. A Summary of the Types of Interaction which occur between the 
Electronic States when R and S come together to form a Bond 


(see III and V) 


Locally Locally Electron Electron 
excited excited transfer transfer 
states of R states of S states states 
Me © 1S) te) Se IR 
Inductive . ; 
wh Electron Mesomeric Mesomeric 
if effect of 5 é Pe 5 
5 interaction effect effect 
substituent 
: Inductive f : 2 
Electron : Mesomeric Mesomeric 
© , : effect of 
interaction effect effect 
hydrocarbon 
Inductive 
pas Mesomeric Mesomeric effect and No 
: effect effect electron interaction 
interaction 
Inductive 
Mesomeric Nlesomeric No effect and 
S25 R : ; F 
effect effect interaction electron 
interaction 


If the substituent can be classified either as an electron donor or an acceptor 
with reference to the hydrocarbon, then a further simplification arises, since one 
kind of electron transfer state will have a high energy and can be neglected. 
If the substituent is an electron acceptor we can neglect the states SR, if it is an 
electron donor, we can neglect RS. 

With this approximation, and with a substituent for which electron interaction 
and the inductive effect can be either ignored or treated separately, the problem 
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reduces to an evaluation of the interaction between the locally excited states of the 
hydrocarbon and one set of electron transfer states, which set being determined 
by the character of the substituent. 

The energy of the electron transfer configuration 6, ', is given by 


E,,)=£)— Ey, — | | Oy (t) — Vaan | sexta tae (1) 


where £,, and E,are the energies of the self-consistent orbitals 0, and ¢, respectively. 
The energies and wave functions of the molecular orbitals of the substituent 
are often uncertain; however, if we restrict attention to the electron transfer 
state of lowest energy, then E, will be given, to a good approximation, by the 
ionization potential of the molecule HS. The energy E, can be obtained as the 
electron affinity of the hydrocarbon RH, or can usually be calculated with moderate 
accuracy. ‘The integral in expression (1) can be evaluated using the approxi- 
mations of Pople (1953). The molecular orbital of the hydrocarbon is expanded 
in terms of atomic orbital functions, and all integrals neglected except those of 
the form 
[J X= b2G)dr 

These integrals are replaced by the interaction energy of point charges centred 
on the substituent and on the carbon atom ‘t’. This will be a good approximation 
if the substituent group is small and compact. ‘The energies of the configurations 
ws, ‘4, are obtained in a similar way. 

The matrix elements of the interaction between the electron transfer 
configurations and the locally excited configurations of the hydrocarbon are 
evaluated from the following formulae: 


| Pe Hy, Mb, dt =8y, m | Oi) Heb, (iar; 


| 0 hy Aes, ,d7 = Ops | O1(2 ) Ay p(t) a7;- 
The interactions with the ground state y» are given by 


| bh, OA xod7 = V2 | (7) £4, )0(2) dz, 


| Oi. WH ygdr = V2 | OG) Hylidae 


The integral [0,(7)Hib,(i)d7, can be reduced to C,,J@,(2)Hw¢,(a)dz7,, where C,, 
is the coefficient of the rth atomic orbital in the expansion of the y,, the substituent 
being attached to carbon atom ‘r’. If as we have suggested, we consider only 
the electron transfer states of lowest energy, then these will involve only one 
molecular orbital of the substituent—the highest filled orbital for the states 
SR, and the lowest vacant orbital for the states RS. All the interactions 
can then be expressed in terms of one parameter, namely 


Bus= | O@)Hiod,(é)dr, 


Two examples will now be given, which will illustrate the scope and limitations 
of this theory. The amino group will be chosen as an example of a substituent 
which has a strong mesomeric effect, and the methyl group as one which has a 


weak effect. 
64-2 
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§ 3. A STRONG MESOMERIC EFFECT 


Let us first consider the interactions which occur between the locally excited 
states of a benzene molecule, and the electron transfer states which arise from 
taking an electron out of the highest filled orbital of the substituent, and placing 
it in either of the degenerate vacant orbitals of the benzene. ‘These states will 
be favoured for an amino substituent, which has a tendency to donate electrons 
to the hydrocarbon. The locally excited states of benzene have wave functions 
and energies as follows: 


Wave function Energy (ev) 
Ve = V3(bs ba — bo Ys) 6-74 
oa = V3(bs hs + po py) 6:74 
= V3(b3 by + be Ys) 6-14 
‘ a= V a(h3 lbs — po py) 4-88 


po and yg, yb, and x, are the two pairs of degenerate molecular orbitals of benzene 
(see i). 

The energies of the electron transfer states 0-1, and 6-14, have been calculated 
using the point charge approximation, taking the bond length of benzene to be 
1-394, and the bond joining the substituent to the hydrocarbon to be 1-464. 
‘They have the following values : 

E(@,) =1 — A — 4-84 ev, E(@-“,)=1 —A—6-03 ev. 
I is the ionization potential of the substituent, and 4 is the electron affinity of 
benzene. 


‘The interactions which occur between the electronic states are shown in 
table 2. 


‘Table 2. ‘The Matrix Elements of the Interactions between the Electronic States 
due to the Mesomeric Effect 


ine Y's O- dh, op a7 ve Ms 
yee Ge 22 0 / 4 Brs ¥p (| 0 0 ~vBrs } 
Vp | 0 Ep —V¢$Prs pe | 0) Ex 0 /tBrs 
‘AB oe 0 0 | ems 
Oh, | VéPrs —V¢BRs 4-84 | Xo 0 } v3 0ns 
: bs [ —V/$Brs VéBrs V3 oR 6-03 | 


J 

‘Taking the value of J as equal to the ionization potential of ammonia, 10-52 ev 
(Morrison and Nicholson 1952), and A as —0-54ev (Pople and Hush 1955), 
then the energies of 1p, and 6-14, are 6-22 ev and 5-03 ev respectively. It is 
to be expected therefore that the spectrum of aniline will differ appreciably from 
that of benzene, and will possess an additional band at low energies. This is in 
fact what is observed. 

If the secular equations are now solved, taking a reasonable value for 8. of 
—1-6ev, we obtain the results shown in table 3. 


‘Table 3. ‘The Wave Functions and Energies of the Electronic States of Aniline 


Wave function Energy (ev) 
0-167%,,—0-777 ¥ 5-0-6060 ys, Pos 
0-297, —0-855'V'-+ 0-41991b; — 0-032 x9 7-06 
0-861", + 0-431 ¥', +. 0-2608-bs, — 0-055 yu 6°34 
0-396‘, 1-0-6125 --0-6840-b, 6-01 
0-416, — 0-285 P'5,—0:8340 1h; + 0:266 x0 4-83 
O-90TF,— 07125 %,--0- 4140, 4:58 


0-025", —0-023', —0-2440-4h, —0-969 yo =()33 
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The moment of a transition from the ground state to one of the electron transfer 
states is zero, if it is assumed that there is no overlap between the molecular 
orbitals of the hydrocarbon and those of the substituent. If this is not strictly 
true, then a transition to the state 6's, will have a larger moment than one to the 
state #-!wW,, since ys, has a node through the carbon atom to which the substituent 
is attached. ‘The bands of aniline will derive most of their intensity from the 
contributions of ‘I’; and ‘’g in their upper state, transitions to these states giving 
the very intense § band of benzene. ‘Transitions to the states of energy 7:25 ev 
and 7:(6 ev will be expected to give rise to intense bands similar to the B band of 
benzene; transitions to the states of energy 6:34ev and 6-01 ev will give rise to 
less intense bands, but they should be more intense than the p band of benzene. 
Transitions to the states of energy 4-83 ev and 4:58 ev will have a small moment, 
but of these two the former will be at least five times more intense than the latter, 
due to the contribution from the f’ state. In table 4 the observed and the 
calculated results are compared. 


Table +. A Comparison of the Observed and Calculated Spectrum of Aniline 


Excitation Calculated WANs 7939) 6:67 6:34 5:16 4-91 
energies (ev) | Observed 7-061 6°30! Sop 4-317 
Observed intensity (eax) >10000 32000 8000 1300 


' Klevens and Platt (1954-55). 
* Grammaticakis (1951). 


It is most probable that the electron transfer states for amino substituents 
arise from the excitation of an electron from the unshared pair of electrons on the 
nitrogen atom. In this case, if the plane of the substituent group is forced out 
of the plane of the benzene ring, the mesomeric effect will be considerably reduced. 
This is in fact observed when dimethylaniline is substituted in the ortho positions 
(see table 5). 


Table 5. ‘The Effect of Ortho Substituents on the Spectrum of Dimethylaniline 
(Klevens and Platt 1949) 


Dimethylaniline 


vem!) 56800 50100 40000 33000 

ui O79 0-54 0:28 0-04 
o—Methyldimethylaniline 

vem?) 54000 48000 40400 — 

if 0-69 0-23 0-12 0-02 
o-o—Dimethy!dimethylaniline 

y(emiet) 54590 47400 38600 

f 0-66 0-15 0-05 
Benzene 

AN) SOND 49500 39400 

i 0-69 0-10 0-0014 


There has been some controversy over the origin of the band at 5-27 ev in 
aniline. Klevens and Platt (1949) came to the conclusion that this band arose 
from the x band of benzene, basing their argument on the frequency of the band, 
and its relationship with the bands observed for methyl and hydroxyl substitution. 
From the intensity of the band however, we have reached the conclusion that 
this band does in fact arise from a transition to the electron transfer state. This 
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state has a different symmetry from the « state. ‘he « band appears, very 
much weaker, at longer wavelengths. The inductive effect has been ignored 
in this problem: it will be expected to increase the intensity and wavelength of 
the x band, but these changes will be small in comparison with the mesomeric 
effect. 


§ 4. A Weak MESOMERIC EFFECT 


To consider mono-substitution, we chose our benzene orbitals to be so 
oriented that the electron transfer states could be represented simply by the 
configurations 61, and @-;. Since all positions of substitution are identical 
it must be possible to set up orthogonal states of the type a@-',+6@ ys; and 
bO-'yb,—-a0-'b;, for each position of substitution. One of these states will 
have an energy /— A — 4-84 ev and will interact with the « and f states; the other 
will have an energy /— A — 6-03 ev and will interact with p, 6’ and ground states 
of the molecule. Since there is no interaction between the electron transfer 
states associated with different positions of substitution, the mesomeric effect 
will just depend on the number of substituents, and not on the actual position of 
substitution. ‘This is an important difference between the mesomeric effect and 
the inductive effect, the relative positions of substitution being very important 
in the latter case. ‘Thus there is the same mesomeric effect on the « state for 
ortho, meta, and para substitution, yet, as was shown in III, the inductive effect 
varies in the ratio 1:1:4. 

Since we have considered only the excited states of lowest energy, our method 
will probably be most reliable for determining the change in energy of the x band; 
the p, 6 and f’ states may lie close to other high energy states. In addition the 
x band is unaffected by electron interaction, whereas the p, 6 and P’ bands can 
be changed considerably. This is an important reason for restricting our 
attention to the « band when the mesomeric effect is weak. 

It was suggested in ITI that the change in energy of the x band should be given 
by an expression of the form 

(AE, —AE,) oy, = od +(AEq” —AEy") 
where. is a constant for a given substituent, 7 is the number of substituents, and 
AE,” — AE," is the calculated change in energy due to the inductive effect. Good 
agreement was found for an expression of this type for the fluoro-substitution of 
benzene, and a value for . of —0-017ev was obtained by comparison with 
experiment. 

If the interaction between the electron transfer states and the ground state 
and « state is sufficiently weak to allow the second order perturbation theory to 
be used, then the constant .e7 will be given by 

; : 

— at = BY aid oats l 

(£,—[1—-A—4-84]) 3(£,—{1~A—6 03)); 
‘To obtain a value for. from experiment, it is necessary to be able to estimate the 
inductive effect. However, it is an exact result, within the limits of the Lcao 
molecular orbital approximation, that the inductive effect of substituents which 
are in the positions a, b, c,... is the same as that produced by substituents in all 
positions except a,b,c,.... This is true if the states of the molecule have a 
uniform charge distribution. The difference in energy of the « bands of a pair 
of substituted benzene molecules which are related in this way, is given by 


obs 
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|6—2r|.o, where one of the molecules has substituents in r of the six available 
positions. 

Table 6 shows the result of applying this method to the methyl benzenes. 
The positions of the 0-0 band, and of the most intense band are shown for 
comparison. It is seen that. has a constant value to within about 0-01 ev for 


Table 6. The Mesomeric Effect of Methyl Substituents in Benzene 


Positions of 0-0 band Maximum adsorption 
substitution v Av — VW v Av — Lf 
ee eb dayy 0173. 0-043 jee 0149 (0-037 
Eo \ a 0-095 0-047 ae 0-087 0-043 
; a : \ tose 0-074 0-037 heey 0-051 0-025 
re } ee 0-062 0-031 as 0-0 band 


These results are obtained from the American Petroleum Industry reports on ultra- 
violet spectroscopy. 


either the maximum absorption, or the position of the 0-0 band. This is extremely 
good when we consider that the frequency of a vibrational peak can only be 
estimated with an accuracy of about 0-005 ev. 

From the observed ionization potential of methane, 13-04 ev (Honig 1948), 
the energies of the electron transfer configurations for a methyl substituent 
can be calculated. ‘The states 61, and 6, are found to have the energies 
8-74 ev and 7-55 ev respectively. With these energies the « band should increase 
rather than decrease in energy. However, the calculation of the energies of the 
electron transfer configurations is the most uncertain step in this theory, and 
I feel that not too much importance should be attached to the above discrepancy. 
The neglect of overlap between atomic orbitals, and the assumption that Pps 
is a constant for all interactions, may also introduce significant errors when the 


mesomeric effect is weak. 
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Abstract. It is suggested that the long-range part of the Coulomb interaction of 
the electrons in solids can be treated by regarding the solid as a homogeneous 
dielectric. ‘The theory is developed ina semi-classical way. It is found that there 
is a possibility of sustained electric oscillations in metals, and these are identified 
in the case of a free electron gas with the plasma oscillations of Bohm and Pines. 
The theory is used to discuss the plasma frequencies of metals and the energy loss 
spectra of fast electrons in Ruthemann and Lang type experiments. The 
connection with the optical properties is indicated. 


§ 1. INTRODUCTION 


NE of the most important problems in the theory of solids is that of 
obtaining an understanding of the effect on the behaviour of the conduction 
electrons of their mutual interactions and their interactions with the core 

electrons. ‘This problem is, of course, a complex many-body problem, and we 
can only hope to treat it by some sort of approximational procedure. One obvious 
scheme would be to treat the interactions as though they were perturbations and 
apply the ordinary perturbation theory. But this method breaks down for two 
reasons. First, the interaction between the core and the conduction electrons is 
usually too strong to be treated by perturbation theory. This difficulty can prob- 
ably be remedied by the use of Hartree self-consistent fields ; the main part of the 
interaction is contained in the self-consistent field and the residual interaction can 
be treated by perturbationtheory. It is hoped to give more details of this approach 
at a later date. 

The second difficulty with the perturbation method arises from the long-range 
nature of the Coulomb interaction. Macke (1950) showed that even in a free 
electron gas, with the electrons so widely spaced that the interaction energy 
should be small, the perturbation method still diverged in the second order. This 
difficulty was found to arise not from the strength of the electronic interactions, but 
from the long-range nature of the interaction. 

The same sort of difficulty frequently arises in attempts to treat the Coulomb 


interaction approximately. For example, the well-known peculiarity in the | 


behaviour of the (Z, k) curve near the Fermi surface in the Hartree-Fock self- 
consistent field treatment (theoretically the best of the independent electron 
treatments) arises from the very long-range part of the interaction. 

Thus we see that the principal difficulties in treating the interaction arise from 
the long-range part of it. If we could obtain a satisfactory treatment of this part, 
then we could treat the short-range part by means of self-consistent fields and 
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perturbation theory in many cases. It is with obtaining such a treatment of the 
long-range interaction that the present theory is concerned. 

Fortunately there is an important simplification which can be made in the 
treatment of the long-range interaction. So long as we are considering only 
interactions over distances rather greater than the dimensions of the atomic cell 
or the inter-electronic distance, whichever is the larger, we may reasonably treat 
the solid as though it were a continuous, homogeneous medium. Such a medium 
is described so far as we are concerned by its dielectric properties, which can be 
calculated theoretically or determined experimentally. We have then only to 
apply the classical theory of the electromagnetic field in dielectric media, or the 
corresponding quantum mechanical generalization, to the long-range interaction 
to obtain the required treatment. This is the treatment we shall develop in 
this paper; we shall call it the dielectric treatment of the long-range interaction. 

The idea of treating the long-range interaction in this way is not new. It seems 
to have been first suggested by Fermi (1940), and was used by him to calculate that 
part of the stopping power of materials for fast charged particles due to ‘long-range’ 
collisions. Various authors (Halpern and Hall 1948, Kramers 1947, A. Bohr 
1948) developed this theory and applied it to special cases. 

In this paper we shall present a mainly classical version of the theory. In §2 
we shall develop the theory mathematically, and in §3 we shall apply it to a free 
electron gas and find that it is equivalent to the plasma theory of Bohm and Pines 
(1953) in this case. In §3 we shall also consider the dielectric behaviour of a 
general solid, and use it to discuss the plasma frequencies in solids. Finally, in § 4 
we shall make an important application of the theory to obtain the formula quoted 
in an earlier note (Hubbard 1955) for the energy loss spectrum of fast electrons in 
Ruthemann and Lang type experiments. 

We hope ina later paper to present a quantum mechanical version of the theory, 
which is required to treat such problems as the determination of the correlation 
energy in metals. 


§ 2. THE CLAssICAL THEORY 


In this section we shall develop the dielectric theory classically. Although a 
classical approach is not suitable for some problems, such as the calculation of the 
correlation energy, it is nevertheless simple to understand and apply, and can be 
used to obtain correct results 1n many cases. 

The theory is quite straightforward. We shall separate the long- and short- 
range parts of the electric field and notice that we can treat the long-range part as 
though the solid were a homogeneous dielectric. ‘This will enable us to obtain a 
simple connection between the long-range field and the charge distribution 
generating it, taking into account the polarization of the solid by the field. It is 
the inadequate treatment of this polarization that has led to difficulties with the 
long-range interaction in approximate treatments. ‘This polarization is of course 
just equivalent to the long-range electronic correlation; it represents the move- 
ments of the electrons to screen out the field acting on them, and it is just these 
movements which we call electronic correlations. 

To separate the long- and short-range parts of the electric field E we make a 


Fourier analysis of it: 


E(r,t)= DS E(fexp(iker) sae (1) 
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and split it into two parts, the first (the long-range part) containing terms with 
k<k., where k, is some suitably chosen constant, and the second (the short-range 
part) the remaining terms. ‘Thus 


E..= > E.cxpck sr) “sceidh wm Santas (2) 
Khe 


E=E-E,,. 


a 

We now work with E,, only, treating the solid as a homogeneous dielectric. 
The details of such a treatment are well known in connection with the optical 
properties of solids (see, for example, Seitz 1940, ch. 17, Mott and Jones 1936, 
ch. 3). The dielectric properties of a solid can be described by a frequency 
dependent complex dielectric constant 


4a . 
ev ies 470.) ape i OE (3) 
lw 


where «,, and o,, are the polarizability and conductivity tensors at frequency 


(7) 


w/27. hetensor e,, relates the Fourier components of the electric field E to those 


mM 


of the displacement D through the equation 
€5. Ex, = Danek freer ole ee (4) 


w Cc 


where E,,,. is the Fourier component of E with respect to r and, 1.e. 
Ei.(r;t=5 > Bp yexpi¢keir = 07 ee eee (5) 
k<ke o 


and similarly for D. 

There are two differences between our treatment and the ordinary optical 
treatment. Firstly, we are concerned with longitudinal rather than transverse 
waves. ‘Therefore we can write, neglecting the transverse part which only 
represents the very weak magnetic interactions, E,,,=kE,,, D,,=kD,,, and then 
obtain instead of (4) 


~ 


(keer hy ne Deen ke bree 


(a) 


The second difference from the optical case is that our k’s may be very much 
longer than those occurring optically (the wavelength of optical radiation is very 
much greater than the lattice spacing). A simple generalization of Wilson’s 
calculation (Wilson 1935) of «,, and o,, shows that in this case we should regard 
« as k dependent as well as w dependent and write (6) 


[wok Fok a Deis k he; a te ae (7) 
where Emp. Gye a ees). es (8) 


The k dependence of e,,,is generally not very strong, but willleadtoa dispersion 
relation for the plasma frequency. 


If we now write E= — Vd, and use div D=4zp, we obtain from (7) the equation 
4a 
Cok P wk = R2 Pok ececee (9) 


relating the Fourier components of the scalar potential 4 to those of the charge 
distribution p generating the field, taking into account the polarization. This 
equation summarizes the theory in the classical case. 
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We shall now point out an important feature of equation (9). Let us first 
neglect o,,,, so that «,,, is real, and also ignore the Po On the right-hand side of (9). 
Now it may happen that thereal part of e,,, vanishes forsome frequency w =w,, Say, 
(and always will for a metal, see § 3). Equation (9) shows that at w=a,, ,,, can 
have any magnitude whatsoever, independently of the charge distribution. This 
can only mean that it is possible for the solid to sustain electric oscillations at the 
frequency w, 27. We shall see that in the case of a free electron gas we can identify 
these oscillations with the plasma oscillations of Bohm and Pines. 

In the classical case, if we now take into account a,,,, the (complex) «,, will not 
in general vanish at any frequency; this corresponds to the fact that the con- 
ductivity would damp out any oscillations. In the quantum mechanical case, 
however, we should expect to find zero-point oscillations at the classical oscillation 
frequency. For in the quantum mechanical case, although the damping (which 
damps out the oscillations completely in the classical case) can reduce any excita- 
tion of the oscillations down to the zero-point oscillations, it cannot damp out the 
oscillation completely. 

Though the complex ¢,,,, does not vanish, it may become very small at some 
frequencies. We see from (9) that any disturbance of the charge density which 
gives rise to a non-zero p,,, at one of these frequencies will lead to strong, slightly 
damped, oscillations. If the disturbance is due to the passage of a fast electron 
through the metal, then these oscillations will transfer energy from the fast electron 
to the metal electrons (see § 4). 


§ 3. PLasMA OSCILLATIONS IN SOLIDS 

In §2 we found that the frequencies at which sustained oscillations could take 
place (at least in the quantum mechanical case) were those at which the real part of 
€,,, vanished. We shall now determine this frequency for a free electron gas, 
and verify that it is in fact the plasma oscillation frequency of Bohm and Pines. 

We must first quote the results of the generalization of Wilson’s calculation 
mentionedin§2. ‘These results are, neglecting the local field correction the effects 
of which we shall discuss later, 


Nee ee? 
om aa 
mas CD Gea 


| [ere Kwek. (ptthk)bendr 


hort a an a 


x 5 ee ee (10) 
Wk +tk, nn’: kn 
zen ; 2 
a NJ * ik or 1 
ORle= eae > Men | 1 ten’ © Kk. (p+ shk)py,, dr 
MND en! ; 
0 \ 
x (O(n Lk, map = w) a7 8 (wy Lk, n’: kn aim w) if cog mod (1 1) 
where Wipe. Cae Ky Oop =K + Cay Kk 
hee Kis tn = Eek, i i selects (12) 


and where ./ is the total electron density (core and conduction electrons), $,,, 18 
the Bloch wave function belonging to the mth zone and to wave vector k, Fy, the 
corresponding energy, and N,,, the occupation number (0 or 1) of the state (k, 7). 
The sum over k runs over the first Brillouin zone, and the sums over n and n’ run 
over all zones, including the core electron levels. 
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If we now treat a free electron gas as though it were a metal with a single zone, 
we obtain from (10) 


A tape 26" lik: (k’ + 3k)]?[(h/m)k . (kK + 3k)] B 
Kak Pak nar aoa a2, NV / 1 2 oe i eee ( ) 
mw? — mhw* [(h/m)k.(k’ + $k)]? -—w 
which can be rearranged into the form 
Us Ne 
=== iW ol seep 14 
Mook m 2. [w —(h)m)k’ . kK]? —1?k4 4m? Wp) 
The condition for the plasma frequency can be written «,,= —1/47. Using 
this together with (14), we obtain the equation 
_ Ane? Ne 
a he oe 15 
ae [w —(h/m)k’ . k]? — h?k4/4m? es 


for the oscillation pines ofafree electron gas. ‘This is just equivalent to Bohm 
and Pines dispersion relation (Bohm and Pines 1953, eqn 57). From (11) we 
find that the conductivity, and hence the damping, vanishes at the plasma frequency 
given by (15), provided that the Fermi energy is less than about twp. Thus €,, 
actually does vanish at the plasma frequency for a free electron gas. ‘This only 
results of course from our neglecting other sources of damping, such as that due to 
collisions brought about by the short-range interaction; equation (11) only 
represents what might be called the ‘ long-range ’ damping. 

Wecan now apply the equation « ,,, = — 1/47 to obtain the oscillation frequencies 
insolids. It is first convenient to transform (10) using a slight generalization of the 
f-sum rule. bee can obtain 


Kook = aS 2 => Ne n (ke Vy(k. Aa) Ey n 
a 2 } ik.r al; 
Ss > N ve k’+k,n’ e k. (p+3 Lik bye, a |” 


2 
m h ener 
aie Wk +k, 1’; Kin(o” kik skn ) 


In a cubic crystal the first term represents times the average of — e?/m* (m* is 
the effective mass) over the occupied levels. In computing this term we can omit 
completely filled zones, since the average of 1/m* over a whole zone vanishes ; 
thus only partly filled zones contribute to this term, which might be called the 
plasma term, because it is the term analogous to this which leads to a plasma 
frequency ina free electron gas. In the case of an insulator this term will vanish 
altogether, corresponding to the absence of a Fermi surface, and showing that there 
are no oscillations in an insulator analogous to the plasma oscillations of a free 
electron gas. 

In ‘free electron’ metals, such as the alkalis, we might expect the second term 
of (16) to be smail at the plasma frequency. If we neglect it, we obtain the simple 
result for the plasma frequency 

wy = 4a <n) al) a re 17 
where n is the density of ‘free’ electrons and (m*) the average of the effective 
mass over them. ‘This result agrees with effective mass treatments (Wolff 1953, 
Hubbard 1954). 'To obtain the next approximation we put w?=47ne2 (m* ) in 
the second term of (16) and thence obtain 


: 5 
5 Aine". Ore: (Ss) Neen | Brest eer k. (p+ sik, dr 


(G — 
< Cm) 1 Nae 


kin, rn On tk n’: kn Ore ak, pele CONE) Cin) )«, 


Dielectric Theory of Electronic Interactions 981 


In computing the correction term, only those terms for which the level 
k’ +k, m’ is unoccupied give any contribution, the other terms cancelling out. We 
can regard the correction term as made up of two parts: (i) the terms for which n is 
a conduction band and »’ an unoccupied zone; these terms represent the effect on 
the plasma frequency of inter-zone transitions; (ii) the terms in which the ‘band’ 
isa core electron level; these terms represent the effect on the plasma frequency of 
the polarization of the ion cores by the plasma field. 

Obviously a similar interpretation can be given to the terms of (16) even when 
the approximation procedure of (17) and (18) cannot be used. In particular, we 
should notice that in a metal the first term of (16) always leads to the vanishing 
of 1+47a,, at some frequency (it ensures that 1+47«,, is negative for small 
values of w, whilst this quantity must become positive for large w), and hence 
there is always a plasma frequency ina metal. On the other hand in an insulator 
there is no plasma term and correspondingly no plasma frequency. 

The above results, (10)-(18), have been obtained by neglecting the so-called 
local field correction. Nevertheless, the results (13)-(15) concerning a free 
electron gas are correct as they stand, since it is well known (Darwin 1934, 1943) 
that there is no need to apply a local field correction in the case of a free electron 
gas, and therefore the identification of the oscillation frequency of the gas with the 
plasma frequency of Bohm and Pines is unaffected. 

In the case of a real metal, however, this correction will be of importance, 
because, although the conduction electrons can often be regarded as free, this 
correction will affect the core electron polarizability strongly. Although the 
appropriate correction is known in the case of a free electron gas, discussed above, 
and also in the case of a cubic lattice of compact ions (in which case it is just the 
ordinary Lorenz—Lorentz correction), so far as we are aware no general treatment 
covering the cases in which the conduction electrons cannot really be regarded as 
free or where the core electron wave functions are not compact enough for the 
Lorentz correction to be accurate, has ever been given. However, it seems 
possible to develop such a treatment, and it is hoped to publish details of it at some 
later date. Forthe moment we shall content ourselves with indicating the expected 
modifications to the above results by the local field correction. 

In general we should expect the correction to alter the oscillation frequencies, 
since it will change the zeros of 1+47«,,.. Without an expression for the local 
field correction, it is not possible to give the corrected form of (16) or (18) in the 
general case. Nevertheless, it can be seen (by considering the case in which the 
Lorentz correction holds, for example) that it will no longer be possible to give the 
simple interpretations that were given to the terms of (16) or (18), since the polari- 
zation of one of the core electron shells may now depend upon that of the others 
through the local field correction. 

There are, however, some cases in which the situation is rather simpler. In 
the case of the alkali metals the main contribution to the polarizability at the plasma 
frequency comes from the almost-free conduction electrons, and hence the 
oscillation frequency is very little changed in these metals. Again, many metals 
have almost-free conduction electrons together with compact ion cores. For the 
free electrons there is no correction and for the ion cores the Lorentz correction is 
accurate. In such cases, as Darwin has shown (1934), the correct polarizability 
is obtained by adding the uncorrected free electron polarizability to the Lorentz- 


corrected ion core polarizability. 
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We see that, apart from the uncertainties regarding the local field correction, 
the dielectric theory gives a straightforward account of the factors affecting the 
oscillation frequencies. Of course, not all factors affecting the oscillation 
frequencies have been taken into account in the above discussion, but it is not 
difficult to take into account other factors, since we have only to determine their 
effect on the polarizability. For example, to take into account the effect on the 
plasma frequency of the motion of the nuclei, one would include in the expression 
for the polarizability the (at the plasma frequency rather small) contribution due 
to the displacements of the nuclei. 

Unfortunately the lack of accurate band structure calculations does not permit 
us to apply (16) or (18) together with the appropriate local field correction. ‘There 
is, however, an alternative possibility of determining «,, and o,, for small k’s 
from the optical properties of the solid, since they are related to the refractive 
index m and the extinction coefficient « by the equations 


n=—K2=14+ Arg | TONE eee ees (19) 
NNW Li Geis 9 ie se Cee em (20) 


Thus from the experimentally determined optical data we should be able to 
find the zeros of 1+ 47a, and estimate the damping at these frequencies. Since 
it is not expected that «,,, will vary very rapidly with k, these results for small 
k’s should give a good indication of the general behaviour of «,,, with w. At the 
present time, however, there are practically no measurements of the optical 
properties in the range 200 A to 2500 A, which is the interesting region for the present 
purpose because for most metals Hw,~5—20 ev. But we can apply this method in 
one or two cases. In particular, in the case of the alkali metals w, 1s rather small 
and the corresponding optical wavelengths fall in the ultra-violet. In this region 
we have the results of Ives and Briggs (1936, 1937). ‘These results confirm the 
free electron-like character of these metals (see Seitz 1940, p. 652), and show that 
the change in the plasma frequency due to inter-zone transitions, to the core 
electron polarizability and to the local field correction is very small in these metals. 
‘They further show that the damping (mainly due to transitions from the conduction 
band to the next zone, analogous to the photoelectric effect) is very small at the 
plasma frequency. 

A further method of obtaining information about the behaviour of «and o,, 
should be the Ruthemann and Lang type experiments when results of sufficient 
certainty become available (see § 4). 

Before leaving the question of oscillation frequencies, it should be pointed out 
that although we have shown above that there must be at least one oscillation 
frequency in a metal, we have not shown that there cannot be more than one, nor, 
indeed, that there cannot be oscillation frequencies in insulators. In fact, if the 
quantity 1 + 47«,,, should vanish at more than one frequency ina metal, or should 
vanish at some frequency in an insulator, there seems to be no reason why oscilla- 
tions should not take place at these frequencies also. 


§ 4. THE SMALL ANGLE SCATTERING OF Fast ELECTRONS 


One of the most interesting applications of the present theory is to obtain the 


energy loss spectrum of fast electrons in Ruthemann and Lang type experiments 
(Ruthemann 1948, Lang 1948). 
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In these experiments fast electrons (energy ~10 kev) are passed through metal 
films and the energy loss spectrum of those electrons suffering very small deflections 
determined. Since the deflection is very small, the momentum loss /k of the 
fast electron is such that k<k,, and it is the long-range part of the interaction which 
is responsible for the energy loss. Thus it is appropriate to treat the interaction 
by means of the dielectric theory. 

In this section we shall derive the formula quoted earlier (Hubbard 1955). 
Essentially all we have to do is to study the earlier treatments of the stopping power, 
quoted in § 1, at a stage at which we can examine the spectral distribution of the 
energy loss. ‘The treatment we shall give here will look slightly different from 
these earlier treatments because we shall work with the Fourier transforms of 
most quantities. 

The treatment we shall give is rather similar to the Weizsicker—Williams 
treatment of scattering (see, for example, Heitler 1954, p. 414). We shall represent 
the fast electron by the appropriate charge distribution p(r, ¢), and calculate the 
field it generates from (9). We shall then regard this field as a perturbation acting 
on the electrons of the metal. This perturbation will cause transitions from 
occupied to unoccupied levels. Any electron making such a transition will acquire 
energy iw and momentum /k and the fast electron will suffer a corresponding loss. 
Since we can calculate the probability of a given transition by means of the 
dielectric theory, we can determine the energy loss spectrum and the angular 
distribution of the scattered electrons. 

It might appear at first that this treatment is contrary to the picture of the 
energy losses as due to the excitation of plasma oscillations. ‘This is not so, 
however, for we could look upon the treatment given here as follows: the fast 
electron excites oscillations, but in due course the excitation is damped out by a 
metal electron making an inter-zone transition, and it is the rate of these transitions 
that we calculate. 

The charge distribution corresponding to a fast electron passing through a 
metal with velocity v can be written, with suitable choice of origin, 


(Ecol be Vi) 8 ce (21) 
from which we obtain 
Pok= Ze) (w =i vkj)) Suiaoe (22) 


where v=|v|and k, is the component of k parallel to v. Then from (9) the scalar 
potential of the field due to the fast electron is givenby ~ 


Aire 
Dote= ae Soto gee (23) 


The interaction of the fast electron with a metal electron at ris just ed (r,t). If 
we regard this as a perturbation and apply the ordinary time dependent perturbation 
theory (see, for example, Schiff 1949, ch. 8), we find that the only component of 4 
which will induce a transition from the state #,,, to the state deip» 18 
be Xp (ik . r+iwt) where 

hw = By. ee en TENA che (24) 
and that the rate of such transitions is proportional to |¢,,,|?. _ Thus we see that 


the rate of transitions P(k, w) in which the fast electron simultaneously loses energy 
iw and momentum /ik is proportional to |¢,,,|?. ‘To determine the constant of 
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proportionality, we notice that (as is shown in the Appendix) the rate of energy loss 
associated with the component ¢,,, of the field is 

2k? Ook | Pork [?. © Sleeueke (25) 
Dividing this by fw, we find 


P(k, w)= zt — 


[frag |2yo0 oltre taro (26) 


Substituting for ¢,,, from (23), we obtain 
3277e? O ak 
Tok? ley? 
the result quoted earlier (Hubbard 1955). 

This result gives a complete account of the energy loss spectrum and the 
angular distribution of the scattered electrons, since the angle # through which the 
fast electron is scattered is given by 


6=hk,/mv ss ae aed ea 


PK an) = (GOR) Mie ee Ce 


where k, is the component of k perpendicular to v. 
The probability per unit path length of the fast electron suffering a long-range 
collision in which it is scattered through an angle between 6 and 6+ dé and loses 


energy iw is given by 


Qnk dk, (+ Sez ou 6 do 
k = 2 
u(27)) lex Eso Ge lean]? 62+ (fiw/mv?y2* ey) 


Since mv? >hw, the scattering hasa strong maximum near 6=0. If we integrate 
with respect to 6 between 0 and 6, we obtain the probability per unit path length of 
the fast electron suffering a long-range collision in which it is scattered through an 
angle @<@, and loses energy hw. ‘The result is . 


4c? og, 697 + (hw/mv?)? 
) log ES 
hw |e,,]? (hw/mv?)? 


where we have neglected the k dependence of o,,, and «€,,, (most of the contribution 
to the integral comes from small k’s). 

Finally, putting 6)=/k,/mv, multiplying by iw, and integrating over w, we 
find the total rate of energy loss due to long-range collisions is 


per unit path length. 
In applying these results to a free electron gas, we meet with the difficulty that 
both o,, and e€,, vanish at the plasma frequency. To avoid this difficulty we 
introduce a small damping at the plasma frequency proportional to y (there is 
always some damping due to the collisions brought about by the short- range 
interaction in any case), and let y+0. Introducing this damping, we find that for « 
near tO wp 
as Me 
4 hap 


5 @, Pag 
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where «, is the plasma frequency corresponding to k given by (15), “Im the 
limit y—0 we find from (32) and (33) that 


Twk 
2 
|< cote| 


Putting this result into (27) or (29) we see that a free electron gas will absorb 
energy in quanta of hw,~hw,» from a fast electron. For a free electron gas we 
find from (11) 


7e7h 5 = ; sie, k’ ) 
Fok= a3 >. Nu [hk . (k’ + ee Beery Roriee (35) 


= 30, o(w—w,), wMneartowp ...... (34) 


< 
and when this (together with the appropriate ¢,,,) is put into (27) we obtain a further 
absorption at frequencies other than the plasma frequency. This absorption is, 
however, very small and can be neglected for fast electrons (it is represented by the 
second term of eqn (48) of Pines 1953). Neglecting this term we obtain from (31) 
the expression 


for the rate of energy loss per unit path length of a fast electron in a free electron 
gas, agreeing with the results of Kramers (1947) and Pines (1953). 

In the case of a real metal, since we have no reliable theoretical estimates of 
%,,and c,,,, we cannot calculate the energy loss spectrum quantitatively from (27). 
We can, however, make some qualitative deductions as to the nature of the 
spectrum. Weshould first notice that «,,,ando,,, will not in general depend on w 
in any very simple fashion, and consequently the energy loss spectrum obtained 
from (27) may be rather complex in character. In fact, (27) does not necessarily 
lead to the simple line spectrum that has been suggested. Nevertheless, it may 
very well happen that |¢,,, |? does become small at some frequency (for example 
at the plasma frequency of a metal if the damping is not too great at this frequency). 
Then (27) predicts strong absorption at sucha frequency. ‘This just corresponds 
to the situation discussed in the last paragraph of § 2. 

It should be noticed that it is quite possible for |¢,,, |? to become small at more 
than one frequency. Ifit does, there will be a corresponding number of absorption 
peaks, rather than just one ‘ plasma’ peak. Again it is quite possible for |e ,,,|? to 
become small at some frequency or frequencies in an insulator. It is then 
possible to obtain peaks in the energy loss spectrum of the insulator, although there 
can be no plasma oscillations in an insulator analogous to those in a free electron 
gas. 

Inthe absence of theoretical calculations of «,,, ando,,, an alternative approach 
is to determine these quantities as functions of w from the optical properties of the 
solid and substitute them into (27). We should thus obtain a direct connection 
between the optical properties and the Ruthemann and Lang type experiments. 
Unfortunately at the present time satisfactory experimental data of either kind 
covering a sufficiently wide range to make these comparisons are not available, 
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APPENDIX 
The total rate of energy loss of a field in a dielectric 1s given by 
R= [Toe Enter 
where J(r,/) is the current induced in the dielectric by the field, and the bar 


denotes the time average over a unit time. Taking the Fourier transforms of 
E and J, we have 


= > Eye eoPueto | exp {7(k +k’) .r}dr 


= > ee Secs 


k, 
using the result E 


= E* n41 yorlhs WoL gemipiey). ea-oee (A 1) 
which follows from the reality of E, and the equation 


—K, 0 


Jia = (10 Ok ai 5.x) < Eka 


which can easily be deduced from the ordinary theory of dielectrics, we obtain 
es) 


Iie m2 SS E*,. One (1wO, + 5.x) ° ED 


k w=—@ 


CO 
er > >: (200% oe a Ta) |e [2 


k w=—o 
using E,,,=kE,,,. The term in«,, just vanishes, the contributions from positive 
and negative w’s cancelling one another out. We thus have 


R= >) > leet a > 26 nel Eick ae 2, 2h Oot | Po |? 


k o=—o o=(0 


using 0, =0_4-~ (Al) and E,,,= —ikd,, (which follows from E= —V¢). By 
inspection we see that the rate of energy loss associated with the component ¢,,, of 
the fieldis 2k?a,.. | due 
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Abstract. A fairly general programme for the computation of atomic self- 
consistent fields without exchange has been prepared for the Manchester 
University electronic computer. Results obtained for the Zr!* ion are given. 


§ 1. INTRODUCTION 


N the course of some work on the electronic structure of Zr metal it was found 

necessary to obtain a potential field for the ion core Zr**. This has been 

obtained by a self-consistent field computation without exchange which has 
been programmed for the Manchester University computer Mark II. This 
programme is expected to be useful in its present form for most ions of medium 
and high atomic number. For this reason we think it worth describing in a little 
detail. 

The characteristics of the Manchester electronic computer are well known 
(Kilburn 1951). For our purposes it is enough to say that it possesses an 
electronic store where information is kept for its immediate use, and an auxiliary 
one, magnetic, with longer accessibility time. ‘The electronic store consists of 
eight cathode-ray tubes, each of them storing 64 lines of 20 binary digits. This 
amount of information is called a page. ‘The magnetic store consists of 256 
tracks, each of them containing two pages. ‘There is an additional line of twenty 
binary digits governed by hand switches by means of which miscellaneous 
information can be fed into the machine. ‘The machine works with numbers of 
forty binary digits (about twelve decimal digits) with fixed binary points. This 
means that only fractional numbers in the range —0-5 to +0-5 can be used and 
that great care must be exercised to prevent the various quantities calculated by 
the machine going off-scale. 

It was decided at the beginning to use a computational procedure based on 
the methods devised by Hartree (1928, 1932-33, 1933, 1946-47) for desk-machine 
computation. Although when an electronic computer is available it might be 
more economical to use an essentially different procedure, such as that given by 
Torrance (1934), we considered it advantageous to use the Hartree technique, 
which is very suitable for the Manchester computer, thanks to its large storage 
capacity. Later experience fully confirmed this expectation. 


§ 2. "THE PROGRAMME 


A form of the Hartree method was used in which x=log,)r is taken as the 
independent variable, rather than the radial ‘distance r. ‘Then a range in r from 
~ 0-002 to 10 atomic units was covered in steps of uniform length («= 1/30) 


in the numerical integrations. The radial equation is certainly more complicated. 
65-2 
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in the xv variable than it is in r, as now the first derivative of the wave function is 
present (see equation (3) below), but this does not introduce any additional 
difficulty when the numerical integration is carried out on the electronic computer, 
whereas changing the interval of integration is quite an uneconomical operation 
on it. 

The contributions to the effective nuclear charge Z, which we shall denote by 
the notation =(nl, x),t for the eight groups 1s’, 2s”, 2p®, 38%, 3p’, od 45 tp 
were first estimated by a scaling procedure. ‘Those for the groups 3p® and 3d1° 
were very kindly provided for us by Professor Hartree. ‘The remaining ones 
were obtained from the field of Rb* calculated by Hartree (1935). Details of 
the scaling procedure are given by Hartree (1946) and Arnot and McLauchlan 
(1934). The contributions to Z were first interpolated on the machine from the 
r to the x variable and then stored in two tracks per group, sixteen tracks tn all, 
which we call the = store. 

The first step in the self-consistent field cycle for a group (m/) is then to form 
the effective nuclear charge 


Z(~) = Zi(x) + [(414 1) (4l 4-2) 2OGLe) | eee (1) 
where 
Zi(x)=C+1+ > 2O%n'l, x) 
nl nb 

C being the net charge on the ion, four in our case.{ ‘The computation is started 
with a routine which forms 2\(~) and 2(nl, x) by omitting the relevant group 
in the summation involved in =;(x«), in accord with a code number assigned to 
the groups. It then stores each of the tables in two tracks. It will be noted that 
<i(x) is a constant during the time that a group is being made self-consistent, 
so that when entering the cycle in a second iteration it is only necessary to modify 
<(nl, x). The = store is then kept unaltered and is treated as a more permanent 
store, to be used only in making one group self-consistent with the others. 

A second routine then forms Z(x) in accord with (1). The equation for the 
effective nuclear charge for the potential Z,,, 


dZ,,/dx = K(Z,—Z) 


where K=log,10, can now be solved. ‘This is integrated inwards by means of 
a Gill-Runge-Kutta integration routine (Gill 1951). dZ,/dr is obtained at 
the last point and Z, extrapolated to r=0, where it is compared with the atomic 
number N as a check. 

The Runge-Kutta method was used as the only integrating procedure 
throughout this programme, and some comments about it will be useful. As is 
well known, this method requires values of the derivatives at half the interval 
used in the integration. It is not convenient to carry out the necessary inter- 
polation jointly with the integration, as the Runge-Kutta routine works with 
terms belonging to one interval at a time, a very advantageous feature which 
should be preserved so that there is no need of any special operation when a new 
page is brought from the magnetic to the electronic store. We therefore inter- 
polate the auxiliary functions beforehand, set them up in a special manner, so 


p/ 


t 2(21-+-1) [1—Z,(nl, nl|r)] in Hartree’s notation. Our upper index denotes the stage 
of the iteration. 


} These equations and those below are obtained by simple transformation from those 
given by Hartree (1933, 1946-47). 
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that each interval can be treated quite independently of any other, and store 
the tables in the magnetic store to be brought to the electronic store when the 
Runge-Kutta routine is used. ‘This interpolation is done by a general routine 
which is called in before the integration starts, every time the Runge-Kutta 
routine is used. 

The next step is to solve the radial equation 


a ee ee ced (3) 
where P=r x radial wave function, and F(x) is defined as 
Pie (cy era). Ne ee (4) 


Here F(x) = 2Z,(x)K* exp (Kx) — K2U(1+ 1) and F,(«)= K2exp (2Kx). F(x) and 
F(x) are calculated only once, before (3) is solved, whereas (4) is recomputed 
every time the energy parameter « (which is measured in rydberg units) is changed. 

Equation (3) is transformed into a set of two first-order differential equations 
which can be solved by the Runge-Kutta method, but an iterative procedure for « 
is necessary. ‘This is done in two stages. The second stage is the standard one, 
namely to obtain the eigenvalue and the eigenfunction by integrating outwards 
and inwards and joining the two solutions at an adjustable point. This is done 
by computing for each value of « the quantity (P/P’),,,—(P/P’)in at the point 
of join, and using it and the corresponding value of ¢ in an interpolation procedure 
carried out by a modified rule of false position of higher order than the first. 
To start this procedure we require two values of « which bracket the eigenvalue. 
Moreover, this bracket should be quite narrow, lest the functions go off-scale, 
especially in the inwards integration. We have therefore introduced a preliminary 
stage, which is a routine that provides a bracket of the desired width by starting 
with any value of « below the eigenvalue, so that a minimum amount of guesswork 
is necessary. ‘This is essential as owing to the high speed of the machine one is 
passing from one group to another in a matter of a few minutes and a new e must 
be guessed each time. 

The initial routine for finding the eigenvalue is based on the following facts: 
(i) The eigenfunction of (3) and all the solutions of it corresponding to values of ¢ 
above the eigenvalue have n—/ nodes, the node at the origin being included. 
Those corresponding to values of ¢ below the eigenvalue have n—/+1 nodes. 
(ii) This extra node appears at a fraction of an atomic unit after the last maximum 
of P, even when « differs from the eigenvalue by less than 1%. This means 
that the number of nodes v of the solutions can be used to find the values of € 
that bracket the eigenvalue, by integrating outwards only, for a fraction (adjustable) 
of the total range of x, so that the danger of the functions going off-scale in the 
machine is reduced. ‘This is essential at the beginning, when values of e differing 
widely from the eigenvalue might be used. The procedure used is the following : 
An initial guess for is set in the hand switches. A routine then operates which 
picks up this value automatically and integrates equation (3) outwards counting 
the number of nodes v of P. An adjustable step A is then repeatedly added to « 
until » differs by one from the previous value. Then A is halved n times 
(x adjustable) and a check is made to ensure that the two final values of « correspond 
to solutions with the right number of nodes over a second, wider range. ‘These 
values of e are used in starting the second stage. 
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In higher order iterations of the whole cycle a fairly good estimate of the 
bracketing values of « is now possible, as the field must be almost correct and the 
variations in the eigenvalue are now small. Facilities are therefore provided for 
by-passing the nodes-counting routine and getting the machine to forma suitable 
pair of values of ¢, from the last eigenvalue obtained. 

Initial values of P and P’ are necessary for both the outwards and inwards 
integration. The values of P are arbitrary and can be easily modified. ‘This 1s 
necessary in going from one group to another, to ensure that in all cases 
the maximum value of P is as large as possible without going off-scale. ‘The 
initial values of P’ are then obtained from the values of P and « by using two 
routines based on techniques described by Hartree (1928, 1932-33). In the 
integration inwards it is necessary to have a starting routine for a variable value of 7 
smaller than r= 10, because if the integration inwards is started too far from the 
last maximum of P, both P and P’ increase so rapidly that they go off-scale before 
the point of join is reached. A starting routine for an easily variable value of 
x is therefore provided. Both starting routines are called in every time «€ is 
changed. 

Once a join is obtained to a specified accuracy a final outwards and inwards 
integration is run, a table of P now being built up. A new estimate for <(vl, x), 
=nl, x), is then obtained by integration: 


Eni, x) =2(214 I1— | PPexp(Kx)dx / | Ptexp(Kx)dx]......(5) 


which finishes a complete cycle. 

The differences 2(nl, x) — = (nl, x) are now obtained and printed. If they 
are of the desired order the iteration is interrupted by the operator by setting 
zero in the hand switches, whereupon =(nl, x), P and the normalizing factor 
are printed, and 2(nl, x) transferred to its appropriate track in the = store, to 
be used when working out another group. If it is judged that further iteration 
is necessary, the number one is set in the hand switches. A new estimate for 
Z(nl, x) is now necessary to start a new cycle. It is not always convenient to 
take 2(nl, x) as this new estimate, but rather to obtain one based in the values of 
ZO(nl, x) and Z%(nl, x). ‘This would normally be taken to be near 2(n/, x) for 
small values of « and half way between <(nl, v) and 2(nl, x) for large values of x, 
but if there is overstability (Hartree 1933) the new estimate should be nearer 
2 (nl, x). We have therefore prepared a very flexible weighting routine which 
can cover a variety of cases. ‘his is based on building up a weighting function 
w(x) (from a hyperbolic tangent) that goes from 0 to 1/A in the given range of wx. 
Both fA and the position of the inflection point of w(x) can be easily altered by a 
decision on the hand switches. ‘Then the weighted function 

w(x) 2 (nl, x) + [1 — w(x)]Z(nl, x) 
is formed. If # is taken to be 2 a new estimate is obtained which obeys the rule 
given before. On the other hand 2(nl,x) and 2(nl,.x) can be interchanged 
when weighting by a decision on the hand switches, and this facility, in con- 
junction with an appropriate choice of h, permits cases of overstability to be 
treated. Another alternative provided is to by-pass the weighting operation 
and to substitute <(nl, x) for £(nl, x), which is convenient when dealing with 
inner shells. When the weighting operation is completed the weighted function 
is written over the table of <(nl, x), and the whole cycle is automatically restarted. 
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‘he master routine that governs the various operations so that one routine 
follows the other automatically is provided with a flexible control number, so 
that a cycle can be started at any point, which is necessary when owing to a machine 
failure a routine must be restarted. ‘To switch over from one group to another 
it is enough to run a short tape which contains the variable parameters that 
correspond to the given group. Each cycle takes from fifteen to twenty minutes. 


§ 3. RESULTS 
The contributions to Z, which are given in table 1, have been made self- 
consistent within less than 0-0005 electron. ‘This means that each group was 
iterated until the final estimate of 2(n/, x) differed in all points from the previous 


Table 1. Contributions to Z, 2(2/+ 1)[1—Z,(nl, nl|r)] 


r=Ax10" 
ox A p 1s? 2s" 2ps 33% 3ps pane 4s? tps 
—o 0-0000 (0) 2-000 2-000 6-000 2-000 6-000 10-000 2-0C0 6-000 
—3-0 2°1544 (—3) 2-000 2-000 6-000 2-000 6-000 10-000 2-000 6-000 
ep 3°1623 (3) 1-997 2-000 6-000 2-000 6-000 10-000 2-000 6-000 
=f 4-6416 (—3) 1-989 1-999 6-000 2-000 6-000 10-000 2-000 6-000 
—6°5 6°S129 (—3) 1-966 1-997 6-000 1-999 6-000 10-000 2-000 6-000 
—6-0 1-0000 (—2) 1-908 1-991 6-000 1-999 6-000 10-000 2-000 6-000 
—29 1:4678 (—2) 1:776 1:979 5-999 1-996 6-000 10-000 1-999 6-000 
—3°0 2°1544 (—2) 1:513 1-957 5-992 1-993 5-999 10-000 1-999 6-000 
—4-3 (—2 1:361 1-946 5°985 1-991 5:997 10-000 1-999 6-000 
—+6 (—2) 1:185 1:934 5-972 1-989 5-995 10-000 1-998 5-999 
arenes (—2 0-989 1-924 5-948 1-988 5-991 10-000 1-998 
—4-2 (—2 0°785 1-917 5-905 1-987 5-984 10-000 1-998 
—4-0 (—2 0-584 1-914 5°833 1-986 5-972 10-000 1-998 
—3°8 (—2 0-404 1-914 5-713 1-986 5+953 9-999 1-998 
—3-6 (—2) 0-255 1-911 5-526 1-986 5*924 9-998 1-998 
—3-4 (—2) 0-145 1-894 5244 1-982 5-883 9-994 1-997 
—3-2 35 (—2 0-072 1-845 4-844 1-973 5-829 9-987 1-996 
—3-0 1-0000 (—1) 0-031 1:743 4-311 1-955 5-766 9-972 1-993 
—2'9 1-07938 (—1) 0-019 1-667 3°996 1-943 5-733 9-958 1-991 5-964 
—2'3 1-1659 (—1) 0-011 1572 3°653 1:930 5-701 9-939 1-989 5-960 
—2°7 1-2589 (—1) 0-006 1-458 3-287 1-915 5:673 9-912 1-986, 5-957 
—2-6 1-3594 (—1) 0-003 1-327 2-906 1-900 5-649 9-875 1-984 5-954 
—2°5 146738 (—1) 0-002 1183 2-518 1-886 5-632 9-823 1-982 5-952 
—2+4 15849 {—{) 0-001 1-030 2-135 1-874 5621 9-753 1-980 5-951 
—2°3 17113 (=—1) 0-373 1:766 1:°866 5-617 9-659 1-979 5-951 
— 292 1-°84738 (—1) 0-719 1-423 1°862 5617 9-537 1-979 5-951 
—2+1 1:9953 (-—1) 0:573 1-112 1-860 5-615 9-378 1:979 5-950 
—2-0 2-1544 (1) O-441 0-842 1°860 5-604 9-177 1:979 5-948 
—1°9 2°3263 (—1) 0-327 0-616 1°858 5-574 8926 1-978 5-942 
—1°38 2°5119 (—1) 0-232 0-433 1°848 5-513 8-620 1:976 5-932 
—1-7 2°7123 (—1) 0-158 0293 1:826 5407 8-254 1-971 5-916 
—16 2-92386 {—) 0-102 0-189 1-785 5-246 7-826 1-963 5893 
—1°5 3°1623 (—1) 0-063 0-116 1:720 5-018 7-387 1:952 5-862 
—1-4 3°4145 (—1) 0-037 0-068 1:627 4-721 6-790 1-988 5825 
—1:3 36869 (—1) 0-020 0-087 1506 4-354 6-194 1-921 5-784 
—1-2 3-9811 (=12) 0-010 0-020 1°359 3°927 5°560 1-908 5-741 
fit: 42987 (—1) 0-005 0-010 1-191 3°453 4-902 1:886 5-702 
—1-0 46416 (—1) 0-002 0-004 1-012 2-953 4-238 1:872 5-670 
—0'9 50119 (—1) 0-001 0-002 0829 2°450 3586 1°863 5-648 
—0:8 54117 (—1) 0-001 0°655 1-966 2-964 1:859 5-637 
-—O7 53434 (—1) 0-496 1°521 2-388 1:858 5-634 
—(0-6 6°3096 (a) 0°359 1132, 1:870 1:857 5-634 
—0°5 6°3129 (—1) 0-249 0-808 1-421 1:850 5-623 
—O-4 73564 (—1) 0°163 0-552 1-044 1:830 5-588 
—(:3 79433 (-1) 0-102 0°358 0-740 1-788 5-511 
—()2 8°5770 Ca) 0-060 0-221 0-505 1-718 5374 
—O-1 9-2612 (1) 0-083 0-129 0°330 1-616 5-162 
0-0 1-0000 (0) O-017 0-071 0-206 1-481 4-867 
OL 1-0798 (O) 0-008 0-036 0:123 1:318 4-488 
0-2 11659 (O) 0-004 0-018 0-069 1:134 4-035 
0:3 1:2589 (O) 0-001 0-008 0:087 0-941 3-525 
Ord 1-3994 (O) 0-008 0-019 0-751 2°985 
ris) 14678 (0) 0-001 0-009 0-573 2-442 
0-6 L-5849 (O) 0-004 0-419 1-925 
0-7 1-7113 (O) 0-002 0-291 1-457 
0-8 13478 (0) 0-001 0-192 1-056 
0-9 1-9953 (0) 0-120 0730 
1-0 21544 (OQ) 0-070 0-480 
11 2-3263 (0) 0-039 0-298 
1-2 25119 (0) 0-020 0-175 
1:3 2-7123 (0) 0-009 0-096 
fick 2-9286 (0) - 0-004 0-049 
15 3-1623 (0) 0-002 0-023 
16 34145 (0) 0-001 0-010 
17 36869 (0) 0-004 
1:8 3-OR11 (QO) 0-001 
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Table 2. Radial wave functions. ‘lable of P 


r=Ax 10” 
3x A Dp 1s 2s 2p 3s 3p 3d 4s 4p 
—o 0-0000 (0) 0-000 0-000 0-000 0-000 0-000 0-00000 0-000 0-000 
—8-1 1:9953 (—3) 1-000 +1:000 0-010 +0:100 +0-010 — 0-00001 +0:100 +0-010 
—8-0 (—3) 1-073 +1:073 0-012 +0°107 +0:012  0-00001 +0°107 +0-012 
—75 : (—3) 1-513 +1:511 0-025 +0151 +0:025  — 0-00004 +0-151 +0-025: 
—7-0 4: 6416 (—3) 2-093 +2-086 0-051 +0:209 +0:051 — 0-0001 +0-208 +0-051 
—6:5 6°8129 (—3) 2-817 +2:793 0-106 +0-279 +0-106 00004 +0:279 +0-106 
—6-0 1-0000 (-2) 3-641 +3°570 0-214 +0°356 +0214 0-0011 + 0-356 +0-214 
—5:5 14678 (—2 4-437 +4:232 0-421 +0-421 +-0-420 0-0034 +0-420 +0°420 
—50 2-1544 (—2) 4-957 +4409 0-794 +0434 +0:789 —0-0098 -+0°433 +0-789 
—4:8 25119 (—2) 5-014 +4-221 1-008 +0-412 +0999 0-0148 +0-411 +0-998 
—4-6 2-9286 (—2) 4-956 +3823 1-265 +0°369 +1-249 = 0-022 + 0:367 +-1-247 
—4-4 34145 (-2) 4-767 +3-175 1-567 +0-299 +1540 0-033: +0:296 = +1536. 
—4-2 3-981] (=2 4-443 +2-249 1-913 +0200 +1-867 0-0492 +0-197 +1-861 
—4+0 46416 (—2) 3-991 +1-034 2-296 +0072 +2218 0-0720 +- 0-068 +2-208. 
5-9 54117 (—2) 3-435 —0:-450 2-701 — 0-082 : 01041 —0-088 +2°-556: 
— 3-6 63096 (=2) 2°813 —2:146 3-107 —(0°255 01485 —0°261 +2-871 
—3-4 7-3564 (S22) 2al7e —3:948 3-481 — 0-432 0-2085 — 0-437 -+-3-104 | 
— 3-2 8-570 (—2) 1-572 —5:707 = 3-785 —0°5938 0-287 — 0-596 +3195 | 
—3-0 1-0000 (-1) 1-051 —7:240 3-976 —0-711 0-3891 —0-708 +-3-077 
—2-9 1-0798 (=1) 0832 —7°861 4-016 —0:745 0-44.89 —0°738 +2-918. 
2-8 1-1659 (-1) 0-642 —8:355 4-014 —0-758 0-5149 —0-744 +2682 
27 12589 (-1) 0-483 —8-702 3-967 —0-746 0-5869 —0-725 +2°365 
—26 13594 (—1) _—0*853 —8:390 3-874 —0-706 0-6646 —0°678 +1-963 
—2°5 14678 (1) (0-251 —8:908 3-734 — 0-638 0-7473 — 0-600 +1:476 
24 1-5849 (1) 07172 —8-757 3-549 —0:540 0-8343 —0-492 +0-908 
—2:3 17113 (-1) 0-114 8-440 3-324 —0-414 0-9242 — 0-354 +0-268 
= 22 1-8478 (-1) 0-073 3063 —0-260 1-0154 —0190 —0-432 
=24 1-9953 (—1) 0-045 2-776 —0-084 1-1059 —0-004 —1-173. 
—2°0 21544 (-1) 0-026 2-469 +0°110 11935 +0°197 —1-932 
—1.9 23263 (-1) 0-015 2-154 +0314 1-2757 +0-404 —2-679: 
sae 25119 (1) 10-008 1-840 +0°522 1:3497 +0-608 —3-383 
ea 2-7123 (—1) 0-005 1-537 +0:723 14129 +0:796 —4-008 
sey 2-9286 1) 10002 1-253 +0-910 1:4627 +0-958 —4-519 
—1°5 31623 (—1) 0-001 0-996 +1-073 1-4969 +1-082 —4-881 
—14 34145 (Si) 0-770 +1206 15137 +1156 —5-064 
1183 3°6869 (ew) 0-578 +1-303 +1-174 —5-041 
ie, 38-9811 (=i) 0-421 +1-359 +1:129 — 4-796. 
=a 4:2987 (aly 0-296 +1375 +1-018 —4:320: 
—1-0 4-6416 (Sal) 0-201 +1°351 +0-842 —3-615 
ne 5-O119 (en) 0-132 +1-291 +0607 —2-694 
—0°8 (1) 0-083 +1:200 +0°319 —1:579 
WEL (—1) 0-050 +1-085 —0-008 —0-305 
ee (Sy 0-029 = +0-955 —0°362 +1084 
ne (=a) 0-016 +0817 —0°724 +2-536 
ae (1) 0-008 +0-678 —1-078 +3-991 
ee (—1) 0-004 40-546 —1404 = 45-389. 
ae (=) 0 0-002 +0-426 —1-687 + 6-667 
= (aay --0:002 0-001 +0:321 0:4663 —1-911 +7-767 
0-0 1-0000 (0) +0-234 0°3728 — 2-067 +8642 
O-1 1-0798 (0) +0:164 0-2905 —2-149 4-9:257 
ae ae (0) +0141 02203 —2-157 
wa ie (0) +0-071 01623 —2:095 
ee mate (0) +0-044 0-1160 —1-972 
ee Eos (0) +0-026 00802 —1-802 
OF ices (0) +0-015 0-0535 —1-597 
on oe (0) +0:008 0-054 00-0345 =1:374 
a a 9953 (0) +0:004  —0-029  0-0213 —1-146 . 
ee 1-995 (0) +0:002 0-015 0-0126 = 0-926 5-646 
ei 6 +0-001  —0-007  0-0071 —0-724 44-692 
1-2 (0) —0-008 0-0038 —0:547 +3-782 
13 (0) —0-001 00026 —(°398 +-2-952 
1-4 (0) —0-001 — 0-0009 —0-278 +2-227 
1-5 (0) 0-0004 —0-186 +1-618 
“ib Saihiies (0) 0-0002 —0-119 +1-130 
L-7 3-6869 (0) 0-0001 —0:073 +0°756 
183-9811 (0) ao ee 
1-94-2987 (0) Re eT 
20 46416 (0) —0-012 0-169 
3-1 50119 (0) —0-006 -+-0-092 
2-3 5-8434 (0) —0-001 +0:023 
2-4 6°3096 (0) +-0:010 
2-5 6°8129 (0) +0-004 
2-6 73564 (0) +0-002 
27 7-9433 (0) +0-001 


+0-000 


The Self-Consistent Field for Zr** pas 


one by less than 0-0005 electron, and that this situation was attained for the 
eight groups simultaneously, each one being integrated in the revised fields of 
the others. ‘The values given in table 1 are therefore exact in all the figures 
printed. ‘This accuracy, about ten times better than that of Hartree’s standard 
computations (Hartree 1933) was obtained in about 30 hours of machine work. 
Values of P are given in table 2. Values of the r variable are also given in these 
tables so as to facilitate a comparison with other fields. The eigenvalues and 
normalizing factors are given in table 3. 


Table 3. Values of « (in rydberg units) and J= ibe Pdr 


Is 2s 2p 3s 3p 3d 4s 4p 
a e302-92 178-66 165-32 Sle sil PSST?) 16:152 6:6947  5-1803 
EL 41-1780 11-9478 2-4330 0-7119 14-0735 1:0475 4-3754 101-83 


We print in the tables values of the functions at varying intervals of x, which 
are considered suitable for most applications, but the values of Z(nl, x) and P for 
all the 112 points «= —2-7(1/30)1 are available and are being deposited with the 
Royal Society, as well as an extra table (table 4) which gives the values of P for 
small values of 7, with no less than four significant figures. 
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Abstract. The cross section for direct inelastic scattering from the nuclear 
surface deformation is calculated and compared with the compound nucleus 
inelastic cross section. It is found, using optical model wave functions, that the 
direct process can be important in the regions of atomic weight near 4 = 150 
and :A = 240. 


§ 1. INTRODUCTION 


ANY of the features of the process of inelastic scattering of neutrons by 

medium and heavy nuclei have been explained on the basis of Bohr’s 

(1936) compound nucleus model. ‘This model assumes that, when 
a neutron of moderate energy strikes a target nucleus it may be absorbed to form 
a compound system of some stability. Subsequently this compound system 
can decompose emitting a neutron and leaving the target nucleus in an excited 
state. ‘lhe theory supposes that the formation and the decay of the compound 
nucleus may be treated as independent processes, so that the mode of decay of the 
compound system depends only on its energy, total angular momentum and 
parity, but not specifically on the way in which it was formed. Hauser and 
Feshbach (1952) have considered this theory in some detail and the results of their 
calculations account for most of the observed features of inelastic scattering for 
neutron energies up to about 5 Mev. 

Recently the collective model of the nucleus proposed by Bohr (1952) has 
been very successful in describing the properties of low excited states in heavy 
nuclei. ‘These states are assumed to be the various collective modes of motion 
of the nuclear surface and, in many nuclei, they arise from the rotation of a large 
ellipsoidal surface deformation. Consider the scattering of a neutron by such 
anucleus. ‘T’he incident neutron may be elastically scattered or it may be absorbed 
to form a compound system ; but there is also the possibility that direct interaction 
with the nuclear surface will inelastically scatter the neutron and excite a surface 
mode. One can picture this process in the following way: The neutron enters 
the nucleus and is reflected within the walls of the nucleus. If the nucleus is 
non-spherical, there is a chance that by these reflections the nucleus is set in 
rotation or vibration. Evidently the cross section for this process will be highest 
for those nuclear radii for which a standing wave develops inside the nucleus, 
thus giving rise to many reflectors. In the present paper, we investigate this 
process and compare its cross section with the cross section for compound nucleus 
formation. We will be interested chiefly in the excitation of the rotational surface 
modes in strongly deformed nuclei. 
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§ 2. THE COLLECTIVE MODEL 


The surface coordinates «,, of a nucleus are defined by the equation to the 
nuclear surface 


R(6,4)=R,y E + > a, ¥4(0, 6) | ee (1) 


Au 


where Rg is the radius of the undeformed nucleus and Y% is a normalized spherical 
harmonic with Condon and Shortley (1935) phases. The rotational levels 
considered by Bohr (1952) are described by the coordinates %,, and the nuclear 
rotational Hamiltonian H, is a function of these coordinates. Deformations 
with A+2 do not contribute appreciably, thus need not be considered. 

The Hamiltonian for the scattering of a neutron by a Bohr nucleus can be 
written H,+ 7+, where T is the neutron kinetic energy and V is the neutron 
nucleus interaction potential. Following Bohr we approximate the potential 
V by a square well, 


V(r, Lon) = VG tt = eo) 
= 0M ik FSR; a) ak (2) 


Because V depends on the neutron coordinate r and the nuclear surface coordinates 
%, it contains a direct interaction between the neutron and the surface 
deformations, and it is this coupling which gives rise to inelastic scattering with 
the excitation of surface modes. In order to calculate the cross section for the 
scattering, we split Y into two parts by expanding as a power series in the surface 
deformations ,,. For small deformations, powers of «,, higher than the first 
may be neglected, so that 


V(r, caer) 1 VR Ad(r ah Ry) > Oo, 9(0, ¢) 
( 


ul 


— V(7 ) tt ae et i oe re ae Ba aie (3) 
with V(r) i hie ties 
== 0) if Y >R5 


and 6(7— R,) the Dirac delta function. 

The averaged central potential V(r) represents the interaction of a neutron 
with an undeformed nucleus while the term H’, containing both neutron and 
surface coordinates, is the coupling between the neutron and the surface 
deformations. 

We want to compare the magnitude of the direct scattering with compound 
nucleus scattering so it is useful to include compound nucleus formation in our 
model. Feshbach, Porter and Weisskopf (1954) have proposed a simple descrip- 
tion of neutron scattering in which they replace the neutron—nucleus interaction 
by a complex potential well. The imaginary part of the potential causes an 
absorption to be identified with compound nucleus formation. We use the 
results of their paper by taking V’, the strength of the neutron—nucleus interaction 
(2) to be complex with a small imaginary part. ‘The compound nucleus scattering 
can then be calculated from the theory of Hauser and Feshbach (1952). The 
decay of the compound nucleus is assumed to be independent of its mode of 
formation and, in particular, the phase of the inelastically scattered neutron wave 
is indeterminate. In contrast to this, the phase of the neutron waves inelastically 
scattered from the nuclear surface deformations, is completely determined by 
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the phase of the incident wave. ‘Thus the contributions to the scattering by 
direct interaction and due to compound nucleus formation (averaged over 
nuclear resonances) are incoherent. 


§ 3. THE CALCULATION OF THE Cross SECTION 


The cross section for inelastic scattering has been calculated treating the 
potential //(r) exactly and the term H’ as a perturbation on the scattering by this 
potential. As there is no spin interaction in the potential, we can write the 
unperturbed solution as a pure orbital wave function corresponding to scattering 
of plane waves by V(r). The solution with wave number k can be written 

tar? 


pr) = > > (—1)(22+ 1p Py oft), nee (4) 


where the functions #, ,, are the bounded partial wave solutions for the potential 
V(r). We have 


Bi m= : UlREY (by) ‘a ete (5) 


where u(kr)~e'”— ne for large r. 7, is the complex reflection factor of 
Feshbach, Porter and Weisskopf with |7,]|<1 because of the absorption term in 
the potential. 

Suppose we are considering neutron scattering from an initial nuclear state 
| /)M,) toa final state | 1/7) with an incident neutron wave y)(r) with wave number 
k, and energy Ey and a scattered neutron wave ¢,(r) of energy E and wave number 
k. ‘To the first order of perturbation x, is the solution of the inhomogeneous 
equation 

1 re rh 
(- au + V(r)~E) fe =X IVE | ATV i Bie eee (6) 
corresponding to outgoing waves. ‘This equation can be solved by Green’s 
function methods (Mott and Massey 1949) and for large r the wave function %#, 
has the asymptotic form 
elhkr 2M 
bs Fae Ge YUM — Dhyne) IM [ToMy ol) dr. (7) 


If we substitute for H’ from (3) and evaluate the integrals, we get the explicit 
form 


elkr V R)2M [(2/ at 1)(2/+ 1)}#4 
py~ oe h2 je | - 4kk, (Ro Ro )u(RR) 
x YH(A, $)C(2y, ~ 1p2)C(Hy2, 00) LEM | 254 | Fy My | a (8) 


where the C(2/, — up) are Clebsch—Gordan vector addition coefficients in the 
notation of Biedenharn, Blatt and Rose (1953). 

In the following it is convenient to write K?=(2M/h?)|V |, then K is 
approximately the wave number of the scattered neutron inside the nucleus for 
low incident neutron energies. Put KR =X Bolt) =n ed eRe 
differential cross section for inelastic scattering is given in terms of wb, by 


o(0)= = (lh 


2 7) 
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SO, averaging over initial nuclear orientations and summing over final orientations 
we get for the differential cross section 
XA*M (LL) 
a(@) = ‘eee > . [(2/, = 1)(2/+ 1) }" 14; (29) ue;(2) 
0 INO u Ll 


0 


2 


© C(ZH, pe ez, OOVVE(GSayIEY 9 Ie. (9) 
and for the total cross section 
ACME, Jt > 
= ly, RS (2/, + 1)(22+ 1) | U), (Xo) Pima(xyietCdn2. 00) as (10) 
Ry 162% 45 


‘The coefficient 
1 
NOR TN ee IM |a,.. |I,M, » |2 
(Zo, 7) Near andl |, | 0M) | 


is the averaged square of the nuclear matrix element of the deformations «,,, 
and it is seen that the dependence of the cross section on the structure of the 
initial and final nuclear states enters only through this factor. In even—even 
nuclei we are interested in a 0+—+2>* transition and for this transition 


WAC 2) eee eee eo (11) 
if the two states have a rotational character. Here f is the nuclear deformation 


parameter defined by Bohr and Mottelson, B?=%,|«,,|?. In odd A nuclei 
with a rotational sequence J), J) +1, Jp +2 (2p 44) 


i magic ets ; 
MMe dats he iecaeraye = 
i a Fb «) Sebati (12) 
ae Soin tes Teorey | 


Transitions with AJ>2 are forbidden on this model by angular momentum 
considerations if we neglect A2 in (1). 


§ 4. RESULTS 


In this section we give the results of some calculations of the inelastic cross 
section by the direct process and compare them with cross sections for the 
compound nucleus scattering calculated from the formulae of Hauser and 
Feshbach (1952). First, however, we express the direct cross section (10) 
explicitly in terms of optical model parameters introduced by Feshbach, Porter 
and Weisskopf (1954). We write for the logarithmic derivatives at the nuclear 


boundary 
f du, 
frig =Ro| Flu| 


du,* 2 
A; + US) = Ro Ee / “ inom 


Here u,* is the partial wave solution for a potential /’(r) with only outgoing waves, 
If we put 

M,=5,— 8 Ni=fi- A; 

it can be shown that 


42S, 
| u(x) [P= Mein? 
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and substituting into (10) the total cross section for the direct inelastic process is 
M(1, 1) GY, X?S), 
oe Taio e (21) + 1)(22 + 1)[C(d)2, 00)]? MP +N? M24N,2 
Hauser and Feshbach (1952) give their results in terms of a ‘barrier 
penetrability’ 7)(E) which is the probability that a neutron in a partial wave land 
with energy E will be absorbed and form a compound nucleus. For the 
‘optical model’ 7, has the form 


pee 
M?+N?° 
In calculating both the direct scattering and the compound nucleus 
scattering we have chosen a potential well with V,=40(1+0-057)mev and 
Raza 45 5e1 0-9 Ae cm. 

We have made calculations of the inelastic cross section for an even—even 
nucleus, i.e. for a 0+-+2* transition. The 2+ state is assumed to have a pure 
rotational character and to lie 0-2mMev above the 0* ground state. Incident 
neutron energies from zero to 1-5mev have been considered and the range of 
atomic weights 4 = 100 to A =240 has been covered. 

The nuclear distortion parameter 8 ranges from zero near closed shells to 
a maximum value of 8=0:3 in the regions d=170 and A=240. A value of 
B2=0-05 has been used throughout, but as the direct cross section is proportional 
to B® the results given here can easily be adapted to nuclei with different values of 
B. Values of 8 derived from quadrupole moments or y-ray transition probabilities 
should be used rather than those derived from consideration of energy level 
spacings, since it is probable that the electromagnetic values give a truer picture 
of the nuclear shape (Ford 1954). 

Figure 1 gives the direct inelastic cross section og plotted against X = KR, 
and against 4 the atomic weight, for an incident neutron energy of 1Mev. ‘The 
same figure shows, for comparison, values of o,, the compound inelastic cross 
section for the same 0+-+2*+ transition. In figure 2 oq is plotted against the 


incident neutron energy £ for values of E ranging from zero to 1-3 Mev and for 
A= 150, 165, 230 and 240. 


T,=1-— Im [P= 


The Angular Distribution of Neutrons 


Equation (9) for the differential cross section yields the following expression 
for the angular distribution of the inelastically scattered neutrons 


(0) 2 F(a (s)ui (ous) (ly + 1)(Zda’ + 1)(2L+ 1)(2I' +1) 
Lyle’ sb’ 
J 


< C(Igl2, 00)C(Uy'I'2, 00)C(Uply’-I, 00)C(W.T, 00) 
x W(Iply'll’, 12) P;(cos 6)). 


Here W({jlj'll’,J2) is a Racah (1942) coefficient and P,(cos@) is a Legendre | 


polynomial. In the present theory we can estimate the forward—backward 
asymmetry by calculating the quantity |{W(0)— W(z)}/{W(0)+ W(a)} |. In the 
region of atomic weights A~150 and 4~240 the forward—backward asymmetry 
is of the order of 10°, on the basis of optical model wave functions. The effect 
is small because the asymmetry arises from interference of P and S or D neutron 
partial waves and, according to the optical model, where S and D waves give an 


Inelastic Scattering of Neutrons by Deformed Nuclei oo9 


important contribution P waves are unimportant, and conversely. Compound 
nucleus scattering theory gives a differential cross section which is symmetrical 
about 90° to the direction of the incident neutrons. 

Neglecting odd parity terms and assuming the neutron energy is large compared 
with the nuclear excitation under consideration, we get the following expressions 
for the angular distribution in the regions of atomic weight d~150 and 4~240: 


W(0)~1+P,(cos?) for A~150 
~1+0-2P,(cos@) for A~240. 


The large anisotropy in the angular distribution for 4~150 arises from the 
interference of S and D partial waves. In the same region of atomic weight 
compound nucleus theory yields an almost isotropic distribution of scattered 
neutrons. 


ae ea 
A 
og 240 
165 
0-6 
-6F x 2 
3 150 
t = 04 
> 2 230 
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Post ee Oe) 
04 n aan 1 Pit 1 
125 1S0 a 175 200 225 0 02 aa nS aD) i % 
E (ev) 
Figure 1. The direct inelastic cross section oj and Figure 2. The direct cross section 
the compound nucleus inelastic cross section ¢4; oq against energy for d=150, 
against X (=—KR,) and atomic weight A for a 165, 230 and 240. 


neutron energy of 1 Mev. 


§ 5. Discussion 


The curves of o, and o,, (figure 1) both show strong maxima in the regions 
A~150 and A~240. The maximum for d~150 is due to the resonance for S 
and D neutron partial waves inside the nucleus while the maxima at 4~240 
results from a P wave resonance. ‘The cross sections oy and o,, are both of the 
same order of magnitude for A~150 and A~240 while between the maxima, 
at d~130 and A~200, og falls almost to zero. Higher order effects will make 
the peaks less sharp, but the general features of the variation of cross section 
with atomic weight should remain. It is clear that for A between 190 and 216 
the direct process should be quite unimportant. | 

In figure 2 the curves of o, against energy show a different behaviour in the 
regions A ~ 150 and A ~ 240. For A=150 and 265 the increase in og with E 
is almost linear while for A = 230 and 240, the initial rise just above threshold 
is much sharper. Only S and D partial waves contribute appreciably to o, for 
A =150 and 165 and one expects a sharp rise in cross section just above threshold 
due to the emergence of S waves. The opposite behaviour shown in figure 2 
for 4 ~ 150 is due to the fact that at 0-2 Mey the barrier penetrability for D waves 
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is very small, so that almost the entire rise in o, from 0-2 to 1 Mev is due to the 
increase in D wave penetrabilities. The cross sections for A =230 and 240 
rise steeply above threshold because penetrabilities for P waves increase more 
rapidly with energy than for D waves. For A=240 and for energies above 
1 ev, F partial waves give an appreciable contribution to the cross section. 
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Abstract. Polystyrene discs were irradiated in the scattered proton beam of 
the Birmingham synchrotron. The proton flux was found by counting tracks 
in a nuclear emulsion exposed near the polystyrene disc. From the observed 
activity of the discs the cross section for the production of 20-5 minute !4C from 
carbon by 950 Mev protons was found to be 20:5+1:1mbn. The variation of 
cross section over the energy range 200-950 Mev was also studied. 


§ 1. INTRODUCTION 


HE activity induced in carbon by high-energy nucleon bombardment 

is often used in high-energy experiments for the monitoring of irradiations. 

The active nucleus !'C has a convenient half life (20-5 min) and positron 
energy (0-97 Mey) and the reactions producing this nucleus from #C have a 
threshold of about 20 Mev so that effects due to low-energy radiations can be to 
some extent eliminated. Measurements of the absolute cross section for the 
(p, pn) reaction for energies up to 340 Mev have been published by Aamodt, 
Peterson and Phillips (1952) and the cross section for a proton energy of 387 Mev 
is given by Warshaw, Swanson and Rosenfeld (1954). The yield of the *C(p, pn) 
reaction relative to the yield of 74Na in the reaction ?’Al(p, 3pn)?4Na has been 
obtained by Wolfgang and Friedlander (1954), for proton energies between 
500 and 2000 Mev. In this last work no specified account is taken of alternative 
modes of production of C such as !C(n, 2n) or C(p, pnz®); moreover the 
absolute cross section is not directly determined but is derived from the cross 
section for the comparison reaction, which is itself not accurately established 
(Turkevich 1954). The present work was undertaken in order to provide an 
absolute measurement of the cross section for production of !'C from carbon by 
protons of an energy near 1000 Mev, taking into account possible background 
effects from the (n, 2n) reaction. Some observations on the yield of the reaction 
at lower energies were also made. 


§ 2. EXPERIMENTAL METHOD 


2.1. General 


Polystyrene discs were at first irradiated in the scattered external beam of the 
Birmingham proton synchrotron. The main features of this machine are 
described by Moon, Riddiford and Symonds (1955); the site ‘A’ chosen for the 
first irradiations is shown in the general plan view given by these authors in their 
figure 2 (region marked BC). 

In this position the proton intensity is about 10° per cm? per pulse, and nuclear 
emulsion studies (mainly multiple coulomb scattering and p—p collision analysis 
by the nuclear emulsion group in this laboratory) show that the proton energy 
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at the end of the acceleration period is 950+50mev. The same value was 
calculated from the magnetic field at the time at which the beam strikes the target. 
The protons reaching this position are accompanied by neutrons produced by 
the impact of stray protons on the walls of the vacuum system. These neutrons 
produce "C activity in the polystyrene discs by the reaction 12O(n, 2n)hC and 
estimation of this effect involves some doubtful assumptions. Further irradiations 
were therefore made inare-entrant tube mounted in the region E of the synchrotron 
vacuum system (Moon, Riddiford and Symonds 1955, fig. 2, site “B’). In this 
position protons reaching the sample are scattered from a moving target placed 
upstream from the re-entrant tube. With this arrangement the proton to neutron 
ratio at the sample was expected to be more favourable than at site ‘A’. 
[rradiations with protons of energy between 200 and 950 Mey were obtained in 
site B by switching the radio-frequency accelerating voltage of the synchrotron 
to a fixed frequency at the appropriate time during the acceleration cycle. 
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Figure 1. Ionization chamber and plate Figure 2. Ionization chamber and plate 
holder (site A). holder (site B). 

The incident proton flux was found by exposing an Ilford G5 emulsion to one 
pulse under the machine conditions used in the irradiation. Since one pulse 
gives a satisfactory number of tracks in the emulsion, and at least 20 pulses are 
needed for a significant activation of the polystyrene samples, it was necessary 
to relate the strength of the ‘calibration’ pulse to that of the activation pulses. 
This was done by means of an argon filled ionization chamber placed in the 
scattered beam near the polystyrene sample as shown in figures 1 and 2. Pulses 
from this chamber were displayed directly on an oscilloscope trace, triggered 
from the synchrotron timing pulse and individually photographed. 

‘The activity on the discs after irradiation was counted in a standard geometrical 
arrangement by a screened end-window Geiger counter. 


2.2. Measurement of Incident Proton Flux 
The tracks of 950 Mev protons in G5 emulsion have a grain density which is 
nearly equal to the plateau value. With such a low density it is difficult to make 
an accurate estimate of the number of tracks passing out through the top surface 
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of the emulsion when the protons are allowed to travel obliquely through the 
plate. For this reason the plates were always set as nearly as possible parallel 
to the beam; the distribution in angle observed in plates set vertically and 
horizontally in site A was +1°. The number of tracks crossing an area of 
1004x100, was counted, scanning through the emulsion depth. Many 
determinations of this number, over the whole plate, were made. The most 
suitable track density was 30 in an area 100 4 x 100 of a G5 nuclear emulsion of 
thickness 2004. Counting was done with an M4000 type microscope with 
a magnification of x 45 anda x 15 eyepiece. 

The thickness of emulsion at the time of exposure was found by a method 
developed by Duke, Lock, March and Munir (1955). Correction for obliquity 
of the proton tracks with respect to the emulsion was found to be negligible. 


2.3. Measurement of Absolute Disintegration Rate of Activated Discs 
‘The maximum range of the positrons of "C is about 400mg cm-? and the 


surface density of the discs used was 130mg cm; thinner discs would have 
given rather low counting rates in a proton flux suitable for measurement by the 
nuclear emulsion method. The use of a thick disc reduces the fractional loss of 
"C by recoil; this was found experimentally to be less than 2°, and has been 
neglected. 

The activity of the discs was determined in a standard counter castle. Decay 
curves always gave a pure 20-5 minute period and the activity was followed 
until it merged with the background counting rate (about 7 per minute). The 
counting rate was extrapolated back to the mid-time of the bombardment, and 
the number NV of active nuclei formed during the bombardment, whose decay 
positrons were emitted into the solid angle defined by the counter, was deduced 
using the formula N=4A,,,a/A where A is the decay constant for "UC. The 
conversion of this number to the total number of ™C nuclei produced entails 
correction for the thickness of the discs, and a determination of the effective solid 
angle of the end-window counter for a thin source. ‘The thickness correction 
was found by irradiating a stack of 130 mg cm ? discs and 5 mg cm discs together 
in a strong proton flux and finding the ratio of observed activities. The relative 
change in observed activity per gramme between the 130 mg cm “and the 5 mg cm ? 
discs was 1:75 +0-04. Use of this factor permitted the activation in the main 
experiment to be referred to a source thickness of 5mg cm-*. Then the activity 
of a strongly irradiated 5 mg cm? disc was found using firstly the end-window 
counter and secondly a 47 Geiger counter. Comparison of the two activities, 
after small corrections for self-absorption in the 47 counter and difference in 
size of sources, gave an efficiency of 17-1 + 0-4° for the end-window counter for 
a sample of thickness 5mg cm *. An independent estimate of this efiiciency was 
obtained using standardized !**Au sources and good agreement with the result 
from the 47 counter was found, although rather large corrections for source 


thickness had to be made. 


2.4. Pulse-to- Pulse Monitoring 


The argon-filled ionization chambers used had a capacity of about 5 pr and 
were connected to the oscilloscope by a cable of capacity 1000pr. ‘The time 
constants of the oscilloscope amplifier were about 50 milliseconds. In relating 
the ‘calibration’ pulses to the activation pulses the maximum deflection during 

66-2 
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the pulse was used; in most of the runs the synchrotron operating conditions 
were stable and the pulses did not vary largely. Checks were made, using 
increased chamber voltages, to verify that the ionization chamber was not 
saturating; the oscilloscope deflections were also kept small in comparison with 
the output limit of the amplifier. 


2.5. Carbon Content of Foils 


The polystyrene was assumed to have the chemical composition (CH),, 
and the number of carbon atoms in the 130mgcem-? disc was calculated to be 
3:26 <A0™. 

2.6. Relative Measurements 

Since the determination of absolute cross sections by the method so far 
described proved to be a rather lengthy process, the low-energy part of the 
excitation curve for the production of !'C activity was studied by a different 
method. In this a shallow argon-filled ionization chamber was placed at the 
end of the re-entrant tube in site B and small polystyrene samples were put 
behind it. The assembly was then irradiated in a strong proton flux and a 
photographic record of the ionization chamber pulse size was taken as before. 
The activity of the polystyrene was also measured. ‘The synchrotron beam 
energy was then varied by about 50 Mev and a similar exposure was made. In 
this way activations over the range 200-500 Mev at about 50 Mev intervals were 
obtained. Relative values of the cross section were calculated by assuming the 
ionization chamber signals to be proportional, for a given proton flux, to the 
theoretical value of the energy loss per centimetre in argon for protons of the 
appropriate energy. ‘This was taken from the tables of Aron, Hoffman and 
Williams (1951). 

§ 3. NEUTRON BACKGROUND 

Several tests were made both to establish the existence of, and to estimate, 
the neutron intensity in the positions chosen for irradiation. It was found that 
for site A the activity induced in the discs, when 60 cm of lead were placed between 
the window and the disc, was only 5° of the activity obtained in a similar exposure 
without absorber. Since the mean free path for high energy nucleons in lead 
is about 5cm this arrangement prevents both direct protons and neutrons from 
reaching the disc and shows only that background radiations, in particular 
low-energy neutrons, from surrounding materials do not contribute greatly to the 
activation. 

Nuclear emulsions exposed in the irradiation position do, however, show 
a considerable number of neutron induced stars, as well as the more prolific stars 
with an incident proton. A general countf of all stars with more than two 
prongs (with or without primary) gave, for a given volume of emulsion, ‘ proton’ 
stars 2098 + 45, ‘neutron’ stars 861 + 30. 

It is not quite certain how best to use these figures to obtain the ratio of proton 
to neutron flux, since the star counts mey be discriminatory (e.g. the two-prong 
star (n, 2p) would be counted while (p, np) would not) but as a first approximation 
the value 2098/861 = 2-4 + 0-1 was used for the flux ratio. For site B the proton 
to neutron star ratio was found by counts on one of the calibration plates. These 
gave, for a given volume of emulsion, ‘proton’ stars 210, ‘neutron’ stars fide 


T We are indebted to the nuclear emulsion group in this laboratory for this information. 
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giving a ratio of 2-7+0-3. ‘There is no evidence that the proton to neutron flux 
ratio is significantly different in sites A and B, and the more accurate value 
2-4 + 0-1 obtained for site A was used in the calculations. There was some indica- 
tion that at energies of about 300 Mev the proton to neutron flux ratio was 
higher, but the value 2:4 has been used throughout. 


§ 4. RESULTS 
The results obtained in several independent measurements at an energy of 
950 Mey are shown in table 1, and similar results for lower energies are given in 
table 2. Table 2 also includes the results of the relative cross section 
measurements. 


‘Table 1. Production of !!C from Carbon by 950 Mev Protons 


(1) (2) (3) (4) (5) 
31.8.54 A 198+9 2°55+ 0-14 7°80 + 0:56 
1 OS, A 20 5c 2 Seilpae Welz (oy ar Ors) 
DoD ott A Sto} ae 1100) sella Weil) 8:99 + 0:30 
23.9.54 A 843 + 13 QV Kya= Wes Sey sae WeKe 
7.10.54 A S20 pment () 4ro5\3) ae Oe2D TAD O42 
(ens Woes B 1630+ 80 2 SoD () 6-94 0°45 
ey ey B Zaxojar &) ACTION: S27 Set OL OZ 
27 eh OD B 3040 + 30 BY ohaten le: SrlDete 0233 
10.12.54 S D5 Sis 9 4-O8a= O17 OAVa= Oy: 


(1) Date ; (2) Irradiation site ; (3) N, number of !'C atoms formed ; (4) v, number of 
incident protons per cm?, x 10~® ; (5) 10° N/v. 


Table 2. Production of 'C from Carbon by Protons of energy 200-950 Mev 
(1) (2) (3) (4) (5) 


238 9-8+ 2-10 (S301 are OO 39-4+ 2-4 Sota 24e 
310 te sO 274: 39S) ae 88) ShlOQ) se Bot 
365 (SHOU aie (AEN) 41 -Oae 3-1 asap Sel 
420 Nat oilicee (Otis: 1-10-44 34°38 + 2:7 Sule wae Des) 
465 10:5+ 0°34 BSAMae hell 29-4 1-2 
522 1e4 Os 51 SO eOstewlis© 82.2516 
648 8:75 + 0-87 DUO) 2H Be JESS) 
832 10-3'-2.0750 Sagar Re ate NG; 
950 (A & B) 8:06 + 0-30 Paseo} a0 (Ns Pease N40) 
9500 (CE) 6-20 + 0:34 19-4 1-07 19-4+ 1-07 


(1) Energy (Mev) ; (2) N/v (absolute measurement) «10° ; (3) N/v (relative measure- 
ment) 10° ; (4) cross section without neutron correction (mbn); (5) cross section 


with neutron correction (mbn). 


Column (4) of table 2 gives the absolute cross sections calculated with no 
correction for neutron induced effects. ‘lhe relative cross sections have been 
normalized to agree with the absolute measurement at 420 Mev. 

In order to make a correction for the beta activity produced in the discs by the 
(n, 2n) reaction, some assumption about the cross section for this reaction must 
be made. The average neutron energy for the 950 Mev proton exposures was 
estimated to be about 300 Mev from a prong-number distribution for the neutron 
induced stars in the nuclear emulsion. For an energy of about 400 Mev Warshaw, 
Swanson and Rosenfeld (1954) find that the ratio of the cross sections for the 
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12C(p, pn) and !2C(n, 2n) reactions is 2-4+0-2. Since the cross section: 108 NG 
(n, 2n) reaction probably does not vary much with energy from 90 Mev to 300 Mev 
we have used the cross section ratio of 2:-4+0-2 and the flux ratio of 2-4+ O-1 
to correct the absolute values given in column (4) of table 2; the final values of 
the cross section for the production of !'C by protons as a function of energy are 
given in column (5) of this table. a 

The experiment labelled C in table 1 was carried out in site A but an attempt 
to estimate background was made by recording counts and proton tracks with 
60cm of lead in front of the sample and photographic plate. ‘The values with 
absorber were subtracted from the values without absorber and the difference is 
given in columns (3) and (4) of the table. ‘The cross section without neutron 
correction from this ‘difference’ experiment is 19-4+1-8mbn. ‘The neutron 
correction in this case was based on the difference of star counts in the plates 
taken with and without absorber and was found to be negligible within the limits 
of accuracy of the experiment. This result agrees with the average value from 
the exposures marked A and B; taken together, the best value for the cross section 
for the reaction 1#C(p, pn) at 950 Mev is 20-5 + 1-1 mbn. This figure is lower 
than the result presented at the 1955 Rochester Conference chiefly because of 
improved beta counting. 

§ 5. DIscussION 

The cross sections listed in column (5) of table 2 are plotted against energy 
in figure 3, which also shows the results of Wolfgang and Friedlander (1954). 
The results of Aamodt, Peterson and Phillips (1952) are omitted since they 
appear to be in disagreement with later (1954) unpublished work in the same 
laboratory by Birnbaum, Crandall, Millburn and Pyle. The present results 
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Figure 3. Cross section for !2C (p, pn) reaction. 


are lower in absolute value than those of the Brookhaven workers but like these, 
show a cross section which decreases with energy over the range 200-1000 Mev. 
The slow fall-off in cross section with energy shown in figure 3 is in agreement 
with the general picture of high energy nuclear reactions proposed by Serber 
(1947) in so far as energies below the meson production threshold are concerned. 
For energies above this threshold, where meson production forms an important 
part of the total proton cross section in carbon, the results indicate that meson | 
re-absorption in the carbon nucleus is not an important effect. 
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Abstract. Using a triple ionization chamber to collimate and record recoil 
protons from a hydrogenous radiator, angular distribution measurements have 
been carried out on a number of neutron groups emitted as a result of the bombard- 
ment by 9mev deuterons of targets of sodium carbonate, aluminium and 
phosphorus. Spins and parities of the resulting states of the 4n nuclei Mg, 
28Si and 32S have been assigned by applying the theory of the stripping process. 
In the case of ?8Si, the first T= 1 level is identified and its characteristics compared 
with those of the ground state of ?%Al. 


§ 1. INTRODUCTION 


HE analysis of the angular distributions of both protons and neutrons 
| in deuteron stripping reactions in terms of partial waves of the angular 
momentum of the ingoing particle (Butler 1951, Bhatia et al. 1952) has 
proved a valuable method of establishing data of nuclear levels. Most investiga- 
tions of stripping reactions, however, have been devoted to (d, p) reactions largely 
because of the ready detectability of protons and also because of the lack of 
a suitable fast-neutron spectrometer. Nuclear emulsions have proved a useful 
tool for studying neutron spectra but suffer from the disadvantage of being more 
sensitive to the lower energy groups. ‘This means that exposures have to be kept 
to such a low level in order to avoid losing high energy neutron groups in the 
background of low energy neutrons and y-ray fogging that the work of scanning 
is considerable. 

The neutron spectrometer described in a previous paper (Holt and Litherland 
1954) was developed and applied to meet these difficulties and although not a 
perfect solution of the problem, it enabled spectra to be obtained with an energy 
resolution sufficient to investigate many levels. The spectrometer consisted 
essentially of a high-pressure triple ionization chamber with which it was possible 
to identify and measure the range of collimated recoil protons from a hydrogenous 
radiator. ‘Target nuclei investigated were "3Na, 27Al and 3!P all of which have 


high Q-values for the formation of the ground states of the 4n nuclei 24Mg, 28Si 
and 32S. 


§ 2. DETAILS OF EXPERIMENTAL ARRANGEMENT 


The general experimental arrangement was very similar to that described 
by Middleton et al. (1953). The extracted deuteron beam from the Liverpool 
University 37 in. cyclotron was magnetically focused on to a water-cooled target 
some 10 feet away from the cyclotron tank. A concrete wall, 2 feet thick and 
replacing the earlier wall of whale-fat, was built between the focusing magnet 
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and the target. Further shielding was introduced by using a thickness of 2 feet 
of whale-fat between the cyclotron tank and the focusing magnet. The target 
assembly described by Middleton et al. was used in a form modified to allow 
measurement of the beam energy and also monitoring of protons from the target 
as described below. . 

The triple ionization chamber was mounted on a horizontal table and could 
be rotated about a vertical axis passing through the target. The level of the table 
was adjustable so that the beam and the chamber axis were in the same horizontal 
plane. ‘The distance between the ionization chamber and the target was adjusted 
to give an angular resolution of 3°. 

The beam energy was determined using a modification of the target assembly 
described by Middleton et al. (1953).. A thin gold scatterer was mounted so 
that it could be lowered into the path of the deuteron beam. The deuterons 
elastically scattered through 90° were collimated by a slit system which allowed 
a cone of half angle 0-75° to fall on a 100 4 C2 emulsion inclined at an angle of 8°. 
‘The beam energy was determined from the range of deuterons in the emulsion 
to be 9:02 + 0-06 Mev. Measurements at an interval of one month were consistent 
with this value. 


§ 3. MONITORS 


In order to obtain reliable angular distributions of the neutron groups, effective 
monitoring of the deuteron beam was essential and was carried out in two ways: 
by integrating the beam current falling on the target and by counting protons 
from the (d, p) reactions in the target material. 

The beam current integrator designed by Lewis and Collinge (1953) was 
used for the first. It was found necessary to insert a grid one inch in front of the 
target and to maintain it at a negative potential to suppress secondary electron 
emission. Consistent integrator readings were obtained with voltages greater 
than 50 applied to this grid. Since certain targets tend to evaporate under 
bombardment, it was considered necessary also to monitor either protons or 
neutrons from the target nuclei themselves. A constant ratio of integrator to 
monitor readings was taken as the criterion for satisfactory running conditions. 

Initially a Hornyak button (1952) to monitor on neutrons was tried but 
was considered unsatisfactory because the slope of the integral bias curve was 
so steep that it was impossible to get consistent results. A further method which 
proved more reliable was to monitor protons coming from the target at 90° to the 
incident beam. For this purpose, a side-arm with a thin Be-Cu window was 
fitted to the target chamber. Behind the window was placed a photomultiplier 
with a thin flake of anthracene (about 10 mg cm”) as a scintillator. All protons 
of energy greater than a few Mev passing through the flake produce pulses of 
approximately the same size while protons just stopped by the flake produce 
somewhat larger pulses. It was found that if sufficient absorbers were placed 
between the target and monitor to cut out all except the two or three highest 
energy proton groups, an integral bias curve with a good plateau about 20 v long 
was obtained for proton pulses about 45 v in height. 

When targets were mounted on a gold backing, it was sometimes found 
impossible to remove all protons from the '’Au (d, p) reaction, which has the 
rather high Q-value of 4:1 Mev, and still maintain a good plateau. This was 
overcome by using target backings of bismuth which has the lower (d, p) ground 
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state Q-value of 1-95 mev (Harvey 1951). This method of monitoring was 
found to be very satisfactory as also the contribution to the counting rate from 
background y-rays was negligible at the mid-point of the plateau. 


§ 4. TARGET PREPARATION 


In order to provide suitable backings, as discussed above, a layer of Bi about 
50 mg cm-2 was evaporated on to gold foil and the target material was then 
deposited on the surface of the bismuth. 

Sodium was used in the form of sodium carbonate which was painted on to 
the backing from a suspension and then dried. A sufficiently uniform layer 
was thus obtained to give satisfactory resolution of the neutron groups. ‘The 
presence of carbon and oxygen only present difficulties for Q-values of less than 
zero, i.e. excitation energies of 9-76mev and above. As the levels are closely 
spaced at these excitations, this region was not examined in detail. A target 
thickness of 5-2 mg cm? was used. 

Aluminium was used as metal foil fixed on to the backing. ‘Targets of 
thickness 1-6 and 3-2 mg cm ? were used. 

Red phosphorus dried with alcohol and then ground to form a paste with 
alcohol was painted on to the backing as in the case of sodium. A target of 
thickness 4:4 mg cm 2 was used. 


§ 5. ANALYSIS OF SPECTRA 


An explanation of the principles and construction of the neutron spectrometer 
may be found in the Jiterature (Holt and Litherland 1954). The spectra were 
found by projecting the films of oscillograph traces and plotting range histograms 
directly. Ranges were translated into energies by means of the range—energy 
data of Aron et al. (1949), the chamber pressure being known. 

In order to determine the Q-value of an observed neutron group, it is necessary 
to allow for the energy spread arising from the following causes: (a) inhomogeneity 
of the deuteron beam, (d) target thickness, (c) radiator-target geometry, (d) radiator 
thickness, (e) geometry of collimation of recoil protons, (f) straggling. It can 
be shown that the resultant line shape should be roughly triangular but with 
a low-energy tail. Most of these effects tend to lower the energy of the group 
below the expected value and the correct value is found from the extrapolation 
of the high energy side of the triangular shape. A linear extrapolation gave 
energies consistently low by about 200 kev for all cases of known Q-values but this 
was not surprising as the spectral lines could not be expected to show an accurate 
linear fall-off. 

For this reason, it was considered more convenient to use a reaction of known 
Q to calibrate each energy range where possible. The !2C(d, n)!8N ground state 
and the *’Al(d, n)?8Si first excited were used. Intermediate energies were covered 
by calibrating on a prominent Al group and, by overlapping energy ranges, this 
could be compared with the first excited state. The high energy side of the 
histogram for any particular group invariably showed a linear fall-off except 
towards the foot. The intersection of the extrapolation with the energy axis 
was taken as giving the energy of the group. In this way groups fitted in well 
with known level schemes. ‘The method is not suitable for giving accurate 


Q-values as it depends on the precision of the extrapolation but it is generally | 


possible to do this to 0-1 Mev. 
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§ 6. RESULTS 


Angular distributions of the various neutron groups were plotted by measuring 
the area under individual peaks of the spectra obtained at several angles and 
normalizing with respect to the monitor. In those cases where groups were not 
resolved, the distribution of the composite groups has been plotted. Results 
have been fitted to theoretical stripping curves calculated on the Born approxima- 
tion (Bhatia e¢ a/. 1952) and usinga radius of (2-7 + 1:22413) x 10-3 cm. Previous 
work on stripping indicates that this is a reliable radius to use (Huby 1953). 
Individual points plotted on the curves show probable errors. 

In calculating the cross sections, the data of Adair (1950) for the energy 
dependence of n—p scattering were used. Although it might appear that the 
stripping curves were each superimposed on a background probably arising from 
compound nucleus formation, no subtraction of this background was made in 
determining the proton capture probabilities from the measured cross sections 
because of the relatively large statistical errors on the experimental points. 
The relative cross sections have an estimated error of + 20° but the error in the 
absolute cross sections may be + 50°. 

*3Na(d,n)*4*Mg. ‘The energy levels of “*Mg and previous work have been 
discussed by Endt and Kluyver (1954). In the present work, the energy range 
up to an excitation of 8-4 Mev was covered. Data obtained for the levels in this 
range are summarized in table 1. Differential cross sections are given at the 
angle quoted in each case which is the stripping maximum for levels showing 
a stripping angular distribution and 0° in other cases. Angular distributions of 
groups n, +N, n; and ng are given in figure 1. 
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Figure 1. Angular distributions of neutron groups corresponding to excited states of 
AMI g at 4:2, 7-5 and 8-4 Mev. 


27Al(d, n)?Si. ‘The energy levels of 785i have been studied by Peck (1949) 
using 27Al(d, n) and nuclear emulsions to study the neutron groups. We agree 
with his level scheme in that we find levels at similar energies without being able 
to measure these energies with any greater precision that he does, save that we 
cannot claim to find levels at 4-47 and 4-91 mev. Our indication is of a level at 
4:7 Mev but our work does not disprove the possible presence of a second weaker 
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level in this region. The upper limit of the differential cross section for the sum 
of the groups n,+ns corresponding to these levels is given in table 2 together 
with a summary of the results for the other groups investigated. Angular 
distributions of groups No, Ny, Ny + 5, Ns and ny fitted to theoretical curves are given 


in figure 2. 
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Figure 2. Angular distributions of neutron groups corresponding to levels in **Si at 
0, 1:78, 6-4, 8-18 and 9-16 Mev. 


31P(d, n)?2S. The energy levels of ®?S are discussed by Endt and Kluyver 
(1954). A previous study of *'P(d, n)??S by Snowdon (1952) using the emulsion 
technique indicated more levels than have been found either by proton scattering 
on 328, by (p, y) on 3!P or by the more recent work on 3!P(d, n) by El-Bedewi 
and El-Wahab (1955). In general, we agree with the latter work and do not for 
instance find the levels at 0-5 Mev and 1-5 Mev found by Snowdon. ‘The levels 
between 3-81 Mev and 5-04Mev were too close to resolve completely with our 
instrument but it was possible to plot the angular distribution for the compound 
of levels at 3-81, 4:32 and 4:50 Mev and similarly for those at 4-74 and 5-04 Mev. 
This division, while seeming arbitrary, occurs because of the difficulty of resolving 


Neutron Groups from Deuteron Stripping by 8 Na, ?" Al and *1P 1013 


a weak group in the foot of a strong group. ‘lhe evidence of the present work 
indicates that the level at 3-81 Mev is the strong member of the compound 
(showing /= 0 angular distribution) but as it is not possible to assess the contribu- 
tion of the two adjacent levels, we prefer to present the results as indicated in 


table 3. Angular distributions of groups No, Ny, Ny +N3+nNy and n, are shown in 
figure 3. 
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Figure 3. Angular distributions of neutron groups corresponding to ground state and 
2:25, 3-81 and 5-83 mMev excited states of °?S, 


§ 7. DIsCcUSSION 


In the cases of ?’Al and ?'P the ground-state /-values agree with the Mayer 
shell-model of the nucleus. ?8Na is a shell-model anomaly (ground-state spin 3/2) 
and it might be because of this that we find a small cross section for formation of 
24Mig in its ground state. On a naive picture, the d,).* particles, which in the 
case of 73Na give a configuration Ds),, would have to rearrange to accept the fourth 
d;/. particle. 

In the case of the other levels of #4Mg, only a very small indication of the 
first and of the fourth to sixth excited states was found. ‘The neutron yield was 
so low from all of these levels that is was impossible to obtain angular distributions 
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with good statistics and it could only be concluded from our results that the 
distributions were fairly isotropic between 0° and 50°. Curves for the groups 
Ny +N, n, and ny (figure 1) are ‘good’ stripping distributions, the pattern being 
typical of /=0 in each case. In the first two cases a better fit could be obtained 
by adding together curves with /=0 and /=2 in suitable proportions. ‘The 
group ny + n; is known to correspond to unresolved levels at 4-122 Mev and 4-23 Mev. 
As the level at 4-122 Mev is known to have spin J =4, it cannot be formed by 
s-wave protons and so /=2 may be ascribed to this level and /=0 to the adjacent 
level at 4-23 Mev. ‘These assignments agree with the (p, y) work of Newton 
(1954) indicating 1+ or 2+ for the spin and parity of the 4-23 mev level. 


Table 1. ?3Na(d, n)*Mg 


(1) (2) (3) (4) (5) (6) (7) 
No 0) — 0 even 4 >< 105220) — 
mM 1-368 — wy) even PS NO? 2(Or) oa 
ny 4-122 2 4 even 4-ObK 10 m3 02) als KO 
ial 4-23 0 il, 2 even (all Oca (Os) Do (0 aca 
ny 5-1 — — —— BD all Omang) — 
n; 55 — — —- BP < 1K) — 
ny 6°3 — _- —_ SH) <1O==" (O>) _- 
ioe 7°5 0 1, 2 even Aes) S29 (OO) 3-0 ll Ome 
(Rie 2a soe even 
Ng 8-4 0 il, 2 even 4-4 « 10-°7 (0°) Bobs SI 


Table2: ““Al(den ys: 


(1) (2) (3) (4) (5) (6) (7) 

int, 0 2 Oth, 2 Sak & even IS 1Om22 (S02) ese Ome” 

iD; 1:78 0 D3 even tO ill Om2er (Om) E33 SMO 

Ny 4:47 | A eaOe 

. 4.9] ae — — DAS AO=22 (O) — 

n 6-11 

=e ae 0 Dy 8s even PR SS Mo (OE) PAD SAN) 

val 7-10 — — — SWS 10— (OP) _- 

n; T55 0 Ds even PENSE NMOS (OS) DAY SMO) 2 

tl 8-18 0 Dies even SS OF (Or) SO SQ 

is 9-16 0 es) even Se lO meoK(O2) 4 el Ome 

ina 10-2 0 Des even IO S< NO" OP} IOS Oo 
Table 3. #'P(d, n)?2S 

(1) (2) (3) (4) (5) (6) (7) 

314 0 ; 0 0) even 1COD al Omecr(Og) 23 allie 

ly 205 2 th Dies even Se <I CRON FSS Se Be 

Ny 3.3109) 

Mes 4-32 0 0,1 even ISealOmea (Oy Hes OS” 

op 4-50 ou oe 

ia 4-74 

ie 5-04 = — — A os< O22 (0) — 

ia 5-83 2) PB even. 12x 10-*" (22°) 13102 


(1) Neutron group, (2) excitation energy of level in Mev as listed by Endt and Kluyver 
(3) /-value, (4) possible spins of state, (5) parity, (6) differential cross section at centre of | 
mass angle shown, (7) proton capture probability A/(2j;+1) in c.g.s. units. 
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The distribution of the neutron group leading to the 3-81 Mev level of 32S is 
/=( so that the spin of the state must be 0 or 1 with even parity. ‘here is some 
evidence for the y-ray transition from this level to the ground state (Breckon et al. 
1954, Glass and Richardson 1954) which would indicate that the level spin is 1. 
However, these authors say that they cannot ascribe the observed y-ray to this 
level with complete certainty, so the alternative spin values for this level must 
remain. A distribution /=2 has been fitted to the experimental points for the 
level at 2-25 Mey excitation. Although the fit is not good, it should be noted that 
in the majority of stripping distributions measured to date it has been found that 
the differential cross section in the forward direction is greater than predicted by 
theory in the case of /=2. This is probably because of the approximations of the 
theory. Similarly for the level at 5-83 Mev, /=2 seems a closer fit to the experi- 
mental points than /=1 (figure 3). 

The (d, n) stripping reactions studied here have led to the formation of 
nuclei of mass 24, 28, and 32 with T=O0 ground states. An estimate of the 
position of the first 7=1 level in these nuclei can be made by simply assuming 
a uniform spherical distribution of charge and allowing for the proton—neutron 
mass difference. This level should be in the neighbourhood of 9-3 Mev for 
"4g, 9-OmMev for 7§Si and 6-6mev for **S. By (d, p) stripping on the same 
target nuclei, it is possible to study the nuclei of mass 24, 28 and 32 having T= 1 
ground states and so compare similar levels in the two stripping cases. 
2" Al(d, p)?Al is the only case which has been studied extensively to date (Holt 
and Marsham 1953 a) and it is interesting to note the agreement in /-values and 
to compare the capture probabilities of group py in the (d, p) work with group ny 
at 9-16 Mev excitation in the present work, both groups showing /=0. (The 
ground state of ?*Al is known to be a doublet, both levels showing /=0 (Buechner 
1954) and presumably this group in *%Si is similar.) In c.g.s. units, the proton 
capture probability of group ny is 1-5 x 10-4° compared with the neutron capture 
probability for py of 5-6 x 10°49. In addition, the angular distribution of group 
Nyq at 10-2 Mev excitation was plotted although the statistics were not sufficiently 
good to fit a unique /-value. ‘The indication of the present work would be that 
this level shows a mixture of /=0 and /=2, analogous with the group p, in Holt 
and Marsham’s work which has this same mixture of /-values. An estimate of 
the /=0 component in the present work has been made and the corresponding 
capture probability shown in table 2. The value is 1-1 x 10-® compared with 
the figure for the /=0 component of group p, in Al of 5-4 x 10-. lhe figures 
in the (d, n) case are both a factor of 4 or 5 smaller than those in the (d, p). 
A factor 2 smaller would be expected because of the different 7, values in the 
nuclei 28Al and 28Si (Adair 1952). The remaining difference may be due to the 
differing effects of the interaction of the Coulomb field of the nucleus in the 
(d, n) and (d, p) cases. "The deuteron energy in the (d, p) measurements was 
8-0 Mev compared with 9-0 Mev in the present measurements. . 

Finally, it seems worth while drawing attention to the series of six levels in 
28Si which are formed by the capture of protons having /=0. In the case 
25Meo(d, p)?*Mg (Holt and Marsham 1953 b) where the 14th neutron is being 
added (as distinct from the 14th proton in our work) a similar series having 


/=0 is found. 
It is hoped to apply similar measurements to more elements in the near 


future. 
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Abstract. A description is given of a new fast-neutron spectrometer which 
utilizes scintillation counters and which hasa relatively high efficiency of detection. 
The instrument is suitable for use at neutron energies of 4mev and above and 
has been used to investigate the stripping reaction !*F(d,n)?°Ne. The angular 
distribution of four neutron groups has been found and the theory of the deuteron 
stripping process has been applied to analyse the results and to obtain information 
about the corresponding levels in 2°Ne. 


§$ 1. INTRODUCTION 


HE angular distributions of the neutron groups from (d,n) stripping 

reactions have been investigated mainly by the use of photographic plates 

(Huby 1953) and also, recently, by means of a fast-neutron spectrometer 
utilizing ionization chambers (Holtand Litherland 1954, Calvert et a/. 1955). The 
latter enabled neutron spectra to be obtained much more readily than by the 
scanning of nuclear emulsions. However, in order to maintain adequate energy 
resolution it was necessary to restrict the thickness of the hydrogenous radiator 
in which the recoil protons were produced, thus limiting the efhciency of neutron 
detection. 

To investigate (d, n) stripping reactions in some of the many nuclei which 
have not yet been examined, or else have been studied only incompletely, a fast- 
neutron spectrometer has been developed having a relatively high efficiency of 
detection. This is of particular importance since, for the determination of neutron 
angular distributions, a large number of spectra must be obtained from each target 
nucleus. 

A description of the apparatus and the results obtained from the reaction 
19F(d, n)?°Ne are given below. 


§ 2. THe Fast-NEUTRON SPECTROMETER 


Two scintillators are mounted on the axis of the incident neutron beam so that 
recoil protons originating in the first scintillator, an anthracene crystal, complete 
their ranges in the second, which is of sodium iodide. The geometry is such that 
only those protons leaving the anthracene crystal within a small angle to the 
direction of the incident neutrons are accepted by the second crystal. Recoils 
having all, or almost all, the energy of the incident neutron produce simultaneous 
pulses from both crystals and the neutron energy may be determined by suitably 
analysing the heights of these pulses. 
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A neutron spectrometer based on similar principles has been described by 
Mozley and Shoemaker (1952). With their instrument, the neutron energy 1s 
determined by the addition of scintillation pulse heights from two anthracene 
crystals. When the pulses derived from the scintillations in the two crystals 
are to be added, however, their relative sizes must be adjusted so that their sum 1s 
as nearly as possible a constant for all neutrons of a given energy. For example, 
with two similar crystals and negligible absorption path between them, the 
overall photomultiplier and amplifier gains in the two channels would have to be 
equal. Actually the absorption path between the crystals would modify the 
above condition. In any case, the optimum amplifier gain settings would probably 
have to be determined by a time-consuming process of trial and error and would 
have to be maintained constant for long periods. Small drifts in photomultiplier 
or amplifier gain would cause serious loss in energy resolution. 

In the arrangement to be described, provision has therefore been made for 
the separate analysis of the outputs of the scintillators, so that the exact setting of 
the amplifier gains, which is difficult to attain, is not necessary and gain stability 
need be maintained for much shorter periods. ‘The system used for pulse analysis, 
coupled with the choice of a sodium iodide crystal as the second scintillator, also 
allows for a substantial improvement in resolution which, as will be seen, may be 
obtained by placing absorbing foils between the crystals. 

Since the anthracene crystal may be as thick as the range of the recoil protons 
from the most energetic of the neutron groups being studied, much higher 
efficiency of neutron detection may be obtained than with neutron spectrometers 
restricted to thin radiators (Calvert et al. 1955, Trail and Johnson 1954). Any 
greater thickness of crystal would only increase the background counting rate, 
without increasing the efficiency. 


§ 3. EXPERIMENTAL DETAILS 


The arrangement of the neutron spectrometer, target chamber and monitor 
is shown diagrammatically in figure 1. ‘The anthracene crystal (usually about 1 cm 
square) is placed directly on the face of the photomultiplier nearest to the target. 


Collimated 
deuteron beam 


Target Anthracene crystal 
| 
is | Proportional counter 
ae | RemOVeRe Thin mica windows 
lid 
| 


Sodium iodide crystal 


Light-tight, box 


Photomultiplier tubes on 


Figure 1. Diagrammatic sketch of spectrometer, target and monitor arrangement 
(spectrometer set in the 0° position). 
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This multiplier is inclined at an angle of 45° to the horizontal so that the distance 
between the anthracene crystal and the target may be reduced to as little as 
Scm if desired. The sodium iodide crystal is mounted on a short light pipe 
and is enclosed to prevent deterioration, the front surface being covered by thin 
aluminium foil over a circle of 1cm diameter. Dumont type 6292 multipliers 
were chosen for their high cathode sensitivity. The crystals are normally 5 cm 
apart and between them, in the light-tight box which connects the multipliers, 
is a small proportional counter of rectangular section. Thin mica windows in 
the faces opposite the scintillators allow the recoil protons to pass through the 
counter. Access to the crystals and counter may be had through a lid in the top 
of the connecting box which also facilitates the insertion of absorbers. The 
spectrometer is mounted on a horizontal table and pivoted so that it may be 
rotated about the target. 


: { Nal | Proportional [Anthracene | Monitor | 
Arotomultiplier Counter 


Fhotomultiplier Photomuitipiier 
eae Deuteron 822m 
W ¥ Current on Target 


Main 
Amplifier Amplifier 


Gatin 
Circul 


Frame Changer 


Lengthener] &Ofigin sna OO 


100 Channel 
Pulse 
Analyser 


Add 
Ci neue 


Figure 2. Block diagram of electronic apparatus. 


A block diagram (figure 2) illustrates the functions performed electronically. 
The proportional counter, used in triple coincidence with the scintillators, 
serves to help identify recoil protons, and virtually eliminates the otherwise 
unduly large number of random coincidences caused by the intense flux of y-rays 
and neutrons from the target. When a triple coincidence occurs, the amplified 
pulses from the sodium iodide and anthracene crystals are lengthened to about 
1 millisecond and are applied respectively to the X and Y deflecting plates of 
a cathode-ray oscillograph. The oscillograph beam 1s normally kept stationary, 
at the origin of deflections, at one corner of the tube screen and has very low 


intensity. On the arrival of the lengthened pulses, the beam is deflected to the 
67-2 
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appropriate position on the face of the tube and begins to return to the origin 
with a millisecond time constant. About 5 microseconds after the coincidence, 
a 10 microsecond brightening pulse is applied, and a single spot is recorded on 
stationary film in the oscillograph camera. After a predetermined number of 
such events (usually 100) the film is automatically moved on, and the position 
of the origin is marked on the new frame. While this is being done, the output 
of both the final amplifiers is momentarily short circuited to ensure the correct 
positioning of the origin. Since the coincidence rate never exceeds ten per 
second, and is usually much less, there is little danger of chance ‘ pile up’ of the 
lengthened pulses. 

While events are being recorded by the oscillograph, the lengthened pulses 
may also be fed into the adding circuit, in which the relative proportions of 
the pulses added from each of the two channels may be varied. ‘The output from 
the adding circuit is then analysed on a Hutchinson-Scarrott 100-channel pulse 
analyser. 

The target chamber and the method of monitoring the deuteron beam by 
counting protons from the (d, p) reaction on the target nuclei have already been 
described in some detail (Calvert e¢ al. 1955). As in previous experiments, the 
targets are backed by a layer of bismuth (deposited on gold foil) so as to take 
advantage of the low Q value of the bismuth (d, p) reaction, which makes it 
possible to absorb out protons from the backing. ‘The monitoring technique 
adopted is particularly suitable for long runs, during which there 1s the possibility, 
in some cases, of loss of target material by evaporation or other causes. In order 
to determine the absolute cross sections of (d, n) reactions, the number of deuterons 
reaching the target is measured by means of a current integrator (Lewis and 
Collinge 1953), precautions having been taken, in the design of the target chamber, 
to suppress secondary electron emission from the target. 


§ 4. ANALYSIS OF SPECTRA 


The total absorption path between the crystals, including that through the 
proportional counter and its windows, is equivalent to 14cm of air. Figure 3 (a) 
shows the expected loci of spots which would be recorded by the oscillograph, 
in the way described above, corresponding to neutron groups of the energies 
indicated. In order to construct the loci, the non-linear response of anthracene 


<a S 
6 6 PS 20Mev 
5 ‘S 
wo 
3 2 — I8Mev 
4 = 4 = 
3 = 
: Sse 
= ee =) 
S ore 
Z fa 2 . 
oO 
a 
a 


Anthracene Pulse Height (arbitrary units) 


Or, Level * . 
12 16 20 0 3 6 ) 12 15 
Sodium lodide Pulse Height (equivalent to proton energy loss) (Mev) 


° 
> 
co 


Figure 3. (a) Expected loci of recorded spots for neutrons of various energies. 
(b) Effect of interposing 300 mg cm~2 aluminium between the crystals. 
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to proton energy and the effect of the absorption of proton energy in the path 
between the crystals has been taken into account, using data from Taylor et al. 
(1951) and range-energy tables (Aron et al. 1949). As may be seen, points 
corresponding to all neutrons of a given energy lie approximately on straight 
lines, and the simplest method of analysis is to treat them as such. If better 
resolution is required, analyses may be made over the region of stricter linearity 
and, as in the figure, this may be selected by appropriate setting of the discriminator 
levels. 

In practice the photographic records (on 35mm film) are projected, with 
a linear enlargement of some 8 to 10 times, on to thin paper and the pattern of 
spots is copied by hand (this may be done extremely rapidly). The enlarged 
copy is then superimposed on a grid of parallel lines placed at the correct angle, 
which may be determined from prominent groups in the spectrum or from 
calibration targets, and a histogram showing the number of neutrons in given 
energy intervals is found by counting dots between these lines. In this way 
an energy resolution of from 5 to 7°, is obtainable in the range of energies from 
4+to20Mev. ‘There is, however, no upper limit to the neutron energy range which 
may, in principle, be studied. The energy resolution is independent of the 
amplifier gain settings over a wide range. 

The neutron energy may be determined from the intersection of the locus 
of the group with the sodium iodide axis, since the latter material has a linear 
energy response to protons. <A correction must be made for the small absorption 
path between the crystals. Neutron groups from reactions of known Q values 
are used for calibration. 

The absolute cross section may be found by calculating the effective radiator 
thickness, and using the known spectrometer geometry and n-p scattering 
cross section. For example, with the bias levels set as in figure 3 (a), for 20 Mev 
neutrons, protons leaving the anthracene crystal with energies of from 6-1 to 
19-6 \rev would be recorded; this corresponds to an effective anthracene radiator 
thickness of 350mgem-? (using data from tables by Rich and Madey (1954)). 
In this case the efficiency of the spectrometer is found to be lin 1-72 x 104. 

In certain cases, where it is desirable to determine angular distributions 
of two groups of neutrons which cannot be resolved in the way described above, 
enhanced resolution may be obtained by interposing suitable absorbers between 
the crystals. The effect of so doing is indicated in figure 3(4), and it will be 
seen that a substantially linear locus of spots, from a given neutron group, may 
still be obtained. An improvement in resolution is to be expected for two 
reasons: (a) the form of the range-energy relation for protons is such that the 
lower the energy of the particle, the more energy will be lost in the absorber ; 
(b) only part of the energy of each recoil proton is lost in the crystals, so that the 
statistical spread in the energy measured by the scintillation pulse heights is less 
in absolute value than it would be without absorbers. When such absorbers are 
used, only a restricted range of neutron energies may be studied at a time, and 
there is some loss in efficiency of neutron detection. ‘The ultimate resolving 
power obtainable by this method should, however, be limited only by straggling 
in the energy loss of the protons in the absorber. 

With the discriminator levels set to select the range of linearity between the 
pulses from the two channels, as in figure 3 (@), analysis of the neutron energies 
may also be performed by adding the pulses in proportions such that their sum 
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is constant for neutrons of a given energy. As already stated, this condition is 
difficult to achieve and maintain, and consequently the resolution is inferior 
to that obtainable by the separate analysis of the pulses, as described above. 
Since both methods may, however, be used simultaneously, analysis of the added 
pulses by means of a 100-channel pulse analyser provides a means of checking 
the operation of the spectrometer during a run, since the spectra thus obtained 
may be continuously observed. If good resolution is not essential, it is possible 
to obtain spectra by means of the adding circuit alone, with some consequent 
saving of labour. 
§5. THe F(d, n)*°Ne REACTION 

This reaction has been studied by Powell (1942) and by Bonner (1940) and 
neutron groups corresponding to several levels in 2°Ne have been reported. ‘lhe 
angular distributions of these have not previously been measured, though the 
work of Bromley (1952) indicated that the group corresponding to the formation 
of the ground state of ??Ne has a maximum in the forward direction. 

In the present experiments, targets of CaF’, and CF, were bombarded with 
a beam of deuterons of energy 9-06 Mev from the Liverpool 37 in. cyclotron, and 
the angular distributions of the neutron groups were investigated with the 
apparatus described above. 

The neutron groups corresponding to the formation of the ground state, and 
of an excited state of 1-6 Mev, were found to show good stripping distributions. 
The QO values were, within the accuracy of our measurements, in agreement with 
those previously found by Powell (1942). Though these groups are fairly well 
resolved when of roughly equal intensity (e.g. at about 15°) it was necessary to 
use absorbers to separate them satisfactorily at other angles. Spectra obtained 
are shown in figure 4, and the angular distributions in figure 5. ‘Theoretical 
curves calculated by the Born approximation theory (Bhatia et al. 1952) using 
a nuclear radius of (2:7 + 1:22.1/3) x 10-%cm have been fitted. Neither of the 
levels previously reported at 4-3 Mev and 5-4 Mev could be identified with certainty 
in the range of angles of 0-50°.__ Ata mean excitation of 7-3 Mey, an intense group, 
probably resulting from more than one level in ?°Ne, is observed. Because of the 
proximity of levels in this region the group has not been resolved into its com- 
ponents but the angular distribution indicates a mixture of two states corresponding 
to /,=0 and /,=2. Finally, a state at 9-3 Mev excitation was observed, formed 
with /,=1. The results are summarized in the table. 
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; (1) Neutron group ; (2) excitation energy of level in Mev as listed by Ajzenberg and 
Lauritsen (1952) ; (3) lL, value ; (4) possible spins of state ; (5) parity ; (6) differential 
cross section at centre of mass angle shown ; (7) Proton capture probability A/(2;;+1) 
in c.g.s. units. 


§ 6. DiscussIon 


The ground state of *?Ne is of interest when considering any nuclear model, 
because of the doubt about its configuration. As !9F has spin 3 and even parity, 
the stripping distribution having /,=0 for the formation of the ground state 
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Figure 4+. (a) Neutron energy spectrum obtained at 0° from 'F(d,n)?"Ne. (d) 15 
spectrum from /%F(d,n)?°Ne showing neutrons corresponding to the ground and 
first excited states. (c) The same neutron spectrum as in (4) recorded with 
260 mg cm~? aluminium placed between the crystals. 


''F (d,n)?°Ne 


Al 


i | 


Relative Number of Counts 


0 20 40 60 0 20 40 60 
Angle (centre of mass) (degrees) 


Relative Number of Counts 


0 20 40 60 
Angle (centre of mass) (degrees) 


Figure 5. Angular distributions of neutrons corresponding to the formation of the ground 
state and excited states of 1:6, 7°3 and 9-2 Mev. 


1024 ¥. M. Calvert, A. A. Jaffe and E. E. Maslin 


is consistent with an assignment of zero spin and even parity to this state. This 
would be expected from the fact that 2°Ne is an even-even nucleus. If the /, 
value indicates the orbit occupied by the ingoing particle, and the configuration 
is simple, (1d5/.)2(2s,)2 would be an appropriate description, as the °F ground 
state is usually supposed to be (1d5/.)?2s,/2 (Jones and Wilkinson 1954). 

The angular distribution leading to the first excited state shows /,=2, so 
that the possible spins of this level are 1, 2 or 3 with even parity. From the rule 
for the first excited states of even—even nuclei (Scharff-Goldhaber 1953) J=2* 
is the most likely, and in fact Seed (1953) has shown without ambiguity from the 
(x, y) correlation from 23Na(p, xy)??Ne that the spin is two. ‘The present result 
discounts the possibility of its being of odd parity as previously indicated by 
inelastic deuteron scattering (Middleton and Tai 1952). 

The second excited state, usually assumed to be at 4:3 Mev, may have a spin 
of 4, consistent with the value for other light even—even nuclei. If this is SO, 
the lowest / value by which it could be formed would be 4. Since such high 
/ values usually have extremely small cross sections, this would account for our 
failure to observe the formation of this state. Moreover, it seems quite likely 
that this level is an excited state of the configuration (1d)?(2s)? and as stripping 
would require it to have an appreciable admixture of (1d)?2slg to give a spin of 4, 
it would make it still more difficult to observe stripping to this level. 

Five levels are quoted in the literature between 6-75 Mev and 7-87 Mev and, 
by elastic scattering of y-particles on '®O, Cameron (1953) has allocated spins and 
parities to each of these levels. ‘The angular distribution of neutrons leading to 
these is predominantly /,=0 and probably a mixture of 0 and 2. As the levels 
at 6:75 and 7-23 mev have J =0 it may be either or both of these which contribute 
to the /,=0 distribution while /,=2 could lead to the levels at 7-46 or 7-87 Mev 
(giving J =2* in either case). 

The level at 9-3 Mev is fitted by an /, =1 distribution so that its parity is odd 
and the possible spins are 0, 1 or 2. Analysis of «-particles elastically scattered 
by '8O at the resonance corresponding to this level (Ferguson and Walker 1940) 
indicates J=1. It seems likely that this level is due to core excitation, that is, 
to a hole in the p shell. 
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The Hall Effect in Metals at High Frequencies 


By B. DONOVAN 


Department of Physics, Northern Polytechnic, London 
MS. received 18th May 1955 


Abstract. The theory of the Hall effect at high frequencies is developed in 
terms of the ‘ surface Hall coefficient’ defined in a similar manner to the complex 
surface impedance for metals. Calculations of this coefficient have been carried 
through for a metal with two overlapping energy bands, and the variations with 
frequency and with field strength are shown graphically for certain special cases. 

At very low frequencies the Hall coefficient is constant at the d.c. value; at 
higher frequencies it increases as the square root of the frequency and ultimately, 
in the infra-red region for normal metals, attains a limiting value independent of 
frequency. Furthermore a phase difference exists in general between the Hall 
field and the specimen current but this decreases to zero at very low and very high 
frequencies. 


§ 1. INTRODUCTION 


N a previous paper (Donovan 1954, subsequently referred to as I) an investi- 

gation was made of the magneto-resistance effect at high frequencies, on the 

basis of the two-band model well known in the theory of metals. ‘The essential 
procedure in this treatment was the evaluation of the surface resistance as a function 
of frequency and applied magnetic field strength, and the importance of the 
relaxation time of the conduction electrons was demonstrated. In the present 
paper a similar analysis is applied to the problem of the corresponding Hall effect, 
i.e. the production of an alternating electric field when a specimen carrying a high 
frequency current is placed in a constant transverse magnetic field. 

Very few experimental data on this problem have been obtained and for metals 
the only investigation at very high frequencies appears to be that briefly reported by 
Cooke (1948), who used a cavity technique at a wavelength of 3cm. The Hall 
effect was detected in bismuth, iron, nickel and various ferromagnetic alloys but no 
numerical results were given. In the case of semiconductors, alternating currents 
of comparatively low frequency have been used occasionally for Hall measure- 
ments; thus Bottom (1948) carried out experiments on tellurium up to 10kc/s. 
Recently the Hall effect in germanium has been used by Barlow (1955) as a 
means of measuring power in transmission lines at frequencies up to 300 Mcs. 

So far no theory has been given relevant to the situation at high frequencies. 
‘The purpose of the present paper is to develop such a theory and, starting from the 
same premises as in I, to establish the essential results for the case of a highly 
degenerate electron gas. For this purpose it is convenient to introduce the 
‘surface Hall coefficient’, defined in an analogous manner to the complex surface 
impedance. Reference to this quantity has already been made in a preliminary 
note (Donovan and Sondheimer 1953) dealing with the free-electron model. 
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§ 2. THE SurFAcE HaLL CogFFICIENT 


The present calculation is based upon the model with two overlapping bands 
of standard form, band 1 being normal and band 2 inverted. In each band the 
energy is taken to be proportional to the square of the wave number. The effective 
mass m and relaxation time 7 of the electrons in the two bands will be distinguished 
by suffixes as usual. 

We consider a semi-infinite metal whose surface corresponds to the plane z=0, 
the positive s-axis being directed into the metal. A constant magnetic field H 
is applied in the direction of the z-axis, and the alternating electric field is specified 
by (&,(z), &,(2), 0) e’, where w is the angular frequency. Asin I, calculation of 
the current density is carried out by the usual method and leads to the expressions 


é : : 
J = 7-3 (PE,-O6,) foci co (1) 
22 
Jy= xm (OF,+ PE,) i cos 0 (2) 
where 
(ht, 74) +tw7,)(2m,6,)3? — (Rrg/mz)(1 +iw7,)(2m,l,)3 
P= = os =: oe Py (3) 
047742+ (1 +iw7,) "752+ (1+1w7,)? 
= (ha,77/m,)(2m,6,)3” OG (4) 


ay?ry* + (1 +207,)" eT 9" + (1 +2072)? 


andz=eH mc. The parameters ¢, and ¢, give the position of the Fermi energy 
level relative to the bottom of band 1 and the top of band 2 respectively. 
The surface Hall coefficient is defined by 


__ 60) 
| Se 


0 


Y 


and depends in general upon the frequency and the applied magnetic field. 
It will be noted that Y differs dimensionally from the normal d.c. coefficient, 


Ra= 6,/IH. 


The calculation of the surface Hall coefficient follows similar lines to the calcu- 
lation of the surface impedance in I; equations (1) and (2) are combined with 
Maxwell’s equations (neglecting the displacement current) and the total transverse 
current is set equal to zero. In this way one obtainst 


471w é (0) n, 2nw [ it Grail =a =" (6) 


CH (dé ,|dz)\) OO) ag 


PSA CIAL Wicd) 


TO.) 


Y (w, H)= 


where y =4we?/3m hic. 


It is clear that the Hall coefficient given by equation (5), like the surface 
impedance, is in general a complex quantity, showing that a phase difference exists 
between the Hall field and the current. ‘The usual experimental procedure, 
involving measurement of transverse e.m.f..and specimen current, would thus 
give | Y |. 


+ Gaussian units are used throughout this paper. 
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In discussing the behaviour of equation (6) for various cases it is convenient to 
introduce the carrier densities: if 2, and 2, represent respectively the numbers of 
electrons and positive holes per unit volume, then 

ee) ‘ 
Cos 


Rr, ee Bn Barter PER Se 


In terms of these carrier densities the d.c. conductivity may be written 


nN n O 
ae (“a ” nz) ai ynihst se re (8) 


my, Ms 


§ 3. THE FREE-ELECTRON MODEL 


As a preliminary special case we consider the application of equation (6) to a 
system of perfectly free electrons. | Making use of (3), (4), (7) and (8), in which 
expressions the first term only appears, we find 


7 a (1 +2) [2aw |}? eT ae) NB a2 ate : 
Uae cree Bae (1+7iw7) aoe elem e ts Faas Y .. (9) 


‘This expression has a similar form to that of the corresponding surface impedance 
Z (w, H), given in I, equation (17), and may be written as 
Y(o, A)==142)R, (ar DeVZe 1 eee (10) 
where R,, =[27w/c?o,]'”, the limiting value of the surface resistance in the non- 
relaxation region (wr <1). 
From (10) it follows that the modulus of the surface Hall coefficient is 


DY) | == 2s (Ge en eee (11) 
and the phase difference ¢ between the Hall field and the current is given by 
tand=(4-+-0)/\(a@—6). 5 Jaana (12) 


The functions a and b must in general be determined by numerical methods but 
simple expressions may be found in various limiting cases. In the non-relaxation 
region b =0 and equation (9) becomes 


(1+72) 


Y(o:H)= H/2 Ry ped sent sate ie: Ol Saeccrae (13) 
If, further, we consider the case of weak fields (a7 <1), we obtain 
Y(w, H)=—(1+2)Ri(opf2nec) ee (14) 


showing that the surface Hall coefficient is here independent of the field strength 
and proportional to the square root of the frequency. Moreover, we see from (12) 
thatd=7/4. The modulus of Y may be expressed as 


bees (Ga)(“) stv (15) 


where the first factor is the well-known d.c. coefficient. 

As explained in I, the present treatment is not directly applicable to the case of 
very low frequencies, for which the penetration depth is very much greater than the 
dimensions of the specimen. Under such quasi-static conditions, however, so 
long as the variation of current density is negligible, the surface resistance is 


constant and hence, since Ycc R,,, we should expect that the Hall coefficient would 
also be constant. 
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As the frequency increases Y rises to a limiting value and for wr 1 it is 
independent of frequency and given by 


Evie 1 Ty \U2 
iy | (=) fa Ph iy meek (16) 


In this region Y is a real quantity and ¢=0. 


In order to illustrate the frequency variation of the Hall effect the quantities 

a and 6 have been evaluated from equation (9) taking « =2 x 10 (H=1-1 x 10° 

oersteds) and 7=3 x 10-™ sec, which is the room temperature value for sodium. 

In figure 1 curve (a) the function w!?(a? + 5?)!? is plotted against the frequency 
i 


w 27 and against the product w7; it will be noticed that the curve bends over 
quite abruptly in the neighbourhood of w>~1. 


1089 (WT) 


Figure 1. Variation of surface Hall coefficient with frequency for : (a) free-electron model 


(€=1) ; (6) two-band model (€=2/3). a7=0-06 in both cases. 


The behaviour of the phase angle ¢, as given by (12), is shown in figure 2. 
The transition region in which ¢ decreases to zero 1s determined by the relaxation 


time, which assumes particular significance in the present theory, as it does in 
the high frequency magneto-resistance effect. 


(deg) 


log, (w/2T1) 


log.) (WT) 
Figure 2. Variation of phase angle ¢ with frequency. 
The variation of the surface Hall coefficient with field strength at constant 
frequency is illustrated in figure 3. Y is constant only in weak fields (a7 <1) 
and decreases as H is increased; in very strong fields («7 >1), YocH~'? but, 
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as noted in I, this case is strictly speaking outside the range of validity of the 
Boltzmann equation. In figure 3 the ratio | Y(H) |/| Y(0)|, where Y(0) is the 
limiting value of Y for vanishingly small magnetic field, has been plotted against 
yz and it will be seen that very similar results are obtained in the non-relaxation 


region (curve (@)) and at wr =4 (curve (6)). 
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Figure 3. Variation of surface Hall coefficient with field strength for : (a) free-electron 
model (wr<1); (6) free-electron model (wr=4); (c) two-band model (€=4/5, 
wr<1); (d) two-band model (€=2/3, wr<1); (e) two-band model (€=2/3, wr=3). 


$4. ‘THE 'Two-BaNnp MODEL 


We now consider the case of the model with two overlapping bands, by 
returning to (6) and inserting more general expressions for P and Q. Clearly 
it is neither profitable nor desirable to discuss this problem in great generality 
at present and we shall simplify the treatment by regarding the effective masses 
and the relaxation times in the two bands as equal. Thus we write m,=m.=m 
ANG ayy ee 

Taking the carrier density to be the distinguishing feature and writing 
N,=KNy, We may derive the surface Hall coefficient in the form 


G+), [ (tient +at 
Hy2 2°" | A tiwr? + 2k 


1/2 
Y(w, H)=- | © [fC tier)? + a2 222M2— (1 Liwr)ft® 


Piece (17) 
where € =(«k—1)/(« +1). 

This expression reduces to the free-electron form (9) if €=1 (« infinite). 
If €=0 («=1), Y vanishes, which is to be anticipated since the d.c. coefficient 
vanishes for a completely ‘symmetrical’ two-band model in which the carrier 
densities and mobilities are identical (cf. Wilson 1953, p. 213). 

In order to illustrate the behaviour of (17) Y(w, H) has been evaluated with 
|€|=3(«=5 or 1) and the same values of H and 7 as in §3. The frequency 
dependence of |¥| is shown in figure 1 curve (b) and is very similar in form to 
that obtained with the free-electron model. The distinguishing feature is the 
lower limiting value at very high frequencies and, in fact, it may readily be shown 
that, for a given value of «7 the maximum value of |Y |is just € times the expression 
(16) for the free-electron case. 

The phase angle ¢ between the Hall field and the current has also been 
evaluated and exhibits exactly the same frequency dependence as the free-electron 
model, the resulting curve being identical with figure 2. 
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The variation of Y with field strength is shown in figure 3 and here the two- 
band model exhibits an essentially new feature. For sufficiently large values of 
a7 Y(#H) tends to zero as found previously but as «7 is increased from zero Y(#) 
increases initially and passes through a maximum. This behaviour is a consequence 
of values of € less than unity and, for a given frequency, the maximum in Y(H) 
increases and occurs at a higher value of a7 if € is reduced. 

Figure 3 shows the results obtained with | €|= 2 and it will be seen that, as in 
the free-electron case, the non-relaxation curve lies slightly below that for w7 =}. 
As an example of an intermediate case we have also plotted the curve for 
|€|=4 («=9 or 4) in the low frequency region. The maximum in Y(H) in this 
case (curve (c)) occurs at z7~1, which is about half the value obtained with 
| € |= 3 (curve (d)). 

§ 5. EXPERIMENTAL RESULTS 


In order to obtain experimental evidence on the a.c. Hall effect some pre- 
liminary measurements have been made on bismuth by Mr. G. Reichenbaum in 
this Department. Polycrystalline specimens were used and the measurements 
were carried out at room temperature in the low-frequency region. Upto 3 Mc/s 
no change in the Hall coefficient was observed and no phase difference between 
the Hall e.m.f. and the specimen current was detected. Further experimental 
details have been given in an earlier note (Donovan and Reichenbaum 1954) 
dealing with germanium, for which similar results were obtained. 

The results for bismuth are consistent with those of Blunt (1948), who found 
no change in the magneto-resistance effect over the same frequency range. At 
these frequencies the penetration depth is large and under quasi-static conditions 
we should not expect any significant departure from d.c. behaviour. As the 
frequency is increased we should expect to encounter a transition region in which 
the phase angle increases from zero to the value 7/4 characteristic of the low 
frequency limit of the present theory. Further, one would expect to observe 
the increasing Hall coefficient, as depicted in figure 1. In bismuth this effect 
should occur at much lower frequencies than in normal metals owing to the 
abnormally large relaxation time (cf. I, § 6). 

In this connection it is of interest that recent experiments at the University 
of Pennsylvaniat indicate that the Hall coefficient of germanium at 3000 Mc/s 
differs very little from the d.c. value. Detailed comment cannot be made until 
a suitable theory has been formulated and an investigation of high frequency 
conductivity in semiconductors is now being carried out. 


§ 6. CONCLUSION 


The object of the preceding sections has been to discuss the Hall effect in 
a form suitable for the interpretation of experiments at high frequencies. For 
this purpose a surface Hall coefficient has been defined in terms of the transverse 
electric field at the surface of the specimen and the total current per unit width 
in the specimen. For the two-band model, although variations in all the para- 
meters have not been considered, the general conclusion has emerged that the 
surface Hall coefficient increases with frequency and ultimately reaches a constant 
value in the region w7>1. The significance of the relaxation time has been 
emphasized, and, in particular, the limiting behaviour of the Hall coefficient 


+ The author is indebted to Professor P. H. Miller, Jr., for this information. 
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takes place in a frequency range corresponding roughly to 1<w7<10. For 
normal metals such frequencies are too high to be accessible with electrical 
techniques and necessarily come within the province of optics. In this con- 
nection it may be pointed out that the phenomenon of the high frequency Hall 
effect is relevant to the interpretation of the changes in polarization which are 
observed when electromagnetic waves are reflected from a metal surface in the 
presence of a magnetic field. 
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The Beta Decay of the Ground State of 7°Al 


By MM... J, GAUBEEZ 
Cavendish Laboratory, Cambridge 


Communicated by E. S. Shire ; MS. received 31st March 1955 


Abstract. ‘The beta-decay spectrum from the ground state of 26Al has been 
observed by means of a scintillation spectrometer. It has an end point of 
1-17 + 0-05 Mev and corresponds toa second forbidden transition, AJ =3,no. The 
beta decay is followed by a gamma ray of energy 1-76 + 0-1 Mev. 


§ 1. INTRODUCTION 
LUYVER et al. (1954), Browne (1954), and Kavanagh e¢ al. (1955) have 
established the levels in 76Al produced by *Mg(p,y) and ?8Si(d,«) 
reactions, and Kavanagh et al. also re-measured the previously known 
beta-ray spectrum. ‘Their results point to the energy level scheme illustrated in 
figure 1 with the observed 6-68 sec beta ray transition coming from the first 


1-416 


28Sj+d- 
ae 1052 J=I* T=0 
0-416 J=3* T=0 
0-219 J=0* T=1 
0 J=5* T=0 
Bat 74 
/3*, V1SMey. 


Za + 
poe oe fF, 220 Mey S67 Se 
217 J=2* — 
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Figure 1. Decay scheme of ?*Al. 
Solid lines: as given by Kavanagh et al., broken lines: results of our experiments. 


excited (7 = 1) state (T7'is the total isotopic spin). ‘The assumed ground state can 
thus decay by positron emission to the J =2* level of ?>Mg by means of a second 
forbidden AJ =3, no, transition. From ft value considerations, such a transition 
would have a half-life of 104-10® years. Recent work by Simanton et al. (1954) 
suggests that the half-life is closer to 10° years. . / 

We now report experiments made with a scintillation spectrometer in which we 
have obtained the beta-ray spectrum of the ground-state disintegration and have 
observed the gamma-ray expected if the transition takes place to the first excited 
level of **Mg. 

§ 2, EXPERIMENTAL METHOD 

We irradiated a small piece (1in. x 1 in. x } in.) of silicon oxide in the Cavendish 
Laboratory cyclotron with 5 Mev deuterons for 126 hours at an average current 
of 5pain-®. The reaction Si(d,«)?6Al ensured the formation of states with 
T=0. We began the measurements of the beta-ray spectrum 60 days after the 
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irradiation, by which time the activity of the source had remained constant for a 
period of 20 days. ‘The activity, however, was much too low for the use of a 
magnetic spectrometer and we used a scintillation spectrometer, consisting of a 
cylindrical anthracene crystal (lin. diameter x 1in.), an E.M.I. 6262 photo- 
multiplier tube, and a multichannel pulse-height analyser. ‘The spectrometer 
was calibrated by means of *°S, #2P and !6Rh (a Kurie plot of *P is shown in 
figure 3), and its resolution, as given by the *’Cs conversion line, was 18%. 

For the gamma-ray measurements, we used a lin. cube Nal crystal in the 
spectrometer. ‘The resolution was 20%. We calibrated the system by means of 
the gamma rays of !4Cs, !37Cs, !°°Rh and Th active deposit. 


§ 3, EXPERIMENTAL RESULTS 


The spectrum obtained with the ?SAl source is shown in figure 2. It is an 
average of several runs, totalling approximately 25 000 counts. The background 
counting rate was determined by interposing 4mm of aluminium between the 


Counts per Unit Time (arbitrary scale) 
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Kinetic Energy (MeV) 
Figure 2. Spectrum (of 7°Al, 
A, total count ; B, background ; C, spectrum of 7*Al on enlarged scale. 


source and the crystal—enough to absorb 2 Mev betarays. The high background | 


caused considerable scatter of experimental points at lower energies, and the 
spectrum could not be extended lower than 0-3 Mev. Experiments performed 
with !°7Cs in the magnetic spectrometer showed that electrons backscattered from 


the silicon oxide source had no effect on the spectrum shape above 0-3 Mev. | 


Figure 3 shows the spectrum analysed in terms of the allowed Kurie plot, and the 
Kurie plots for the second forbidden matrix elements R;,;, 4,,;, T;;, [(@.r), and 
S;;;, Sonopinski and Uhlenbeck 1941). The best straight line is obtained using 
the S,,;, matrix (AJ = +2, 3, no) and this is the only second forbidden matrix 
element in agreement with the proposed level assignments of 2*Al and 26Mg. ‘The 


higher energy points of the S,,, matrix are off the Kurie plot by a considerable. 


amount, but the deviation may be entirely ascribed to the 18% resolution of the 
spectrometer (figure 4). The end point obtained from the Kurie plot is 
1-17 + 0-05 Mev, in good agreement with the proposed energy level scheme. 

‘The only other second forbidden matrix element which could qualify on the 
basis of linearity of the Kurie plot is the 4;,. However, its selection rules 
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Figure 3. Kurie plots of ?*Al. 
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Figure 4. Correction for 18°/, resolution to the Siz Spectrum. 
——— Sj, spectrum for perfect resolution. 
——— Experimental spectrum—resolution 18°,,. 
x Si, spectrum for 18°, resolution— 
obtained by graphical integration. 


(A# = +2, no) and end point (1:22 +0-05 Mev) do not agree with the proposed 
disintegration scheme as well as those of the S;,;,, matrix. 

To confirm the decay scheme, we looked for the 1:83 Mev gamma ray. A 
typical result is illustrated in figure 5. The energy found for the observed gamma 
ray from four runs of 1 hour each was 1-76 + 0-1 Mev. The total recorded gamma 
ray count was about 10 per minute, compared with about 60 per minute for the 

68-2 
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beta-ray count. ‘This difference can be entirely accounted for by the different 
efficiencies of the crystals and the different solid angles subtended at the source. 


Ae + 7 rays from “Al 


o Background 


Counts per Unit Time (arb. scale) 
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Figure 5. y rays from **Al. Lowest curve gives the y-ray peak on an expanded scale. 
§ 4. DISCUSSION 


The 3-2 Mev, 6°68 sec transition of 2®Al has been known for some time and was 
at first assigned to its ground state, presumably a T7=0 level. Doubt as to the 
origin of this transition was thrown by Kofoed-Hansen’s (1953) calculations of end- 
point energies and half-lives of possible J =0— 0, AT=0, no transitions. ‘The 
observed 2®Al transition agreed closely with that predicted by Kofoed-Hansen, 
implying that the ground state of *®Al has isotopic spin unity. _Moszkowski and 
Peaslee (1954) have calculated the energy separation of first T7=0 and first T=1 
levels in odd—odd N=Z nuclei. ‘Their calculations indicate that the ground state 
of 26Al isa T=0 level with the T= 1 level only 0:2 Mev above it. The two levels 
could well be interchanged, however, as in #4Cl (Peaslee 1953). 

The experimental investigations by Kluyver ef al. (1954), by Browne (1954) 
and by Kavanagh et al. (1955), which suggested the energy level scheme of ?°Al 
shown in figure 1, did not include any observation of the decay of the ?6Al ground 
state. The first experimental observations of that transition were made by 
Simanton et al. (1954), who traced chemically to aluminium a long-lived gamma 
and beta activity obtained by bombarding commercial magnesium with deuterons. 

The observed beta spectrum reported here has the correct end-point energy 
for, and is consistent as regards selection rules with, the decay scheme nrunoeedl 
by Kavanagh et al. ‘The gamma ray observed also agrees with the proposed 
scheme within experimental error. No change in the observed rate of decay of the 
source indicates a long half-life, thus eliminating the possibility of the activity 
being due to some impurity, since all likely impurities have half-lives less than a 
few hours. 


The complete disintegration scheme is given in figure 1. 
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Gamma Radiation following the Surface Scattering of Nucleons 


By Ga Re Ss TCHLER 


Clarendon Laboratory, Oxford 


MS. received 3rd Fune 1955 


Abstract. The nuclear reactions (n, n’), (p, p’), (n, p) and (p,m) are considered 
to take place by the direct collision of nucleons at the surface of the target nucleus. 
The angular distribution of any y-rays following these reactions is considered, 
and two simple cases presented explicitly. 


§ 1. INTRODUCTION 


XPERIMENTAL evidence from (n,p) (McManus and Sharp 1952), (p, p’) 
(Schrank et al. 1954, Eisberg and Igo 1954), and (p,n) reactions (Cohen 
1955), with incident energies of 10-30Mev, shows that the nucleon 

groups which have lost little energy have an intensity much greater than would 
be expected from evaporation from a compound nucleus. In addition, their 
angular distributions show marked peaks in the forward direction. This led 
McManus and Sharp (1952) to suggest that such reactions proceed largely by 
direct collision with nucleons in the target, without the formation of an inter- 
mediate compound nucleus. If we confine ourselves to the above energy range, 
where the nucleus is fairly ‘black’, this direct process will occur predominantly 
in the nuclear surface region. Any deeper penetration of the target would 
result in absorption and compound nucleus formation. 

Austern et al. (1953) presented a theory of the nucleon angular distributions 
based on these ideas. We wish to point out here that the angular correlation with 
outgoing nucleons of any y-rays excited in these reactions provides a sensitive 
test of the existence of sucha mechanism. Although the detailed angular correla- 
tion function in most cases depends upon the nature of the two-body forces, it 
exhibits certain symmetries which are very characteristic of the direct process. 


§ 2. ‘THE ParRTICLE ANGULAR DISTRIBUTION 


We reformulate briefly the theory of Austern et al. (1953) using the same 
simple model. A loosely bound nucleon is ejected with wave-vector k’, from 
a definite orbit ¢,,, (r,), by the incident nucleon with wave-vector k, which is 
itself captured into orbit ¢y,,, (r2). In the free-wave (Born) approximation the 
collision in the region ‘outside’ the nucleus (7 > R) is described by the matrix 
element 


(I'm'; k’|V |lm; ky 
= | dey | dred *(t2) exp (— AK! -)Vaabin i) exp CF) (P22 RY eee (1) 


where V’,, is the two-body interaction potential. As a first approximation we 
may assume the inter-nucleon force to have zero-range, that is 


A ae a rr re (2) 
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Equation (1) then gives immediately the result of Austern et al. 
V7, | drexp (@.r)fyM(r fir" *(04)YiM(O8) (PER) eee (3) 


where @=k—k’ is the recoil momentum given to the nucleus. Expanding 
the aE as and carrying out the angular integrations, we obtain 


; Vo DAT (224 1)(21 +1) P?PC(WUL ; m—m)C(U'L ; 00) 


<(=Yr3(m,m') | AONE ares (4) 


where the C’s are vector-addition coefficients. ‘The approximation of taking 
the spherical Bessel function outside the integral and evaluating it at the nuclear 
boundary, r= R, gives the transition amplitude as a sum of terms whose angular 
dependence is contained in j,(QOR), 

OQ? = k? + k’* —2kR’ cos@ 
where @ is the angle between k’ and k. Lis restricted by the vector-addition 
coefficients to be 

it Slade. 

The parity change is given by (—)”; ie. L+/+/' must be even. Hence only 
even or only odd values of L can contribute to any particular reaction. ‘The 
lowest allowed value of L will give the most forward peak in the angular distribution 
of emitted particles, with a shape essentially that of |7,(QR) |?. 

In the derivation of (4) we took @ as quantization axis when expanding 
the plane wave exp(?@.r) into partial waves. ‘This recoil direction is an axis 
of symmetry for the process. We see that effectively the target nucleus receives 
a pulse of orbital angular momentum L with zero component along Q, i.e. the 
reaction proceeds as though the target absorbed particles incident along Q. 
We have, however, neglected the spins of the nucleons, which may interact in 
a singlet or a triplet state; the relative amount of each will depend upon the 
two-body force assumed (exchange character, etc.). This means that in addition 
to an orbital L, the hypothetical quanta absorbed carry an effective spin S=0 or 1; 
and in general the S=1 component behaves as though its spins were aligned 
(not polarized) along @. This allows the y-ray angular distribution to be 
anisotropic even when L=0. 

In addition, for identical particles, (n,n’) or (p, p’), the wave functions must 
be symmetrized. In the zero-range approximation (2), for example, this only 
allows interaction in the spin singlet state, that is, absorption with ‘spin up’ 
requires emission with ‘spin down’ if there is no spin exchange. 

Thus, for a given L, the nucleus can absorb angular momentum AK = L or 
L +1, so that for target and final nuclear pars J, and J,, 


[vo —J, |< Kad, 4d, 


§ 3. GAMMA Ray ANGULAR DISTRIBUTION 


The above discussion shows that the y-ray angular distribution about Q 
(in coincidence with outgoing nucleons along k’) will be the same as though the 
target absorbed an incoherent mixture of alpha particles and aligned deuterons 
incident along Q, the mixture being determined by inter-nucleon forces and the 
nuclear structure. We have calculated this with mixed J, I’ and L values 
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(Satchler 1955), using standard techniques (Biedenharn and Rose 1953). In 
view of the complexity of the general formulae, we shall consider here explicitly 
only two simple cases. The general case, however, exhibits certain character- 
istic symmetries. The angle dependence consists of even powers of cosy, where 
y is the angle between the y-ray and the recoil axis Q. That is, there is both 
azimuthal and backward-forward symmetry about Q. This is in sharp contrast 
to compound nucleus formation where the axis @ has no special significance. 
Experimentally, one would sit the particle detector on an L peak (the most forward 
L=|/—l'| will be best defined), thus defining Q=k—k’ and count y’s in 
coincidence. Overlap from other peaks will be fairly small, hence interference 
from other / values reduced. Then the maximum power of cosy appearing is 
restricted to equal to or less than 2L + 2. 

This allows cos? y anisotropy even when L=(0). In fact, with L=0, we find 
for excitation of spin J, from a target of J, that the distribution for de-excitation 
by 2“-pole y to a level J, takes the simple form 


Wy) =14+foF (lJ yJ,)Fo(WJJ;)Po(cosy). even (5) 


The F’s are the y-correlation coefficients tabulated by Biedenharn and Rose 
(1953). The /, depends upon the two-body force; for (n, n’) or (p, p’) one expects 
it to be nearly unity. 

In another important case we obtain a simple form, namely when the target 
nucleus is even—even with zero spin. If a level of spin .J,, with parity (—)”, is 
excited, we have L =./, (e.g. the 2* states). Then if a nucleon is ejected from the 
same orbit, (j,/), as that capturing the incident one, which will often be the case, 
we find, in the notation of Biedenharn and Rose, 


Wy) =>. b,(L 52) F (LOL) FJ ,L)P,(cos y) 
=> C(LLv;00)FAJ,L)P,(cosy) sa eee (6) 


i.e. the same form as an «-y correlation. In particular, C(220;00)=5-1?, 
(227-00) = — (2/7 )" and: C(224 500) =(18/35)i2. ~ Then. excitation: by (pip) 
or (n, n’) of the 2* state in even—even nuclei would give the E2 y-ray distribution 
about Q: 

W(y)=1+0-714P,(cos y)— 1-714P,(cosy) 


= cos? y—costy. 


These conclusions would be modified slightly in a more exact theory. For 
example, preliminary investigation indicates that a finite range for the inter- 
action V, instead of (2), introduces some slight azimuthal asymmetry of the y’s 
about Q. Again, use of correct functions to describe the free particles, instead 
of the plane waves in (1), will have a similar effect. We do not, however, expect 
the main features to be greatly changed, and more detailed theory will be deferred 
until experimental evidence shows it necessary. Mixtures of /, /’ and L values 
(which are incurred by departures from the single-particle model) do not change 
the symmetries but merely increase the complexity of the theoretical formulae. 

If y-ray counts are not taken in coincidence with nucleons emitted in a definite 
direction k’ we are no longer able to define the recoil axes @, and the above 
symmetries vanish. The y-ray distribution is now azimuthally symmetrical 
about the incident axis k, as it is in compound nucleus formation. 
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If the y angular distribution zm coincidence is W(y)=,4,P,(cosy), that 
without coincidence becomes W(8)=,A,G,P,(cos 8), where 8 is now measured 
fromk. The attenuation factor G, is the mean value over the particle distribution 
of P,(cosq), where g is the angle between k and @. Unfortunately, when the 


particle distribution is peaked near the forward direction, for nucleons losing - 


about 1-2 Mev in 15 Mev upon collision, both G, and G, are small. For example, 
under the conditions of the experiment of Schrank ef al. (1954) with °*Fe(p, p’), 
we find G,~ —0-2, G,=0. 

In addition to compound nucleus background, we lose the advantage that 
coincidence counting picks out the required y-ray. On the whole, it would seem 
dificult to interpret unambiguously the results of such a non-coincidence 


measurement. 
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Abstract. Simple formulae are given for the polarization effects, in nuclear 
reactions, of spin 3 particles and photons, and applied to elastic scattering by 
a potential well with spin-orbit coupling. 


§ 1. INTRODUCTION 
ENERAL formulae have been given (Blin-Stoyle 1951, 1952, Simon and 
C5 Welton 1953, Simon 1953, Satchler 1955) for the angular distribution 
and polarization of products from nuclear reactions initiated by polarized 
particles and photons. These formulae are quite complicated, but we wish to 
point out here that they simplify greatly if only the polarization of photons or 
spin 3 particles is considered. Suppose we know the angular distribution of 
intensity from a reaction with an unpolarized incident beam (Blatt and Biedenharn 
1953, Biedenharn and Rose 1953, Satchler 1953). Then there isa simple prescrip- 
tion for obtaining the distribution when ezther the incident beam is polarized, 
or a polarization-sensitive detector is used for the outgoing radiation, provided this 

consists of photons or spin $ particles. 
Let the ‘unpolarized’ distribution be given by 


W(@) = ye Re eise) Wey T | Vaan (1) 


where the 7 are total angular momenta of the spin } particles (vector sum of 
orbital and spin, j=1+ 46) or photons (multipolarity). @ is the angle between 
the incident k, and outgoing k, directions. ‘The ‘ polarized’ distribution is then 
obtained by replacing P, in (1) by 

[P,(cos @) + px,(jj’) cos2hP,(cos@)|: photons ...... (2a) 
or [P,(cos #)+in.p¢d,(7j’)(—)’P,(cos@)]: spin $d.  ...... (25) 
p is the polarization vector. For imcident radiation its magnitude is the degree 
of polarization (0 <p <1), and its direction that of the electric vector (photons) or 
spin (particles). For the detection of outgoing radiation, p is directed along the axis 
of the polarimeter, and its magnitude may be taken as the polarimeter efficiency. 
In (2a) the azimuth angle 4, of p, is measured from the reaction plane containing 
k, and k,, and we take + as the j’ multipole is electric or magnetic. In (2d), 
n is a unit vector along k, x k,, and /’ is the orbital associated with 7’. The 
P,"(cos@) are unnormalized associated Legendre functions (Jahnke and Emde 
1945). The coefficients of the polarization terms are 


iG eG et) 
KJ] = -( Civ; 1-1) 
GSI sei aes) i449’ 0 
= GED FD) a ge 


a ~ “Wet BG FD 


v even and j=7’ 
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and 6,(j) )=(—-Y He (2y’ + I) 4 (- ree (27 + I/2vv + 1). wee (3) 


These prescriptions hold whether the intermediate state (for example, 
compound nucleus) has definite parity or not. Expression (2a) is the natural 
extension of the results of Biedenharn and Rose; the form of (26) bears out the 
discussion of Wolfenstein (1949). 


§ 2. DETAILED FORMULAE 


We now rewrite the above results in a more useful explicit form. Previously, 
nuclear reactions have been discussed in terms of channel spins (vector sum of 
incident and target spins), but we choose to use the total angular momentum / of 
each radiation. ‘This has some advantages (Satchler 1953), and the present 
simplifications would not be possible without it. ‘The two representations are 
connected by a simple unitary transformation. 

Suppose the target spin is J, the intermediate compound state J,, final 
nucleus J,, and the incident radiation (spin s,, orbital /, or parity (—)*) has total 
Jy, the emitted (s,, /,) has j,. The angular distribution without polarization 
effects has the form (summed Over ¥, 71, 74 sJasJa ns ator ae) 


do(6) _ a2 
du 4(2I,+1)(2s, + 


i) > A,P,(cos 6) ane sel) 


where 4, contains a factor for each stage 
A= BRIT SAI 1 )B (Jaleo le T2531) 
Aa CARIES PERCAY EU) sal CAMEOS PECAN (5) 


The form of (1) follows immediately. ‘The R’s are elements of the reaction 
matrix, R=S-—1, for the transitions indicated, so that 


wes 2J,+1 A 
aa ary GES Hs 
For particles of spin s, 


By= (= YP ET, + WT y+ IPL GUT" 5 x) WI ad’ 50d) 


where the Z and W functions are tabulated (Biedenharn 1952, Simon et al. 1954). 
When s= 3, the Z is independent of orbitals (except that v +/+ /’ must be even), 
and becomes a Clebsch—Gordan coefficient (tabulated by Simon (1954)) 


i ZG G 330) = [i + YQ + PCG 3-9). 
Then for s=4, when J,=J,'; 
By= (24, + 1), FoF). 
Tables of 7 are given by Satchler (1953). For y-rays, 
By=(— 2127 + 1)(2y’ + 127, + 1)(2,/ + 1) 2 
x C(y'v3 1= LD) WTI 7’ 3 vo) 
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provided v+j+y' is even when the j, 7’ multipoles are both electric or both 
magnetic, or odd when one is electric, the other magnetic. B,=0 otherwise. For 
Sharp spin, Jaa, , 
By = (2J, oe LH? (ped ots) if 4h =) 
=(— Pr B+ D2 + DMMP AZ +AYGE Goa) if jit 
in terms of the tabulated F, G of Biedenharn and Rose. 

‘The same expressions for B, hold for the outgoing radiation, with obvious 
changes in suffixes. The B, are invariant under interchange of primed and 
unprimed arguments, while expressions (2), (3) show that the coefficient of the 
polarization term remains unchanged for photons, but changes sign for spin }. 
This has the immediate consequence that the linear polarization of y-rays depends 
only on the real part of the matrix element product RR* in equation (5), while 
spin 5 polarization depends only on the imaginary part, as is well known. The 
intensity distribution, of course, depends only on the real part in both cases. 

Thus (2a) may be applied to equation (4) asit stands. For spin }, (2b) becomes : 
replace RR* P,(cos@) in (4), (5) by 

A[RR*|P,(cos 0)—(—)'.4[_RR*]¢,(77')n.-pP,(cos@) ...... (6) 
where # means real part, % imaginary part, and, of course, 
RR*FSR( IS Jats A. hh) R* Ii Soh Joh): 


j,j' andl’ refer to the radiation whose polarization is considered. 


§ 3. AN APPLICATION 
We may illustrate these remarks by considering the elastic scattering of low 

energy nucleons by a potential well V(r) (Feshbach et al. 1954), with a spin-orbit 
term a(r)l.s. This has eigenvalues }a/ for j=/+4, and —4a(/+1) for j=/—}3. 
That is, the nucleons in each partial wave / ‘see’ a different potential for each /, 

V(+)=V(r)+ ha(r)l if y= les 

V(=)=V(r)= Jal 1) if jal- 8. 
For elastic scattering the S-matrix elements reduce to the partial wave reflection 
factor 7(jl) for these potentials (Feshbach et al. 1954) 

RUT 1 5S ojala SF ofl! = (J)8(Joh1)(4oh OY 2/0) 
We may now perform the sums over J, and J,’ in (4), and find immediately for 
the angular distribution 
do 1 


SY (GHG + CUI S—YRGYT)P, (cos!) 
LD) 


summed over », j, j’, J, ’ with y+ 1+’ even. 
RGGT)=A0 — 9 7ON 9° ))- 
The angular distribution from a polarized incident beam, or the polarization 


produced on scattering an unpolarized beam, is given immediately by using (6). 
The results for s, p and d waves are 


W(0¢) = A + BP, (cos 0) + CP,(cos #) + DP;(cos 6) + EP,(cos #) 
—n.p[FP,}(cos 0) + GP,\(cos 0) + HP;1(cos @) + KP,'(cos a)] 
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where 
A =2R(4040) + 2R(4141) + 4R(3131) + 4R(B232) + 6R(B232) 
B=4R(4041) + 8R(4031) + 8R($132) + 1-6R($1$2) + 14-4R(3 182) 
C= 8R(4082) + 12R($0$2) + 8R(41$1) + 4RB 131) + 4R(3232) 
+ 3:-429R(3282) + 6-857R(3282) 
D = 12R(4182) + 14-4R(3182) + 9-6R(31§2) 
FE = 20-571 R($282) + 5-143. R($282) 
F=41(4041) —41(4031) + 41($132) + 3-21(3132) — 7-21($132) 
G = 41($032) — 41(4082) — 41($131) — 2-8571($232) 
H = —41(4182) + 4-81(3 132) — 0-87(3 182) 
K= —5-1431(3282). 
R(jl'l’) has been defined, and J(jlj'l’) is the imaginary part of the same product. 
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Abstract. A description is given of a cloud chamber experiment in which is 
investigated the dependence of the multiple and large-angle scattering of .-mesons 
onmomentum, signandatomicnumber. ‘The results are compared with Moliére’s 
theory for a point nucleus, Olbert’s theory for an extended nucleus, and a more 
accurate modification of Olbert’s theory. These theories give an adequate 
description of the multiple scattering for small momentum transfers. For large 
momentum transfers, where the size and structure of the nucleus should profoundly 
modify the scattering, Moliere’s theory is found to give a better description than 
Olbert’s theory. 


§ 1. INTRODUCTION 


HE scattering distribution for charged particles traversing an absorber can 

be divided roughly into two regions: (a) the region of multiple scattering in 

which distant collisions yield small deflections, and (4) the region of large- 
angle scattering where the effects of single close collisions predominate. Region 
(b) should give information about the charge distribution in the nucleus and the 
presence of short-range interactions between the charged particle and the target 
nucleus. In this region the scattering is characterized by a spatial angle #,=A/R 
where A is the reduced de Broglie wavelength of the incident particle, and R is the 
nuclear radius. Thus if the moving particle is represented as a plane wave (Born 
approximation), and is scattered at a nucleus with a uniform charge distribution 
(uniform nuclear model—v.N.m.), the angle 6,, sets the scale of the scattering 
diffraction pattern. ‘This pattern is expected to have pronounced maxima and 
minima but these are not observed in electron scattering at high energies 
(Hofstadter et al. 1953, 1954). Reasonable agreement with the scattering dis- 
tribution which is actually observed for electrons can, however, be obtained by 
modifying the form of the U.N.M. and refining the calculation by a more exact 
computation of the phase shifts of the scattered waves. 

In the present work the theoretical multiple scattering distributions are calcu- 
lated on the following basic assumptions about the elementary single scattering : 
(i) the scattering is by Coulomb forces, (ii) the Born approximation is valid, (111) the 
effects of nuclear size can be allowed for by using the results from electron 
scattering. Deviations from the expected distributions will then indicate a 
failure of one or more of the above assumptions. 

The method used in the present experiment is similar to that employed by 
Whittemore and Shutt (1952), namely, momentum determination by magnetic 
deflection followed by scattering in cloud chamber plates. ‘The range of momenta 
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covered in the present experiment was approximately 0-5-20kmev/c and the 
scattering elements were lead andiron. ‘The thicknesses of the plates were chosen 
to contain roughly equal numbers of nucleons in order that any scattering effects 
dependent on short-range forces between jz-mesons and single nucleons should be 
the same, whilst Coulomb scattering, which varies as Z? per atom, should be very 
different for the two materials. 


§ 2. EXPERIMENTAL ARRANGEMENT AND METHOD 


2.1. The Cloud Chamber 


The cloud chamber was of conventional type and contained two plates. 
A diagram of the arrangement is given in figure 1. ‘The chamber was placed 
directly under the magnetic spectrograph (Hyams et al. 1950, referred to hereafter 


as I) and the expansions were triggered by particles traversing the spectrograph 


and a single tray of counters immediately above the chamber. 
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Figure 1. The experimental arrangement. 


As explained in I, the spectrograph consists of three trays of Geiger counters 
and two regions of magnetic field each containing further counters. The counters 
in the three trays are connected to hodoscope circuits so that the approximate 
trajectories of single particles traversing the instrument can be determined from 
the hodoscope records. Each particle registered by the instrument is then allotted 
to a Momentum Category. 

The chamber was photographed by a stereoscopic camera placed 102 cm from 
the central plane. ‘The camera lenses were separated by 9-0.cm. 


2.2. Tracks Selected for Measurement 


(a) Consistency with hodoscope record. Tracks were accepted which, on 
inspection, could have traversed the correct counter in the bottom tray of the 
hodoscope. Events were rejected in which more than one counter in any tray was 


discharged. ‘The question of spurious particles accepted for the analysis will be 
considered in §5.1. 
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(6) ‘Track distortion. The small number of tracks possessing curvatures such 
that the sagitta was greater than 3 track widths were measured but not considered 
in the analysis of the results. The scattering distributions for these obviously 
distorted tracks indicated that the effect of distortion on the accepted tracks was 
small. 


2.3. Measurement of Deflections 


The projected scattering angles ¢ were measured using an instrument described 
by McDiarmid (1954). Each deflection was measured twice and where the two 
angles differed by more than 0-4° the measurements were rejected and further 
readings taken. ‘The mean of the two consistent angles was then taken. The 
distribution of differences between the two measurements of the same angle 
showed that the distribution of measuring errors was gaussian with a standard 
deviation 0-09" for the mean angle. 


2.4. Spectrograph Operation 
The spectrograph was operated successively with high and low magnetic fields 
in order to check the consistency of the analysis and for each value of the magnetic 
field half the photographs were taken with the direction of the field reversed. 
No evidence of misalignment of the counters was found. The numbers of 
photographs taken in each series are given in table 1. 


Table 1. Measured Particles as a Function of Momentum 


Category 0) 1 2, 3 + 5 6 7 8 O iQ. Bedi 
CD Series (a) AS) Seth ei) SE SSE NO igh eb ai Ke ND) 
(Low field) (0) — 6:34 3:17 2:11 1:58 1:27 1:05 0-904 0-792 0-704 0-634 — 
EF Series (a) 188 446 516 400 320 285 199 148 111 73 52 £69 
(High field) (0) sa HNL ee Sc'8) | SEF OSI Destoy uilicOles ators. leat asl alae} 


(a) No. in Category; (6) nominal momentum (kMev/c). 


§ 3. ANALYSIS OF THE RESULTS 


3.1. The Deflection Spectrum of Particles in each Category 


Since the trajectory of a particle is defined only to a counter width in each of 
the ‘measuring trays’ of the hodoscope, the particles in a given Category have a 
momentum spread or spectrum. ‘The deflection spectrum is the product of the 
geometrical acceptance distribution P(A —A,) (see I) and the deflection spectrum 
S(A) of particies incident on the apparatus. ‘The nominal deflection A, is the 
distance from the centre of the counter discharged in the middle tray to the line 
joining the centres of the counters discharged in the two extreme trays. A further 
broadening of the spectrum is caused by scattering of particles in the apparatus. 
This scattering will now be considered. 


3.2. Correction to the Spectrum of Particles for Scattering in the Spectrograph 


The expected deflection of particles by scattering in the counter trays and air 
column of the instrument has been evaluated in I.f Inthe arrangement used by us 
further scattering was introduced by three shallow cloud chambers, introduced for 
another experiment (Holmes, Owen, Rodgers and Wilson, private communication, 


+ Although the relations for the expected scattering given in I are correct the numerical 
values quoted are incorrect. 
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to be published later). ‘The expected standard deviation of the displacement due 
to scattering is given by o=0-725/pBcm where p is the momentum of the 
particle in kmev/c and 8c its velocity. ‘The deflection due to the magnetic field 
is \=k/pcm where k is a function of the linear dimensions of the instrument 
and the integrated field strengths. These relations give o,/A=0-059 for the low 
field Series CD and o,/A = 0-032 for the high field Series EF. 

In view of the importance of the scattering correction in this work the correction 
has been checked experimentally and good agreement found with the expected 
value (Holmes, Owen, Rodgers and Wilson, private communication). 

Following the notation used in I if S,(A) represents the deflection spectrum of 
particles in category m we have 

S,(d) = P(A As) SA). GA Aas 
where G is the gaussian error function having standard deviationa,. ‘This integral 
has been evaluated numerically for each Category in each Series. 


3.3. The Momentum Spectrum of the Measured Particles 


The corrected deflection spectrum has been used to give the momentum 
spectrum of particles in each Category. Inthe evaluation of the multiple scattering 
parameter most of the Categories have been considered separately, but for a study 
of the form of the scattering distribution and the large-angle scattering the 
momentum spectrum is divided into 3 groups. Details of this division are given 
later. ‘The nominal momenta p, corresponding to the nominal deflections A, are 
given for each Category in table 1. 


3.4. The Accuracy of the Angular Measurements 


In order to increase the accuracy of the scattering measurements an attempt 
was made to correct for systematic distortion. [The chamber was divided into six 
regions, i.e. those traversed by particles crossing the individual counters used in the 
bottom tray of the hodoscope. ‘The Series were divided in time so that each group 
contained about 30 tracks of fast particles in each region (categories 0, 1, 2 and 3) 
and the median angle for each region found. The accuracy of the median was to 
about 0-07° and the medians were evaluated to the nearest 0-1°. Small variations 
were found across the width of the chamber ina given group and between successive 
groups. All scattering measurements were then corrected using the appropriate 
medianangle. ‘The means of the moduli of the median angles « are given in table 2. 

The random errors due to random distortions and errors of measurement are 
also of importance and will now be considered. 

The scattering distribution in the highest momentum category is profoundly 
modified by random errors whose magnitude can be calculated on certain assump- 
tions. For small angles (<0-5°) the theoretical scattering distribution is very 
insensitive to nuclear structure and if the scattering theory is assumed valid for high 
momenta a gaussian error distribution can be found which, after folding-in with the 
theoretical scattering, best fits the experimental results. Figure 2 shows these 
distributions for Category 0 (Series EF). 

The standard deviations of the random errors o for each Series and scattering 
element are given in table 2. If the standard deviations of the observed sou 
expected scattering distributions are X, and &, respectively, then a is also given by 


Die: aval Ley ip = g S = : 
o°=2,°—X.*. ‘The values of o found in this way are also given. 
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‘The consistency in the values of o found by the two methods indicates that the 
assumption of a gaussian distribution of random errors is reasonable. Since the 
ar i i vy x . . . . . 
values of o and , are comparable, an uncertainty in the validity of the scattering 
theory for these high momentum particles is not important. 
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Figure 2. 


Comparison of the theoretical and experimental scattering for particles in the 


highest Momentum Category (a 1s the standard deviation of the random errors). 


Table 2. Systematic and Random Errors determined from observations on 
Particles of very high Momentum 
€ x 

Series sat eh best fit | equation 

Q- O- Q-1° : i 

(0-1°) (0-1) (Ocal) (0-1°) (O-1°) 
CD Fe 1-4 1:90 2:80+ 0:18 esas Bogie es 
4 B) Pb 1-3 2°68 3°84+ 0-24 Meise (e3 Poise (er 
EF Fe 1-0 1-02 1-82+0-14 (oSseQe? terse (or 
EF Pb 1:0 1:58 2:34+0:18 15 Ol? (lobpae (2 


§ 4. EXPERIMENTAL RESULTS ON MULTIPLE SCATTERING 


The corrected deflection spectrum for each Momentum Category considered in 
§3 has been used to calculate the scattering distributions expected on the theories of 
Moliére (1947, 1948) and Olbert (1952). In the case of Olbert’s theory we have 
used a value of 7, = 1-1 for the nuclear radius parameter. 


4.1. Variation of Root-Mean-Square Angle with Momentum and Z 


The root mean square angle of scattering has been found from the experimental 
results with a large-angle cut-off at 3-5 times the r.m.s. angle found from the smaller 
angles. The r.m.s. angle for each Category other than 0 has been corrected for the 
effects of random errors using the ‘equation value’ of o given in table 2. The 
Moliére distribution has been treated in a similar way after being plotted in histo- 
gram form with the same cell-width as the experimental distribution. ‘The r.m.s. 
angles are plotted against momentum for each element in figure 3. Apart from 
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the two points at the low momentum end of the lines, each point represents the 
r.m.s. angle » for a Category in each Series of the experiment. The effective mom- 
entum for each Category is such that the value of & for the theoretical distribution 
lies on the line. The two points at the low momentum end correspond to the 
appropriate mean scattering for the lowest momentum Categories in each Series: 
CD*+7, EF 211. (Differences in effective momentum for the same Category 
in the two elements are due to the differing momentum losses at low momenta and 
the effect of the finite cell widths in the scattering histograms. ) 
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Figure 3. The variation of multiple scattering with momentum for iron and lead. 
The points have been corrected for the effects of random error. 


For Category numbers greater than 2, i.e. momenta less than 6 kMev/c for the 
EF Series and 3-5 kmev/c for the CD Series, the effect of random errors on the 
values of % given in figure 3 is less than one standard deviation. For this region 
(~0-5—6 kmev/c) the weighted mean value of the scattering parameter y has been 
compared with the value expected on Moliere’s theory. y is given by the relation 
“=y/p. Theratios of observed to expected r.m.s. angles with cut-off at 3-5 x r.m.s. 
are 


0-995 + 0-021 for 50-9 gcm-? Pb 

and 0-996 + 0-022 for 54-7 gcm“? Fe. 
Similar comparison with the theory of Olbert results in the ratios 

1-066 + 0-021 for 50-9 ecn, “eb 

and 1-022 + 0-022 for 54-7 ¢ cur “Ve. 


The modified theory for iron gives 


1-011 + 0-022 for 54-7 gcm-? Fe. 


. he higher momentum points are modified by the etfect of randomerrorsand | 
will now be considered in some detail. "The points for Categories other than 0 are | 
dependent on the multiple scattering theory holding for particles in Category 0 | 
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but this dependence is not great since the contributions from scattering and random 
errors are about equal in Category (0) (see table 2). For example, if the multiple 
scattering is reduced by a factor 2 in the region of 20 kMev/c (EFO) the effect is to 
raise the point for EF2 by less than one standard deviation, and the points for lower 
momenta by an even smaller amount. 

An estimate of the r.m.s. angle of scattering for particles in Category 0 has been 
made by deriving a value of o from the difference between S, and », for the lower 
momentum particles. Most of the weight for this value of « comes from Categories 
1 and 2 and so our procedure is equivalent to assuming that the agreement with 
theory found for momenta less than 6kmev/c extends to 8kmev/c. On this 
assumption we find the values of © for Category 0 particles shown in broken lines 
in figure 3. The fact that ¥ for particles in EF2 and CD1 agree indicates that © 
for CD0 is consistent with theory since the effect of ¢ on EF2 is small and that on 
CD1 using the value derived from CDO (assuming consistency) is large. 

Itis evident that our experimental results are consistent with theory over a wide 
range of momentum and for the two values of Z used in the experiment. 


+.2. Variation of Root-Mean-Square Angle with Sign of the Incident Particle 


The ratio of r.m.s. angle of scattering for positive and negative particles has 
been determined, again witha cut-off at 3-5 x r.m.s.angle. "The momentum range 
investigated has been arbitrarily divided into five bands. The ratios and appro- 
ximate mean momenta of the bands are given in table 3. 


Table 3. The Ratios of the r.m.s. Angles of Scattering of Positive to Negative 
Particles as a function of Momentum 


RO. 73 4 22 1:3 0-69 
a (6) ~—- 1065+ 0-072 0-909+ 0-051 1-:062+ 0-066 1:130+0-081 1-000+ 0-135 
s (a) 71 3-9 2-2 1-3 0-80 
Fon (6) ~—- 1-050 + 0-072 0-984+ 0-054 0-962+0-060 0:-935+0-066 1-060+0-144 


(a) Momentum (kMev/c); (6) ratio. 


The ratios averaged over all momenta are 1-025 + 0-015 for Pb and 0-987 + 0-015 
for Fe. 

The ratios are independent of systematic instrumental errors and are consistent 
with unity for each element. 


§ 5. THE FORM OF THE SCATTERING DISTRIBUTIONS AND THE 
LARGE-ANGLE SCATTERING 


5.1. Spurious Contributions to the Large-Angle Scattering 


Protons interacting in the plates will sometimes simulate j.-mesons scattered 
through large angles; their contribution must therefore be assessed. 

Measurements on the flux of low-energy protons (below | kmev/c) at sea level 
are plentiful but only Mylroi and Wilson (1951) have extended the measurements 
beyond 3kmev/c. Unfortunately their detection apparatus included at most 
only 1-5 interaction lengths, a value insufficient for the efficient detection of high- 
energy protons. If secondary 7-meson production is taken into account, their 
results for 3 kmMev/c should be increased by a factor of about 2-0, and for 6 kmev/c 


_ by about 2:6. 
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In the cloud chamber, slow protons will be recognized if they stop in one of the 
plates by ionization loss or lose energy in this way and emerge from the lower plate 
with ionization significantly above the plateau value. Fast protons will be 
recognized if they interact and (a) produce more than one secondary visible in the 
cloud chamber, (b) produce one or more heavily ionizing secondaries, (c) suffer 
catastrophic absorption in the plate, or (d) produce a lightly ionizing particle 
leaving the plate at an angle to the primary greater than a defined cut-off 
angle. 

All protons entering the cloud chamber with momentum less than 980 Mev/c 
should be detected in this experiment; twenty-one such protons were observed in 
a total of about 260 (positive and negative) particles. This fraction of 8-0 + 18%, 
is not inconsistent with the expected value of about 5°, (York 1952). 

Twenty-eight other particles were classed as interacting protons; a further 19 
should then have traversed the plates without interacting, making 47, compared 
with an expected number of 42. This agreement is however illusory. Above 
2kmev/c 8-5 identifiable nuclear interactions are expected: seven were observed. 
On the same basis the number of interactions with a single track at minimum _ 
ionization throughout is expected to be only one or two, but ten abnormally large | 
deflections (of positive particles only) were found. It is uncertain whether these | 
are indeed protons; their identity is discussed later in § 5.3. 

To avoid any uncertainty a cut-off in scattering deflection has been applied to | 
the distributions; beyend this limit the number of «-meson events should be | 
small on any reasonable theory; within it the estimated effect of protons is smail. | 


Whittemore and Shutt have studied the scattering of cosmic rays at 3-4km | 
altitude and at sea level, of much the same momentum as Groups L and M | 
(see §5-2 for the momentum spectra of these groups) and in approximately the 
same thickness of lead. By suitable subtraction of their two distributions, it is 
possible to determine the large-angle scattering of protons. Because the proton 
spectrum at sea level is similar in shape to that at 3-4km, this distribution can be 
assumed to prevail at sea level, with reduced intensity. 

The expected distributions so obtained are indicated on the graphs. It has 
been assumed that consecutive interactions in iron and lead would result in recogni- 
tion of the event. Proton effects are evidently unimportant. ’ 

The effect of incident 7-mesons is negligible (Mylroi and Wilson 1951), 

Spurious hodoscope records are expected to be rarer than estimated in I, | 
Showers could be recognized in the cloud chamber, and the presence of the 
chamber and the acceptance criteria reduced the fraction of casual coincidences to 
0-05°%, of all events. Thus about three particles were accepted whose momenta 
are unknown; it is unlikely that they appear in the tails of the distributions. 


5.2. The Scattering Distributions 


Scattering distributions were computed for each Category. ‘The acceptance 
function P(A—A,,) was modified to take account of variations of the magnetic! 
fields (amounting to about 2°% of the mean values) and the scattering of particles 
into and out of the channel, using numerical methods. The chief effect was tor 
add to the deflection spectrum of each Category a small and accurately known low-§ 
momentum tail. Loss of momentum in the scattering plates was also allowed for. 

Thus determined, the deflection spectrum was used to give the scatterin 
distribution for the category by numerical integration. Effects of random 
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errors of measurement and track distortion were added as described in Appendix I, 
the values of o used being found from the small-angle scattering of Category 0 
for each Series, as illustrated in figure 2. 

The distributions for each Category were set into histogram form because 
the experimental measurements were presented at 0-1 degree intervals. This was 
important when larger cell-widths for groups of Categories were used. In all 
our graphs the experimental point and the smooth curve should be compared 
at the same abscissa; adjustments to ordinate for finite cell-width have been 
made (see Appendix I). 

Three groups of Categories have been formed: (a) Group H, where the 
effects of experimental errors are large and to some extent uncertain. This is 
made up of Categories 0 and 1, EF Series, and Category 0, CD Series. Because 
Category 0 has been used at small angles to find the values of a, only the large- 
angle tail is made up from all three Categories; the small-angle region shows 
Category 1,EF alone. (5) Group M: here the momentum resolution is moderately 
good, especially at the low-momentum end. ‘The correction for momentum 
loss is small and while the distortion of the distribution by experimental errors 
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Figure 4. The momentum spectrum for the high, medium and low momentum groups. 


cannot be neglected, it can be accurately assessed. ‘T'he angles of scatter are all 
small and geometrical corrections for loss of large-angle events are quite 
negligible. (c) Group L comprises Categories 6 (EF), and 3 (CD), and all slower 
particles. Here the momentum is quite well known and the experimental errors 
have little effect. The fractional momentum loss, however, can be large, the 
mean value for the group being 8-3, for particles scattered in the lead plate. 
No correction for the finite illuminated depth has been made, although angles 
approaching 20° occur. ‘Thus the theoretical curves are slight over-estimates 
at large momentum transfer. "The momentum spectrum for each group 1s shown 
in figure 4, and the distributions are given in figures 5, 6, and 7. 

It should be noted that in agreement with the rere of Whittemore and 
Shutt (1952) there is no evidence of a variation of the anomalous large-angle 
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Figure 5. The scattering distributions for the high momentum group. 
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Figure 6. ‘The scattering distributions for the medium momentum group. 


scattering with momentum. ‘his conclusion is made more positive by plotting 
the number of events exceeding a certain momentum transfer, as has been done 
in figure 8 for four momentum bands (not the same grouping as is described 
above) as a fraction of the number expected on Moliére’s theory. The cut-off 
in momentum transfer has been applied and protons allowed for. ‘Two levels 
of momentum transfer have been considered, those where the integral numbers 
of events fall to 5°/, and 1° of the total. 

It can further be seen that at the 5°, level (which demonstrates the existence 
of the anomaly more significantly than the extreme ‘ tail’) there is little difference 
between the scattering of positive and negative particles. 

In figure 9 we plot the differential distributions for the composite group 
M-+L, separating the events according to sign. The excess of positive over 
negative events in the extreme tails is discussed in § 5.3, 
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Figure 7. The scattering distributions for the low momentum group. 
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Figure 8. The variation with momentum of the number of events exceeding a certain 
momentum. transfer expressed as a fraction of the number expected on Moliére’s 
theory. A comparison with Olbert’s theory, and, in the case of iron, with the 
modified theory, is made. 


5.3. The Variation of the Large-Angle Scattering with Sign 


As pointed out previously, the anomalous scattering is present for both 
positive and negative particles. However there is evidence for a slight excess 
of positive over negative particles suffering large-angle deflections in the tails of 
the distributions within the cut-off. From considerations of the last three cells 
of the groups M and L for iron and lead, we find an excess of 6-9 + 4-2 particles 
over the whole distribution, supposing they are not u-mesons and are distributed 
uniformly. 
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Figure 9. The scattering distributions fer groups M and L for positive and negative 
particles separately. 


Table 4. Data on the Ten Positive Particles beyond the Cut-Off 


‘The mean value of p¢ expected for Coulomb scattering from a ‘ point nucleus’ is also given 
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In addition there are, beyond the cut-off, ten events listed in table 4. The 
question arises whether these events are due to protons. It seems improbable 
that protons are responsible for these events for the following reasons : 

(i) ‘The number of events beyond our cut-off expected from Whittemore and 
Shutt’s data (1952) is 2-0. A check on this figure can be made by calculating 
the number of protons interacting and giving rise to one shower particle which 
escapes from the plates without interacting. The calculation is based on the 
modified proton spectrum of Mylroi and Wilson and work on star production in 
photographic emulsions by Camerini et al. (1952). In the calculation the 
presence of ‘grey tracks’, many of which would be seen in the cloud chamber, 
is ignored. ‘This upper limit to the number of unrecognized protons interacting 
in the plates is 4-1, of which a fraction is expected beyond our cut-off. The two 
estimates are therefore not inconsistent. 

(il) Since there are no large-angle events between the cut-off values of p¢ for 
iron and lead the means of p¢ for iron and lead can be compared directly. We see 
from table 4 that the values are not equal, indicating that the interactions are 
probably not with individual nucleons. In fact, the mean values agree well 
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with those expected from Coulomb scattering at point nuclei (table<Sjaty bhe 
number of large-angle events expected from elastic scattering at a point nucleus 
is about 7, compared with the observed number of 10 events. 
. (ui) Slight evidence against the particles which suffered large deflections in 
iron being protons is provided by the fact that the behaviour of these particles 
on traversing the lead plate was normal, no interactions or further large deflections 
being observed. We should expect about 30°, of the protons interacting in the 
iron plate to be associated with further recognizable interactions in the lead plate. 
It is concluded that the majority of the ten positive particles suffering large- 
angle deflections are very probably not protons but are presumably p-mesons. 


5.4. Elasticity of Large- Angle Scattering in Iron 

It is conceivable that large deflections are associated with a considerable 
loss of energy by the meson, or that it is a secondary particle of lower energy which 
emerges from the plate. An attempt has been made to measure the change in 
energy. 

All «-meson events showing large momentum transfers in the iron plate were 
selected and the multiple scattering in lead examined; the optimum angle in 
the iron provided roughly equal numbers of ‘anomalous’ and ‘Coulomb’ 
events. The Olbert distribution was used for the Coulomb distribution. The 
treatment was complicated by the spread in momentum within each category. 
Normal ionization losses were allowed for, together with experimental errors 
(the effect of c). 


Table 5. The Differential p¢ Distribution for Particles in Lead which have 
suffered large-angle Deflections in Iron 
The expected and observed distributions for various assumed inelasticities are given 


Multiple Scattering in Lead 
O-(p¢), (pb):-(P)2 (pb) ph) >(p?)s 


Expected Numbers 70°5 57-4 28-9 28:2 
Cited ‘4 No loss 68 49 31 37 
eae ak 17% loss Ve 57 26 25 
5 |. 23% loss 81 64 20 20 


Table 5 gives numerical details of this examination, the events in lead being 
divided into four groups. One computation has been made and the expected 
distribution of events for zero inelasticity found (this is the expected distribution 
of table 5). The observed distribution of events for the same limits of pd has 
been found and is given under ‘zero energy loss’. ‘The limits of p¢ are then 
varied so that an assumed inelasticity is corrected for and the new observed distri- 
butions found. ‘The inelasticity for which the observed and expected distri- 
butions agree can then, in principle, be found. The value of the energy change 
which best fits the results is a loss of 11+ 12°,. The error quoted is statistical 
only and may be a little higher due to approximations in the calculations. 


5.5. The Variation of the Large-Angle Scattering with Atomic Number 
Some information on the dependence of the large-angle scattering on atomic 
number can be found from a study of the relative numbers of particles having 
large values of p¢ in lead and iron. Considering firstly the particles within the 
cut-off in momentum transfer, 29 particles in lead have values of pd greater than 
9-6 kmev/c deg, much of which is presumably due to single scattering. ‘Three 
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particles only, in iron, have been observed for the same limit of pd. If the 
particles outside the cut-off (table 4) are also included, the respective numbers of 
events are 34and8. Itisapparent that the results are inconsistent with a scattering 
cross section per atom proportional to Z since equal numbers of particles would 
be expected in the above comparison. 

A Z-dependence for the scattering cross section, however, gives distributions 
in good agreement with experiment (Moliére distributions). 


§ 6. COMPARISON WITH OTHER EXPERIMENTS 
6.1. The Multiple Scattering 


Wilson (1940) and Code (1941) used magnet cloud chambers to obtain the 
scattering distribution for cosmic rays at sea level of momentum less than 
2kmev/c. With 185 and 359 particles respectively, each found good agreement 
with multiple scattering theory. 

Whittemore and Shutt (1952) also investigated the scattering of cosmic rays 
at sea level in 5cm Pb. Using a cloud chamber and associated magnetic field 
they accepted the range 0-3-3-:1kmev/c. ‘Their results on multiple scattering 
agree well with the present experiment. 


6.2. The Large-Angle Scattering 


A summary of most of the work carried out prior to 1953 has been given by 
Leontic and Wolfendale (1953). None of the early work is inconsistent with the 
results reported here. 

Whittemore and Shutt (1952) were able to demonstrate the anomalous 
scattering of -mesons; at the 5°, (integral) level they found slightly more 
scatters than predicted by Molicre’s theory. However, they neglected the effect 
of experimental errors in broadening the distributions, and this is not inappreciable. 
The corrected distributions agree well with those given here up to pd~15 
kmev/cdeg. Inthe extreme tail, however, Whittemore and Shutt found somewhat 
greater scattering of negative particles than positive. This is in disagreement 
with our results, which show a positive excess, but this excess is greatest above 
2kmev/c, where Whittemore and Shutt had fewer particles. A detailed 
comparison is given in table 6. 

George, Redding and Trent (1953) working underground used a cloud chamber 
without magnetic field to measure the scattering of w-mesons in two 2-cm lead 
plates. Counters were placed both above and below the chamber and in part 
of the experiment the particles were required to traverse a lead absorber below 
the cloud chamber. ‘he angles so obtained were compared with those expected 
from a knowledge of the momentum spectrum of cosmic rays at that depth and 
appeared to show anomalous scattering, particularly below 250Mev/c. The 
present authors, however, have recalculated the angular distributions expected 
from Moliére’s theory, and cannot find agreement with the distribution given by 
George, Redding and ‘Trent. For example, in arrangement (6) (with 5cm Pb 
below the cloud chamber) the theoretical scattering greater than 10° is under- 
estimated by a factor of 3 and the new distribution eliminates the anomaly at large 
angles. For the intermediate angles and the other arrangements the experimental 
points fall below the theoretical distribution and the interpretation of the results 
is not clear. In view of the uncertainties in the knowledge of the spectrum of 
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low momentum particles traversing the cloud chamber underground the results 
of this experiment cannot be accepted. 


Table 6. Comparison between the Numbers of Events found by Whittemore and 
Shutt and the present Authors, for the extreme tail of the scattering 


distribution 
Bracketed numbers are those expected on Moliére’s theory 
pd range (kmev/c deg) 10-15 15-20 20) 
(a) Negative 
Whittemore and Shutt 9(8°8) 1(2-4) 1(3-0) 
Lloyd and Wolfendale 9(10-7) 0(2-4) 0(3+1) 
(b) Positive ‘ 
Whittemore and Shutt 14(13-3) 0(3°3) LGe75-= 1-0 
Proton) 
Lloyd and Wolfendale 17(14:2) 3323) XN GHQSE 10) 
Proton) 


Kannangara and Shrikantia (1953) studied photographic emulsions exposed 
underground. ‘Their results have been re-analysed by Rochester and Wolfendale 
(1954) and are consistent with the point nucleus theory, but the statistics are poor. 

Leontic and Wolfendale (1953) operated a multi-plate cloud chamber without 
a magnetic field at sea level beneath 100 cm of lead and confirmed the existence 
of anomalous scattering in lead. A defect in the statistical analysis has since 
been pointed out by Rainwater (private communication) and when this is allowed 
for the magnitude of the anomalous component is decreased by a factor of approxi- 
mately 5, bringing the experimental results into better agreement with the point 
nucleus theory. 

McDiarmid (1954, 1955) has operated a cloud chamber also without magnetic 
field underground, but containing six plates of lead or of iron. A detailed 
statistical analysis combined with a knowledge of the u-meson spectrum (at high 
momentum only) indicates disagreement with theories which consider the 
extension of the nucleus and good agreement with the point nucleus theory. 


§ 7. DiIscUsSION AND CONCLUSIONS 
7.1. The Multiple Scattering 

We have verified the multiple scattering theory of Moliére in the relatively 
small angle region (angles less than 3-5 x r.m.s. angle) in lead and iron for the 
momentum range 0-5 to 6kMev/c and our results are not inconsistent with the 
theory up to momenta of the order of 20kmev/c. In this region the effect of 
nuclear size is not very important and although agreement is better with Moliére’s 
theory for a point nucleus the disagreement with Olbert’s theory is not very 
great, amounting to three times standard deviation for lead and to standard 
deviation for iron. 

No significant difference in the multiple scattering of positive and negative 
p-mesons has been found, again in agreement with theory for the momentum 


range investigated. 
7.2. The Large-Angle Scattering 


In agreement with all the z-meson scattering experiments of any precision 
we find evidence for the existence of an anomalous large-angle scattering 


component. 
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For lead the observed distribution for negative jz-mesons is in good agreement 
with Moliére’s distribution up to a value of pf of about 12kmev/cdeg above 
which the number of events falls off rapidly. Positive z-mesons definitely follow 
the Mohére distribution to 20 kmev/c deg and probably to much higher values of p¢. 

For iron a similar state of affairs exists, the values given above being replaced 
by 8kmev/cdeg and 12 kmev/c deg respectively. No evidence for an appreciable 
inelasticity for the large-angle scattering in iron has been found. 

The validity of the initial assumptions (§ 1) can now be examined. For the 
relatively small scattering angles encountered in this experiment the Born 
approximation should be valid (Appendix II) and the form factor derived from 
electron scattering is expected to be a good approximation. Consequently the 
multiple scattering distribution for the extended nucleus should give a realistic 
estimate of the expected scattering of ~-mesons. It has been shown however 
that the observed large-angle scattering is in excess of the expected value and has 
a magnitude similar to the scattering from a point nucleus. ‘The concept of the 
point nucleus has no physical significance ; it represents only an extreme case of 
a nuclear model for which the multiple scattering by Coulomb forces has been 
evaluated. The agreement between the observed distributions and point nucleus. 
scattering is presumably fortuitous but the variation of the large-angle scattering 
with momentum and atomic number, and the lack of appreciable inelasticity in 
the scattering in iron does suggest that the scattering may be due to some form of 
elastic Coulomb interaction. 

The explanation of the inelastic scattering is likewise not clear. Stars and 
showers observed underground have been studied by George and Evans (1950) 
and George (1952) and attributed to the inelastic interactions of fast u-mesons. 
The cross section for these events has been shown to be several orders of magnitude 
smaller than that for the anomalous scattering (Kannangara and Shrikantia 
1953, Leontic and Wolfendale 1953). ‘The inelastic events were explained by 
George and Evans in terms of the virtual quanta method of Williams (1935). 
Fowler (1955) has shown, however, that the virtual-photon spectrum derived by 
Williams is not applicable to this process and the accurate cross section for the 
process is too small to explain the results by a factor of about 30. The two 
processes, large-angle scattering and star production, may therefore correspond to 
elastic and inelastic anomalous interactions. 

Davidson (1954) has attempted to show that the anomalous large-angle 
scattering can be explained by the excitation of the nucleus by virtual photons 
in the ‘giant’ photon resonance region. Fowler (private communication) has 
shown that the method is not valid. 

In conclusion we can state that the anomaly in the large-angle scattering of 
u-mesons has been confirmed but that experiments of higher statistical precision 
are needed to examine the fine structure of the scattering and give information on 
the mechanism of the scattering process. 


ACKNOWLEDGMENTS 


We are greatly indebted to Professor P. M. S. Blackett and Dr. G. D. 
Rochester for providing the facilities, and for their interest in the work. 
Dr. G. D. Rochester has given invaluable help in the preparation of the paper. 

We wish to express our thanks to Mrs. M. Gorman for performing many of 
the computations, Miss B. Hill for carrying out the measurements of most of the 


The Scattering of x-Mesons in Lead and Iron 1061 


tracks, our colleagues in the Magnetic Spectrograph Group, Dr. B. G. Owen and 
Messrs Rodgers and Eyeions, for their assistance in the operation of the equipment, 
Professor S. Sciuti for his co-operation in the early part of the work, and Dr. G. N. 
Fowler, Dr. I. B. McDiarmid, Mr. J. L. Redding, and Dr. P. T. Trent for useful 
discussions. 

Professor J. Rainwater kindly communicated his results on the theory of 
multiple scattering prior to publication. 


A Nex 1 


(a) The Effect of Random Errors on the Scattering Distributions 
Let the uncorrected (differential) scattering distribution be f(¢) dé and suppose 
that the experimental errors in ¢ are normally distributed with standard deviation. 


The resultant distribution 9(¢9)dé at dp) is made up of contributions from 
F(¢) for all d 


(bo) db = db(270°) pues f(b) exp {- (bo — ¢)?/20?} de. 


This integral may be evaluated numerically but often we may write 
I(¢) db = A exp (—m| |) db 
(the scattering distributions for Olbert’s theory are, in many categories, of this 


form over a wide range of ¢). 
A straightforward analytic integration gives 


a = exp (mo? 2)4 1+ erf( 5 =) exp 2mbo) | erf (a) |. 


The term in brackets is almost 2 for values of ¢, in the tail of the distribution for 
which ¢, Smo; the ratio of the corrected and uncorrected distributions is then 
2(db0)/f(bo) = exp (m?a?/2)where m may be a slowly varying function of ¢. 


(b) Correction for Cell Width 
The experimental points have been plotted at the centres of the cells and the 
theoretical distributions must be modified so that an exact comparison 1s afforded. 
A continuous distribution g(¢) must be transformed to a distribution 


o* e(p)dd 
= & 
h(do) ‘Fi | bud 28 
Often we may write g(6)=A exp(—md+cd”) where A, m, c are constants 


over the histogram cell and |c¢/m| <1. 
An approximate solution gives 


plotted at dp. 


sinh (mo) 


#8 -owi 


and for small values of 62c 


Mo 


h( ho) _ sinh (mo) 
($0) mo 
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APPEND IL Xell 


Calculation of the Multiple Scattering Distributions 


The single scattering law for the scattering of charged particles through small 
angles by an atom is given by the relativistic Rutherford expression 


f(0) do =20 d6/0° 


where 6 is the spatial angle of scattering and 


ING (elie 
O = An =a aa 
on ie) 
Here N=Avogadro’s number, t=thickness in gem, Z and 4 are the atomic 
and mass numbers of the scattering atom, e is the electronic charge, p is the 
momentum and fc the velocity of the particle. 

The Rutherford expression must be modified at very small angles due to the 
effects of screening of the nucleus by the electron cloud and at large angles because 
of the finite size of the nucleus. Moliére has considered the first modification 
in detail and has derived the multiple scattering distribution for the case where 
the nucleus can be regarded as concentrated in a point. 

Olbert has considered both modifications, that due to nuclear size being 
considered by cutting off sharply the projected angle distribution at 4) =¢m (4@/rn) 
where a and ry are the radii of atom and nucleus and ¢ is the screening angle. 
It has been shown however that the sharp cut-off does not give a good representation 
of the effect of the nucleus (Cooper and Rainwater 1954, McDiarmid 1955). 
These authors have simplified the problem by applying the nuclear form factor 
to the single scattering law for projected angles, instead of that for spatial angles. 

Here we apply the form factor to the spatial single scattering distribution. 
The form factor has been evaluated for a U.N.M. of radius R by Rose (1948) and 
others in the Born approximation. This is given by the relation 


~ orem; 2 
K=—( i - cos) 
pOR 
ee 


? 


se n= 2 Rain 0 

h 
for small angles. Figure 10 shows the variation for lead. Such pronounced 
diffraction minima are not observed in the electron scattering experiments of 
Hofstadter et al. (1953, 1954). Yennie et al. (1954) have made exact phase shift 
calculations for 125 and 150 Mey electrons in gold (7=79) and have shown that 
the maxima and minima are smoothed out considerably for the U.N.M. Yennie 
et al. find that better agreement with experiment results if a smoothed charge 
distribution is assumed of the following form (for example) 


p(x) = poi 1+ exp K(«—c)!-1. 


Calculations have been made by Yennie et al. for two smoothed distributions 
with K=4-40, c=3-86, and K=1-83, c=3-34. The form factors taken over 
from the published distributions of Yennie et al. are presented approximately 
in figure 10 (the effect of the change in atomic number is small). The exact 
phase shift calculations have been made for large angles of scattering where the 
divergence from the Born approximation is great; for example, the ratio of exact 
to Born approximation for the point nucleus is of the order of 5 in the region 
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of 7 ~5. For small angle deflections—the case in fast e-meson scattering—the 
Born approximation is more accurate (e.g. Massey and Burhop 1952), and the 
phase shift form factors for extended nuclei will represent an upper limit. 
Consequently we have taken as a reasonable form factor for the coherent scattering 
the envelope of the Rose distribution 9/7! fitted on to the Born approximation 
form factor at 7»=3-15. 


Form Factors for Lead (& Gold) 


10"! 


Coherent (envelope) 
/, + Incoherent Pb 
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Figure 10. Form factors for lead and gold. The curves denoted by numbers are taken 

from the exact phase shift calculations of Yennie et al. for gold. (1) uN.mM. (2) 

Charge distribution smoothed over the outer 25°%, of the nuclear radius. (3) 
Charge distribution smoothed over the outer 50°, of the nuclear radius. 


In addition to the coherent scattering of particles by the nucleus, incoherent 
scattering by individual nucleons is expected for which the form factor is 


Ky=Z (1—Kg) (Amaldi e¢ al. 1950), 


The resultant form factor for both coherent and incoherent scattering is 
thus K,..;=K,.+Z-'(1—K,); Kes, for lead is also shown in figure 10. 

The single scattering distributions for the elements used must now be derived. 
Following Olbert we use a variable g, the projected angle of scattering ¢ expressed 
in units of (GQ)!? where G is Moliére’s scattering parameter, 


G=5-66 + 1-24 logy, [Z43A-1/{1-13 8? + 3:76(Z/1-37)}] for GS3. 


The single scattering law for projected angles is then 


1 dg 
CU ewsrahee 


for the point nucleus in the regions where atomic shielding is unimportant. The 
single scattering laws for coherent plus incoherent scattering from extended 
nuclei have been found by applying the approximate form factors to the single 
scattering law for spatial angles and then finding the distributions of projected 
angles S(qg) by numerical integration. ‘The small angle approximation has been 
used throughout. ‘The distributions are shown in figures 11 and 12. Olbert has 
derived the multiple scattering distribution from a projected single scattering 
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distribution of the point nucleus form, cut off at a value gy=¢9/(GQ)'”. Since 
our projected single-scattering law for the extended nucleus does not differ very 
greatly from the point nucleus law at go, we have used Olbert’s distribution 
f(g, qo) to give the contribution to the multiple scattering from angles less than qo, 
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Figure 11. The differential scattering Figure 12. The differential scattering 
distributions for projected angles in distributions for projected angles in 
lead (one sign only). M.S.=multiple iron (one sign only). M.S.=multiple 
scattering; 5S.S.=single — scattering; scattering; S.S.=single scattering; 
C=coherent; I=incoherent. C=coherent; I=incoherent. 


and applied Butler’s method (1950) for determining the complete distribution. 
The multiple scattering distributions for 51gcm-? Pb and Fe are given in 
figures 11 and 12, for one sign of deflection only, for coherent and coherent plus 
incoherent single-scattering distributions. 

It will be noticed that for our thickness of iron the new distributions differ 
significantly from Olbert’s over the range important for the present experiment. 
The modified distribution, 1.e. the multiple distribution for coherent plus 
incoherent scattering trom the smoothed u.N.M. model, has therefore been used 
for comparison with our scattering distributions in iron. 

In the case of scattering in lead the difference between the modified and 


Olbert distributions is small over the important range and has therefore been 
neglected. 
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Abstract. Calculations are made of the magnetostriction constants Ajo) and A), 
for nickel at 0°K, based on the collective electron model and the calculations of the 
author of the N(£) curve for the 3d electrons in that metal. The values of 
— 187 x 10-®and —44 x 10-6 obtained for A,o9 and A,,, respectively are both rather 
larger than the latest experimental figures which, however, are available only for 
120°x. The method of calculation is very similar to that used by the author in 
previous work on ferromagnetic anisotropy and the possible reasons for discre- 
pancy between theory and experiment are also similar. 


§ 1. INTRODUCTION 


ITTEL (1949) has pointed out that magnetostriction of ferromagnetics is 
closely related to their anisotropy energy in that no linear magnetostriction 
can arise unless this energy is taken into account and proves to be dependent 

on the state of strain of the crystal. Ferromagnetic anisotropy can be explained, 
at least qualitatively, on the collective electron model in terms of the effect of the 
crystalline field on the free atom wave functions together with spin-orbit inter- 
action (Brooks 1940, Fletcher 1954) and Katayama (1951) has applied the same 
methods to the problem of magnetostriction. ‘The author has developed a theory 
on similar lines to Katayama but for a face-centred cubic crystal subject to certain 
specific strains in order that a detailed calculation of A,99 and A,,, could be made in 
the case of nickel. ‘These are obtained by comparison of the calculated energy of 
the strained crystal with a formula given by Kittel (1949, eqn 2.3.6) for the total 
energy density which depends on the strain and direction of magnetization. 


§ 2. PuysicaL ASSUMPTIONS 

Briefly the physical assumptions are that in a ferromagnetic crystal the 
magnetic effects are largely caused by d-type electrons which are subject to the 
electrical field of all atoms, exchange effects and spin-orbit interaction. The 
first is treated by normal tight-binding theory, which ignores the other two effects, 
resulting ina d energy band. ‘The assumption is made that the effect of exchange 
is simply to alter the band energies already calculated by +6 according as the spin 
of the electron is antiparallel or parallel to the total spin of the crystal. It is 
further assumed that at 0°K all states of one spin are fully occupied while states of 
the other spin are occupied up to the level indicated by other magnetic measure- 
ments, e.g. leaving 0-54 hole per atom for nickel to explain the observed values of 
g and g’. Finally spin-orbit interaction is assumed to be negligible except 
between the spin of an electron and its own orbit; on the collective electron model 
this is introduced by the perturbing operator Y,é(/r—al|)$. L(r—al) where 
S, L are the spin and orbital angular momentum operators for the electron, 
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&(r)~r * and summation is over all lattice points al of the crystal. For simplicity 
it is further assumed that only states in the [, energy band need be considered and 
that it contains all the holes mentioned above. For a more detailed consideration 
of these assumptions and their possible effects see Fletcher (1954). 


§ 3. CALCULATIONS 


In order to calculate Aj) a face-centred cubic crystal strained in the (100) 
direction was considered while for A,,, one strained in the (111) direction was 
treated; in both cases it was assumed that the strain could be expressed in terms of a 
single parameter A (no volume magnetostriction) and all calculations were 
restricted to the first order in A. Starting from the three atomic 3d functions 

o,=yaf(r)/r*; d.=2xf(r)ir7; dg=xyfrire ae (1) 
employed by the author in his previous calculation for nickel (Fletcher and 
Wohlfarth 1951) a tight-binding calculation for the strained crystal was carried 
out by the normal methods and with the usual approximations. Using these 
results and allowing for the effect of exchange by the simple method mentioned 
above, a matrix was constructed for the given spin-orbit interaction operator 
with respect to the band wave functions. ‘The methods used and approximations 
made were exactly the same as in the treatment of ferromagnetic anisotropy 
(Brooks 1940, Fletcher 1954). Assuming the introduction of spin-orbit inter- 
action has not altered appreciably the occupation of states mentioned above, the 
energy of an average atom in the crystal was obtained by summing the energies of 
all occupied states. Each such energy was of the form 

Fe Ae) 207 lo? 00) PAC AO PO Pn cases (2) 
where £_ is the energy obtained from the tight-binding calculation, 4 the spin— 
orbit interaction parameter for a single electron (Fletcher 1954), a=(«,, «5, %) the 
direction of magnetization of the crystal and f,, g,,... are functions of k obtained 
by perturbation theory using the spin-orbit matrix. For the unstrained crystal 
this summation over occupied states yields no term involving @ below that of 
O(A*) but for the strained crystal & is involved in the O(A4?) term. ‘The difference 
in energy density between the strained and unstrained crystals is obtained by 
multiplying the resulting expressions for both cases by n, the number of atoms per 
unit volume, and deducting the latter from the former. ‘The first term obtained 
is of O(A?A) and this is the only term of O(A) which confirms that there would be no 
linear magnetostriction if there were no anisotropy. ‘I’his term corresponds to the 
second and third terms of Kittel’s expression, 1.e. 

— $Ayo0(Cr1 — C12)(%17C wr + Me Cyy + %3 Coz) — Aq C44 %1% 2 oy + %o%glye + %3% 10s 2) 
ena (3) 

where e is the strain tensor and c,, are elastic moduli. By suitable choice of e 
either term may be made zero, enabling Ajo9 or A,,, to be evaluated by comparison of 
(3) with the calculated difference in energy density. 

In calculating the total energy densities it may be noted that for the third and 
subsequent terms in (2) 

» (occupied states) = — X (unoccupied states) 


by the diagonal sum rule of perturbation theory. In calculating these terms 


degeneracy and near-degeneracy of the forms E,—E,=0, E,—E,<A and 
70-2 
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E.—E,+28<A are found to occur for certain wave vectors k so that suitable 
modifications to the perturbation theory are necessary for such states (Fletcher 
1954). It might be expected that the change of shape of the Brillouin zone and of 
the position of the Fermi surface on straining the crystal would cause added 
difficulties. It may be shown, however, that the density of states V(Z) and hence 
the energy at the Fermi surface is unaltered to O (A) and that these two factors may 
be ignored in calculating the change of energy density on straining the crystal. 


§ 4. RESULTS AND COMPARISON WITH EXPERIMENT 

In evaluating A,g9 for nickel at 0°K it was assumed that e,,,,= 2A, é,,=e,,= —A» 
€,,=O0(r4s) and that a=(1,0,0) while for A,,, it was assumed that e,,=0, 
€,,=A(r4s) and a=3-17(1, 1,1). It was found possible to express all formulae in 
terms of the energies EF, and corresponding coefficients @,,. obtained from the 
tight-binding calculation for the unstrained crystal. "These values were taken from 
the author’s calculation for nickel (Fletcher and Wohlfarth 1951); using also the 
values 8=0:215ev, A=0-0728 ev, n=9-25 x 10” atoms cm-? (Fletcher 1954); 
6,=2'50' x 10> c= 1-60 x 10" and ¢,,= F1s3 x 10™ erg em (Mattel ae 
results obtained for nickel at 0°K were Ajo) = — 187 x 10-°; A,,, = —44x 10%. 

These are respectively about 4 and 2 times as large as the most recent experi- 
mental values of —50 x 10-& and — 22 x 10-6 obtained by Corner and Hunt (1955). 
‘These measurements, however, were made at 120°K so that they are not strictly 
comparable with the values calculated here and unfortunately none have been 
made at lower temperatures. From the curves obtained by Corner and Hunt 
for the temperature variation down to 120°K it seems possible that at absolute zero 
A109 May be about — 30 x 10-* and A,,, about — 25 x 10-6 but these curves indicate 
that any such extrapolation must be regarded as very tentative. As in the case 
of the author’s ferromagnetic anisotropy calculation it is considered that the main 
source of error lies in the oversimplified treatment of exchange effects, since 
the cases of degeneracy which then arise have a marked effect on the calculations. 
A second source is the neglect of two of the atomic 3d functions in the tight- 
binding calculations on which the evaluation of Ajog arid A,,, is based. 


APPENDIX 


In the following the sufhx zero is used to denote quantities referring to the 
unstrained crystal and the mathematics is restricted everywhere to the first order 
in é,,. Consider a crystal strained so that the point ry becomes the point 
r=(1+e)r,; with the usual notation and approximations of tight-binding theory 
assume one-electron wave functions of the form 

Ye k= N42) Ye a,,,(k) exp (zal . k) 4, (r — al). 
m 


It can then be shown that the roots of the usual secular equation are 
E=E,=E,)+h,, 
. = / =| Woes i r 
W here h=a)h' ap *,, Big, =m — Li aNd) ap = {jot a be corresponding 
coefficients prove to be 


Qaim =, a omnd Os > Qomo lees € 2550 #1618) 8) Bs (A 2) 


Ct 
where €,.9 = £9 —E. For wave vectors k where degeneracy occurs between the 
Ey, more compli i : 
o plicated expressions are obtained for E, and a.,,. Introducing 


Magnetostriction in Nickel 1069 


spin orbit interaction and applying perturbation theory in the manner detailed 
in the author’s previous paper (Fletcher 1954) the energy of the state arising from 
the level £,(k) with spin antiparallel to that of the crystal is 
By'*(k) = Ey(k) +8 + A? [og'%e191 + x Meg (Lag ergs * + (1 a9) e135 4] 
OG el! WO aeeee wn "8S iibere ada (AS) 

where £, is given by (Al), ¢,,=E.—E,, €.4)=E,—E, +28, a is the direction of 
magnetization of the crystal and a@’=aa. ‘To find the required difference in energy 
density from the unstrained crystal, (A 3) must be summed over all occupied states, 
multiplied by 7 and the corresponding quantity for the unstrained crystal deducted, 
ce 


AB=n[> Ey (K)- DEW) wae (A4) 


where s, w denote occupied states for the strained and unstrained crystals respec- 
tively. It will be shown that Y, may be replaced in the first term by ¥,, and it is 
also found that © ,A_(k)=0 for all + so that the first two terms in (A3) may be 
ignored; this confirms that there would be no linear magnetostriction if there were 
no anisotropy. ‘Thus (A4) depends effectively on the difference between the 
coefficients of 4? in (A 3) and the corresponding expression for E,)/*(k). For the 
particular case when a =(1, 0, 0) this difference proves to be 


2 = =i = = 
> [241.10 (4110/2 m1€m10 + Entolnn€mno )(€1no  — €1n0 ) 
= Oe 2 =P 
+ (h, nm Aya nr0 “1m (4 — @nI10 JErmo0 i] eS (A5) 
ee the summation is over m=2, n=3 and m=3, n=2. Similarly when 
a= 3-121, 1, 1) the difference proves to be 


os [2(F mam1Em10 Fe m nPmnk nEm n0 "Ne, 0 — Enso.) 
te(lemm — hay ){(1+2K nero (2-26, )ermso “t] 202+ (A6) 


mam 
where J/;, Gig Ajy aNd K;= Xi, p49 Go. Expressions (A5) and (A6) 
are Inv lid fo: states k where degeneracy or near-degeneracy of the types mentioned 
above occur; similar expressions may be obtained in these cases by modifying the 
perturbation calculations and substituted in (A 4) instead of (A 5), (A 6) without 
atfecting any other steps in the calculations. 

Points concerning the Brillouin zone and Fermi surface for the strained crystal 
will now be considered. ‘The first point of interest is that, if it is assumed that 
there is no change in volume to O(e,,) of the unit cell of the lattice on straining it, 
then it is easily shown that the volume of the Brillouin zone is also unaltered to this 
order. With regard to the distribution of energy in momentum space, if S, Sp 
denote the constant energy surface of energy E in the strained and unstrained cases 
respectively and the element dS of the former is a distance 6k, from the corres- 
ponding element dS), measured in the direction of grad #,, then 


a Fa 


Sepa eradse al) Wy aces (A 7) 
Hence the volume of momentum space enclosed by S 1s 
K=K,-| | (A Mead hudsy a” | Or aye (A8) 
JES 


So” 


Now S, has the symmetry of the unstrained lattice; similarly | grad F,,| has the 
same value for all wave vectors which may be obtained from a given k by the 
symmetry operators of this lattice. For some of these, however, /,, will have 
different values owing to the loss of symmetry on straining the lattice; denoting 


1070 G. C. Fletcher 


this set of ‘non-equivalent’ vectors by g, the integration in (A 8) may be carried 
out by summing the integrand over g first and then integrating over part of So. 
But in the cases considered here it is found that ©, 4,,=0 and this appears likely 
to be true in general, in which case the integral vanishes and K= Ky. But the 
density of states V(F) may be put in the form 


dk 
N(E)= 2 NE.) = aig SA (A 9) 


and therefore N(E£)=N,(£), i.e. the density of states is unaltered on straining the 
lattice. In particular the upper and lower limits of the energy band are unchanged 
and, if one assumes that the number of occupied states is the same in both cases, 
the only possible assumption as long as this number is deduced from experiment, 
the Fermi surface must occur at the same energy as before. _ It will be of different 
shape, however, the change being given by(A7). Now to O(4?) AF/n in equation 
(A 4) may be put in the integral form 


| Groth + Ae) dk | (Bio + AY) ak 


=| Put Ai —foldk+ | (Botha + afddk + I (Ey thy + Ph dk 


where the second term on the right-hand side is an integral over the volume 
between the boundaries of the Brillouin zones for the two cases and the third is a 
similar one for the Fermi surfaces. /,, in the first term may be ignored since 
x ,h,,=0 and this term is then just the quantity calculated. /,, may also be 
dropped from the other two terms as it will only give a contribution of O (e,.2) and 
for the same reason f, may be replaced by f,). Now to be accurate Fy) + a ot 
should have the same symmetry as the Brillouin zone for the unstrained crystal, 
i.e. it should have the same value for the wave vectors g. But then 


>. (Exo + A*fro Sk = (E19 + A*fao) > 8k =0 
g 


if 


if . > 8k =5S, » sk, =0. 


But by (A 7) ©, 6k, =0 for the third term in (A 10) and this is also found to be true 
for the second isin Thus both vanish and the method of calculation used here is 
justified. 

For a face-centred cubic crystal strained in the (100) direction as defined above 
the faces of the Brillouin zone have the equations 


ak ,,=2n(1—2A); ak, =2n(1+A); ak,=2n(14+)) 
a(k,+k,+k,) = 3m (1 +2A)—3ra(k, +h,) ete. 
and in the tight-binding calculation one obtains 
hy’ =4X{ — Ay( sin n cos € + C sin £ cos n) + A,[cos € (7 sin y + C sin C) 
— 2& sin € (cos 7 + cos C)] — A,’ cos cos £ + Ay’ cos E (cosy + cos O)} 
fog’ = 4A { — A, (Csin ¢ cos € — 2€ sin € cos C) + A, [cos n (¢ sin  — 2€ sin €) 
+7 sin y (cos € + cos €)] + 4.4,’ cos € cos & — A,’ cos 7 cos £ 
+ A," cos 7 (cos € —cos €)} 
Ayo’ = 4A {A (7 cos 7 sin € — 2é cos € sin y) — Ay’ sin € siny} 
hos’ = 4A {Az (7 cos 7 sin £ + €cos sin n) + 2A’ sing sin C} 
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where €= }ak,, etc. hss’ and Ay,’ are obtained from hy)’ and h,," respectively by 
interchange of 7 and ¢; h,,,,’=h,,,,'.. With the approximations, in particular to 


f(r) and the crystal potential I(r), used by the author previously for nickel 
(Fletcher and Wohlfarth 1951) 


A,=0-1928; A,=—0-0572; A,=0-0776; .4,/=1-0753; A,'= —0-4216; 
A," =0-0441; A,’ = —0-2706 
in units of Ej, =1:349ev. For the same crystal strained along the (111) direction 
as defined above the faces of the Brillouin zone are 
Zak, = +47+ha(k,+k,); a(Ra+k,+hk,)= + 30(1—2a)+Aa(k, +k, +k,) ete. 
and one also obtains 
Ay,’ =2A{A,[(€+ €)siny cos f+ (€ +7) sin f cosy] — A,’ siny sin 
— A,[(€+7) sin cosé+(7+ ¢) sin € (cos 7 + cos 6) + (€+ €) sin y cos €] 
—(A,'+ A,”)sin €(siny +sin Z)} 
hy’ = 22 {2(A, — A) sin € (sin € + sin n) 
— A; [(€+ €)sin €cos7 + (7+ C) sin cos €] + 24,’ cos Ecos 7} 
where /g5’, hj,’ are obtained from h,,’ by cyclic permutation of €, 7, € as are /y3" hs,’ 
from /,,'; againh,,,,’=h,,,’.. The 4,;and 4,’ have the same values as before under 
the same approximations. 
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RESEARCH NOTES 
Transport of Energy by Knock-on Electrons 


By J. W. GARDNER 
The F.B.S. Falkiner Nuclear Research and Adolph Basser Computing Laboratories, 
School of Physics,t The University of Sydney, Sydney, N.S.W. 


MS. received 15th March 1955 and in amended form 26th April 1955 


§ 1. INTRODUCTION 


HEORIES of energy loss by ionizing particles (e.g. Bohr 1915, Landau 1944, 
Symon 1948) are concerned with calculating the probability that a particle 

loses certain energy in traversing a certain thickness of material. 
Experiments, on the other hand, usually record, directly or indirectly, the number 
of ion pairs deposited in a layer of material (e.g. the gas of an ionization chamber) 
by the passage through it of an ionizing primary, and the associated energy loss 
is then computed by assuming a certain proportionality between the number of 
ion pairs and the energy required to produce them. Without entering here 
into the vexed question of ‘electron volts per ion pair’,{ we simply note that 
even if the assumption of proportionality were accurate and one knew the 
proportionality factor exactly, the energy loss computed in the above manner 
could not strictly be identified with the energy lost by the primary particle in 
traversing the layer. ‘The reasons for this are twofold: first, the primary may 
be accompanied into the layer by knock-on electrons (generated, for example, 
in its passage through the chamber wall) which will give rise to ionization not 
correlated with energy lost by the primary in the layer itself; second, and 
conversely, there will be other knock-ons, generated by the primary inside the 
layer and accompanying it as it leaves, which remove from the layer some energy 
that the primary lost in traversing it. It is commonly assumed, explicitly or 
(more often) implicitly, in experimental work that the effects of these incoming 
and outgoing knock-ons mutually annul, so that one is justified in taking the 
number of ion pairs recorded in the layer as a measure of the energy lost by the 
primary during its traverse. ‘The present note examines this assumption in 
general, and devotes particular attention to its effect on the interpretation of the 
cosmic-ray ionization burst statistics reported by Carmichael and Steljes (1954). 
There are actually two questions to be examined: one is the effect of knock-on 
electrons on the average energy loss (as computed from the recorded ion pairs) ; 
the other is their effect on fluctuations from this average. The first of these 
questions is answered if we know the average number N(E, x) of electrons with 
energy in dE at E, accompanying the primary at depth x. In §2, the diffusion 
equation for N(E, x) is solved and the solution used to compute the knock-on 


+ Also supported by the Nuclear Research Foundation within the University of Sydney. 
} Reviews, with bibliographies of this subject have been given by Taylor (1952) and by 
Rossi (1952). A recent theoretical paper by Moyal (1955) shows that energy loss and numbers 


of ion pairs can both be represented by the same ‘ universal ’ distribution, as one would 
expect if they were proportional. 
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correction to the average energy loss of a 1 kmev muon traversing the chamber of 
Carmichael and Steljes. In this case the correction amounts to about one or two 
per cent. 

The second question, that of the fluctuations, is important when one is 
measuring the distribution of energy loss rather than a mere average; a qualitative 
discussion in § 3 shows the knock-on correction in this case may well be significant, 
especially for the high energy tail of the distribution. No quantitative solution 
to the fluctuation problem is présented here. This problem is sufficiently akin 
to the fluctuation problem in cascade theory to be included in a programme of 
numerical computation on that subject. 


§ 2. SOLUTION FOR AVERAGE NUMBERS 


By considering the change in N(£, x) across an infinitesimal thickness of 

material one readily obtains the diffusion equation: 

ne) SPT EG 5 eed cial + | “N(E, xyb(E/B dE... (1) 
Ox OE Jz 

The first term on the right side represents the knock-ons produced by the primary 
particle in traversing the layer: ¢(£)dEdx is the probability for the primary to 
produce, in distance dx, an electron of energy in dE at EF. Strictly ¢ should be 
a function of the primary energy £,, too, but we are assuming this to be constant, 
i.e. that &, 1s so large, or the total thickness of our layer is so small, that only an 
insignificant fraction of E,, is lost in the traverse. In particular E> F. 

The second term of the right side of (1) arises from the energy degradation 
of the knock-ons. We define A(E)=dE dx to be the total rate of energy loss for 
an electron of energy £: thus A includes both collision and radiation losses, and 
in particular it includes energy losses from those occasional collisions which result 
in the production of secondary knock-ons. ‘The second term, then, represents 
the change in V(E, x) due to the fact that in traversing a layer 6x some electrons 
with energy initially above F are degraded into the interval dE at F, whilst others 
with energy initially in this interval are degraded out of it. 

The third term on the right of (1) represents the secondary knock-ons created 
with energy E at depth x: :/(E/E’) is the probability for an electron of energy E’ 
to create secondaries with energies E, E’—E. ‘The upper limit Ly of the integral 
is the maximum energy a primary knock-on can acquire from the primary 
ionizing particle. ‘This is usually severely limited by consideration of momentum 
conservation; e.g. a 1 kmev muon cannot communicate more than 10% of its 
energy to an electron with which it collides. 

To solve (1) an iteration procedure may be used, starting with the equation 
satisfied by \,(E, x), the number of primary knock-ons with energy in dE at E, 
at depth w: 


aN,(E, x) aN,(E, x) 
oe od = ¢(E)+A(£) ae VR ° 


+ The fact that primary knock-ons may be removed from the energy interval dE at E 
in creating secondaries is taken care of by our definition of A(E) in the second term on the 
right of (1). Had A(£) been defined to exclude losses resulting from the production of 
secondaries, our third term would be 


i os {N(E’, x)—N(E, x) }Y(E/E’) dE’. 
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The iteration equation is then 
ON AE, #) ONE, #) i Ny (E’, eb (B/E) dE’. eee (3) 
Ox OE i #B 
Equations (2) and (3) may be formally solved using a Laplace transformation 
with respect to x, together with the boundary conditions: N(E, 0)= N(0, x) =0. 
If we denote by py the transform of No, that is 


= $(E) + AE) 


to= | e-o*Nede, 
then the transform of equation (2) 1s 
Ou(a, E E 
vie eye Ee nee) ie aoe (2a) 


OE y 


Using the method of variation of parameters to solve for j49 and inverting the 
transform we obtain for Ny 


(a) 
N E, ‘ = Cee EN d Se a © a Reileloretictas + 
of v) | a No) o ( ) 
Here £,(«, £) 1s defined implicitly by 
Eo du) 
= =, <>. de Wipe eae 4a 
Det Se 


Physically E, represents the energy which a knock-on at zero depth must have 
if it is to arrive at depth x with energy E. ‘Thus if we denote the range corres- 
ponding to energy « by R(e) then R(E,)— R(E)=.«, so that given E and x, Ey may 
be determined from range-energy curves. 

Values of N)(E, x) obtained from (4) by numerical integration may be 
substituted in (3) with k= 1 to start the iteration procedure which takes account 
of the secondaries. ‘The production of secondaries affects the distribution 
in energy more than it affects the total energy being transported by knock-on 
electrons,t and it is of course the total energy [EN(E, x) dE rather than N(E£, x) 
itself which one ultimately needs in calculating the knock-on correction to the 
average energy deposited by the primary ionizing particle in a layer of material. 
In view of the probable smallness of the effect of secondaries on the total energy 
being transported by knock-ons it was not considered worth while to iterate for 
this incomputing the knock-on correction for a 1 kmev muon traversing the chamber 
of Carmichael and Steljes. ‘The numerical work for even one iteration is 
quite heavy and, as we shall see below, the inclusion of secondaries could not 
affect the main result that the total knock-on correction is small (less than 2%) 
in the present case. Indeed, it is easy to see qualitatively by considering, say, 
a 10 Mev primary electron generating two 5 Mev secondaries, that the inclusion 
of such cases would reduce the total correction, since more energy is left behind 
as 1onization. 

Equation (4) was used to compute the knock-on correction to the mean energy 
deposited in the gas of the Carmichael-Steljes chamber by 1 kmev muons during 
a diametric traverse. For 4(£) we used the standard expression, given, for 
example, by Rossi (1952). For A(E) we may write A.o,;+Armaq; the formula of 


} The effect of secondaries on the slowing-down spectra for mono-energetic sources 
(4mc? and 80mc?) in lead and aluminium has been computed by Spencer and Fano (1954); 


im every case secondaries become as numerous as the primaries at about 4°, of the initial 
energy. 
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Bethe (1933) was used for X,,,, and Aq was calculated from Xo using the familiar 
relation (cf. Fermi 1950) 

Ara = “(E+ 0) (5) 

Aeon LOOUIED. VOL 92 Sp eppunaitaee - 
where E and £, are in Mev. Although for the energies (<20 Mey) used in the 
calculation, X,,,, is small compared with A,o It has much stronger Z-dependence, 
and it is this which essentially determines the knock-on correction, for the latter 
derives mainly from the difference in energy carried by knock-ons in the chamber 
wall (Z=26) and in the chamber gas (Z=18). Details of the calculation have 
been given elsewhere (Gardner 1954); the results are presented in the figure 


ty Weed 6 6s Wai ile ule 
£ (Mev) 
Energy spectrum of electrons accompanying a 1 kmev muon. (A) Njx(£): spectrum of 
electrons accompanying muon as it enters chamber gas, having penetrated 1:24 g cm? 
Fe in wall. (B) No, (£): spectrum of electrons accompanying muon as it leaves 
chamber, having traversed 1:81 g cm? A. 


in the form of mean energy spectra of knock-on electrons accompanying a primary 
1 kmev muon into and out of the chamber. It may be readily computed that 

*20 Mev -20 Mev : 

oe EN,x(E)dE=0-05 Mev, — and ENoyn(E) dE=0-09 Mev. 

2 Mev Y 2Mev 

Both these energies are small compared with the 3-6 Mev lost by the muon in 
traversing the chamber gas; their difference of 0-04 Mev represents a net transport 
out of the chamber of about 1° of the energy actually lost by the muon in the 
chamber gas. ‘The remaining 99° stays behind (as ionization and excitation) 
and is recorded. 

Our numerical computation of N,y(£) and Nov(£) was restricted to values 
of £ in the range 2-20 Mev for the following reasons. Below 2 Mev the neglect 
of multiple scattering is no longer justified; above 20 Mev radiation etfects become 
larger and too complicated to be adequately represented by the simple formula 
(5). However, our approximations affect Nyy(Z) and Novy(F) more or less 
equally so their effect on [E{Nov(E)—N,x(E)}dE should be relatively small. 
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It seems reasonable to suppose therefore that the knock-on correction in: the 
present case would not amount to more than 2% of the muon’s energy loss even 
if we had done a more accurate calculation extending over a much wider range of 
energy values. 

§ 3. FLUCTUATIONS FROM AVERAGE NUMBERS 

The importance of fluctuations from N(E, x) appears when one attempts to 
interpret experimental results like those of Carmichael and Steljes (1954) who 
measured the complete size-frequency distribution curve of ionization bursts 
due to cosmic-ray particles at sea level intersecting their chamber. | One 
component of such a curve is the size-frequency distribution of ionization bursts 
due to fluctuations in the energy lost by single muons in traversing the chamber. 
It would have been useful to be able to calculate what this distribution should 
be on the basis of present theories of ionization loss and compare it with the 
appropriate part of the experimental distribution. What was in fact calculated 
was a distribution for energy lost by muons in traversing the chamber, taking into 
account: (a) inherent statistical fluctuations given by the theory of Symon 
(1948), (6) variations in the geometrical path length, from zero up to a chamber 
diameter, of muons in the chamber, (c) the energy spectrum of incident muons. 
This curve was converted to a burst size-frequency distribution by assuming 
25-4 electron volts per ion pair and was compared with the experimental distribu- 
tion (after subtracting the effect of single electrons from the latter). Reasonable 
agreement was obtained for the part corresponding to bursts up to several times 
the average size, but for larger bursts the theoretical curve predicted too high a 
frequency. 

The reason for the above result is not hard to see. Let us consider a 1 kmev 
muon again, since this is a typical incident energy. ‘The average energy loss 
of such a muon for a diametric traverse of the chamber is about 3-6 Mev, but the 
distribution of energy loss has a tail extending up to nearly 100 Mev. When such 
high losses occur, most of the energy is communicated in the first instance to a few 
energetic primary knock-ons which will have a good chance of leaving the chamber 
without depositing much of their energy as ionization in the gas. By the same 
token, of course, when a muon suffers a large energy loss in the wall, much of this 
energy will be transferred to the chamber gas by knock-ons generated in the wall 
and accompanying the muon into the chamber. However, the frequency of 
such large energy losses is very small, so that the probability that the same muon 
will suffer such a loss both in the wall and in the chamber gas is for practical 
purposes zero. Most of the large muon energy losses in the gas are accompanied 
by near-average losses in the wall; in such cases the energy transferred to the gas 
by knock-ons entering from the wall—about 0-05 Mev in the example of §2— 
is quite negligible compared with that removed by the energetic knock-ons 
resulting from a muon energy loss of say 20-100 Mev in the gas. 

From the above paragraph it is clear that if one is interested in the distribution 
of energy loss, rather than an overall average, the unbalance between energy 
transported into and out of the medium by knock-ons can be very important, 
at any rate for the high-energy tail. To allow for this one would need to know 
the fluctuations from the average numbers N(E, x) calculated in §2, and how 
these fluctuations are correlated with fluctuations in the energy loss of the primary 


a5 Ihe energy-loss distribution for muons intersecting the chamber is in any case quite 
insensitive to their incident energy if this =0-1 kmev (see Gardner 1954), 
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jonizing particle. Just as in cascade theory the fluctuation problem is at least 
an order of magnitude more difficult than the average number problem. Indeed, 
our present process is a special case of a cascade with a linear source of particles 
and a relatively small number of multiplications, and as such may be included in 
a programme of numerical work on all aspects of cascade theory already in hand 
at this laboratory. 
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The n-p Cross Section in the Range 60-550 kev 
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§ 1. INTRODUCTION 


HE n—p cross section is of considerable importance in flux measurements 
with recoil counters. The best available data on neutron cross sections 
are those compiled by the American A.E.C. neutron cross section advisory 
group under the title of ‘Neutron Cross Sections’ and reference number 
AECU-2040. For the n-p cross section, the first volume of AECU-2040 
showed a large number of experimental points, with a smooth line drawn 
(approximately) through them. ‘The first supplement showed, apparently, the 
same set of points, with a different line drawn through them: the difference (at 
550 kev, for example) being as much as 8°%,. ‘The second line was in much 
better agreement with the theoretical values and with an earlier curve of Adair 
(1950). 

In view of these discrepancies, the figures were checked with polythene and 
graphite scatterers: because of apparent disagreement in the 120 kev region 
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between long counter and proportional counter flux measurement, attention was 
concentrated on this region. ‘The graphite was not heated to check constancy 
of weight; as it was pile graphite, it was assumed that the hydrogen content must 
have been much less than 1 atomic per cent. ‘The neutron energy measurement 
at 120 kev was carefully checked by three different methods; the agreement of 
five different determinations within +1°,, at two angles (135° and 0°) to the 
incident proton beam, can be regarded as excellent. The results at lower energies 
can be regarded as fair, considering difficulties of background and intensity; the 
measurement at 550 kev was relatively easy. 


§ 2. METHOD 


Neutrons from an LiF target at 0° or 135° to the incoming proton beam were 
detected by a hydrogen-filled proportional counter, the counter being at a distance 
of 40 in. and the pressure determined by the neutron energy being investigated. 
A BF, counter monitored the neutron yield at an angle of 17°. The active 
diameter of the hydrogen-filled proportional counter was 2 in.; the scattering 
samples were also 2 in. in diameter and of lengths up to 3 cm of polythene and 
Jin. of graphite. For this arrangement, the maximum in-scattering correction 
is less than 1°... The scatterers were held in a light (0-015 in. wall) brass cylinder, 
aligned by a simple optical arrangement. 

At 120 kev in the forward direction, the proton energy is only 39 kev above 
threshold, and, with a neutron cross section varying rapidly with energy, it is 
necessary to check the neutron energy carefully. In addition to the usual method 
of neutron energy determination, which depends on the linearity of the potentio- 
meter of the machine voltage control, the following methods were used to check 
the voltage : 


(1) For neutron energies below 120 kev, the neutrons are in a forward cone; 
and the threshold of a long counter, set at an angle of say 60°, will give a figure for 
the neutron energy. ‘The figure for neutron energy deduced from the threshold 
at a particular angle agreed well with the figure obtained from the potentiometer 
setting. 


(1) ‘The volts per ion pair have been shown elsewhere (Allen, Ferguson and 
Roberts 1955) to be accurately constant for hydrogen. Hence the pulse height 
for 120 kev was compared with the pulse height for say 550 kev, for which the 
proportional error in neutron energy would be much smaller. Again, good 
agreement was obtained. 


(iii) Finally, the attenuation at 0° in the forward direction was compared 
with that at 135°. The results for three runs at 0° and two at 135° agreed to 
within +1 %. 


The pulses from the recoil counter were recorded on a pulse analyser. ‘The 
sequence of runs was without scatterer, with one scatterer, two, three. . . 7 VeLy: 
thick scatterer (for background), then a run without scatterer, so that drifts in the 
electronics were checked. The pulses were integrated above an arbitrary level, 
sufficiently high to avoid any gamma-ray effects. Attenuation curves plotted, 
for four different levels in a particular measurement, showed that the attenuation 


was insensitive to the level chosen, as it should be. A typical attenuation curve 
is Shown in the figure. 
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Attenuation of 120 kev neutrons in polythene. 


§ 3. RESULTS 

As noted above, the results give good agreement with previous work if the 
graphite is taken as (CH,),, and the graphite as C. The values are exhibited in 
the table (for purposes of comparison, two values near 120 kev have been amended 
by a small correction to give the equivalent value at 120 kev). It is seen 
that the value at 120 kev is probably accurate to 14, the others within 3%. 
Values marked A are those assuming that the polythene was (CH,),; B, those 
assuming the polythene was CH,..,, the figure given from chemical analysis. 
The figures for carbon contain the small correction for 0-2°,, hydrogen from the 
pile oscillator measurement. ‘The theoretical figures for the n—p cross section 
mete computed msing ¢.—73- 7x10"; a= 5-35 x10: .7,=2:5 «104% and 
2-704 x 10-* (Adair et al.,1953). 


§ 4. CONCLUSION 
It was decided that there were no grounds for suspecting discrepancies from 
the theoretical formula, but that more attention would be required to the choice 
of attenuating material if more accurate results were to be obtained. 


Neutron 


3% Ge 
Energy Fp» (theor) cP (exp) F carbon (AECU-2040) 
(kev) ‘ 
60 14-8 14:8 {5-4 4-60 4-6 
sje 1527 
7s 14-0 13:9 14:2 4-62 4-6 
90 1322, ew, 13-0 4-64 4-6 
120 eos keris} 12-0 4°37 4-43 
11°85 (oil 
ages 12-0 
eS 12:0 
11-9 (Beis) 
550 5°83 5°85 5:95 3-41 B25) 
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static generator. An absolute 63-6° electrostatic analyser described 

previously (Hunt 1952) was used to measure and stabilize the energy of the 
beam, mass analysis being obtained by a 26-4° magnetic analyser (Hunt and Jones 
1953). 

A thallium activated sodium iodide crystal and photomultiplier type EMI 5311 
were used for the detection of the gamma rays. ‘The target was continuously 
heated to a temperature of 150°c and preceded by a liquid nitrogen trap in order 
to prevent the deposition of carbon during irradiation. 

Sodium chloride targets of thickness AF’ equal to 25, 4 and 0-8 kev were 
prepared by evaporating known quantities of the salt on to carefully polished 
copper backings in a vacuum system of known geometry. ‘To check the stopping 
power of the 4 and 0-8 kev targets they were rotated through 60° to the beam, 
which effectively doubled their thickness, thereby displacing the resonance peak 
by 3AE. ‘The 25 and 4 kev targets were used to investigate the energy range 
220-530 kev and the resonance peaks were then selected on the 0-8 kev targets. 
‘Targets of sodium sulphate and potassium chloride were also irradiated in order 
to check that the observed resonances were due to sodium. 

Using the 0-8 kev targets all the resonances except that at 373-5 kev gave half 
widths of approximately 1 kev. A more accurate determination of resonance 
half width was obtained by comparing the peak yields from the 0-8 and 4-9 kev 
targets using the formula (Fowler, Lauritsen and Lauritsen 1948) : 


Vane == red Bs tans (AZM) 
where ¥ max is the peak yield, C isa constant, I) the natural width at half maximum 
yield and AF the target thickness. ‘The values obtained are shown in the table. 


Present Work 


| sodium targets were irradiated by the proton beam from an electro- 


Resonant voltage (kev) 250°8+0:2 307:84+0:3 373:5+0:4 443-84+0°6 510-:9+0-6 
Relative yield 1 110 2, 4 65 
Half width 0-3+0:2 0:8+0:3 20+ 1-0 Osa s! 0-8+0-3 


‘Tangen 


Resonant voltage (kev) 25543 31043 37544 44545 51045 
Half width 0-5 1 é 
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These resonances have been measured previously by ‘Tangen (1946) with an 
accuracy to about 1°, and his values are compared with those obtained in the 
present work in the table. he relative yields tabulated are those obtained with 
the 0-8 kev target. 

Except for the measurement at 250-8 + 0-2 kev, the resonance values obtained 
in the present work are within the limits of accuracy of Tangen’s determinations 
and the 510-9 kev resonance is in agreement with the value of 512 +2 kev given 
by Nybé and Grotdal (1955). ‘The errors quoted were obtained by taking the 
standard deviation of several determinations of each resonance and adding to this 
the estimated systematic error in beam energy measurement (Hunt 1952), 

The limits of accuracy placed on the half widths include the extreme values 
obtained by using several values of the peak yields from different 0-8 and 4 kev 
targets. 


The authors would like to acknowledge the guidance of Dr. S. E. Hunt in 
these measurements. ‘Thanks are also due to Dr. 'T. E. Allibone for permission 
to publish this note. 
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N a previous communication (Batchelor 1955) the relative forward intensities 

of the two neutron groups emitted in the proton bombardment of lithium 7 

were reported. ‘The two groups arise from the formation of the residual 
nucleus beryllium 7 in the ground and 430 kev excited states. Measurements 
have now been made at various angles of neutron emission for incident protons 
of mean energies 2:58, 2:68, 2-78 and 2:88 Mev. 

As in the previous work a lithium fluoride target of 40 kev thickness was used, 
and the neutrons were detected with a helium 3 fast neutron spectrometer 
(Batchelor 1952). A current integrator monitored the proton current, and a 
previously calibrated long counter monitored the neutron yield at 30° to the 
incident proton beam direction. The detector subtended a solid angle of 
(0-026 steradian at the target, and the angular resolution was 6°. When the 
neutron component of lower energy was less than 150 kev it was not resolved from 
the large epithermal neutron peak, and measurements were then not possible. 


PROC. PHYS. SOC. LXVIII, II—A 71 


1082 Research Notes 


An absolute yield scale was established by comparing the sum of the high and 
low energy neutron yields in the forward direction at 2-55 Mev proton bombarding 
energy with a previous value of 0-053 barn per steradian obtained by Taschek 
and Hemmendinger (1948). 


(1) (2) (3) (4) (5) (6) 
2-58 0 48 +3 1-8+0-3 0 0-8 +0-15 

30 39+2 1:1+0:2 44° 47’ 0:55+0-1 

60 Sepals 0-9+0-15 86° 13’ 0-6 +01 | 
2-68 0 AD 95 29402 0 0-9 +0-1 | 

30 253 1-7 0-2 42° 18’ 0-95+0-1 

60 2445 1-34 0:15 81° 39’ 0-9 = Ont 

90 122077 0-8+0-1 115° 12 0-9 +04 
2-78 0 3842 P3403 0 peta 

30 202 7-2403 40° 49’ 1-2540-15 

60 De Tes 2-0-4 025 78° 59/ 155 °:09 

90 1220-7 0-9+40-1 112° 4’ 1020-4 

120 7+0°-4 0-6+ 0-1 138° 59’ 1-05+0-15 
2-88 0 3342 2204 0 Revie Wises 

30 5g 1s 2-6+0-35 39° 51’ 1eS5 E02 

60 (Oa 28 008s Trae 2-Avt 0-35 

90 OT 16+ 0-2 110° 1-654 0-2 

120 740-4 1040-15 137° 14’ 16D 


(1) Proton energy (Mev); (2) lab. angle of emitted neutron (°); (3) do/d@ for ‘Li(p, n)?Be 
neutrons: lab. system (mbn sterad~!); (4) do/d@ for “Li(p, n)’Be* neutrons: lab. system 
(mbn sterad~'); (5) centre of mass angle of emitted *Li(p,n)Be* neutron; (6) do/d@ for 
*Li(p, n)’Be* neutrons: c.m. system (mbn sterad~"). 


The results are summarized in the table, where the errors quoted arise 
mainly from counting statistics, and estimation of the wall effect of the detector. 
In the centre of mass system, the angular distributions for the low energy compo- 
nent are roughly isotropic; for proton energies 2-78 and 2-88 Mev, however, 
the results indicate slight anisotropy. ‘The figure shows the total low energy 
neutron yield calculated on the assumption that the distributions are isotropic. 
The earlier results obtained at 0° are included. 


0-02 


0-01 


Cross Section (barns) 


0 
2:3 2-4 25 2-6 27 2:8 29 
Proton Energy (Mev) 


“Li (p, n) ‘Be* reaction cross section plotted against proton energy. 
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It states of $~ and }~ are assumed for the ground state of lithium 7 and the 
430 kev excited state of beryllium 7 respectively, then there can be no change in 
the parity of the partial waves of the ingoing proton and the outgoing neutron. 
In the figure, curves A and B show the shapes of the energy dependences pre- 
dicted near the threshold, assuming s-waves in and out and p-waves in and out 
respectively (Wigner 1948). Curve A fits the observations at proton energies 
below 2:7 Mev. Moreover, the observed isotropic angular distribution is con- 
sistent with an s-wave interaction. It is tempting to associate the divergence of 
the observed points from curve A at proton energies greater than 2-7 Mev with a 
p-Wwave resonance involving a known 2° state of beryllium 8 at an excitation energy 
of 19-9 Mev (Ajzenberg and Lauritsen 1952), corresponding to 3 Mev proton 
energy. Interference between the large s-wave background and the p-wave 
resonance may then explain the slight anisotropy for proton energies of 2-78 and 
2-88 Mey. More information, particularly at higher proton energies, is required 
before definite conclusions can be made. 
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§ 1. INTRODUCTION 


t has been shown in a previous paper (Blin-Stoyle and Perks 1954, to be 

referred to as I) that the deviations of the nuclear magnetic moments from 

the Schmidt lines can be accounted for in terms of simple interconfigurational 
mixing. In this Note the effect of this mixing on the electric quadrupole moments 
of odd 4 nuclei is considered. 

The j-j coupling shell model gives fair agreement with the experimental values 
of the quadrupole moments of odd-proton nuclei with A less than 100 (see for 
example Sachs 1953). However, it fails in the region 100< 4A <200 and cannot 
explain the moments of odd-neutron nuclei. ‘The deformable core model 
(Bohr 1953) accounts for the large quadrupole moments in this region. 

+ Now at United Kingdom Atomic Energy Authority, Risley, Lancs. 
71-2 
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§ 2. INTERCONFIGURATIONAL MIXING 


As was the case for magnetic moments it is possible to obtain corrections to 
the quadrupole moment of a nucleus linear in the amplitude of the admixed state. 
Because of the form of the quadrupole moment operator 


=u Z 
O=¢ > (32,37) ~. a (1) 
n=1 

which contains spherical harmonics of order 2, more types of admixed wave 
function can now lead to such corrections. They will arise when one proton in 
the shell model state /; is transferred to a state /’;, where =f, 142, Vhus an 
addition to the three cases listed in I there are now three more: viz. where a 
proton is excited (iv) from the state (/+ 2), to J, (v) from the state J; to (1+ 2), 
and (v1) from the state /’,, to (/’ + 2); 


§ 3. CALCULATIONS 


It is found that the amplitudes of admixture are small so that it is convenient 
to describe the mixing in terms of the wave function 


ny = Xj ur > a Oi) we. tela (2) 


where y; represents the shell model state and¢,, , the admixed state, exactly asin I. 
The amplitudes of admixture «, are given by 


a 4 
foes SALE ees (3) 


where AF is the energy difference between the shell model and the admixed 
configurations. As in I we assume a delta function for the inter-nucleon 
potential V(r). 

The calculation of the corrections Q, was performed exactly as in I for the 
magnetic moments. ‘The results for odd-proton nuclei can all be written in form 


OS AI lil OGL et) a a ee (+) 


where A can be calculated explicitly, ¢=«,/ AE (e, is the singlet interaction energy) 
and (7?) = (nl|7? |n'l’) (r is the radial coordinate of the odd proton). This latter 
quantity is given approximately by 


Cr?) =2x10-°6428om2 (35) 


An inspection of the tables of nuclear shell structure drawn up by Klinkenberg 
(1952) shows that excitations of types (iv), (v) and (vi) are possible for many 
nuclei between adjacent levels. This means that for these cases AE is small 
compared with the spin-orbit splitting energy. Hence the corrections to the 
quadrupole moments are much greater for (iv), (v) and (vi) than for (i), (ii) and (111). 

‘he author has considered the magnitudes of these correction terms in detail 
(Perks 1954). It was found that in fact the corrections due to types (1), (ii) and 
(iii) of admixtures are negligible compared with those due to (iv), (v) and (vi). 
‘Types (iv) and (vi) lead to an increase in the magnitude of the quadrupole moment 
in agreement with experiment. Although type (v) gives a correction in the wrong 
direction, this is outweighed in every case by one of the right sign. 7 
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For odd-neutron nuclei equation (4) holds with ¢= (e,+3e,)/AF (e, is the 
triplet interaction energy) and the same 4’s as for the odd-proton cases (iii) and (vi). 


Of the three cases of interest 4 only takes a simple form for (v1), when it is 
_1@+) 


~— <5 (j+1) 


In this case p=2 only but in the others a sum over p is involved. 


COMED ie Sa wee er (6) 


§ 4. COMPARISON WITH EXPERIMENT 


The sign of the corrections can be found by observing that the product ¢¢7?) 
is always negative. ‘The magnitude depends on ¢, which for types (i), (ii) and (iii) 
is given in I. For types (iv), (v) and (vi) we estimate that |¢]~0-5— 1-5 for the 
odd-proton nuclei of interest. For odd-neutron nuclei this should be multiplied 
by 11 4 (assuming ¢,= 1-5e,). 

The corrections are found to be only of the same order of magnitude as the 
single particle values of the quadrupole moments. Hence they cannot explain 
the large deviations found in the region 100<A<200. They do however 
explain those of some odd-proton nuclei and how quadrupole moments can arise 
in odd-neutron nuclei. 


§ 5. CONCLUSIONS 


It has been shown that simple interconfigurational mixing does not meet 
with such success in attempting to account for the quadrupole moments of odd A 
nuclei as it did with the magnetic moments of such nuclei. The only explanation 
of the large quadrupole moments in the region 100 <A <200 appears to be that 
offered by the deformable core model. 
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LETTERS TO THE EDiTek 


A Search for Secondary Maxima in Cosmic Ray Transition Curves: I 


The existence of secondary maxima in the shower transition curve of the 
cosmic radiation has been reported by several workers (Thurn and Bothe 1951, 
and references therein to earlier work, Allegretti and El-Wahab Khalil 1951, 
Thurn 1952, 1953, Clay 1954, Bothe and Kraemer 1954). Others have either 
been unable to find the effect or have attributed it to trivial causes (George, 
Janossy and McCaig 1942, Harding and Robinson 1954). In particular three 
secondary maxima have recently been reported by Bothe and his co-workers 
(Thurn 1953). The large counting rates and sharpness of Bothe’s secondary 
maxima are worth noting. However, Harding and Robinson (1954) using a very 
similar apparatus have found no effect similar to that of Bothe, and have attributed 
the small effect found when their apparatus was on the ground to the decay 
electrons of 4.-mesons stopping immediately below the apparatus. 

During the course of an investigation of the nucleon cascade in lead, our 
apparatus was tested by taking twofold coincidences from each of the three 
trays of Geiger counters in turn. ‘This is rather similar to Bothe’s experiment. 
The apparatus is shown in the figure. For the present purpose tray A is not 
considered. ‘Tray B is placed 10 cm under the absorber. ‘Trays C and D are 
located in a lead pile 60 cm below. 10cm lead separate trays B and C, 5 cm 
trays C and D, with 2-5 cm between tray D and the floor. The counters in 
trays C and D are separately wrapped in 0-1 in. lead and are shielded at sides 
and ends by 15 cm lead. 


Ye 


LLL 
GY 


SO OO 


‘The test rates for each tray, corresponding to two or more counters discharged, 
are presented in the table. The rates are normalized to 1010 mb. All three 
transition effects show high attenuation lengths for the radiation responsible 
for the events. ‘l’aken with the high intensity and the experimentally determined 
—2°%, per cm Hg barometer coefficients, the events are clearly associated with 
4-mesons. 

The experimental points for tray B lie on a smooth curve, a typical absorption 
curve without any anomaly about 15 cm thickness. It is difficult, however, 
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to fit a smooth curve through the data for tray C because the rate for §=2:5 cm 
(corresponding to a total lead thickness above C of 12-5 cm) is over three 
standard deviations below the expected rate. ‘The probability that the points 
fit a smooth absorption curve is 0-008 on a y?-test. Tray D is shielded by 
15 cm lead even with X=0, and the best smooth curve through the data has 
a probability of the order of 0-15. 

The most striking feature of these results is the absence of any large secondary 
maxima as found by Bothe. Our observations have been continued up to 
98 cm Pb total, but no further anomalies in the transition curve were found. 
There does, however, seem to be some evidence in support of Harding’s 
conclusions. The smooth curve from tray B confirms his results with his 
apparatus on stilts. [he apparent small maxima at about 16cm Pb total for 
trays C and D is not inconsistent with his curve for the apparatus on the floor. 
Compared with his experiment, where the chance of a j.-meson decaying within 
the resolving time of the set was about 63°,, in our experiment, with lead as 
a ‘ floor’, only the .*-mesons will decay, so that the chance will be about 50°, 
since the resolving time (15 psec) is long enough to include all the decays. 
In lead, however, the critical energy is only 7 Mev so that the total energy 
losses by the decay electrons emerging from the lead and passing through the 
lead wrappings of the counters will be greater than in Harding’s experiment. 
The background events will be more frequent in our case because the wider 
acceptance angle will not always include ©. ‘The 1:5°%, effect obtained for the 
maximum is therefore in qualitative agreement with the ~3°%, effect observed by 
Harding, and may be considered as evidence in favour of his explanation of the 
phenomenon. 


Twofold Coincidence Rates, Normalized to 1010 mb 


Tray B ray C Tray D 
(cm lead) (Counts per minute) 
0-0 209-50 + 0:86 7882+ 0-43 78°52+ 0:42 
2:5 199-47+1-51 76:12+ 0-67 78-69 + 0°65 
5-0 175:81+0-91 77:95 + 0°45 78-144 0°45 
10-0 160-95+ 0-79 76°88 + 0-41 76:64+ 0:42 
15-0 153-90+ 0-70 76:28+ 0:36 76:93 + 0:35 
20:0 150:64+0-65 75°63 + 0:34 76:87 + 0°36 
30-0 148-11+0-81 75°30 + 0-42 75:98 + 0-45 
40-0 145-65+0-51 75°75 + 0°31 76:28 + 0°33 
82°5 135:26+ 0-44 74:78 + 0:28 74:41+0-31 
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A Search for Secondary Maxima in Cosmic Ray Transition Curves: II 


In recent papers, Bothe and his co-workers (Bothe and Thurn 1950, 1951, 
Thurn 1952, 1953, Bothe and Kraemer 1954) have reported a strong secondary 
maximum in the Rossi transition curve and suggested that it might be due to 
narrow angle showers (Thurn and Bothe 1951) or possibly to the decay of a 
neutral particle (Bothe and Kraemer 1954). We have used a cloud chamber to 
study the type of event which might contribute to such a maximum under lead. 

Two distinct selection criteria have been used. 

1. An analysis has been made using a penetrating shower set of conventional 
design, figure 1(a). ‘Tray A, immediately under the absorber, consisted of 
thirteen Geiger counters (10cmx2cm). Tray B had fifteen 10 cmx2cm 
counters, separated by 0-1 in. lead and covered by 10 cm lead. ‘The counter- 


YUM), 


CTRL ITT 


SOR 


(a) 
Figure 1. 


pulses from tray B fed into an addition circuit followed by a discriminator. 
A master pulse operated a mechanical register and the cloud chamber when 
more than one counter in tray A and more than two counters in tray B were 
simultaneously discharged. 

The experiment was performed using three thicknesses of absorber, 12-5, 15 
and 17-5 cm lead, above tray A for a total time of 2000 hours. About 5000 
photographs were taken and the events subdivided into different categories. No 
increase in production of any type of event was observed at 15cm. The rate of 
: narrow angle’ events (<5°) was constant within statistical errors over the three 
thicknesses and formed only 6°, of the total number of events. The ratio of 


narrow showers, detected using this selection system, to single meson traversals 
was 0:1%. 
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Using a similar apparatus, Pfotzer (1953) has found only 26 showers coming 
from the lead out of 500 events observed at 15 cm Pb. Only one narrow meson 
Shower was observed. This is in good agreement with the results of Shutt 
(1946) who found the frequency of narrow meson showers to be 0-2°%, of single 
meson traversals. It seems clear that the frequency of production of narrow 
angle events is quite incompatible with their suggested role in the production of a 
second maximum. ‘There is no evidence from these experiments that any type of 
event exists which offers a satisfactory explanation of the reported phenomenon. 

2. ‘The alternative explanation has been put forward by Bothe and Kraemer 
(1954), suggesting that the anomaly is produced by a neutral particle, produced in 
the lead by an ionizing primary. It is postulated that these are preferentially 
created without accompanying charged particles, so that a penetrating shower 
selector will discriminate against the events. An alteration in the selection system 
was accordingly made (figure 1 (d).) 

A counter telescope was used to reduce the background due to the presence of 
a large magnet. ‘Tray A consisted of four 50 cm x 4 cm counters, placed above 
the absorber; tray B consisted of fifteen 10 cm x2 cm counters, separated by 
Q-11in. lead and covered by 2:5 cm lead. An anti-coincidence tray, C, of nine 
50 cm x 4.cm counters was introduced immediately below the lead. The rates 
were taken simultaneously when A>1, B>2, C20 and A>l, BS2, C=0 
master pulses were generated (A, B and C being the number of counters 
discharged in trays A, B and C respectively). 

The experiment was run with 2 =0, 10, 12-5, 15 and 17-5 cm lead for a total 
of 900 hours. A slight increase was observed in the number of anti-coincidence 
events with increasing absorber thickness, attributed to more effective shielding 
of the anti-coincidence tray from side and extensive showers. Neither rate 
showed any indication of a maximum at 15cm lead. ‘The cloud chamber was 
triggered on the anti-coincidence events for part of the time and an analysis 
made of these events. In 35°, of the photographs no particles were observed 
in the chamber at all; 25°, were due to showers produced in the material of the 
magnet, with origin outside the telescope; the remaining 40°", showed evidence of 
low density extensive showers. 

No examples of V-type decays were observed in the photographs examined 
and it is concluded that there is no evidence from this experiment either for a 
second maximum in the transition curve obtained using an anti-coincidence 
selection system or for any specific events which could be responsible for the 
reported effect under about 15 cm lead. 
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The Nuclear Magnetic Moment of Holmium 165 


The paramagnetic resonance spectrum of the Ho?* ion has been observed at 
13°K in a crystal of yttrium ethyl sulphate containing about 1% of holmium ethyl 
sulphate. When the crystal is oriented so that the radio-frequency magnetic field 
is parallel to the crystal axis a spectrum of eight hyperfine lines is observed, verifying 
that the nuclear spin of !®Ho is 7/2 (Schuler and Schmidt 1935). If this spectrum 
is described by the usual spin Hamiltonian for a non-Kramers doublet (Bleaney, 
Llewellyn, Pryce and Hall 1954) 


#2 8HS, + AST RASS Se ae ee (1) 


then the values of the parameters are S=4, [=7/2, g,=15-36+ 0-04, 
A=0-334+ 0-001 cm~!, while A,, A, (assumed to have a gaussian distribution) 
have the most probable value A=(A,?+A,?)1?=0-065 + 0-015 cm™. 

The ground state of the free Ho®* ion is 4f!°, °/,. The theory of Elliott and 
Stevens (1953) indicates that matrix elements of the crystal field between the 
states J =8 and 7 are negligible, so that the value of the nuclear magnetic moment 
can be calculated from the formula 


: - 2B Bain 3 «J || N || 7) 
Algs= ( 7 )« FIAT) 


where ¢J || N || J) =23/30, <J ||A ||7)>=5/4. Hence we obtain 


fin =o eg OLA es 


on assuming <7-*)=80+4A-%, and neglecting any possible contributions from 
s-electrons (estimated as + 2%, (see Bleaney 1955)). 

The large value of g, means that the states involved in the resonance transition 
must consist principally either of J,= +8 or +7. Extrapolation of the crystal 
field theory indicates that the latter alternative must be chosen, with small admix- 
tures of the states J,= +1, #5. The theory also indicates that a singlet level (a 
mixture of J,= +6, 0 and —6) lies nearby, and this is verified by the observation 
of lines in high external fields (12 to 16 kG) attributable to an electronic transition 
between one of the doublet levels and this singlet level. It may also be that the 
Jahn—Teller effect, which splits the doublet and gives allowed transitions within 
the doublet, admixes some of the singlet state to the doublet states. This is 
indicated in the low-field spectrum by a small deviation from equal spacing in the 
hyperfine structure, and the appearance of seven hyperfine lines corresponding 
to the transitions S,= +4, L.=msS, 5, I,=m+1. These effects can be 
described by adding terms 


B(S,1, 11S, 1) Bol aie) 


to the Hamiltonian (1), with B=0-02cm™! and P10-8cm-!. The latter 
suggests a nuclear electric quadrupole moment O~ +2 x 10-24cm? (the positive 
sign is deduced on the assumption that ju, is positive, since 4, Phave the same sign), 
but this result must be regarded as very provisional in the absence of a complete 
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theory (some lines can also be observed when the external magnetic field is perpen- 
dicular to the = axis, suggesting that g, may not be zero). ‘The effect of these 
small terms on the calculation of the nuclear magnetic moment is negligible. 


Clarendon Laboratory, J. M. Baker. 


Oxford. B. BLEANEY. 
26th August 1955. 


BLEANEY, B., 1955, Proc. Phys. Soc. A (in the press). 

BLEANEY, B., LLEWELLYN, P. M., Pryce, M. H. L., and HALE Go ReylOs4 Phils agen 
45, 991. 

Ex.iott, R. J., and STEvEeNs, K. W. H., 1953, Proc. Roy. Soc. A, 218, 553; Ibid., 219, 387. 

ScHULER, H., and Scumipt, T., 1935, Naturwissenschaften, 23, 69. 


CORRIGENDA 


Theoretical Studies of the Kerr Effect: I—Deviations from a Linear Polarization 
Law, by A. D. BuckincHaM and J. A. Pope (Proc. Phys. Soc. A, 1955, 68, 
905). 

In equation (2.3) the third term on the right hand side should read 
2P apy pe, and not 2PaupyokpEy. 


| Theoretical Studies of the Kerr Effect, II—The Influence of Pressure, by A. D. 
BUCKINGHAM (Proc. Phys. Soc. A, 1955, 68, 910). 


| In equation (2.9) the left hand side should read 


| ae zs pie OTS = 
OE J E,=0 \ dE, Ly,=0 
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Dynamical Theory of Crystal Lattices, by Max Born and Kun Huanc. 
Pp. xii+420. (Oxford: Clarendon Press, 1954.) 50s. 


The dynamical theory of crystal lattices shares the distinction with the 
kinetic theory of gases of being a comprehensive attempt to deduce the macro- 
scopic properties of a medium from a definite microscopic model. Following 
on some preliminary work of Voigt, Professor Born must rank as the chief 
inspirer of this discipline and his contributions to it range over a period of 
forty years. Since its conception, Born’s pregramme has however been some- 
what modified by the realization of the great part played by the exclusion 
principle in all situations where the metallic bond predominates and the theory 
of metals has developed its own special methods. ‘The volume under review 
is a comprehensive account of the lattice theory of ideal, non-conducting 
crystals; it supersedes the review article of Born and Mrs. Mayer, which 
appeared in 1933 and is in German, and gives evidence on every page, if only 
in manner of presentation, of the progress made since that date. 

The book is divided into two parts. The first part provides in 165 pages 
a very readable account of such topics as atomic forces, lattice energies, lattice 
vibrations and the theory of specific heat both from the Einstein—Debye and 
Born—Karman point of view, elasticity and stability of lattices and the dispersion 
theory of polar lattices. his part of the book can be read by beginners without 
much reference to the philosophy of Born’s general theory. ‘The authors have 
bestowed much care on matters of exposition and a greatly improved notation 
to smooth their path. ‘This will be particularly appreciated in the chapter dealing 
with the elasticity of the crystal lattice, where simplification is achieved through 
the simple expedient of regarding the potential energy of interaction as a function 
of the square of the inter-particle distance. The tone of these chapters is 
entirely physical and phenomenological model considerations are to the fore. 
Particular mention is due to the novel treatment of the dispersion theory of 
polar crystals which incorporates all the results which have been obtained in 
this field in recent years in a very satisfactory and yet elementary manner. 

The second part of the book is quite different in style and makes much 
greater demands on the reader. It is very formal, runs to four chapters 
covering over 200 pages, and contains the deduction of the optical, thermo- 
dynamical and elastic properties of the infinite crystal lattice from the general 
potential function based on the Born—Oppenheimer adiabatic approximation. 
The authors achieve the complete identification of the medium-like, elastic 
description of the lattice and the lattice wave microscopic treatment in the 
limit of long wavelengths. Special care has again been bestowed on the polar 
crystal and the old ghosts which haunted the mathematics of the ionic lattice 
have been laid by a reformulation of the theory, and one finds here the justifi- 
cation of the continuum model used in the first part. The free energy of the 
crystal is expressed as a function of the lattice strain, electric field and temperature 
in such a way that the thermodynamics of finite lattice strain becomes accessible. 
‘The last chapter deals with optical effects. Apart from the Raman and Brillouin 
effects it contains a much simplified account of the Ewald—Born dispersion 


theory of optical wave transmission and a treatment of the effect of damping 
on the dispersion formula. 
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There are eight appendices, of which the most noteworthy is a treatment 
due to Peierls of the cyclic boundary condition and a new method for the 
elimination of the electronic coordinates in the quantum mechanical nucleon— 
electron Hamiltonian. ‘The printing and layout are everywhere excellent. 

It will be seen that this book contains within the same cover two essentially 
different approaches. In spite of the great measure of success, it is the general 
theory which appears open to some criticism. Since everything is based on 
the Born-Oppenheimer approximation, one misses a criterion for its applicability 
and the reader is never shown where the theory of the metallic bond diverges 
from that of the non-conducting solid. 

The discussion of the Born—Ewald dispersion theory also leaves something 
to be desired. It was indeed high time that a version of this theory should be 
worked out using the convenient separation of the electromagnetic field into 
longitudinal and transverse components, instead of the unwieldy Hertz vector 
representation. For the extreme long wave limit there is little to quarrel with in 
the treatment, which in this approximation hardly gets beyond a more phenomeno- 
logical discussion in the first part. But one misses a working out of the connection 
between the refractive index and the forward scattering amplitude: that is, the 
part played by radiation damping, and the effective field on the oscillators is 
not discussed; in vain does one look for the extinction theorem. ‘The total 
lack of references to earlier or similar work is particularly annoying in this 
section (the name of Ewald does not occur once!) and the reader must turn to 
Rosenfeld’s recent book or to a paper by Ewald in Annales de I’ Institut Poincaré, 
1938, to see what the real problem is. 

It is in the nature of things that one finds no mention of the host of phenomena 
associated with crystal imperfections or surface properties. But one misses 
reference to the thermal conductivity of crystals. ‘The only instance where the 
authors touch on irreversible effects is in their long discussion of the influence 
of the anharmonic potential on dispersion, and one would like to see this carried 
out with a more adequate mathematical apparatus—the quantum theory of 
damping is invoked—before judging its significance. 

These are minor faults in a book which fills a real gap. In one respect they 
indicate no more than that Professor Born’s ambitious programme will need 
to await further progress in the quantum mechanical many-body problem 
before it can be brought nearer to fulfilment. But it will be a long time before 
anyone writes a book to supersede Born—Huang. S. ZIENAU. 


Numerical Methods, by A. D. Booty. Pp. vii+195. (London: Butterworths 
Scientific Publications, 1955.) 35s. 

The book is mainly based on a series of lectures given to honours mathematics 
students at Birkbeck College, London. Its aim is to give a general introduction 
to the basic techniques of Numerical Analysis with special reference to those 
methods which are most appropriate to automatic digital computers, with the 
development and use of which the author has been associated for the last ten years. 

After a short introductory chapter of a general nature there are three chapters 
on the elementary theory of the difference calculus in which the main inter- 
polation, integration and differentiation formulae are developed mainly by 
operational methods. It should be noticed that the formula giving the first 
derivative in terms of differences is incorrect and that the incorrect formula is 
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used later in the book. There is a special section on the gaussian integration 
formulae which have proved of much greater use on automatic computers than 
on desk machines. A general method of estimating errors in approximate 
integration formulae in terms of derivatives is given, but it is not stressed that in 
general it is of much greater value to have errors in terms of differences. 

The solution of ordinary differential equations starting from given initial 
values is treated in one short chapter. The main method described is the 
Adams—Bashforth, with the Picard process or the Taylor series method for the 
initial steps. Although the Taylor series method is fully described no mention 
is made of its value as a method in its own right for solving differential equations, 
rather than as a starting process, though in cases where it can be used it is often 
extremely powerful. ‘The Runge-Kutta process is dismissed as inferior to the 
Picard or the Taylor series method for starting a solution and, rather surprisingly, 
no mention is made of Gill’s excellent adaptation of the Runge-Kutta process 
though it is a good example of a method which is well suited to an automatic 
machine while having nothing to recommend it on desk machines. 

The next chapter, dealing with matrix algebra, is the least satisfactory in the 
book, which is unfortunate in view of the great use of such methods which has 
been made on automatic computers. ‘The method of pivotal condensation for 
solving linear equations is described and it is stated that the virtue of taking the 
largest element is that it keeps rounding errors to a minimum, but that it is not 
well suited to automatic machines. No mention is made of two far more import- 
ant advantages, that of helping to keep the elements of the reduced matrices from 
growing too rapidly in magnitude and of avoiding the difficulty which otherwise 
arises when a principal minor, but not the whole matrix, is singular or nearly 
singular. Both of these are of fundamental importance on an automatic machine 
and if the largest element in the leading column, rather than in the whole matrix, 
is taken as pivot this is probably the most suitable of known methods. ‘The finai 
stages of the Choleski method for inverting a matrix are described in such a 
manner as to eee the author’s comment that “‘ the complexity of the process is 
self-evident”. An iterative process for finding the inverse of a matrix A by 
means of the formula X,,,,=X,,(2/—AX,,) is illustrated by a most misleading 
example which obscures the great value of the formula for improving an approxi- 
mate inverse found by some other method. In the section on latent roots of 
matrices, unsymmetric matrices receive little attention although they are of 
frequent occurrence, and complex roots of real matrices are dismissed with the 
erroneous statement that if 4 has a complex root 4A’ will have a real root equal 
to the square of the modulus of that of A. 

By contrast the chapter on partial differential equations, which is mainly 
devoted to the quasi-linear equation of the second order, is well written and 
within the limits imposed by the space available is reasonably complete. The 
classification of second order equations into elliptic, hyperbolic and parabolic 
types by reduction to canonical form is described and there is an exposition of 
the main methods of treating the three types of equation, in which matrix 
methods, relaxation techniques and Monte-Carlo methods are fully described. 
The method of characteristics for solving hyperbolic equations receives less 
attention than it deserves however, and it is implied that it is only when the 

characteristics can be found analytically that the method is useful. This is 
rather surprising in view of the fact that the method has been extensively used 
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on problems in compressible flow in which the characteristic systems are often 
very complex. Although the use of higher differences for estimating errors in 
results is described in several contexts there is no reference to the extensive work 
of L. Fox in this field. 

The remaining chapters are devoted to short accounts of non-linear algebraic 
equations, the use of approximating functions, Fourier synthesis and integral 
equations. Each of these gives a concise account of the principal techniques 
involved, perhaps the only omission worthy of note being Bairstow’s process for 
finding the complex zeros of real polynomials. 

There is at present no other book which covers the whole range of topics 
treated in this volume, and workers in the field of numerical analysis will find a 
useful introduction to their subject together with fairly extensive references to 
the literature. Unfortunately, the work is marred by a surprising number of 
errors of a careless nature and this, together with ‘the price, precludes an 
unconditional recommendation. 

J. H. WILKINSON, 


Physics—A_ Descriptive Interpretation, by C. H. BacuMaNn. Pp. viii+497. 
(London: Chapman and Hall ; New York: John Wiley, 1955.) 44s. 


This book is intended to give students who are not specialists in science a 
connected account of what physics is about and what ideas physicists use in 
their investigations. ‘The scheme of the book depends on logical convenience 
rather than on conventional classification—the initial chapters on basic concepts, 
energy, momentum and the electromagnetic spectrum lead rapidly to atomic and 
nuclear physics. ‘This ‘ microcosmic’ physics is followed by the ‘ macrocosmic ’ 
physics of heat, classical electricity and magnetism, geometric and wave optics. 
The second half of the book is concerned with the application of physical ideas 
to the world we know—there are long sections on the ‘ cosmic physics’ of the 
weather, the earth, the stars and the galaxies and on the physics of biology, 
particularly of various processes in the human body. ‘This is one of the most 
attractive sections of the book. ‘There are final chapters on historic development, 
stressing the accelerating pace of scientific progress, and on the present structure 
of scientific research—the latter from a distinctly American point of view. ‘The 
book is written without mathematics other than arithmetic and elementary 
algebraic formulae. ‘There are a number of sets of discussion topics ; many of 
them would probably prove unreasonably difficult to a person with no other 
guide than the text. The aims and arrangement of the book are original and 
commendable : it was obviously written with American college courses in mind, 
but in this country might find its greatest appreciation in the sixth forms of 
schools and in adult education classes, for both of which it is eminently suitable. 

The reviewer detects no serious inaccuracies or misleading treatments though 
a few of the analogies seemed to him pointless and laboured. A few of the 
drawings seemed ill-chosen and some of them showed a comic-strip facetiousness 
which might repel the staider reader. H. J. J. BRADDICK, 
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The Spectra of the Manganese Halides in the Blue-Green 


By W. HAYES 


Physics Department, University College, Dublin 


Communicated by T. E. Nevin; MS. received 23rd May 1955 and in amended form 
7th Fuly 1955 


Abstract. ‘The bands of MnBr, MnCl and MnfF in the region A4750—5200 A 
have been photographed under high dispersion. The spectrum of each molecule 
consists of two separate systems one of which is assigned to a I-¥ transition. 
The second system of MnCl may also be assigned to a H-® transition. It is 
suggested that the second MnF system arises from a transition of the type 0+-¥ 
and the second MnBr system from a transition of the type 0+-1. The isotope 
effect observed in MnBr and MnCl is described in detail. A table of the constants 


of the band systems of the manganese halides is included. 


§ 1. INTRODUCTION 


ARLY investigations of the spectra of the manganese halides revealed the 

k existence of strong complex systems in the region A4750-5200A. The 

spectra of MnCl and MnBr were first described by Mesnage (1939) and 

the spectrum of MnF by Bacher (1948). In an analysis made by Rao (1952, 1953) 

the bands are interpreted as a *I[—’X transition. ‘The analysis is based on prism 
plates taken at a dispersion of 25-30 A mm_1. 

In the present paper it is shown that the spectrum of each of the halides 
consists of two separate systems one of which arises from a II—» transition. 
Possible interpretations of the other systems are given. ‘The presence of 
two systems was originally suggested by Mesnage. 


§ 2. EXPERIMENTAL 


The bands were excited using MnF, or MnCl, or MnBr, in the hollow cathode 
source described by Hayes and Nevin (1955a). Low dispersion plates were 
taken using the glass prism of the Hilger E478 spectrograph, but on these plates 
(dispersion ~9Amm_') many groups of closely spaced heads were not resolved. 
The bands were also photographed in the first order of a 21ft concave grating at a 
dispersion of the order of 2.5Amm 1. Astra 111 plates were used. Exposures of 
about 90 seconds were required with the prism spectrograph and from 30 minutes 
to three hours with the grating. The data given in this paper are taken from 
grating plates only. 

§ 3. THE Spectrum oF MnBr 


The spectrum consists of three groups of heads degraded to longer waves. 
The groups beginning at 44986 A and A5068 A are strong and equally intense while 
the third group which begins at A4915A is weak. The structures of the A4915 A 
and 449864 groups are similar and bear no resemblance to the structure of the 
5068 A group. 
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The bands appear to form two separate systems one of which arises from a 
[!-¥ transition. The two intense groups are assigned to the Av=0 sequences of 
the systems. 

The Wil-X System 

The Av=0 sequence of this system reproduced in figure 1 (a), (Plate I), 
consists of three groups of closely spaced heads beginning at A 4986-4 A, A 4990-8 A 
andA 4993-7 A, followed by intensity ridges, regularly spaced, which are caused 
by the fusion of diffuse heads. This structure can be interpreted as a 11° 
transition with the IT state near case 6. In each band, when B’ is less than B’, five 
Q and five R heads are expected and if the satellite structure is well developed, four 
weaker S heads. Head formation by T branches is unlikely. 

The four heads in the group beginning at 14986-4 A are the S heads of the (0, 0) 
band. ‘The first five heads of the A4990-8A group are the R heads of the 
(0,0) band. ‘The two weaker diffuse heads present are the R; and R, heads of the 
(1,1) band. The heads comprising the 4 4993-7 A group are the Q; and Q, heads of 
the (0,0) band. Faint unresolved 'T branches run back to shorter waves from the 
S heads of the (0, 0) band and fade out at ~A 4983-64. The heads of the Av= +1 
sequences beginning at A4915 A and A 50634 are readily fitted into this scheme. 
Only three weak heads are observed in the Av=—1 sequence, the rest 
being covered by the heads of the strong A5068A group. The multiplet splitting 
in the II state is of the order of 1:8 K. 

‘The wave numbers of the observed heads and their classification are given in 
table 1. "['wo measured heads remain unclassified. The Q,; heads of Mn7Br 
are represented with a mean error 0-6 K by the equation 

v= 2002464 236°6 (0 +3) —1T4(o +3) — 295-90" 4) 1 -o(y ey. 

The isotope effect associated with “Br and *'Br is readily observed and is useful 
in identifying the heads of the weak Av= — 1 sequence. 

The isotope shift is calculated using the formula 

Av=(p—1)»,+(p?—1)r,. 
The observed and calculated shifts are given in table 2 and the agreement between 
them may be regarded as satisfactory. 
The Bands in the Region X 5068-5100 A 

The group of heads beginning at (5068 A (figure 2(a), Plate II) appears to 
consist of two extensive sequences of double headed bands, the sequence of 
longer wavelength being the stronger. ‘The heads in each band are equally 
intense suggesting they are Rand Q heads. ‘The R—Q head separation in the short 
wave sequence is of the order of 19K and in the long wave sequence of the order of 
15K. ‘The bands could be assigned to two 'II-!® transitions or a transition of the 
type 0-1. In the latter interpretation the difference in the R-Q head separation 
constitutes a difficulty. 

‘Phe wave numbers of the observed heads and their classification are given in 
table 3. Column (6) contains five unclassified heads which lie between A 5069-6 A 
and A5072-14. ‘The direction of shading of these heads is indefinite. The 
heads of the weaker sequence in columns (2) and (3) are marked with a dash. 


§4. THE SPECTRUM OF MnCl 
In the chloride spectrum, besides weaker groups, two strong groups of heads 
degraded to longer wavelengths are observed extending from A 4964 4 to A 5009 A 
and from A 5011 Ato A 50304, Asin the spectrum of MnBr the intense groups are 
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assigned to the Av =) sequences of two separate systems one of which arises froma 


—X transition. 
to inadequate dispersion. 


In Rao’s analysis many of the heads present are not recorded due 
It is the author’s experience with these systems that 


the high dispersion of the grating is essential for an investigation of the vibrational 


structure. 

Table 1. Heads of MnBr in the Blue-Green. [I-% System 
Vacuum i ee. V ‘ : 
Rte eS I Classification aE eee It Classification 

20340-9 1 CS, 200312 8 [Rs 
339-0 2 ls. 030-2 8 R, 
338-2 2 | Sy 029-3 7 0,0] R; 
336°3 2 1 04 S,* 027-9 5 | R, 
335-4 2 iS. 025-4 3 Rs 
333-7 2 S3* 023-1 2 R, 
331-7 1 Ss 021-8 he a 
331-0 1 019-7 1Oy ae 0{ 2 
329-9 Mn 1,0 S,* 017-9 8 TOKO: 
317°5 Mn (R; 014-1 Co yl 
315-7 3 | Ry. Rs* 013-1 4 aaa 2 
314-2 Mn ; oj Ra*. Ra 010-9 A. istat-O- 
313-0 3 | Bet 005-4 pr VSS eRS 
311-7 3 (BE 002-6 5 or Oe 
310-3 2 Linge 19999-2 2 ae Re 
309-2 Be ah. @ Ripert Ry 995-8 Dy Hoke t@s 
308-1 je ye 987-0 t454 0: 
307-0 Oleh Oy Re Os Re 743-1 ey et 
306-1 De A ie 741-3 i ales 
303-4 Seen ny se 733°3 1 ' ete 
292:3 7 ete BOOT cma 731-5 1 Sanne 
049-4 5 (Ss 729-2 1 
048-3 3 Sy 728°1 1 Ope 
046°5 ee Ss 726°5 1 oe GO; 
045-2 1 S. 


L 


The heads of the molecule Mn*!Br are marked with a star. 
lines coincide with expected head positions and where this occurs the wave numbers of the 
lines are given and their presence indicated in the intensity column. 
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Heads of MnBr in the Region A 5068-5100 A 
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The 1-X System 

The heads of the Av =0 sequence of the system (figure 1 (6)) which begin at 
\ 4964 exhibit a close doubling which is discussed with the isotope effect arising 
from ®Cland2Cl. Each band, doubling neglected, appears to contain one R and 
one Qhead. The bands of the Av= + 1 sequences contain, in addition, a single S 
head suggesting that the systemisa I]—S transition witha multiplicity of at least three 
and with the II fine structure unresolved because of a close approximation to case b. 
The Av = +2 sequence is observed in the region A 4780-4825 A but is too weak for 
measurement. The absence of well-defined S heads in the Av=0 sequence is 
noticeable. This is also observed in the complex infra-red MnCl bands (Hayes 
and Nevin 1955 b) where, however, weak S and 'T branches are seen running back 
to shorter waves from the R head of the (0, 0) band. The corresponding structure 
cannot be identified in the blue-green bands due to overlapping by the Av= +1 
sequence of the second system. It seems probable that the bands are the analogue 
of the ®IIS system of MnBr the difference in appearance being due to the 
stronger tendency to case b in MnCl. 

The observed heads are classified in table 4. The number of unclassified 
heads is small. Faint structure the origin of which is obscure occurs between 
5082 A and A5098 A and appears to contain some diffuse heads degraded to shorter 
waves. The Q heads of Mn*°Cl are represented with a mean error 1:4K by the 
equation 


vy =20115-4 + 378-0(o’ + 4) +.0-45 (v’ + 4)?— 385-5 (v” + 4) —0-50(0" + 4). 


The signs of the coefficients of (v’+ 3)? and (v” +3)? indicate an anomalous 
vibrational structure. ‘The infra-red bands exhibit a similar anomaly. 

The isotope effect arising from *°Cl and ?’Cl exhibits some unusual features. 
The heads of the Av=0 sequence show a doubling of the order 1:7K, the close 
pairs of heads having an intensity ratio of about 3 to 1 with the weaker head on the 
long wave side. ‘The calculated shift in the Av=0 sequence is about 0-3K and 
the weaker Mn?’Cl heads should lie on the short-wave side of the stronger Mn*°Cl 
heads. Examination of the Av= +1 sequences shows also a systematic discre- 
pancy of the order 1-6K between the observed and calculated isotope shifts. All 
this would suggest that the origin of the Mn*’Cl bands is shifted by 1-6K to the low 
frequency side of the Mn*’Cl origin. A precisely similar effect of magnitude 
0-5K has been observed in the infra-red MnCl bands. The effects may be due to 
an electronic isotope shift. 

The differences between the observed and calculated isotope shifts are given in 
table 5. Allowance is made for the effect of the rotational shift on the position of 
the R and 5 heads. 


The Bands in the Region X 5011-5030 A 


‘The extensive group of heads beginning at 450114 (figure 2(b)) contains five 
strong well-defined heads between A 5013 A andA 50194. FromA5019 4 to longer 
waves, intense heads occur accompanied by a large number of weaker diffuse 
heads. ‘The bands may be assigned to the Av=0 sequences of the first three 
components of a II-® transition with a multiplicity at least five. 'The measured 
heads are classified in table 6. ‘The two highest energy components contain 
Q, R, S and T heads, the heads of the weaker second component being marked 
with a dash. ‘The third weakest component contains Q, R and S heads marked 


with two dashes, ‘The multiplet separation appears to be of the order of 11K, 
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Table 4. Heads of MnCl in the Blue-Green. [1- System 


Vacuum 

Wave number I Classification Se acnari I Classification 
20518-0 0 21 S 20101+1 8 4,4 R 
510-2 1 32 6S 098-1 12 
508-2 1,0 R 095-6 5 225 es 
505-93 oe 093-9 5 car 
504-62 092-5 2 > Re 
501-9 2 5,4 8 090-2 20 £Q 
500-3 2 28 ak 089-0 12 3,39 Qs 
597-7 0 4,3. S* 085-9 15 R 
505-3 0 6,5 St 084-8 10 6,64 te 
593-6 1 Sa os 081-5 15 fa 
592-7 3 3,2R: 1,00; 2.1-R* 080-4 8 4,49 Qe 
589-9 2 7.6) S 077-2 10 Tee 
585-5 6 4,3R; 2,1Q;3,2R* 072°8 10 eo 
583-5 2 ee 067-2 10 8.8 R 
582°1 1 7,6 S* 063-6 10 6,6 O 
579-5 5 5 <n 058-7 4 9,9 R 
578-1 3 ue 055-8? 2 
576+7 3. 98S;4,3R* 053-7 2 Tee 
574-42 0 8,7 S* 19750-3? 1 fR* 
572-7 4 6,5 R 745-7 1 oar 
570-8 4 4261) 742-0 Mn 5,6$;1,2R* 
569-5 1 10,98; 2,1 Q* 738-0 2 Lor 
568-6? 1 9,8 S 734-9 0 2,3 R* 
566-2 4 Oe 733-9? 2 Gass 
564-7 1 6,5 R* 732-9 1 
563-6 4 5,40 a1 2 eciais 
561-5 0 10,9 S# 729-6 1 0,1 Q* 
560-1 5 8.7 R 728-3 1 7,8 S 
558-0 7,6 R* 726-5 5 
557-1 3 GID 2 G1 6 
552°2 2 6,5 Q PE 1 3,4R3-1,20% 
553-4 4 9,8 R 721-0 2 8,9 S 
551-1 1 8,7 R* 719-2 1 (ae eel 
548-1 Mn 7,6.Q; 6,5 Q* 72 2 poate 
544-4 3 10,9 R 716-0 2 2,3 .O* 
542-8 1 712-9 2 5,6 R* 
541-0 2 7,6 Q# ee 2 RO 
539-7 3 Be O 710-0 2 9,10 S 
534-1 2 11,10 R 708-3 2 BiG 
531-5 2 9,8 Q 705-4 4 10,11S;6,7R* 
529-8 1 703-6 3 BAO, 
129-5 4 0 oJR 699-7 Mn 6.7 © R 
127-9 2 Tee 697-7 i 4 O* 
123-0 8 é oe 695-3? 3 7,8 R* 
121-6 3 ania’ 692°5 2 4,5 Q 
115-8 10 ; es 689-8 2 7,8 R 
113-9 4 »#9 Re 687-2 2 5,6 Q* 
112-0 4 Agee 684-4 1 8,9 R* 
110-0 2 DN: 682-6 2 ont 
108-7 14 casa 680-8 2 | 
106-5 5 » 24 Re a 6678:7 2 8,9 
105-4 4 eral) 
103-8 3 Pe? 


Heads of the molecule Mn**Cl are marked with a star. 
Doubtful heads are followed by a question mark. 
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The Av=—1 sequence of the transition has been observed beginning at 
AS118A. The Av= +1 sequence lies between the Av = + 1 and 0 sequences of the 


Table 5. Isotope Effect in the II-X System of MnCl 


Uv, Uv" Av(Q) ops obs—cale vv Av(Q)obs obs— calc 
Lo @ 8:8 275 DD) 25 2°8 
il 8-6 2-4 3,8 led 1-6 
3, 2 9-3? So) 4,4 ilell 1°7 
4,3 8-4 225 Om —5-6 0-9 
5,4 cil es 2 —4-0 2°6 
6,5 TA 1-4 D3 —4-3 2-4 
0,0 2-0 2A 3,4 —4-7 22. 
1,1 1-6 1S 4,5 —5:2 1:8 

56 —5:0 oA 

U,v" Av(R) ops obs — calc Uv Av(R)opbs obs—calc 
iLO Tics) 0-6 Dee 1-9 1-6 
eal WS 0-7 Bes) De? 2:0 
Spe) 8:8 21 52.5 1-4 125 
4,3 6°8 0-3 6,6 tai (PES 
5,4 oy, Des Ont —4-6 1-3 
(ah, S 8:2 1-9 1, 2 —4-0 0) 
710 9-0 2:9 D3 —3-7 2-4 
0,0 1-6 (etl 5, 6 —4-6 1-9 
i 1-4 1-0 (On, —4-8 1:8 

78 —5°5 1-2 
8,9 —5-7 1-1 

Uv" AV(S)obs obs—calc vv" Av(S)obs obs — calc 
4,3 8:2 0-9 IO 7°9 0-9 
5,4 8-3 1-1 8,7 8-9 2-0 
OG, 3 We7 0-6 9,8 8-4 ies! 

10,9 8-0 ies 


first system and its beginning and end are obscured by them. Heads are not 
recognized in these sequences which are faint. An approximate estimate of the 
vibrational constants gives w’ = 385K, w” =410K. 


§ 5. ‘THE SPECTRUM OF MnF 


Under low dispersion the spectrum of MnF is similar in appearance to the 
spectra of MnCl and MnBr. ‘Two strong groups of heads degraded to longer 
waves lie in the regions \ 4920-4989 A and 44993-51004. These are assigned to 
the Av =0 sequences of separate systems. The system of greater energy is inter- 
preted as a IT-> transition. 


The II-X System 

The bands of the Av=0 sequence of the system (figure 1 (c)) are double headed 
each band containing one R and one Q head. Heads are formed by R and Q 
branches also in the weak Av= +1 sequences. The Av= +1 sequence begins at 
47764 but the heads of the Av= —1 sequence beginning at A5100A are not 
obvious due to slight overlapping by the Av=0 sequence of the second system. 
The heads could arise from a 4II—1¥ transition but it is clear from the appearance 
of the system that the bands are complex. As with MnCl, it is likely that the 
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Table 6. Heads of MnCl in the Region 45011-50304 
Vacuum 
Waveney if Classification ae eek I Classification 

19943 -4 10 R 19871-4¢ 1 
928-6 3 Q 875-9 Mn ap 
924-4 8 0 me Re 868°1 a S 
916-1 3 QO 863-2 0 aL 
Le 2 LQ” 860-9 7 | R 

33: 7 S 855-0 2 See 

SAREE S es i 853-7 1 4 . 
910°5 3 3 845-1 3 R’ 
908-1 4 Q 841-5 6 Q’ 
899°8 3 1,1< R’ 837-0 1 S” 
898-6 1 Se 832:2 i LR’ 
890-4 vi OG 843-1? a: 
888-1 3 Re SSR 1 aw 
880-3? 1 | Q” 828°8 i E 
902-4 2 825-7 4 4,4<R 
886-6? 3 823-0 2 | Q 
906-0 2 S 812-1 2 ex 
896-4 0 a 798-6? 0 
894-3 7 R TES) 1 (T 
884-4 3 Q 790-1 1 5,5<5 
882-3 2 BD BASY 780-1? 1 ces 
872-7 Mn R’ 
868-1 2 S 
865°5 4 | Q’ 
859-4 4 | R’ 
853-7 1 Ks 


system is the analogue of the *IIS bands of MnBr, the absence of S heads in 
MnfF and the lack of resolution of the II fine structure being due to a very close 
approximation to case b. 

The classification of the observed heads is given in table 7. Unclassified 
heads might well be regions of high line density. ‘The Q heads are represented 
with a mean error 1-8K by the equation 


vy = 20298-2 +.637-1 (v’ +4)—1-9(v' +}? 
— 649-1 (v" +4) 4-15 (v" +4). 


The Bands in the Region } 4993-5100 4 


The strong group of heads beginning at A 4993 A (figure 2 (c)) appears to consist 
of two extensive sequences of single headed bands. What appear to be weak 
irregularly spaced heads are also observed especially in the region 4 5004A to 
5034 but these are possibly fortuitous line accumulations. ‘The structure is 
obviously complex and might arise from a transition of the type 0=—2* where the 
multiplicity of the © state is most likely five or seven. ‘lhe properties of such 
transitions are discussed by Hayes and Nevin (1955c). If this interpretation is 
correct the observed heads can be classified as R and Q heads. ‘The absence of 
satellite heads is not surprising since large head—origin separations are not unlikely. 
The R heads are assigned to 0*—-Y+ and the Q heads to0-—Z+. The wave numbers 
of the observed heads, grouped in sequences, are given in table 8. 
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Table 7. Heads of MnF in the Blue-Green. I]-X System 


Vacuum ’ ; ; Vacuum : an ee 
WAC ee I Classification aes II Classification 
20928:8 0 LO 26 20260-6 6 de ras: 
910-7 0 2a 237-2 2 UO 

899°7 Mn Ap ay) ARK 247-3? 1 
891-7 0 3,2 © 246-0 3 5 IR 
881-2 2 5,4 R 241°6 6 
862:7 D) Qed 1k 233°8 3 
843-3 4 TO 231-6 1 6,6 R 
817-0 4 PATS) 5 
789°8 3 19660°7 5 
308-9 1 R 656-6 8 R 
2035 3 Lolus 637-3 4 S 25 
DYD 2 ea R 648°5 0 Oi © 
281-4 3 : Q 651-9? 1 
BSS, Mn 7 9JR 654°8 3 23 SR 
266-5? 1 SoBe) 627-3 3 ; Q 
DUS De 1 635-2? 1 3 fi 
273°8 5 3 3JR 614-8 1 : Q 
DOSS 10 SLO 622:7 1 ie IN 
618-7 as 
609-6 1 SO IS 


Table 8. Heads of MnF in the Region 44993-51004 


W(R)vac I VW(Q)vac Vf 
20023 °3 4 19971-6 6 
19951-1 D 898-4 4 
8693 10 823-7 g 
781-2 2 746-4 4 
693-0 4 662-6 4 


§ 6. DiscussION 


In view of the progress made in the interpretation of the spectra of the man- 
ganese halides in recent years, a summary of the results so far obtained would 
appear to be of value. 

Early work on the spectrum of MnF by Rochester and Olsson (1939) revealed 
the existence of an extensive band system of simple structure in the ultra-violet 
which they assigned to a !X-2! transition. Later Bacher (1948) interpreted the 
system as 7X—"). 

All the halides have strong complex systems of similar structure in the near 
ultra-violet. High dispersion measurements are given by Miiller (1943). An 
analysis of these bands made by Bacher and extended by Rao (1949) showed the 
transition involved to be 7II-"%. There are a number of features of Bacher’s 
analysis which appear to be unsatisfactory. Recently a new study of the MnCl 
and MnBr bands made by Hayes and Nevin (1955 a) has confirmed the assignment 
to a ‘II—-‘X transition but differs considerably in detail from Bacher’s analysis. 

New bands of MnF and MnBr in the red are interpreted by Hayes and Nevin 
(1955 c) as a transition of the type 0*—°X*. All the halides have extensive systems 
intheinfra-red. The spectraof MnF and MnClare described by Hayes and Nevin 
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(1955 b) and the spectrum of MnBr by Hayes (1955). ‘The MnCl system appears 
to arise from a IT-¥ transition with partial case c coupling in one or both of the 
states involved. ‘The MnF bands comprise a single sequence which is possibly 
the analogue of the chloride system. The spectrum of MnBr contains two systems, 
one of which is assigned to a S—¥ transition. The second MnBr system involving 
a Il_X transition appears to be the analogue of the MnCl bands. 


Table 9. List of Constants in the Spectra of the Manganese Halides 
MnF 
Transition Ve wae Wa Ke Oe. Xe We Reference 
>> 41231-5 siglo 618-8 4:46 3-01 (11) 
IT,— x ~28470 ~665 ~610 ~6:0 ~3°0 (1) 
II-x 20298 -2 Oswell 64971 ilag) i125) Gli 
ves ~20000 — — — — cli 
0=— LSD od. 595-4 645-4 Soils SNC (5) 
[I~ ~12180 — — — — (4) 
MnCl 
poe ~40800 ~320 ~384 = = (1) 
711-7 & 27004 -6 407-2 380-6 0:3 0-0 (3) 
II-x 20115-4 378-0 S855 —0°45 —0-50 ti 
II-X ~19900 ~385 ~410 == = ili 
II-x 11420°3 385-4 SO) = Dene Sorry (4) 
MnBr 

‘Th "3 26303°7 80263 286-7 0-6 0°8 (3) 
sTI—> & 20024-6 286-6 295-9 1-4 1-6 t 
O+-1 ~19680 =F = ca t 
~16375 es i = = (5) 

O+—> > ~15910 ~275 ~272 as =e (5) 
II-x 10682:1 290-4 PRES 0-13 0-01 (2) 
ud 10667°5 SAS 298°8 0-62 0-61 (2) 

MnlI 
T17Z = ~24800 = ~240 - — (1) 


t+ Present paper. 


A list of origins and vibrational constants of the various systems is given in the 
table. The fluoride bands described by Rochester and Olsson and the ‘I’ 
bands in the near ultra-violet are both observed 1n absorption and would appear to 
have the ‘S ground state of the molecule in common. Analogous systems 
involving the ground state occur in MnCl. ‘The presence of partial case c 
coupling in the red and infra-red bands suggests that highly excited states are 
involved. With the modes of excitation used so far no evidence is found for 
transitions between these states and the lower states of the molecule. 
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Abstract. The p? *P, level in the are spectra of Zn, Cd and Hg has long been 
considered missing; the accepted explanation has been that transitions involving 
the level are excessively weakened by auto-ionization. By observation of the arc 
spectra of these elements in the range 1700-2350 A, the level in question has been 
located in Zn and Cd and possibly in Hg. With increasing atomic number 
auto-ionization increases very greatly, so that one of two diffuse lines in Cdi has 
previously been considered a band of Cd,. Intensity measurements on this line 
indicate a natural-broadening profile, and yield a value for the auto-ionization 
probability. 

Previous placing of the p? ?P, level of Hg1 is considered erroneous, and a new 
position suggested. 


§ 1. INTRODUCTION 

NE of the many apparently minor peculiarities of the simpler line spectra has 

concerned the missing p? ?P, level in Zn1, Cdi, and Hgt. ‘The p??P term 

lies above the normal series limit, and the J =0, 1 levels were recognized 
years ago, the / =0 level in Hg erroneously (see below), from combinations with 
sp ?P° which give rise in each case to a group of four fairly strong lines in the range 
1700-23004. The line pair sp *P? ,-p?°P,, needed to complete the multiplet, 
has always been considered missing, and the explanation of this detail, which 
has come to be accepted, followed recognition of the effects of auto-ionization by 
Shenstone (1931) and Majorana (1931). The latter author was, in fact, concerned 
with the problem mentioned, and argued that, though no ?P-continuum of even 
parity was available for auto-ionization of p?°P,, the coupling could be taken 
sufficiently removed from LS for ?P, and !D, to share characteristics to the extent 
necessary for the former to auto-ionize readily into the continuum si (d)'D, 
attached to the sd !D, series terms; the auto-ionization probability was supposed 
large enough to broaden and weaken the sp ?P? ,-p?°P, combinations to the point 
of unobservability. As pointed out by Condon and Shortley (1935), this argument 
is not entirely convincing, in that the p??P, level would be expected to auto-ionize 
freely into the sE (s) 1S, continuum, yet the line sp *P{—p?*P, appears sharp. 

The missing lines have now been located definitely in Znr and Cdr, and less 
definitely in Hg1; in proceeding from Zn to Hg the auto-ionization broadening 
increases greatly, so that in Hg, so far, only a single faint hazy patch has been 
obtained, which however, lies at the position to be expected. ‘The three spectra 
are discussed in order below. 

§ 2. EXPERIMENTAL 

The Zn and Cd multiplets fall in the region 2050-23504; spectra were photo- 
graphed in the first and second orders of an aluminized 3-metre concave grating, 
with an arc in air at atmospheric pressure, or in helium or argon at reduced 
pressure, serving as light source. 
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In the case of Cd, photographic photometry was employed for intensity 
measurements. For this purpose, a Hilger medium-quartz spectrograph was 
used in conjunction with a stepped log-sector, to impress a calibration exposure 
on a plate which was afterwards transferred to the grating spectrograph for 
recording of the spectrum to be photometered ; the calibration exposure could not 
be made with the latter instrument owing, of course, to astigmatism. ‘The plates 
were subsequently examined with the Hilger recording microphotometer at Mill 
Hill Observatory. 

In the case of Hg, the region concerned lies at 1700-2000; accordingly, a 
one-metre normal-incidence vacuum spectrograph was used, and the light source 
consisted of a specialized form of constricted mercury arc carrying a window of 
lithium fluoride transparent to 1100A. All exposures were made on Ilford Q1 
or Q2 plates. 


§ 3. RESULTS AND DISCUSSION 


(a) Zn1. ‘The relevant portion of the spectrum of a Zn arc in air is reproduced 
in figure 1 (Plate) at (a). The singlet resonance line 2139 A shows its usual heavy 
self-reversal. The four sharp lines 4s4p ?P?,.—4p??P,, marked were identified by 
Sawyer (1926); one of them is partially obscured by the longer wavelength member 
of the diffuse pair at 2070 and 2087 A, but is clearly distinguishable on the original 
plate. The latter pair was also observed by Sawyer, who classified the lines as 
434p ?P!,—4p?!D, on account of their diffuseness; at that time, the auto-ionization 
process was unrecognized. Sawyer’s classification is reproduced by Moore 
(1952); however, Sawyer recognized that the two diffuse lines fall in the places 
expected for the missing p??P, combinations, and a tentative classification of this 
sort was actually put forward by Selwyn (1929). Moreover, consideration of 
two- and three-electron spectra in general makes it apparent that the p??D, term 
is more likely to be found much deeper, mixed with the 4svd1D, series. In such 
case we expect to find the series terms considerably perturbed (Shenstone and 
Russell 1932), and in fact, a well-known anomaly occurring in most two-electron 
spectra, viz. that the 'D terms lie deeper than the ?D, has been explained by Bacher 
(1933) as a perturbation by p?'D. Bacher assumed the perturbing term to lie 
above the series limit, but it is more probable that in these spectra the p?4D term 
has become fused with the lower terms of the series spectrum. As regards checks 
from iso-electronic spectra, positions for p?'D have been given by Lang (1929) 
and Rao (1931) for Gerti and Asrv respectively, and if the assignments are correct 
they certainly point toa very deep position in Zn1. 

On the whole, it seems established that the diffuse pair named completes the 
PP’ multiplet in Zn1, and the curious behaviour of the p?!D term in this and ana- 
logous spectra presents an interesting problem in theoretical interpretation. 

(6) Cdit. The four sharp lines 5s5p3P¢,,-5p23P,, were found by Ruark 
(1925); he reported that a careful search did not reveal the missing line-pair. The 
four lines were later obtained in absorption in electrically excited Cd vapour by 
Foote et al. (1925), who suggested that absence of the p23P, combinations might be 
due to coincidence of the J=1 and 2 ievels. Actually the expectation is that the 
p* (?P,-*P,) interval should approximate to sp (?P,-8P,), which leads us to seek 
a pair of diffuse lines near 2208 and 22607 A. It is worth noting that the character 
of the p®*P levels was unmistakably ascertained by observation of the Zeeman 
pattern of the line 2306 A 5s5p 3P!—5p23P, (Paschen 1911). 
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Figure 1 (6) shows a portion of the spectrum of a Cd arc in air, obtained with 
the medium-quartz spectrograph. Ruark’s four lines, which again fall close to 
the heavily reversed singlet resonance line, are marked. A notable feature is the 
very wide diffuse patch centred near 2212 A, observed by one of us (Garton 1951) in 
a Cd arc, and, at the time, assumed identical with an absorption band of Cd, which 
occurs, as far as can be judged, at the same place. A similar feature was earlier 
found by Robertson (1932) in emission from a damped electrodeless ring discharge 
in Cd vapour, and likewise was taken to be the Cd, band. Cram (1934), in the 
most recent studies of the molecular bands of Cd,, found that the 2212 A feature was 
not produced in fluorescence or in Tesla excitation, and disposed of ‘ Robertson’s 
band’ as “probably due to an impurity’’.| The supposed observation of the 
2212 band of Cd, in emission from an arc seemed to affect Cram’s discussion of 
the relative dispositions of the potential-energy curves of the Cd, electronic states 
involved. ‘The question now arises whether the feature observed by Robertson 
and by Garton is actually the line sp?P!-p?°P,, which accidentally almost 
coincides with the Cd, absorption band. In this event, a companion line 
sp >P5—-p?8P, should exist inthe 2270 A region. In the Cd arc in air, this region is 
obscured by the strong wing of the 2288 A line; however, careful examination of the 
plates suggested the presence of a local darkening around 2270A. Now the 
extended wings of resonance lines in such cases are commonly ascribed to quasi- 
molecule formation (Herzberg 1950); reduction of vapour-density thus reduces 
the extent of the wings. At the same time, if lines having strongly auto-ionizing 
upper states in fact lie at 2212 and 2270 A, their intensities are presumably assisted 
by higher ion densities, which promote inverse auto-ionization. Operation of an 
arc at reduced pressure can, therefore, be expected to diminish the wings of 2288 A 
and lower the intensity of the suspected intrinsically broad lines. Inthe hope that 
the first of these effects would predominate, arcs were operated in helium and in 
argon at pressures from a few cm Hg upward. ‘The hope was realized and, as can 
be seen from figure 1 (c), the line 2288 A is now unreversed, its wings are no longer 
obtrusive, and the diffuse 2270 A companion of 22124 is plainly distinguishable. 
There now seems little doubt that these two very wide features form the missing 
part of the PP’ multiplet. 


Intensity Profiles and Auto-ionzation Probability 
If the suppositions of the preceding paragraph are correct, then the 2212 and 
22704 features should possess profiles of the natural-broadening type, where the 
intensity at frequency v is given by 


tO 


const. 
CamyeGR . 
with Av=half-breadth of the line centred at frequency vp 
=(the auto-ionization probability) /27. 
A measurement of the intensity distribution will thus check whether the broad 
features are of the correct shape, and yield the auto-ionization probability of the 


Boot level. | ; 
Accordingly, intensity measurements were made over the region 2150-23504, 

by the process of photographic photometry outlined in §2, and the results are 

displayed in figures 2 and 3. In figure 2 the full line shows the course of the total 


+ For an extensive general account of the details and interpretation of the supposed van 
der Waals type bands of Cd, etc. see Finkelnburg (1938). 
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Oy ice } 
relative intensity after allowance has been made for general background, consisting 
of continuum and stray light. ‘This reduction isolates the 22124 feature fairly | 


well, and in figure 3 the full line shows the experimental profile, and the broken 


curve represents equation (1), based on the measured half-breadth. The agree- | 
ment is good enough to support the view that the 22124 feature is indeed a natur- 


ally broadened line. ‘The most pronounced deviation lies towards shorter wave- 
lengths, and may be at least partly due to the effects mentioned at the end of the 


next paragraph. ‘The measured half-breadth is Av= 176-1 cm }=5-28 x 10! sec | 


which gives an auto-ionization probability of 3-32 x 1018 sec ?. 
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Returning to figure 2, the problem of separating the profile of the 2270A 
companion line cannot be answered uniquely; difficulty lies in allowing properly 
for the contribution from the wing of the 2288A line and from the two strong 
sharp lines close to the 2270A peak. A serious uncertainty is presented by the 
fact that the 2288 A reversal is undoubtedly asymmetrical; if this source of error is 
neglected, to first approximation, then the complete curve breaks down fairly 
naturally as indicated by the dotted lines in figure 2, when the half-breadth of 


| 
| 


| 
| 
| 


On the p’-Configuration in Zn1, Cdl, Hgl Litt 


the 2270 contribution is made as nearly as seems possible equal to that found 
for the 22124 line. However, this breakdown can be regarded as little more than 
illustrative. It may be noted that the total-intensity ratio of the 2270 to the 
22124 line should lie between 3 :1 for LS and 1:2 for jj coupling. From the 
curves of figure 2 the ratio appears more like 5:1; however, considerable 
uncertainty exists regarding spectrograph transmission, plate sensitivity and 
absorption by the air over the long light-path used, all of which vary rapidly with 
wavelength in this spectral region. 


(c) Hgt. The usual four sharp lines of the PP’ multiplet were identified in 
Hgt by Sawyer (1926), as follows : 


Avast A) ea Ch) Classification 
2002-7 49933 67Po-op"4P; 
1900-1 52629 spo 3p, 
1832-6 54567 speSP. 
1774-9 56341 2p 


pane 6p? Py == 92039 
oP 3077 

There is little room to doubt three of these assignments; the line 1900-1 4, 
however, which provides, of course, the sole basis for fixing p?°Py, has a rather 
unnatural position in the multiplet. 

Spectra have been photographed on the vacuum spectrograph, with 5—9 amp 
arcs in mercury vapour, arranged so that the arc column, constricted within a tube 
of a few millimetres diameter, was presented end-on totheslit. Three of the above 
four lines were found strongly developed, but no trace of a line was found near 
1900-14. Itis noteworthy that Selwyn (1929) mentions no line at this wavelength. 
Selwyn’s line at 1972-94 4, not mentioned by Sawyer, is present on our plates in 
about the same intensity as 1832-6 A, and has a much more natural position for the 
3p?-8P, combination. Possibly some confusion may have arisen in the past from 
the existence of an Hg1i line at 1973-894. We have distinguished the two lines 
near 1973 A by the following observation. On first striking the Hg arc in helium as 
carrier gas, the spectrum shows strong Hegt1 lines including 1973-89 A; after the 
arc has warmed up the spark spectrum weakens and the latter line vanishes but is 
replaced by 1972-944. As regards Sawyer’s 19004 line, it is noticeable that 
a raie ultime of sulphur occurs at 1900-274. From these considerations it is 
suggested that the second line of Sawyer’s list should read : 

1972-94 A 50686 cm“! 62 P3--0p7 225: 
giving 6p?3P,= 90096 cm above 6s?15p. 

If we now assume that the overall splitting of p?°P is of the same order as that 
of sp 3P, we expect 6p?*P, to lie about 96500 cm |, and to produce two very diffuse 
lines centred about 1750 Aand 1905 A. ‘The pictures obtained with the constricted 
mercury arc do suggest presence of a diffuse local darkening in the 1760 region, 
but the 19004 region is more affected by background and the wing of the 18494 
reversal so that decision is not possible regarding the longer wavelength component. 
For these reasons further work is being done on Hg. ‘The radiative transition 
probabilities of the p?*P, combinations are obviously quite high in Zn and Cd, 
and therefore presumably in Hg also, so that there seems a reasonable hope that 
the diffuse Hg lines sought may be obtainable in absorption by electrically excited 
vapour. Experiments in this direction are in hand, 


cm”! above 6s21S,. 
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Abstract. The scattering of lattice waves by static imperfections is treated by 
second-order perturbation theory. ‘The transition matrix is composed of contri- 
butions due to the mass difference of lattice points, changes in the elastic constants 
of linkages between lattice points, and elastic strain. Point imperfections are 
shown to scatter as the fourth power of frequency, dislocations as the first power, 
and grain boundaries independently of frequency. The magnitude of the 
scattering cross section is estimated for a variety of lattice defects in alkali halides, 
for screw and edge dislocations and for grain boundaries. ‘These results are 
discussed in relation to thermal conduction by the lattice at low temperatures. 


$1. INTRODUCTION 


HE thermal conductivity of non-metals as well as the lattice component of the 

thermal conductivity of metals is sensitive at low temperatures to the 

type and concentration of lattice imperfections (Berman 1953, Olsen and 
Rosenberg 1953, Kemp, Klemens, Sreedhar and White 1954). ‘The temperature 
dependence of the thermal resistance arising from these imperfections is governed 
by the frequency dependence of their scattering cross section for lattice waves 
(Klemens 1951), so that a study of the thermal conductivity gives information 
about the nature of the principalimperfections. ‘T’o interpret such measurements 
it is necessary to know the frequency dependence of the cross sections of various 
model imperfections; if estimates of concentration are desired the absolute 
values of these cross sections must also be known. It is the purpose of this paper 
to discuss the quantum-mechanical theory of the elastic scattering of lattice waves 
by static imperfections, and to apply it to substitutional impurities, vacancies, 
dislocations and grain boundaries. ‘Yo facilitate the calculations, the lattice is 
taken as simple cubic or, where the discreteness of the lattice is unimportant, the 
solid is treated as an isotropic elastic medium. ‘T'rigonometric ratios will be con- 
sistently replaced by root mean square values. Only waves of lowest frequency 
will be considered, so that dispersion can be disregarded. 

The scattering probability may be calculated from the terms in the expression 
for the perturbation energy which are quadratic in the displacement of the lattice 
waves. An imperfection contributes in three ways to the perturbation energy by 
producing an alteration in (a) the kinetic energy due to a mass difference, (b) the 
potential energy due to a change in the elastic constant of some linkages, and (c) 
the potential energy due to an elastic strain field which alters the elastic constants 
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of the linkages as a result of deviations from Hooke’s law. It is the last-named 
effect which has been discussed by Peierls (1929) and Klemens (1951) in relation 
to the intrinsic thermal resistance of non-metallic solids. 


§ 2. INTERACTIONS DUE TO STATIC IMPERFECTIONS 


The energy of the lattice vibrations of a perfect crystal can be expressed 
(Peierls 1929) as 
B=4M > w2(a¢ 4.744%) ~ (1) 


k 
where M is the mass of each atomt+ and the sum is taken over all normal modes. 
The displacement of an atom at the lattice-site x is given by 


1 ; 
u(x) = ae 2 e, exp {t(K cit), eee (2) 


G being the number of atoms in the crystal, e the polarization vector, k the wave 
vector, w the frequency and 6 the amplitude. The amplitudes in (1) and (2) are 
related by 


ay — by. elt, To won (3) 
Since the displacements must be real, a_, and b_, are the complex conjugates (or 
adjoints) of a, and b, respectively, and w,=—w_,. ‘The normal modes obey 


harmonic oscillator equations, so that the a’s are represented quantum-mechanic- 
ally by matrices whose non-vanishing elements are 


ho. \ue 

(a) Vy, va= (aie N ) Perko. (4a) 
(agB ioe es (O8. hte ies (4) 

‘k N, N+1 —k}) N’, N’—-1 Meo Le pe a he ee Pets BD 
ING se GN AD oe tae See ea eee (4c) 

Thus 
E=> hw(N+4) Cer TR (5) 
K 


so that the excitation of a normal mode is equivalent to NV phonons, each of energy 
hw. ‘The state of the crystal is specified by enumerating the number of phonons 
of each mode. 

The above theory is applicable only to a crystal which is perfectly periodic and 
whose interatomic linkages are perfectly harmonic. In real crystals this is not so 
and energy can be interchanged between the lattice waves, which are no longer true 
normal modes. ‘Thus the state of the crystal can alter. If E,,’ is the perturbation 
energy matrix, 7 and 7 being two states of the crystal, then the rate of change of W,, 
the occupation probability of the 7th state, is given by 


dW, 1—cos(E,—E,)t/h 

— = VINO a hal 
t dt as 7 E., (H,— E,)? ore eee (6) 
where £;, is the energy of the state 7. 


Elastic scattering of lattice waves is described by those terms of the pertur- 
bation energy matrix which are of the form 


¥, 
iia Dace KF Oe Oe Oe etna (7) 


t In polyatomic crystals MW is the mass of each unit cell. 


Tin ‘ This assumption that the 
lattice is monatomic does not lead to errors at low frequency. 
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each term representing the annihilation of a phonon k and the creation of a phonon 
k’, that is scattering of a phonon from a state k tok’. The resonance factor in (6) 
ensures Conservation of energy, so that real transitions occur only if w=’. 

One can rewrite (6) in terms of the average values of N, that is in terms of 
N=i,W,(N),, namely 

dN x sae i, ltoslae or 

a a O16" WRow' ora? 
If N= N°+n, where N° is the equilibrium value of N, and n the deviation from 
equilibrium, 


[NG LNT = NON ET) Te neces (8) 


(N= TN SING =| l= Naan ee) canes 2 (9) 
for real transitions, for which N°= N°, Replacing the summation over k’ by an 
integration, one finds a relaxation time 


1. 14N 
tT ndt 
; 1 on dk’ n' 
=qQ 2 — es 
OG | dS 201? TA Oey dey [ : ] = (10) 


where the integration is over the three surfaces w’ =w in k’-space, corresponding 
to the three modes of polarization of k’. The lattice parameter is a, and the 


volume of the crystal Ga’. 
If the material is isotropic, and if y is the direction cosine of k relative to the 


temperature gradient, 

Pita ler eres i) oO) OE aa (11) 
If the imperfection is spherically symmetrical, or if it is orientated at random, then 
the average value of y.’ u is wz, the average of the cosine of the scattering angle. 


§ 3. SCATTERING BY A SUBSTITUTIONAL ATOM OF DIFFERENT Mass 


The perturbation energy arising from a substitutional impurity atom of mass 
M+AM, otherwise identical with the normal atoms, and situated at x, is 


du \2 
“pees fy, V (eae 
B=3m (7) 


uN VM , / . / a / 
= ve Pans 1) db, by ww’ (€. €’)exp jz(k+k’).x+i(w+w')t}. 
ee eee ee (12) 
In this double sum there are terms k = —k’, whose sum is 
AM ; AM . 
IG Me w*(b_, by + by b_,) = wel S w2 (a_, ay =} ay a_,). O Were, (13) 


In the matrix representation these terms are diagonal, and denote the change in the 
expectation value of the vibrational energy of the crystal. From (1) and (13) this is 


simply 
AM 
eee eis pele pange lf tl NPT eet 14 
AE GM E. (14) 
In addition there are non-diagonal terms, which can be written as 
AM / , . Pe 
= FG oy Meee we" (e-e’exp fie(kK-k)} sees (15) 


which is in the form of (7). 
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In the case of an isolated impurity, one can disregard the factor 
exp {ix . (k —k’)}, because it does not affect the value of cy, .?. Inthe case ofa group 
of impurities of definite arrangement, one must sum over the appropriate values of 
x, leading to a restriction on the admissible values of k’. Thus in the case of an 
infinite row of impurity atoms in the direction of the 3-axis, ¢,, vanishes unless 
Riek. 


For an isolated impurity atom, then 
AVN 2 ona ss 
wd= (Sq) otwle- et SOB ere (16) 


In the average (e . €’)? = 4, p/w’ =0, and from (10) 
cai “7 ) wt 


TG MM die donee 
where v=w/k is the velocity of the waves. ‘This is similar to an expression given 
without derivation by Pomeranchuk (1942), but exceeds his value by a numerical 


factor of order 10. 


§ 4, SCATTERING BY AN ATOM OF DIFFERENT BINDING FORCE 


If a foreign atom is bound to its neighbours by binding forces of different | 
elastic properties from those of normal linkages, the resulting disturbance scatters | 


phonons. 
The contribution of the normal linkages to the unperturbed Hamiltonian is 


E,=3My 2 {( =)! [I . (u,—u,4)]? 
:. ( ou) pees uP} iA (18) 


where v, and vy, are the velocities of longitudinal and transverse waves respec- 
tively of long wavelength in the principal directions, 1 is a unit vector} in the 
direction of a linkage, and the sum is over all linkages, that is half the sum over all 
lattice points x and over all linkages 1 emanating from each lattice site. The 
first term in (18) is due to relative displacements parallel to the linkage, the second 
term due to relative displacements in the normal plane. ' 
The interatomic forces between a foreign atom and its neighbours will differ 
from the normal forces; let the corresponding changes in the elastic constants be | 
described by changes 6v, and 6v,, in the v’s. The perturbation Hamiltonian is | 
then 


( 2v,0u 
E'=1M> 4 nue 


n a 


[Ix (u, — ¥ dP } bee ke ee (19) 


The sum is now over all linkages between the imperfection and its neighbours } 
(six values of 1 for a simple cubic lattice). 
It is now possible to express E” in the form (7). From (2) and (3) 


20, OUT] 


Qa 


1 
1. (u,—u4)= Gin a. HK (€ - l)exp(zk .x)[1—exp(tk.1a)] ...... (20) 


1 
1X (uy —ug)= Gm 2. a, [I x e] exp (7k . x) [1 —exp(zk . 1a)]. ...... (21) 


zi: But in the suffixes 1 denotes the displacement from an atom to its neighbour along the 
iinkage. | 
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‘The factor exp (7k . x) will be omitted, as in § 3, since it merely introduces a phase- 
factor into the matrix element. In the case of long waves, 

exp (zk . la)—1=7(k. Ia, 
so that, after substituting (20) and (21) into (19), one has to evaluate expressions of 


the type 
> (k.1)(e. Ick’. Ife’ . I) [1 + exp {¢(k—k’) -la}] ...... (22 a) 


> (k. I(k’ . D(x e). (Lx e’)] [1 + exp f(k—k’) .Ia}]....(225) 


T 
‘The resulting expressions are in general quite complicated, but for the purpose of 
deriving the frequency dependence and the approximate magnitude of the 
relaxation time, the following simplifications seem permissible and will be made. 
Expression (22 a) contains a product of four trigonometric ratios, depending 
on the relative orientations of 1, k, k’ andthe polarizations. In principle one should 
evaluate (22a), square and then sum over all modes k’. Since in practice one 
requires, not the relaxation time of a wave k, but an average relaxation time over all 
modes of wave number k, one should then average over all directions of k, and all 
polarizations. ‘This suggests the following approximation: the square of the 
matrix element is to be averaged for all interacting waves k and k’ of wave number 
k; treating the directions of k, k’, € and e’ as uncorrelated, every trigonometric 
ratio will be replaced by its root mean square value (1/3)"?. As a further simpli- 
fication the distinction between different polarizations will be disregardedf. 
For long waves one can approximate 
bap expnt( kk) lg re), whcttap is (23) 
so that (22 a) becomes simply 
SYG)RAQRR SBR ance (24a) 
while (226), containing in addition the cosine of the angle between (1x) and 
(1 x €’), whose root mean square value is (1/2)!, becomes similarly 


oe 
3(4)42($)1? 2RkR’ = — saben: (24) 
One thus obtains from (19) 
M S 
C= — FG EXP {i(k —k’). x} RR’ (20,80, 4+ 4/20 zy, 8077). «+ eee (25) 
Substituting into (10) one obtains, on approximating v=v,;=Vyy, 
Le2af 09 Ne | 
ea Peet =e aes 26 
“a =2(=) a (29) 


for the inverse relaxation time. When squaring (25), the product of the two 
terms in the bracket is omitted, since phase relationships between them were lost 


by the present approximation. 


§ 5. SCATTERING BY AN ELasTIC STRAIN FIELD 


In a perfectly harmonic lattice an elastic strain field has no influence on the 
lattice vibrations. In real crystals the strain energy depends not only on the 
quadratic strain terms, but also on terms of higher order, so there 1s interaction 


+ This does not introduce a serious error in the thermal conductivity, because three- 
phonon processes will tend to equalize the effective relaxation times of modes of the same 
frequency but of different polarizations (Klemens 1951). 
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due to a strain field. ‘The cubic terms only will be considered here. These 
terms give rise to thermal expansion, and also to the three-phonon interactions, 
which are responsible for the intrinsic thermal resistance (Peierls 1929, 
Klemens 1951). 

It is assumed that the contribution to the Hamiltonian arising from the cubic 
anharmonicities is of the form 


E'=-iM >> {4 ( a) Cont an) 


2y 


2y a (2a) (x (ue) OL (4a aT essham(2a) 


where the summation is as in (18) and y;, y;, are two constants specifying the 
anharmonicities. 

Equation (27) disregards interaction between different linkages and does not 
contain odd power terms in [I x (u,—u,_,)].. The latter is justified from symmetry 
considerations in cubic crystals. Expression (27) is related to the Griineisen 
model of thermal expansion: it is easily seen that if y=y,=yyy, all lattice 
frequencies are changed by a factor 1—yA in the case of a uniform dilatation A 
(positive if the volume is increased). In this case the coefficient of thermal 
volumetric expansion is . 


dAld Psi Sige si, st) at 20 Daa eee (28) 


where S is the specific heat per unit volume and « the compressibility. Bil and 
Pullan (1954) generalized (28) for the case when y; and y;;are notequal. Existing 
measurements of thermal expansion are usually not sufficiently accurate to warrant 
this refinement, so that it will be assumed here that 


xk dA 
Vir I co. a ek 2 et Ba eee ee (29) 


Let the strain field be specified by displacement vectors v(x). For simplicity 
consider a simple cubic crystal and choose the coordinates to coincide with the 
crystal axes. Then 


1 dv; 

5 L (u, =u) = de os pee (30) 
l dv; 

-I,x(u cma mie eeaaaant asggteon (31) 


where I, is a unit vector in the direction of one of the crystal axes and where 65 Is 
the permutor. One thus obtains for (27) 


, dv, 
sala z Jee ae (© De Dk Dk’) 
+or7 at x €] « [Ix €’])(k. I(k’ . 2) 


dv 
+ 2er Pein Fe (ne xe) eK (kA) bexp {i(k—K) .) ek 


If all trigonometric ratios are again replaced by their root mean square values, (32) 
can be simplified. Let 


dv, 
~ Pe Feeble iain Hlaive gh: (33) 
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be the dilatation, and 


i = been Rite (34) 

be a component of rotation, and define their inversions 
D(q)=| A@expliq-x)dx aa (33 a) 
P.(q) =, 10) exp (éq - x) dx eel (34.2) 


then the approximate expression for (32) becomes 


p= Bg (on-w0 (E+ $4 


+2> P,(k—-k’) 7 fA a ART (35) 


In the approximations made to derive (35), the relative signs of D and the P,’s were 
disregarded, because the terms in (35) are root mean square values. Hence to 
obtain c,,” each term in (35) must be squared separately, rather than the sum 
being squared, as should be done if (35) were an exact expression. 


§ 6. SCATTERING BY THE ELASTIC FIELD AROUND A PoInT IMPERFECTION 
The displacement field v(x) is governed by the equation 
Veyv=0 55 8 1 FO neers (36) 
The field about a point imperfection is spherically symmetrical, all displacements 
being in the radial direction. 'The solution of (36) is thus 
Ce A DTPA A. hep ahnt 8 sth Ny) Rand gee iat ate (37) 
The first term corresponds to a uniform dilatation, whose Fourier inversion (33 a) 
vanishes except for g=0, so that it does not contribute to the scattering and can be 
disregarded. The dilatation is given by 
cal Pe a ee ee (38) 
Cs a3 
which vanishes for v=6;-%. Similarly each component of the rotation vanishes. 
Hence the elastic field about a point imperfection would not scatter lattice waves 
if treated according to the continuum theory and if the physically unreal singularity 
at the origin were excluded. ai 
However, the continuum theory is not applicable in the immediate vicinity of 
the imperfection, so that changes in the elastic constants of individual linkages 
must be obtained from (27), and the perturbation matrix obtained from (25). 
The linkages in the immediate vicinity of a point imperfection A (see figure 1) 


Figure 1. The linkages about an imperfection at A, 
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can be classified as follows : There are six nearest linkages a from A to sites B. 
There are six links of type c and 24 of type b. __ It follows from the elastic theory 
that the scattering contribution from any three mutually perpendicular linkages 
emanating from one point add up approximately to zero. ‘Thus a link c cancels 
two links b, but 12 links of type b are not cancelled; also links a are strained in the 
opposite sense of links c and thus in the same sense as links b. Similarly a g-link 
cancels two e-links, a d-link two f-links, etc., but there are residual links which 
cannot be thus grouped, namely links adjoining and perpendicular to the three 
planes formed by the six nearest links. The number of these residual links 
increases as the first power of the distance, but the strain decreases as the cube of 
the distance. ‘Thus the contribution to the scattering matrix from the strains in 
such ungrouped linkages is equal to the contribution from the six nearest linkages, 
multiplied by 
L420 e+ ht )e42) oe 9 eee (39) 

For short waves there will be some destructive interference from different links, 
but for long waves all contributions to the scattering matrix are additive. It is 
easily seen that all strains on the residual linkages are in the same sense. 

If the nearest neighbours B, distant R from A, are displaced radially by AR, 
then this corresponds to a change in v? which, according to (27), is 


where AR is positive, if outward. 


Substituting this into (25) and multiplying by the factor (39) 


M ; MARES 
Se GOP IKK) 95 «wo! 0(5 eae (41) 


where O=4-2 if the nearest linkages have the same anharmonicity as all other 
links, but O&3-2 if the anharmonicity of the nearest linkages is excluded. 


§ 7. SCATTERING BY POINT IMPERFECTIONS 


One must now consider the combined effect of the mass difference, the 
difference in the elastic constants of the nearest linkages, and of the strain field, 
Each effect is described separately by a matrix, namely (15), (25) and (41). If these 
were exact expressions, the correct precedure would be to add these together, then 
Square the sum to obtain c,,. However, in the approximations leading to (25) 
and (41) only root mean square values were obtained, so that all information 
regarding phase relations between (15) and (25) and between (15) and (41) was 
lost. However, the relative phases of (25) and (41) were preserved, because they 
are approximations to expressions containing the same relations between k, k’, I 
and the polarizations. ‘Thus to obtain c, ,? appropriate to the present approxi- 
mation, expressions (25) and (41) are added, squared, and then added to the square 
Of (15) ens 


M2 
9 / s 
On aes ts Bae e e | ep Sr (42) 
where 


S?= 524.69) Se)? meee 
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and where S,, S, and Sj are, from (15), (25) and (41), 
) 


RTS eatery a AR [2 | 
y= M DaJ3? 2 a) eS = OV fF. we eee (44) 


The relaxation time is given by (10), and it follows that 


In (44), 5(z*) is positive if the elastic constant of the nearest linkages is higher than’ 
that of the normal linkages, y is positive for materials which expand on heating, 
and AR is positive if the nearest neighbours are displaced outwards. 

Consider the effect of a substitutional foreign atom. The only well-known 
quantity is AM. To estimate AR it will be assumed that the interionic distances. 
are the sum of the ionic radii, so that AR is the difference between the radii of the 
foreign and the normal ions. The constant y is obtained from thermal expansion 
data (Griineisen 1926). It is assumed that the nearest linkages have the same 
anharmonicity as the normal links, so that O=4:2. The change in, the elastic 
constants of the nearest linkages can, in some cases, be deduced from elastic 
data: thus in the case of a K impurity in NaCl the foreign linkages are K—Cl, so 
that 


where x, is the compressibility of KCl, «, that of NaCl. However, this method of 
estimation is not applicable in the case of divalent impurities in alkali halides,. 
because the corresponding ionic compounds have a different crystal structure. In 
such cases all that is known is that 6(v?)/v? is positive. 

For the above case of a K* ion in NaCl, AM/M= +0-70, AR/R= +0-14, 
6(v?)/v? is estimated to be + 1/4, and y=1-6;. The K—Cl bonds are assumed to 
have the same anharmonicity as the Na—Cl bonds, since both substances have 
nearly the same value of y, sothat 0=4:2. Thus S,=0-20, S,=0-11, S3= —0-79, 
and S?=0-50. 

In the table the results of similar calculations are given for a number of sub- 
stitutional impurities in alkali halides. For divalent impurities S, is only known 
to be positive, and the total scattering probability is correspondingly uncertain. 

Consider now the case of a vacancy. In this case the absence of an atom 
implies AM/M = — 1, 8(v?)/v?= —1, O=3:2. The displacement AR is, however, 
not so certain. 

Pick and Weber (1950) have measured the density of KCI with CaCl, addition 
as a function of impurity content. ‘The density change is linear and consistent 
with the assumption that to each Ca?* ion there corresponds one K* vacancy, and 
that each such pair (not necessarily associated) occupies the same volume (to within 
10%) as two K+ ions. The ionic radius of Ca?* is 0-99 A, compared with 1-334 
for K+; thus the nearest neighbours of the calcium ion are displaced inward by 
AR= —0-344. To account for the observed density there must be an outward 
displacement of AR=0-31 A of the nearest neighbours of the vacancy, so that fora 
vacancy AR/R= +0-1. Itis reasonable to adopt this value of AR/R for all vacancies. 
in the rock salt structures. One thus obtains for a vacancy in KCl: S,= —0-29,, 


Ss — 0-43, So — 0-42, and S2=0-8. 
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§ 8. SCATTERING BY SINGLE DISLOCATIONS 


Consider a dRteckees with its axis in the z direction, and a Burgers vector of 
magnitude 4. If the dislocation is screw, the dieptaoement in the zg direction is 


bé 
aa ee NP ee eee 6 ey et (47) 
so that 
Nea) IL, = 5— cos 6, IT, = 5— sin 0 Sas heart (48) 


where v=r cos ¢, etc. In the case of an edge dislocation with slip-plane y =0, it 
can be shown (Cottrell 1953) that 


6 1—2y sin®@ 
ale ag Fae 
b cosé 
ae ei eree' @ © (49) 


where r is the Poisson ratio. 

These expressions do not apply in the immediate vicinity of the dislocation 
line, where changes in the individual linkages must be considered, as in §6. In 
this case, however, owing to the non-vanishing of I, and of A for edge dislocations, 
and owing to their slow decrease with increasing 7, most of the scattering arises from 
distant regions (r~1/k), so that no serious error is incurred by applying the 
continuous theory also in the vicinity of the dislocation line. 

To calculate P and D, the Fourier inversions of cos 6/r and sin 6/r are required. 
Thus 


22 pox 


cos 4 ee: 


exp (iq. r)dr= i | ; cos exp {zgr cos (@—¢)} dr dé 


\] 


where r=(r cos 6,r sin @),q=(qcosd,qsind). Integrating first with respect tor, 
and then with respect to x =@—4, (50) becomes 
osd 


ee at — lim nee (7g R cos «) (1—tan«)——~ DOGeh  sitareots (51) 
uq R->w/ 0 ef 
Consider the second term in (51). Since cos « is an even function, and tan « odd, 
the term in tan vanishes on integration. ‘lhe other term can be written 
cos fis dz 

es Bae hs | COS & 6 
Owing to the oscillatory nature of the integrand, and because the denominator 
behaves as 1/X for small z, the only important region of integration is near =X. 


Writing €=X —2 


7X Zz - de xX 
i COS 2 (Xa 22) = Ib COs (4 axa le ae 


“This integral converges at € =0, behaving as cos X (2)-3?(¢/X)'?._ "Thus the second 
term in (51) vanishes, and 


2 
{| cos 6 Sait seen m COs Ate (54 a) 
i aq 
-and similarly 
_ ansi 
[| Sint exp Caer ae. tan (545) 


1124 P. G. Klemens 


Consider now the case of a screw dislocation. Substituting (48) into (35), and 
using (54) 


i Mey peg etre ohh 2 ya Af 1g, x) dz 55 

Ok = Gas PF a 7 (sin b+cos*¢) ; | exp (425) bere ee (55) 
whereq=k—k’. Now 

lexp(igs)ds=@> 8,=@G33g veers (56) 


where G, is the number of atoms along a line in the z direction in the crystal and 
6,=0 unless g=0, when 5,=1. Thus 
M%2/ kk 2 2 3 
PN M*y* Tara 6? Ur? = © fenertele ve (7) 
G,?a*\|k—k | 
if kz =ks'; otherwise it vanishes. Here Gy=G/G3. We must substitute (57) 
into (10); here 


Ck k’ 


Dre et oe 
1S SSS eee ee (58) 
aG 
where dl’ is an element of the intersection of the surface w=w’ and the plane 


ieee 


Figure 2. Projection of k and k’ in a plane perpendicular to the dislocation axis. 


In figure 2 the plane k;’=k, is shown; thus dl’=k, dx, where ky is the pro- 
jection of k; w~=cosf, uw’ =cos(«+), and 


l= j=l cosa. Ee sine tan 0.) | ae ee (59a) 
Rok, . 
Also | eae =e (2Si $0) pe ree (59d) 
and 
pee hak 1s i ees Mobo (60) 
| dl eet may . 


In figure 2 grad T has been taken to be perpendicular to the dislocation line. 
In the average kj =(2/3)""k, so that for a dislocation perpendicular to the 
temperature gradient 

_ te oH 

— Gia yw 3712 aes aes (61) 


ylRe 
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If the dislocation line is in the direction of the temperature gradient, 1/7 vanishes. 
More generally 


‘™ je vai! LL’ + 1gle’ + Isls’ 
e Lb" + Lolo” +13lg" 
where /;, /,, /; are the direction cosines of grad T, 1,’ etc. of k’ and J,” etc. of k. 
Now /;’ =/;", so that ,/,’=1,/,”=cosy. Thus (62) is 
cos(B+a)+cosy cosB—cos(B+«). 
cos B+cosy i cos B+ cosy 


In (60) the average of {cos 8 — cos (8 +)}/ cos 8 was obtained; this is now reduced 
by a factor cos8/(cos8+cosy). Consider now dislocation lines orientated at 
random: the average value of cos is 1/\/2, and of cosy it is 1/1/3, thus the 
average value of cos $/(cos8+cosy) is 0:55, and (61) must be multiplied by this 
factor to obtain the scattering probability due to randomly orientated screw 
dislocations. 

A similar calculation can be made for edge dislocations. In this case one 
obtains for a dislocation perpendicular to the temperature gradient 

2 Zork 1—2v\? 1 . 2) 
: = aa Po 5545 (=) 5g ll t+ V2(ex/013)"] i Byres. (64) 


which must again be multipled by a factor 0-55 in the case of dislocation lines 
orientated at random. 

It is of interest to consider the order of magnitude of the scattering arising 
from the change in the crystal structure at the core of the dislocation, which has 
been neglected in the present treatment. ‘To do so consider a line of atoms of 
mass difference \M=WM. By arguments similar to those of $3, and noting 
that the component of k parallel to the dislocation line cannot change, it can be 


shown that 

1 3 AM\? 

~-=— Soka) wets 65 

a Vet i ( M ) ( ) 
so that the scattering from the dislocation core varies as the cube of the frequency, 
and becomes comparable with the scattering by the strain field only near the 
Debye frequency. 

Both the frequency dependence and the order of magnitude of (61), (64) 
and (65) were deduced by Nabarro (1951) from general arguments. ‘The present 
considerations apply only to sessile dislocations ; in the case of mobile dislocations 
there is additional scattering due to re-radiation. 


§ 9. SCATTERING BY GRAIN BOUNDARIES 


Grain boundaries can be considered as an array of dislocations lying in the 
plane of the boundary. ‘The strain field of the grain boundary can be obtained 
by summing the strain fields due to the individual dislocations. As would be 
expected, the displacement at large distances is thus found to be a constant 
rotation relative to a similar region on the other side of the grain boundary. 
The only case which will be considered here explicitly is the symmetrical boundary 
consisting of regularly spaced edge dislocations, all in the same sense, whose slip 
plane is perpendicular to the boundary. More complex boundaries can be 
treated similarly. 
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Consider a wall of edge dislocations, lying in the plane y=0, parallel to the 
z axis, the slip plane of each dislocation being x=”H, where n is an integer and 
H the spacing of the dislocations. The strain field of a single dislocation is given 
by (49) 


Aw. bi-—2v x=nif b y 


SS OS ee ee 
22 1—v (xn-—nH)j+y?? * Qn (x —nH)* + y? 
and the strain field due to this assembly is 
ie SokMs Tae ee Mees (67) 
Approximating this summation by an integration, one obtains 
Declan nay yaad f 
= = — <= das ae es 65 
aaa rad der wer |y| 2H Gy 
These values are smoothed with respect to their dependence on x; superimposed 
there is a ripple, periodic with period H in x, whose amplitude decreases rapidly 
with y. Substituting (68) into (34a) 


P(g) =@G,G,8, 8 . lin ingen Cee, (69) 
R 


1° Ws 
>o 


where G=G,G,G;, and 6,=1 if g=0, and vanishes otherwise. Squaring and 
replacing limp.,,, (sin? gR) by 3 one obtains 


May oe LON 1 

CK. ie = aGe? 54 R?k (z) OO, ro 3) —eP et eel sete (70) 

The only possible value of k’ is 
k‘==(2j, Ri. Fs ae (ened ad eee (71) 

: 27\2 1 
so that | ds (=) aba epee (72) 
1 Uv 1/6\? 

and from (10) oF ae (7) Ae one (73) 
since ig (Rik eee (74) 
and in the average (Chrys a2 (ReR)ar) a) One (75) 


In (73) the grain boundaries are assumed to be orientated at random, and the 
average distance between the intersections of grain boundaries on a random 
line is aG,. 

The scattering probability increases with decreasing H, that is with increasing 
angle of misfit. ‘The dislocation picture breaks down for angles greater than 
about 15°, but presumably (73) still holds if b/H is replaced by the angle of misfit. 

In (68) a possible periodic dependence of II on x for small values of y has been 
disregarded. ‘This would lead to scattering processes which not only change k,, 
but also change k, by a multiple of 27/H, that is processes of diffraction by the 
array of dislocations. At low frequencies the probability of such processes varies 
as w?, and will thus be quite low. 

The treatment also neglects the disorder in the immediate vicinity of each 
dislocation line, and by arguments similar to that in §8 it can be shown that the 
scattering from that cause varies as w? and is of the order of 


Ie, 2 @ fo \? 
a ov UGo" H ceccee (76) 


thus becoming equal to (73) only for frequencies of the order of the Debye 
frequency. 


i 
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§ 10. Discusston 


At the lowest frequencies all point imperfections scatter as the fourth power 
of frequency, so that the thermal resistance due to this cause is proportional to 
the absolute temperature 7, and is given by 

; 3(2ar)?a® |S? ( (t xte® dx ea cab al lie 
a oe { | | \ 


hv G 


JT * J, @=1F 
obtained by substituting (45) into the expressions for thermal conductivity 
given by Klemens (1951). De Haas and Biermasz (1937, 1938) have measured 
the thermal conductivity of a number of KCl crystals from the same source, and 
found that at liquid hydrogen temperatures 


WIT=Ss <0 er wat) ene ex as (78) 
with minor variations between specimens. This corresponds to a value of 
S? 
De meses A ta Al (79) 


the sum being over all types of point imperfections. The principal impurities 
are stated to be Na~ and Mg?*, both in concentrations of somewhat less than 
10-*. For Na*, S?=0-3,, for Mg?+, S?>1-5, and for the vacancy which occurs 
with every divalent impurity, S*=0-8. If both impurities were present to a 
concentration of 10-4, the value of (79) would exceed 2:6x 10-4, so that the 
observed value of (79) is consistent with the stated impurity content. Measure- 
ments of the thermal conductivity at liquid hydrogen temperatures of alkali 
halides of controlled impurity content would be extremely valuable in testing 
the present theory. 

It is interesting to note that there is no systematic difference between the 
scattering power of vacancies and substitutional impurities. The author’s earlier 
incorrect conclusion (Klemens 1951) that the scattering cross section of vacancies 
exceeds that of impurities by a factor of the order of 100 was based on the 
measurement of Eucken and Kuhn (1928) of KCl with 10°, Br impurities. 
It is seen from the table that this impurity is a particularly weak scatterer, further- 
more its scattering cross section was probably under-estimated because of the 
high (liquid oxygen) temperature and the high impurity concentration of these 
measurements. 

The thermal resistance due to dislocations is given by 
Aoh* { (4 n*e? ax PP reer dx \-t 
where k is Boltzmann’s constant, and the relaxation time for scattering due to 
dislocations is 1/7 = Aw. From (61) one obtains for silver 


Wie jo WieiG, aeewem Watton. sagas (81) 


The thermal lattice resistance at low temperatures due to cold work was 
found to be inversely proportional to 7? (Estermann and Zimmerman 1952) for 
Cu-10°,Ni. The same temperature dependence was found in the case of 
Ag-2%Pd, Ag-2%Cd and Ag-20%Cd by Kemp, Klemens, Sreedhar and 
White (1954, and further data to be published). ‘This agrees with the frequency 
dependence of dislocation scattering derived here but the density of dislocations 
required to account for the magnitude of the resistance of the silver alloys is, 
according to (81), of the order of 6 x 10”, 8 x 10 and 20 x 10" per cm? respectively. 
The saturation density for pure silver has been estimated by various other means 


WT? = 
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to be in the vicinity of 10! to 10!2 per cm? (Cottrell 1953). The densities derived 
here are an order of magnitude higher. This may be due to the uncertainty in 
the other methods of estimating dislocation densities. However, following a 
suggestion by Mott (1952) one may suppose the dislocations to be piled 
up in groups of 50 to 100, all of the same sign. Since the scattering probability 
of such a group is proportional to the square of the total Burgers vector, a total 
of 101! dislocations, an appreciable fraction of which are thus grouped, can 
account for the observed resistances. 
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-léstract. ‘The free-electron network model for metals originally introduced by 
the writer is extended in two ways. First an allowance is made for the strong 
electron attraction towards the nuclei by inserting 5-function potential wells at 
the positions of these nuclei. Secondly, the potential between the nuclei is not 
regarded as constant but may be of arbitrary shape. Provided that this potential 
does not fluctuate too fast along the ‘ bonds’, its influence on band shape is shown 
to be small, in agreement with the situation found without 8-functions by 
Raychaudhuri. Atoms of different kinds may be introduced into the lattice, and 
the particular cases of the diatomic cubic lattice AB and the planar hexagonal 
lattice of graphitic type (example, boron nitride) are studied in detail. A possible 
application to the problem of antiferromagnetism is pointed out, involving a 
splitting of one otherwise continuous energy band into two separated parts as a 
result of partial localization of electrons of similar spin on alternate atoms. 


§ 1. INTRODUCTION 


N a previous paper (Coulson 1954, subsequently referred to as I) the writer 

showed how to extend the so-called free-electron theory for conjugated mole- 

cules to make it apply to metals. Essentially all that was required was to 
suppose that the conduction electrons moved in a zero potential field, confined to 
the straight lines (1.e. bonds) which joined adjacent nuclei. It appeared that the 
resulting band distribution of the allowed energies was exceedingly similar to that 
found in the conventional tight-binding approximation. 

There are several ways in which this model could be made more realistic, while 
still keeping to the network principle. ‘Thus (a) we might suppose that the 
potential was not constant between the nuclei, but varied slowly. Raychaudhuri 
(1955) has recently shown that unless the variation of potential is rapid, the resulting 
band distribution is hardly affected. A second improvement (4) is to recognize 
that when a conduction electron is close to a nucleus it experiences a strong 
attraction. This may be simulated by adding a suitable delta function (6-function) 
to the potential at each nucleus, while maintaining a constant potential between 
the nuclei. A third improvement (c), which is indeed essential if the method is to 
apply to diatomic and other intermetallic compounds, is to use different delta- 
function wells at the different nuclei. Finally (¢d) we may superpose on these delta- 
function potentials at the nuclei a varying potential between the nuclei, thus 
extending Raychaudhuri’s work in which there were no 5-functions. Improve- 
ment (a) has already been made. In this note we show how to make the other 
three extensions (b)-(d). The essential point which is new concerns the type of 
boundary or continuity conditions to be satisfied at a nucleus where two or more 
bonds terminate in a 5-function potential well. For that reason we have discussed 
it carefully in §2. The later sections then follow fairly simply, and require 
relatively little detailed analysis. 
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§ 2. 'THE CONNECTION FORMULAE 


Consider (figure 1) three lines Ox, Oy, Oz of the network which meet at O. 
Let us suppose that in the range 0 <x, y, =<e the potential is — Vj, where V, ts 
large and positive, and that along the rest of the three lines the potential V is either 
constant, as in the older theories of I, or slowly varying. We first discuss the 
connection formulae for the wave functions in these three segments, and then let 
«-»0 in such a way that the product 872mV «/h? tends to a finite value x. ‘T’he 
quantity « measures the depth of the delta-function well at O. 


Figure 1. 


Along the Ox segment, where x is measured from zero at O, the wave equation is 


Clik sees 
BES cia) w=0 


with g?=87?m(E—V)/h? when x>e, and q?=87?m(E+ Vy)/h? =(q')?, say, when 
x<e. Inthe range v>e« there are two independent solutions, which we will call 
X,(x) and X,(x). Analogously to Raychaudhuri (1955) these are conveniently 
normalized so that : 


0 (OV 00 
Xi(0) SOPH Oye ae Tee (1) 


where gp is the value taken by g at the point O when « shrinks to zero. In the 
particular case when V =0 along the bonds, 


Xi(x) = cos gx, Ak) =Singa. "eee (2) 
We may write the wave function along Ow in the form 
x>e, p=A,X,(x)+ A,X,(x) 
HSE: Oy COS-9 Kit Gy Se al es ee (3) 
where Aj, Ao, a), @ are certain constants. Similarly, along Oy : 
, b=B,Y,(y)+B.Y.1(y) 


y<e, p=b,cosq'y+4,sing'y. 


Ye 


‘There is a similar set of equations for each segment of the network that ends at O 
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The continuity conditions are 
(1) % continuous at w=«, y=e, s=€ 
(11) % continuous at r=0, y=0, s=0 
(i) grad % continuous at «=e, y=e, s=« 
(iv) Xgrad F=0 at x=0, y=. e=0 
where, in (iv), the gradient is measured outwards from O along each segment. 
This condition is the conservation of current condition of Griffith (1953), 
Ruedenberg and Scherr (1953) and Kuhn (1954a). 
Condition (11) is satisfied if 
; Si a,=95, ce ee (5) 
Condition (iv) is satisfied if 
GeO toca ete a | WP Me ee. (6) 
Conditions (1) and (ii1) require that 
a, cos q’e + a, sin q’e = A,X, (ce) + A, X,(e) 

q (=a, Sing’<+ a, cosq’e)=A,X7(e)+AgXe (2) 8 asec es (7) 
with similar equations for the y and g directions. If we now let «+0 then the 
first equation in (7) requires that a, > A,, provided only that qg’ea,+0. Similarly 
the second equation in (7) gives 

q a, —(q')Pea,—> Ay q. 
Putting (qg’)? «=x, where in the limit, « +0 and q’— « in such a way that the 
product (q’)*« remains finite, we have 
J Ag Ang) + 0A: 
Substituting for @, and ay, etc., in equations (5) and (6) we have 
ae == B, = Be 


These may be written in a form which only involves the solutions of the wave 
equation in the segments outside the 6-function: 


% is continuous at O 
Drotad we peeaOs eR ee (8) 


where n is the number of segments (here 3) which terminate at O. ‘Thus the only 
effect of the d-function in the potential is to replace the conservation condition 
grad 4=0 by the more general condition (8). Furthermore it is seen that the 
supplementary condition g’ea,— 0 which was necessary for this analysis to apply, 
is indeed satisfied. 

Equation (8) is not entirely new. A branching connection equation of this 
type has been suggested by Kuhn (1954 b) though his analysis gave no ground for 
identifying the parameter « with the strength of a 5-function potential well. It has 
also been used by Frost (1955) in a note published since this present work was 
completed, where, by analogy with a pseudo-atom in which an electron moves 
along a line under such a potential energy function, it is found that the correct Is 
wave function is obtained. But we believe that the account given in this paper is 
more direct and general. The introduction of 6-functions at non-branching 
points in linear metals and molecules has been familiar for many years. 
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§ 3. StmpLE CUBIC AND GRAPHITE LATTICES 


We are now ready to apply our analysis to particular problems. First let us 
consider the simple cubic lattice, of side /, as in I except that there is a 5-function of 
strength « at each lattice point. Entirely similar analysis to that of I § 2 shows that 
when the wave vector isk, k,, 2,, the energy F is given by 


See 
cosk,/+cosk,1+ cosk,l=3 cos ql— ie sin gl 
Qe orn. ee (9) 
Provided that g/ is not large, the right-hand side of (9) takes the form 


qr A 2 
ce ee a (3 —al) +O (ql). 


Thus the presence of the 5-function is mainly to shift the origin of energy and to 
alter the scale of energy in the ratio 1:(1—4z/). Other features of the band density 
curve are unchanged. 

A somewhat amusing situation occurs, though of no significance for the theory — 
of metals, when k,, k,, k, are all small. For then, since « >0, it follows that q? | 
is negative, and the functions cos g/ and sin g/ need to be replaced by their hyper- 
bolic analogues. ‘The wave function is everywhere of exponential, and not 
sinusoidal, type. For a linear one-dimensional chain of atoms, the wave function 
for k=0 is shown in figure 2. | 

| 
| 


Be ee ee 


ee ——_ eo ______e—______e—_—_- 
Figure 2. Wave function for k=O in a linear chain. This function is everywhere of 
exponential, and not oscillatory, type. 


Other cubic lattices can be dealt with similarly. ‘The formulae given in I $3 | 
apply at once, with additional terms in « similar to (9). 

The hexagonal plane layer lattice of graphite of side / was discussed in I § 4, 
where it was shown that in terms of amomentum vector (hy, ky) the energy is given 
by g? = 87? mE/h?, 

cos gl= + 3 g(Ry, Ry), 
g" (Ry, ky) =3+2cosk,a+2cosk,a+2cos(k;—ky)a,  ...... (10) 
G asl 
When there is a 5-function of strength « at each nucleus, the only change is that 
instead of the second of the above equations we have 


cos ql— 7sin gl= tip (ky, Ro). 


‘The effect of this alteration on the energy associated with given k,, k, is similar 
to that for the cubic lattice discussed earlier in this section. 


§ 4. Diaromic LaTTICEs 
We can now pass to diatomic lattices, which is extension (c) of the introduction. 
Here, in the case of a cubic lattice, we suppose that there are different 8-functions, 
of strength «, and x», at adjacent lattice points. The analysis of I $3 becomes) 
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rather more complicated, since there are now six ‘bonds’ in the unit cell instead of 
three. The number of continuity conditions is twelve instead of six. But it 
is found that the consistency equation reduces quite simply to 


9 4 cos g/— — sin al\ {cos gl— sin al\ = {cosk,l+cosk,l+cosk,l}?. 


sa! 
- 


If we put «) =~,, this equation reduces to (9), as it ought todo. For most values of 
k., k,, k, the energy given by (12) is related to the energy without the 8-functions 
just asin §3. But for values of k near the edges and centre of the band there are 
differences, which we shall discuss in a moment. 

The case of the graphite lattice with unequal 5-functions is the case of lattices 
such as boron nitride (BN) (Taylor and Coulson 1952). It is not difficult, though 
a little tedious, to show that instead of (11) we have 


if ui ne ‘ Sore he we 
< cos g/— — sing {cos gl— 2 sin ql = eo deal 0 cpg a9 Feces ene (13) 
l q mt q 9 

The general forms of (12) and (13) are so similar that we may conveniently 
discuss them together. We shall show that if x, 4«, the complete band of energies 
is split into two separate parts. In the particular case of (13) as applied to the BN 
lattice, this means, as Taylor and Coulson showed, that the crystal is an insulator, 
with a completed band and an energy gap before the next available band begins. 
In the case of (12) there is an immediate application to antiferromagnetism. For 
if, as is usually supposed, in antiferromagnetic substances electrons of one spin 
tend to congregate on one set of atoms, and electrons of the other spin on the 
alternate set, then the Hartree-Fock equation for the first type of electron will 
involve an effective potential energy function (Coulomb + exchange) which is 
different from that for the second type of electron. In a rough sort of way w6 
could express this by saying that electrons of one spin were attracted more to certain 
of the nuclei, and electrons of the other spin to the other nuclei. For a given 
electron, therefore, the potential wells ~, and «, will differ: and this, as Slater 
(1954) has suggested, may easily lead to a significant splitting of the otherwise 
continuous energy band. It is not difficult to show this splitting in a one- 
dimensional model: it is much more difficult to show it in a more realistic 
three-dimensional one though Slater and Krutter have done this for the d-band in a 
body-centred cubic lattice, using a tight-binding approximation. For these 
reasons a short discussion of (12) and (13), which does show this splitting quite 
unequivocally, is worth giving. We shall do this in terms of (13), which may be 
written in the form 

{cosk,l+cosk,]+cosk,]}?/9 =f (ql, a1) f(ql,%2) «+--+ (14) 


‘\ 


ponere f(ql, x) =cosql—al (=F) ms (15) 

Now whatever the values of k,, k,, k,, the left-hand side of (14) is positive. ‘Thus 
only those values of g/ are permitted which make the right-hand side positive. 
Since, from (10), g? gives the energy value, any limitation on q will involve 
limitation on &. ‘The condition that the right-hand side of (14) shall be positive 
requires that f(q/, «,) and f(q/, #2) shall have the same sign. Figure 3 shows the 
graph of f(ql, ~) when x=0 and when «=, and «=a. All three curves have 
common points at gl=n7(n=1, 2,...). It is immediately clear from this figure 
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that there are certain forbidden ranges of the quantity g/, since in these ranges the 
curves for x=, and « =a, lie on opposite sides of the axis of g/l. ‘These forbidden 
ranges of gi, corresponding directly to forbidden ranges of £, are shown by thick 
lines in the figure. It is evident that whatever the actual values of «, and %, 
provided only that they are different, the energy band is split up into two or more 
parts. ‘To the extent that the model is a fair transcription of the antiferromagnetic 
situation, this confirms Slater’s view regarding the total band structure. In the 
graphitic lattice, of course, this is merely another way of confirming what Taylor 
and Coulson had already shown for the BN lattice by using the tight-binding 
approximation—that this lattice should have insulating and not conducting 
character. It is a perfectly straightforward matter to calculate the energy gap 


between the bands, using (12) or (13). 


F(gL,@ 


Forbidden ranges of g/ 


oO 


Figure 3. Diagram to show the forbidden ranges of g/ (and so of energy). 
Those ranges are marked by thick lines. 


It should perhaps be mentioned that if «, and «, are positive, the energy levels 
corresponding to small k,, k,, k, are of the type described in figure 2. But no 
complication arises from this cause. 


§ 5. NON-UNIFORM POTENTIAL 


The previous analysis is easily extended to cover non-uniform potentials in a 
way analogous to that recently used by Raychaudhuri (1955). ‘The simple cubic 
lattice will serve as an example. We suppose that at each lattice point there is a 
d-function of strength «, and that between the lattice points the potential, although 
periodic, is not necessarily constant. In the 7, /, k cell (figure 4) there are now 
six functions, which we may define as in (1). Thus X, and X, are the two basic 
independent solutions along the x-segment, and similarly for the Y,, Y, Z,, Z, 
functions. 


Figure 4. 


The Free-Electron Network Model for Metals: II P35 


The wave function in this cell, along the three positive directions has the form 


wb (x) =X) (x) +a X,(x) along x direction 
b(y)= Yy(v) +6 Yi(y) along y direction 
b(s)=Z,(3)+c¢Z,(z) along = direction. 


In view of condition (1) these definitions ensure continuity of % at x=y=z=0. 
The continuity with adjacent cells requires that 
exp (—7k,/) {X,(lI) + aX,(])}=1 
and two similar relations in Y and Z. Finally the flux condition is 
qo(a+6 +c) —exp (—ik,l) {X,(1) +a X,'(1)} — exp (—tk,l) {Y() +8 Y,())} 

— exp (—72k,l) {Z,'(1) +¢ Z,'(l)} + 6a =0 
where, as before, qo” is the value of 872m (E—V)/h? at a lattice point. Eliminating 
a, b, c we obtain the fundamental relation (16), in which, following Raychaudhuri, 
we have used the Wronskian relation 

X (x) X_'(x) —X,'(x) X,(x) = constant = gp, etc. 

cosk,/ xed X,(L 
2402 = pe 6x re (16) 

It is natural to suppose that the potential varies similarly along each —— so 
that X,(/) = Y,(/)=Z,(l). Then (16) becomes 

2G >, cosk,l=3 {X,'(1) +9) X4(I)} 60 XAfl).) a oe (7) 
This is essentially equation (9) of Raychaudhuri’s paper, apart from the 6-function 
term 6xX,(/). In the case of constant potential, X,(x) = cos qo(x), Xo(«) =sin q x, 
and our equation (17) reduces to Raychaudhuri’s (9), as of course it ought to do. 

Similarly in the diatomic graphitic layer the fundamental equation (13) is 
replaced by f te : : 
a) man XA) i Xe (l) tok (Lg 2 (Bag Ro) 0s a chum (18) 
where ~, is the 6-function at the end v=0), and «, at the end x =/ of the links in the 
fundamental unit cell. This also reduces to (13) when the potential is actually 
constant. 

There is no need to discuss (17) and (18) in detail, for the arguments used by 
Raychaudhuri show that provided q,/ is not too large, the dominant effect of a 
non-uniform potential is a simple shift of energy, superimposed upon the effect 
of the 6-function which we have already shown to bea further shift of energy anda 
small change of scale. In this way we see that the range of applicability of the 
free-electron treatment is probably much wider than might at first have been 
expected. The argument used in I, that formulae such as those which we have 
developed may be employed as interpolation formulae between energy values 
calculated by more accurate methods for particular values of the wave vector k, 
receives additional support from the present work. 
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Abstract. tis shown that a sum of suitably chosen Debye and Schottky functions 
leads to a Gibbs free energy that satisfactorily represents the entropy, specific heat, 
and vapour pressure of liquid ?He. It is further shown that such a free energy is a 
plausible consequence of the ‘cell’ model of the liquid. ‘The model can be 
developed consistently with symmetry requirements by using the ‘pair-wise’ 
approximation of the Heitler-London—Heisenberg theory of ferromagnetism, in a 
way that enables the magnetic susceptibility to be described quantitatively. “The 
model predicts that the lowest state of liquid *He is an antiferromagnetic one of zero 
entropy, and that a transition should occur at 0-1° to 0-2°k. A comparison is made 
with the ‘imperfect Fermi gas’ model considered earlier, which, although it can 
be further improved in various ways, seems to be inferior to the present one. 


§ 1. INTRODUCTION 


model of liquid *He could be improved considerably by the introduction of 

van der Waals corrections. As with a classical liquid, it was found that 
reasonable choices of the van der Waals coefficients gave numerical agreement 
with some of the observed properties of the liquid, while others were predicted in 
order of magnitude. At the same time, it became clear that the actual energy 
levels of the liquid must depart considerably from those of the Fermi gas. These 
results were encouraging enough to prompt the consideration of more detailed 
liquid models. It has been found that an appropriate form of the ‘ cell’ model of 
the liquid leads to a partition function that describes the specific heat, the magnetic 
susceptibility, the entropy and the vapour pressure with satisfactory accuracy. 
The corresponding vapour pressure equation, although differing in form, gives 
predictions differing only slightly from those of the equation proposed empirically 
by Chen and London (1953), and every single term of the proposed new equation 
can be given a definite physical significance. Since it involves several quantities 
that cannot be calculated @ priori with any accuracy, it may be helpful to outline 
the reasoning by which it was reached. 


[: a recent paper (emperley 1954) it was shown that the ‘ perfect Fermi gas’ 


§ 2. CHOICE OF THE ForM oF MODEL 


The Fermi gas model fails badly in trying to describe the specific heat data 
which have recently been reported (Osborne et al. 1954, Sydoriak and Roberts 
1954, de Vries and Daunt 1954). The data on magnetic susceptibility obtained 
by W. M. Fairbank e¢ al. 1953, 1954) are also in ‘order of magnitude’ agreement 
only, the susceptibility following Curie’s law down to much lower temperatures 
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than the Fermi gas model predicts. Since the susceptibility and specific heat of 
such a model depend mainly on the distribution of levels near the critical Fermi 
energy, it is perhaps not surprising that the gas-like model fails in these respects. 
For example, we might try a ‘ Brillouin zone’ type of treatment with a half-filled 
zone, which leads tosome improvement. A further improvement results (de Vries 
and Daunt 1953) if we introduce a Debye-like contribution to the specific heat. 
This can be done quite consistently, because we can argue that sound waves of low 
frequency represent compressions and rarefactions involving the simultaneous 
motion of large numbers of atoms which we cannot expect models of ‘one-atom’ 
type to describe properly. However, even with this improvement, no simple 
model of this type could be found that could properly represent both the specific 
heat and susceptibility as functions of temperature. 

Consideration of a ‘cell’ type of model was prompted by the empirical fact 
that the observed specific heats could all be satisfactorily extrapolated to T=0 
along a simple Schottky curve, and further examination showed that the following 
formula represented all the data with an accuracy comparable with the disagree- 
ments between the different observers : 

Ss ae yet 
Nk (1+e*?? pL tant ia, Rael O) 


If © is chosen equal to 1-8°, we get a curve with an almost linear portion not 
pointing at the origin, as found by Osborne et al. (1954) and Sydoriak and Roberts 
(1954). A slightly lower value of ©, 1:5°-1-6°, gives a curve that is almost flat 
between 1° and 0-5", like the results reported by de Vries and Daunt (1954). (It is 
relevant to point out here that one sample used by the latter workers was not quite 
pure (96°) and that a slight decrease in energy-level spacing is a plausible result 
of dilution.) Equation (1) is compared with experiment in figure 1. 


@ Sydoriok & Roberts 
¥*—~* Abraham et al 
‘@) Daunt & de Vries 
Calculated curves 


| 


Figure 1. Calculated and observed specific heats. 


The justification for introducing a Debye-like term in combination with the 
‘cell’ model is the same as that for the ‘zone’ model. Since there is, as yet, no 
information about the compressibility, the coefficient of 7? was chosen in order to 
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get agreement with the upper portion of de Vries and Daunt’s (1954) specific 
heat curve. An independent check on this choice has been found by Mikura 
(1955). It is readily verified numerically that an energy-level spacing of the order 
of k x 1°—2° is a reasonable consequence of the cell model. We should expect the 
spacing to be of the order of 3h2/8md? where d is the dimension of the cell, and this 
would call for an effective value of d of nearly twice the equivalent lattice distance. 
This is in line with the fact, pointed out by many writers, that the potential barriers 
between cells in liquid helium must be low because of the relatively large spacing 
of atoms. 


§ 3. CHOICE OF THE NUMBER OF DISCRETE ENERGY LEVELS 


In view of this, we assume also that only a few energy levels per cell need be 
mentioned explicitly in the partition function, the remainder being supposed to be 
‘smeared out’ into the Debye-like spectrum already introduced, but it is less clear 
how we are to decide the numbers of such discrete levels. (It is seldom, if ever, 
possible to reconstruct a level scheme from specific heat data taken alone.) 
Expression (1) does not, of course, imply that, in each cell, we have a ground level 
and an excited level that are both simple; any model in which these two levels had 
the same multiplicity would lead to precisely the same specific heat curve. 

Schottky functions of several other types were tried, corresponding to the 
excited level being of higher or lower multiplicity than the ground level, before 
expression (1) was finally adopted. It can be said that these other models failed 
to give as good a description of the observed specific heat because the Schottky 
peak, the height of which is independent of ©, comes out to be too high or too 
low to represent the data properly, so we seem forced to conclude that the effective 
multiplicities are nearly equal. Something like a relative multiplicity of 1 to 3 or 
more seems to be definitely inconsistent with the data, though something like 2 to 
3 or 4 cannot be excluded. 

In addition to the specific heat data, Weinstock e¢ al. (1953) and Sydoriak and 
Roberts (1954) have used the vapour pressure data to compute upper and lower 
limits to the entropy at various temperatures, and these figures can be used, in 
combination with the entropy that follows from expression (1), to fix the ‘apparent 
multiplicity’ of the ground level. The entropy that follows from expression (1) 
is, per atom, 

S=R [00473 +In(1+e-7)+x/(1+e")+I lnm]  — a... (2) 
where m is the ‘ apparent multiplicity ’ of the ground level at the lowest temperature 
at which vapour pressures and specific heats have been measured (about ():4°x). 
In figure 2 it will be seen that the theoretical curve would pass through all the 
‘gates’ if we supposed that m= 31?, though the value m= 2, leading to Sk In 2 as 
1-0 has actually been used. It should be emphasized that these figures have a 
real physical meaning, being a measure of the entropy that has still to be got rid of at 
lower temperatures than those at which actual measurements were made. (A 
value of m=2 would follow, for example, if we assigned exactly one atom to each 
cell and supposed that the ground level, as calculated from Schrédinger’s equation, 
was single, and then took account of the doubling of levels due to spin.) 


§4. A SimpLeE Mopet ConsIsTENT WITH THE SpEcIFIC Heat AND ENTROPY 


The quantitative success of equations (1) and (2) prompts consideration of a 
very simple model. We suppose that a typical atom is moving in a cell whose 
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2.0 x Limits on entropy, Weinstock et al (1953) 
= Limits on entropy, Abraham et al (1954) | 


= Limits on entropy, Sydoriak & 
Roberts (1954) 
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Figure 2. 


barriers represent the interactions with other atoms, but that the pattern of discrete 
levels is smeared by fluctuations in the size of the cell, together with the fact that 
the barriers are fairly low, to the extent that only a few of the lowest levels can be 
specified explicitly as referring to one particle, the remainder merging into the 
continuum of many-particle levels, which certainly exists in all liquids and solids, 
and which we have represented by means of a Debye-like spectrum. The very 
simplest assumption of this kind that we can make is that it is only appropriate to 
specify explicitly the ground level and the first excited level for each cell, and we 
then note that these levels are both double because of spin. ‘These assumptions 
lead directly to equations (1) and (2) with m=2. We are neglecting completely 
the symmetry requirements imposed by Fermi statistics, and this would be justifi- 
able if each atom could be considered as ‘completely localized’ in one cell, in the 
same sense that an atom in a solid seldom leaves the neighbourhood of a lattice 
point. Fora discussion of this see, for example, Rushbrooke (1949). 

It is instructive to compare the predictions of this model with those of the 
slightly imperfect Fermi gas, for which symmetry requirements are the dominating 
factor. As shown by de Vries and Daunt (1953), a Fermi gas model cannot repre- 
sent the specific heat very well, even with the addition of a Debye term. Although 
it can roughly represent the entropy and vapour pressure (‘Temperley 1954) the 
Fermi model predicts that the susceptibility should, as we have already pointed 
out, depart from Curie’s law at temperatures considerably higher than are 
observed. The ‘simple cell’ model gives better agreement with the specific heat 
and entropy, but (since the pure magnetic interaction between spins is completely 
negligible at attainable temperatures) predicts ‘ perfect paramagnetism ’, an applied 
magnetic field being the only way in which the spin degeneracy can be lifted, so 
that the prediction is now one of no departure at all from Curie’s law. 


§ 5. CONSIDERATION OF THE Macnetic Data, AND OF SYMMETRY AND EXCHANGE 
EFFECTS 


We have already derived from experiment conclusions (§3) that limit fairly 


severely the possible numbers of energy levels in models of this type. A study 
of the magnetic susceptibility data of W. M. Fairbank ef al. (1954) now gives us 
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further clues. We first notice that, if their data are plotted in the ‘routine’ 
Curie-Weiss fashion, 1/y against 7, we get a good straight line between 1° and 0-4", 
extrapolating to an antiferromagnetic Curie-Weiss temperature of about 0-15". 
This prompts us to look for a splitting of the corresponding order of magnitude, 
which, of course, would have only small effects on the specific heat at temperatures 
that have so far been reported. 

So far, we have not considered the symmetry restrictions imposed by Fermi— 
Dirac statistics. We can try to do this on lines suggested by the Heitler-London— 
Heisenberg theory of ferromagnetism, that is, we suppose that the assembly can 
be described sufficiently accurately by wave functions describing neighbouring 
pairs of atoms. In a liquid we think of a typical pair of atoms moving in a field 
representing the effect of all the other atoms. A theory on these lines has, in fact, 
been set up by Price (1955), who tries to describe the pair of atoms by a ‘ rotator’ 
wave function. He also gives the following general formula for the magnetic 
susceptibility of any model of this general type 


REX 220 Greipel, a Ne (3) 
l [To 5 Z6 Zs : 


Here Z, and Z, correspond respectively to the partition functions associated with 
ortho- and para-type wave functions. By inserting into (3) the known partial 
partition functions for a rigid rotator Price (1955) obtained only qualitative agree- 
ment with the observed susceptibility. If we use instead a simple model consisting 
of a singlet para-level and a triplet ortho-level 0-4° xk higher, 1.e. if we assume the 
lowest ortho-level to be without spatial degeneracy, we can get almost perfect 
agreement with experiment (tabie 1). At very low temperatures, only these two 
levels are effectively occupied and Z, and Z, each reduce to one term, and we shall 
have approximately Z,)/Z,~exp(—0-4/T). Rice (1955) retained the three-fold 
spatial degeneracy of the first ortho-level and neglected the higher levels. This 
would give Z)/Z,~3exp(—7,/T) where T, is an adjustable constant. The 
agreement 1s then about as good. 


Table 1. Observed Susceptibility Compared with Susceptibility predicted by 
Present Model 


‘Temp. (°K) 0-2 0-3 0°5 0-6 0:8 1:0 ihe? (ES 
Calculated 0-385 0-661 0-766 0-808 0-861 0-891 0-910 990-929 
Observed 0-50 0-63 0-82 0-85 0:90 0:93 0-94 0-95 


§ 6. THE ProposeD ForM oF PaRTITION FUNCTION 


We are guided in our choice of a scheme of discrete energy levels referring to a 
pair of atoms by the results of some of the possible approximate treatments of a 
system of two particles moving in a cell, and by the consideration that the model 
must lead to a specific heat and entropy not differing very much from expressions 
(1)and(2). ‘The following level scheme for a pair would lead exactly to expressions 
(1) and (2), corresponding to a single atom in a cell, with a ground level and a first 
excited level both doubly degenerate: (a) a four-fold degenerate ground level; 
(6) an eight-fold degenerate first excited level of total energy R@; (c) a four-fold 
degenerate second excited level of total energy 2k0. Group (c) can be neglected 
altogether without spoiling the agreement of the free energy and entropy, though 
there is a noticeable effect on the calculated specific heat. 
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We might attempt to describe the motion of the pair of atoms relative to their 
common centre of gravity by means of the oscillator or rotator models. Either of 
these leads to an alternating pattern of singlet and triplet levels, the lowest singlet 
level being non-degenerate while the lowest triplet level is also spatially triply 
degenerate, the total weight thus being nine. ‘These schemes are excluded as they 
stand because a 1-9 type of Schottky function gives too high a peak in the specific 
heat to make it possible to fit the data, and, as we have seen, the magnetic data are 
also consistent with a lower degeneracy of the first excited level. (The measured 
entropy of the liquid at 0-4°—0-5°K means that no more than three or four levels per 
pair of atoms can remain unresolved at such temperatures.) 

Based on these considerations, we propose the level scheme shown in figure 3, 
describing a typical pair of atoms: (a) a singlet lowest level; (b) a triplet at k x 0-4° 
above (a); (c) two triplets and two singlets near one another at k x 2:3° above (6). 


Group of 8 
Kees G1 8. 
Triplet 
k x 0.4° 
Singlet 


Figure 3. Proposed scheme of levels for typical pair of atoms. 


It would only be possible to distinguish experimentally between, say, six, 
eight or ten levels in group (c) if one had extremely accurate data on the specific 
heat. To this scheme of discrete levels we add a Debye-like continuous spectrum 
as before. Above ():5°, this scheme of levels has numerical consequences not 
differing greatly from those of equations (1) and (2), (see figures 1 and 2), while 
equation (3) gives a satisfactory description of the susceptibility. 

Such a scheme differs in two ways from the consequences of an ‘ordinary’ 
type of cell model e.g. particle in box, oscillator, rotator etc. (1) the nearness of the 
lowest excited level to the ground level; (11) this lowest excited level is, apparently, 
not spatially degenerate. Of these, (1) is not serious, and is a fairly plausible 
consequence of the interactions between the two atoms in a typical pair. More- 
over, the existence of ferromagnetism shows that, in certain circumstances, a 
triplet level can actually be depressed below the lowest singlet level when inter- 
actions are taken into account. ‘The possibility of such an occurrence was 
considered for 7He by Goldstein (1949), who concluded that some depression of the 
triplet levels probably does occur but that it would still leave the assembly anti- 
ferromagnetic. Item (ii) is also a possible consequence of taking interactions into 
account. This might well lift the spatial degeneracy, and Rice (1955) has given a 
physical argument for this. . 

The log (partition function) that follows from the level scheme shown in figure 3 
is, per atom, 

LIn(1+3 exp(—0-4/T)+8exp(—2-7/T))+0-01087°. ...... (4) 
We have increased the Debye term slightly to allow for the fact, already mentioned, 
that expression (4) would not be quite equivalent to expression (1) even if the 
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singlet and triplet were brought into coincidence. From this we can derive the 
vapour pressure curve by equating the corresponding partial potential to Chen 
and London’s (1953) expression for the partial potential of a slightly non-ideal 
vapour phase of ?He 
pP)2 
Sap =NR+In (722) —5-325+ BP —— mera (5) 
where B is the second virial coefficient. Combining these two expressions, we 
arrive at the following equation for vapour pressure, which should be valid until 
the third and higher virial coefficients of the vapour become significant (probably 
at about 2°5°K). 
PN A < 
logio ( - ) =2-3126=— ie 4 log.) (1+3 exp(—0-4/T)+8 exp(—2-7/T)) 

| (BP) 

2RT 
where the constant 4 fixes the position of the lowest energy level shown in figure 3. 
We chose A arbitrarily in order to get agreement with the observed vapour 
pressure at 2°K. ‘The value so chosen is only 3°, lower than the value following 
from the ‘latent heat at absolute zero,’ deduced by Sydoriak and Roberts (1953, 
1954) from their vapour pressure measurements below 1°k. A comparison of 
equation (6) with that (“ AOW’) of Abraham et al. (1950) (known to represent the 
data satisfactorily above 1°K) is given in table 2. Below 1°K comparison is also 
made with the equation ‘CL’ of Chen and London (1953). ‘This is known to 
agree with AOW between 1° and 2-5°k, but there is evidence, which we shall 
summarize in a moment, that the Chen—London equation is better in the range 
below 1°K. 


=()-0047031° fv Bie 


Table 2. Values. of log,,,Ce 


nm / 


Reis 


Temp. (°k) 0:3 0-6 1-0 1:2 1-5 2-0 2°5 

Eqn. (6) 32-4553 +-0:2367 0:9272 1:0971 1-2620 1:4280 1-5176 
AOW 53-6494 10-2828 0-:9363 1:0999 1-2636 1-4284 1-5280 
Clu, 23-3849 +0:2317. 0:-9379 


(Piy;»m= Vapour pressure in millimetres of mercury.) 


Since equation (4) gives a satisfactory description of the entropy of the liquid at 
least down to 0:5", it is to be expected that the proper choice of the constant 4 
would give an extremely good representation of the vapour pressure. Comparison 
with the AOW equation (representing the smoothed experimental data above 
1°k) shows that this is indeed the case down to that temperature. Preliminary 
measurements by Sydoriak and Roberts (1953) between 1° and 0-4°xK show that the 
new equation is satisfactory here also. They state that, over this range, their 
measurements agree with the CL equation ‘to within 2°’, 

In computing the correcting terms in equation (6), the data of Grilly, Hammel 
and Sydoriak (1949) and of de Boer et al. (1950) were used for the terms involving 
v and B. ' 

§ 7. Discussion 

It may be helpful to make a few remarks about the effect of small alterations in 
the model. Minor changes in the spacing of the levels, e.g. supposing the group of 
eight to be ‘spaced out’ somewhat, would have very little effect. _ If the group of 
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eight were set at k x 2-5°K (instead of 2:7°k) the minimum in the specific heat 
would become slightly shallower, and the agreement with the specific heat at about 
0-5°K would be slightly improved, at the expense of a slight impairment of the 
existing agreement between calculated and observed entropies in this region. 
We may sum up by saying that the degeneracies of the two lowest groups of levels 
are practically fixed at | and 3 by combining the evidence from the entropy with 
the magnetic data and symmetry considerations, and the multiplicity of the 
highest group is then fixed at about 8 by the specific heat between about 0-8° and 
1-5", while the magnitude of the Debye term is fixed by the specific heat at the higher 
temperatures (up to 23°, the highest point measured). Within this rough 
framework, partial ‘smearing out’ of these discrete levels or minor changes in the 
spacing have no observable influence. 

We have found a partition function that describes many of the equilibrium 
properties of the liquid, and which leads to a vapour pressure equation that is, for 
all practical purposes, equivalent to that of Chen and London (1953), but is superior 
to that equation in that it contains no terms which cannot be justified physically. 
It remains to ask whether we can predict any fresh results. We have introduced 
a Debye-like contribution to the partition function which implies a Debye 
temperature of the order of 12°K and this would seem to call for a velocity of propa- 
gation of sound of the order of 100 msec”?.  Mikura (1955) has arrived at very 
similar figures by a ‘corresponding states’ argument. ‘The proposed partition 
function can probably not be relied on quantitatively much below 0-4°K, because 
of the likelihood that the transition to the final state, in which the spins are aligned 
antiparallel, takes place via a Curie-type transition, instead of along a second 
Schottky curve with a peak at about 0-1°K, as equation (4) predicts. (The 
derivation of equation (4) neglected correlations between spins except between 
neighbouring pairs, an assumption that must certainly fail at low enough 
temperatures.) Whatever the form of the specific heat anomaly, we can safely 
predict a minimum in the specific heat at about 0-3°K. (Present theories of 
cooperative phenomena are almost useless for predicting the form of specific heat 


anomalies.) 
§ 8. PossIBLE APPLICATIONS TO OTHER LIQUIDS 


These seem to be extremely limited. Any ordinary liquid would have 
solidified long before a possible Schottky contribution to the specific heat could be 
detected. In +He it has been repeatedly suggested that discrete levels, or a 
complete energy spectrum, exist apart from the Debye-like spectrum and it has 
been argued, with some justification, that some assumption on these lines is needed 
in order to account for superfluidity (see, for example, Zilsel 1953). Beyond 
pointing to the probable existence of discrete levels in *He as well as in *He the 
present investigation seems to make no predictions about *He that can be experi- 
mentally checked. 

§ 9. CONCLUSIONS 

It is possible to set up a simple model of *He, based on the liquid cell model, 
which gives good agreement with what is at present known about the specific heat, 
entropy, vapour pressure and magnetic susceptibility of the liquid, The very 
simple cell model (two discrete levels only) can be improved, on lines suggested by 
the magnetic properties, in such a way as to be consistent with symmetry consider- 


: : ) x Oa 
ations. ‘The new model involves ‘pair’ and ‘many-atom’ energy-levels, and is 
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therefore likely to be superior to the Fermi-gas model based on * single-atom ’ levels. 
It is probable that a Curie type transition to an antiferromagnetic state occurs at 
about 0-1°-0-2°.. Such a transition would follow as a consequence of improving 
the existing ‘ pair-wise’ approximation on lines already familiar in the Heisenberg 
theory of ferromagnetism. A rapid rise in the specific heat seems certain as the 
transition approaches, whether this is actually of cooperative form or not. 
Measurement of the compressibility of the liquid would be of great interest, as 
would be an attempt to find a shift in the ‘apparent Curie-Weiss temperature’ 
of the liquid with increase of pressure, or to measure the effect of pressure on the 
specific heat. 

Since I wrote this paper, Sydoriak and Roberts (1955) and Weinstock e¢ al. 
(1955) have published new results on the specific heat and entropy. Above 
0°5°K these agree with the model (if the 7? law is replaced by the corresponding 
Debye function). Below 0-4°k they begin to depart from the theoretical curves 
in a way that is consistent with a co-operative transition at about 0:2°K. de Boer 
and Cohen (1955) have given results of a treatment based on the ‘ cell cluster’ 
approach with results qualitatively similar to those of this paper. 
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Abstract. ‘Vhe work described in part I of the series has been used to discuss 
the modified equations of state of elements given by the Thomas—Fermi method 
generalized to deal with non-zero temperatures. The equation of Marshak 
and Bethe can be solved in the limit of very high pressures by a Taylor expansion 
around the boundary point. ‘The limiting forms of the thermodynamic functions 
given by Gilvarry are then regained and the present method enables these to be 
generalized. The equation is also solved numerically for three cases and a 
comparison of the results is made with the formulae given by Gilvarry. Some 
modifications of these are suggested and reliable results for the equations of state 
according to the ‘Thomas—Fermi method are thus made available. 


§ 1. INTRODUCTION 


N a previous paper (March 1955, to be referred to as I) a detailed investigation 
of the equations of state of elements as given by the Thomas—Fermi (TF) 
theory was carried out. Particular attention was given to the limiting forms 

of the equations of state for very high pressures and these forms were given 
explicitly for both the original ‘'F theory, in which exchange is neglected, and 
for the Thomas—Fermi—Dirac theory, in which account is taken of exchange. 

The theory as applied in I was restricted however to the completely degenerate 
case, whereas it is often necessary 1n astrophysics to deal with the case of elevated 
temperatures. Several investigators have considered the generalization of the 
theory to take account of this. Marshak and Bethe (1940, to be referred to as MB) 
gave a formulation appropriate for low temperatures, whilst the general case of 
arbitrarily high temperatures was considered by Sakai (1942) and Feynman, 
Metropolis and Teller (1949, to be referred to as FMT). ‘These treatments all 
neglected exchange. The introduction of exchange was considered first by 
Yokota (1949) and later by Umeda and Tomishima (1953) (see also March 1953). 
Yokota’s treatment was not satisfactory because, as he remarked, the simple 
Fermi—Dirac statistics are no longer applicable. Umeda and 'Tomishima and 
the present writer used an approximate variational distribution function to improve 
the treatment. However, the fundamental equations of the theory are then of a 
very complicated nature and in view of this we shall not attempt to deal with this 
case, here. 

In §2 we summarize the results of I which we require here, in § 3 we consider 
the solution of the MB equation both analytically and numerically, and in $4 
sve consider the connection between our results and those obtained previously 
by Gilvarry (1954). 
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§ 2. SumMMaRY OF RESULTS FOR ZERO ‘TEMPERATURE 


In I, we showed how the boundary values ¢ (x) of the solutions of the dimen- 
sionless ‘TF equation 
ap _ oe (1) 


dx? xii 


appropriate to describe solids could be found for the limiting case of extremely 
high pressures. ‘The result was 


32/8 31/3 
p (xo) = os E = 10 x0 | sate ers (2) 


to the approximation considered in I. ‘This boundary value enabled the equations 
of state of elements at very high pressures to be written as 


| ae ae ae ik sie ; 
DRS = ( g) | | is (4Z0) ai sievetes (3) 


This suggested some modifications to be made in etd formulae given by Gilvarry, 
who fitted the available numerical data with analytical expressions having the 
correct limiting values, and the final results over the entire range of pressures were 


represented by 
6 3a \w+2) Z%e% \ 25 
zie 4 ) = a Ty Ptah el we RE “Re ederesens 5 
p | > 4. ie za) ; | (som) ‘te 


j 3 2/3 h2 

where = ( 208 ) ImeZ is . 

The coefficients A,, are as follows : A,=4-3073 x10 1, A,=0, 4,=6:934 10 
Az=9:700x 10°*, A-=3-3704 x 10-*. Wescan thus regard the: results of thei 
method for the equations of state of elements as completely known in the totally 
degenerate case. However the same is not true in the incompletely degenerate 
formulation although again in this case Gilvarry has given analytical formulae 
which at any rate fit the sparse numerical data and have the correct limiting forms. 
We propose in this paper to consider this case in detail. 


§ 3. SOLUTIONS OF THE MarsHaK—BETHE EQUATION 


To avoid undue length in the present discussion we refer the reader to the 
paper by Gilvarry for a concise summary of the equations corresponding to the 
generalized ‘TF theory. 

We are interested now in the first-order temperature perturbation in the 
terminology of Gilvarry. ‘Then the basic TF function ® we require is a generaliz- 
ation of the ordinary I’'F function ¢ of equation (1) and can be expressed in terms of 
® by 

OG} VC (RY. ago ee ee (5) 


where k is Boltzmann’s constant, T is the temperature, €=72b?/8Z2¢, and x is a 
solution of the equation 
2 3 1/2 3/2 
nek ase ae “Ew | + ee (6) 
On Naw pi? 
We shall deal with this equation by the procedure referred to by Gilvarry as the 


method of MB. Weshall not be concerned at all with the alternative method which 
he refers to as the method of FMT. 
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In the method of MB, the perturbation leaves the volume unchanged and if we 
put into equation (6) a solution ¢ corresponding to a dimensionless atomic sphere 
radius x9, then we have to solve equation (6) subject to the boundary conditions 


y(0)=0 : 
xen) _ (2) ae (7) 


We shall shortly consider the solutions of equation (6) subject to the conditions (7) 
by both analytical and numerical methods. 

First however, as Gilvarry has discussed, it is important to note that all the 
thermodynamic functions of the generalized TF theory can be expressed in terms 
of two parameters o and w, to be obtained by solving equation (6) for y, and the 
results for the completely degenerate case. We define these parameters, following 
Gilvarry, as 


Co = 0 a Lae U!t—“‘“‘“‘“S™OS™S™S*:SC SS leo 
(Xo) xr b(%o) i?" 
where y;' is the slope of y atthe origin. ‘I'wo other parameters depending only on 
the results for 7 = 0 are particularly important and are defined by 


“Last if as] -o 


7 and e, can be regarded as known from [; our purpose now is to calculate o and w. 
(Actually, see § 4, the equations of state depend only onc and not at all on w, and in 
this paper we shall consequently focus attention mainly onc.) 

Let us first of all attempt to develop an analytical solution of equation (6) in the 
limiting case of xy small. As in I, we try to solve by expanding the solution of 
equation (6) ina Taylor series around the boundary point x, and thus we write 


>. X(Xo) . Xi (8) 


ee 


x (x) — x (%) = > = EECCA) DM a er BB (10) 


n= 
where h=x,—x, x” (x) is the mth derivative of x(x) and s, =(—1)" x"(x9)/n! It 
is convenient to express the results in terms of two further parameters @ and c. 
The first of these was introduced in I and was defined by 


Me (2) =0 ese (11) 


Me Ox 


and we choose to define the second by 


My) (Xt) =e, Pi (12) 


Xo Ox 


We now differentiate equation (6) and find the coefficients s,, in terms of x9, @and c. 
These for n= 1 to 5 areas follows: 


tebseol diva Sudss ema (tg 1-30 | 
335 6| a a 4 120 


The solution thus obtained satisfies the boundary conditions at x); we must 
find c (assuming a is known from I) by imposing the condition y(0)=0. We begin 
75-2 
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by neglecting coefficients s,, in equation (10) higher than s,. ‘Then we find 


hee aE = 0c | A rern Perce. (13) 


Bra ee 
OT 
WCF 2 3.) ee (14) 
Putting in the limiting form of a? from I, namely 
GAS 5g Vn OE TORE ae eae (15) 
we obtain C=zLR Ao, I a 8 ee (16) 
or (X26) == Loge S a a aCe (17) 


which is simply Gilvarry’s result obtained by another method. However the 
present treatment now enables us to examine the next term in the expansion for 
small x). Retaining all coefficients up to and including s, in equation (10) we find 


1S Fl Ines ae Me og A Kc 
ee | peat ea Ae gle mene fees eC oy 18 
0 aE 5 a0? | + 39 M3 ae? Xe (18) 


By substituting in the correction term for a? and c? from equations (15) and (16) 
and for ain the leading term from equations (11) and (2), it is easy to show that the 
coeflicient of the term in x 1 in y(%9) is identically zero. ‘Thus our argument 
demonstrates that equation (17) is in fact accurate to better than O (x°). 

Inasimilar manner we can obtain y;’ the slope of y at the origin to the same order 
of accuracy from the ‘Taylor expansion and the result is 

YS = 2agFSer sre Valens iry eiie eee sae (19) 

Again, the coefhcient of the term in x,* is identically zero, and equation (19) is 
simply Gilvarry’s result. However, we have now established that equations (17) 
and (19) are more accurate than was evident from the derivation used by Gilvarry 
(equivalent in fact to the approximation implied by our equation (13)) and we can 
hence proceed to calculate the parameters o and w more accurately than was 
possible in Gilvarry’s treatment. We then find 


2x* gue TE jue 
Co= — Fa [ it 5% | w= — ai | 1+ >| ike le Yortora (20) 
and for completeness we can write the parameters 7 and ¢y, using equation (2), as 
Xo! 31/3 5 31/3 
r= 35| 1+ 7%), om 3 | 1+ 5% | mieten ish (21) 


In all four cases the first terms agree of course with the results of Gilvarry, the 
second terms have not been given hitherto however. Further proof of the 
correctness of the results embodied in equations (20)-(21) is given by the fact that 
the parameters as expressed in these equations satisfy the relation 


d 
Saggy (0+ 30) = (Be0~2)e + (Fep—4) 7 +9 No Jove (22 
Xo 5 : 


which Gilvarry has shown must be obeyed by any exact solution. From these 
results the various thermodynamic functions can be easily obtained from the 
formulae given by Gilvarry, and these will not be reproduced here. 

Of course, the results for y (x) and yi’ given in equations (17) and (19) are only 
computationally useful for small x) and in general one must solve equation (6) 
numerically. Since only three solutions have been obtained previously, and these 


Equations of State of Elements from the Thomas—Fermi Theory: II 1149 


for x) greater than 9-5, we have examined three further cases for smaller values of 
xo. We have devised a direct method of solution of equation (6) subject to the 
boundary conditions (7) which is based on the Taylor expansion we have developed. 
Starting with a known solution d («), we must choose c for the particular value of ie 
to which $(x) corresponds in order to obtain starting values from the Taylor 
series. Continuing the integration inwards, it will in general turn out that the 
solution will not pass through the origin, and hence a change must be made in c 
and another integration started. This means that a certain amount of trial and 
error 1s involved but the method is quite practicable because the form of the 
solutions near the origin, for a given x9, depends rather critically onc. In this way 
we have obtained values of c, and hence of y (xp), for %») = 0-4976, 2-800 and 5-401. 
‘The last two values were chosen because solutions of the TF equation (1) have been 
tabulated by the writer for these values of x) (March 1952). The first value was 
taken because it seemed desirable to have at least one solution for a smaller x, 
than 2:8. Our method, unfortunately, is not very suitable, without a good deal 
more effort, for the caiculation of yj’. However from the present point of view 


Table 1. Boundary Values of y 


Xo —y(x9) by numerical —x(%) from Gilvarry’s 
integration formula 
0-4976 0:0402 + 0:0002 0-0420 
2-800 2D e308 9-94. 
5-401 92°6 S028 96:3 


this is not a serious defect as we are primarily interested in equations of state and, 
as we have already mentioned, the parameter w which involves y;’ is not required 
for this purpose. ‘The values of y (x,) obtained from these numerical integrations 
arecollectedintable1. Weare nowina position to discuss the connection between 
our results and those obtained previously by Gilvarry, and the final results of our 
work for the equations of state of elements. 


§ 4. COMPARISON WITH GILVARRY’S RESULTS AND IMPROVED EQUATIONS 
OF STATE 
In his work, Gilvarry expressed the quantities x(x) and yi’ by expressions 
having the correct behaviour in the two limits x)—>0 and x) 00. For x(x) he 


used the formula 
Wve DC aeiian side &) aul oraehan (23) 


where =3, 4 and 5 and the coefficients C; and C, are determined by the two 
limiting forms. The remaining coefficient C, was chosen in order to fit the 
available numerical data (three solutions obtained by FMT). Similarly for yj’ he 


wrote 


a= Sup) al NSN) (24) 


where 2=1—A,, 1 and 2, with A,=0-77200. Again the coefficients D,_,, and D, 
are determined by the asymptotic forms, whilst D, was adjusted to fit the data. 
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The numerical values of the coefficients C,, and D,, as given by Gilvarry are recorded 
in table 2. 


Table 2. Numerical Values of Coefficients in equations (23) and (24) 


n Cy n D,, 
3 — 3-205 x 10-2 1—A, =5:805 50106" 
4 —4-021 x 10? 1 =3:°/55,5 103 
5 —= 2 S19 10>* 2 eel) 


It should be noted first of all that equations (23) and (24) fit data in the region 
9-5 <w,)<16 and that the reliability of the formulae for small x, must be open to 
doubt. In fact, whereas the coefficient of x4 in equation (23) is not zero, we have 
shown that for small x, the exact coefficient is identically zero. We should expect 
therefore that Gilvarry’s formula will lead to values of | y (x9) | which are too large 
when x, is small and the results shown in table 1 confirm this. It will be seen that 
around x,=2°8 there is an error of rather more than 7%. Gilvarry pointed out 
previously that by adjusting the exponent of the middle term in equation (23) a 
closer fit could be obtained, and adopting this suggestion we have found that an 
exponent of 4:2 and a coefficient of —0-0241 will reproduce the existing data to 
within about 2°,. The agreement for larger values of x, is rather less good than 
Gilvarry obtained. Even with the present exponent the numerical results indicate 
that the asymptotic form (17) is not being approached quite rapidly enough. We 
have no accurate data to enable us to improve formula (24) for yi’ but it seems very 
likely that similar modifications will be required in this case also. 

To obtain equations of state we now observe that we can write the pressure P 
in the incompletely degenerate formulation we have considered in this paper in 
terms of the pressure p in the completely degenerate case. We can regard p as 
known from equation (4). The result is (Gilvarry 1954, eqn (52)) 


Papl le Z(H LTE] cee (25) 


The parameters o and 7 can be regarded as known from the work reported in I and 
the present paper, and thus reliable equations of state according to the TF method 
are made available over a wide range of pressures. For small x) we can write 
equation (25) in the form 


10x 4 31/3 E 
P=p E a a (1 _ %] (eT? | eee (26) 


and x, is of course related to the volume v by v = 47 (bxy)3/3. 

Finally it should be pointed out that the results presented here using the first- 
order temperature perturbation treatment of MB can be used whenever the 
temperature is low in comparison with the maximum kinetic energy of electrons 
near the boundary of the atomic sphere. More precisely, the range of validity of 
the present treatment can be expressed by the inequality 


kT < >|]. eae (27) 


Xo 


As Gilvarry has emphasized, since $ (x9)/xy~xp 2 as x) —> 0, it follows that in this 
case high temperatures fall within the range of the treatment given here. On the 


other hand, as x) «©, 4(x9)/xp~x» 4 and thus in this limit the inequality (27) 
demands temperatures approaching zero. 
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§ 5. CONCLUSIONS 

We have shown in this paper how the results of the T'F theory derived in I can 
be utilized to discuss the equations of state of elements when it is not permissible 
to assume that we are dealing with zero temperature. ‘The equation of MB has 
been solved for very high pressures by a Taylor expansion and the boundary value 
of the perturbation function y can thus be found. In this way two parameters o 
and w, from which, when combined with the results of I, all thermodynamic 
functions can be calculated, are found in the very high pressure limit to a higher 
approximation than given previously. For smaller pressures equation (6) has 
been solved numerically for three cases in order to supplement existing data. A 
new expression has then been obtained which gives the value of y (9) to 2°, over a 
wide range of x». In this way, for the case of incomplete degeneracy, reliable 
results for the equations of state of elements according to the TF method are made 
available over a wide range of pressures. 


REFERENCES 


Feynman, R. P., MetTropotis, N., and TELuer, E., 1949, Phys. Rev., 75, 1561. 

Giivarry, J. J., 1954, Phys. Rev., 96, 934. 

Marcu, N. H., 1952, Proc. Camb. Phil. Soc., 48, 665 ; 1953, Phil. Mag., 44, 346 ; 1955, 
Proc. Phys. Soc. A, 68, 726. 

Marsnak, R. E., and BETHE, H. A., 1940, Astrophys. F., 91, 239. 

Sakal, T., 1942, Proc. Phys.-Math. Soc. Japan, 24, 259. 

Umepa, K., and TomisHima, Y., 1953, 7. Phys. Soc. Japan, 8, 360. 

YoxorTa, I., 1949, #. Phys. Soc. Japan, 4, 82. 


Note added in proof. Very recently Gilvarry and Peebles (Phys. Rev., 1955, 99, 550), 
have published some additional solutions of equation (6) and have suggested modifications 
of the formulae previously proposed by Gilvarry (195+). The revised formula which they 
give for y(xo) is in excellent agreement with that proposed in the present paper. 


M52 


Calculation of Isotope Shifts in the Spectrum of Helium 


By-Al'P. STONE 
Clarendon Laboratory, University of Oxford 


Communicated by H. G. Kuhn; MS. received 19th Fuly 1955 


Abstract. The isotope shift due to nuclear motion is calculated for the 2'S, 
2?S terms of helium, using wave functions which take account of configuration 
interaction. Agreement is obtained with the experimental term shifts within 
the limits of experimental error. It is concluded that isotope shifts in heltum 
are due mainly to nuclear motion. 


§ 1. INTRODUCTION 
oR light elements, the main term in the atomic Hamiltonian which varies 
with different isotopes is the nuclear kinetic energy. In the centre-of-mass 
system of a 2-electron atom this takes the form 
2 2 2 
(Pies )o Py Ps Paobe 


2M ea M 
where WM is the nuclear mass and py, Pp, are the electronic momenta. The term 
(p,>+Pp,")/2M gives rise to the reduced mass of the electron, and if spin-orbit 
interaction is neglected the energy is M/(MM@+m) times that for an infinitely 
heavy nucleus, m being the electron mass (Hughes and Eckart 1930). This is 
known as the ‘normal mass effect’. The term p,.p,/M gives rise to the 
‘specific mass effect’ and is treated as a perturbation. 

Hughes and Eckart (1930) obtained a formula for the specific mass effect 
in 2-electron atoms, using hydrogen-like wave functions with different nuclear 
charges for each electron. ‘This type of wave function leads to specific shifts 
which are zero for the S, D, ... states and non-zero for the P, F, ... states. 
Results of experiments on various line series 1n helium (Fred et al. 1951, Bradley 
and Kuhn 1951) show that Hughes and Eckart’s treatment is inadequate in this 
case: Bradley and Kuhn found term shifts which were up to 20° greater than 
the predicted shifts, and the 5, D terms showed definite residual shifts over and 
above the normal effect. 

The suitability of a wave function for calculating the specific effect may be 
judged by two criteria, the calculated energy and the inclusion of possible 
configuration interaction, to which the expectation value of p,.py is very 
sensitive. 

In the ground state of helium the specific effect is due entirely to configuration 
interaction, which occurs to a considerable extent (Green et al. 1952, 1953); 
The specific effect calculated with Hylleraas’ 6-term wave function contributes 
—5-2cm"! to the ionization potential of helium (Bethe 1933). A calculation made 
by the author (unpublished) with the 10-term wave function of Chandrasekhar, 
Elbert and Herzberg (1953) gave the effect as —4:6 cm}. 
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yy 


. The present paper describes a calculation of the specific effect for the 21S, 
2°S terms of helium, using the wave functions of Hylleraas and Undheim (1930) 
and Huang (1948). These have essentially the same form and satisfy the two 


criteria of suitability. A brief report of the results has appeared elsewhere 
(Stone 1955), 


§ 2. THE Wave FUNCTIONS 


In terms of the coordinates 


S=7, +1, t=1fy—-T, U=TVqo 


the Hylleraas-Undheim wave functions are given by 


ey a © a ae (1) 


i=l 


where the component functions y, are 


215: o,=exp(—4s)coshhct, %,=texp(—}s)sinh a (2a) 
waso(2a 


2°S: %,=exp(—4s)sinhict, %,=texp(—4s) cosh sect 


bo = sf, Py = up, Ps = Ufo, Pos Ups. vse eee (26) 

The unit of length is a)/4k, a being the Bohr radius. The constants c, k and 
the coefficients c, are parameters determined by the variation principle and are 
given in table 1. The parameters for the triplet state quoted in column 4 of 
table 1 were communicated privately to the author by Professor Hylleraas. 
‘They were obtained in re-calculating the triplet energy, which differs from that 
previously given by Hylleraas and Undheim owing to a numerical error. The 
parameters of the singlet wave function given in column 2 of table 1 were 
calculated by the author from the data of Hylleraas and Undheim. 


Table 1. Parameters of the 25 Wave Functions (non-normalized) 


Singlet Triplet 
Hylleraas—Undheim Huang Hylleraas—Undheim Huang 

R 0-67 06755 0-675 0-676 

c 0-55 0:54996 0:55 (see § 4) 

Bi 1 1 1 1 

Bs —0-13746 —(0-13575 —():29048 —():2865 

Ge —0-13039 —():13599 —():28390 —():2842 

Ca 0-0449 0:05316 —()-08218 —(0-07978 

Ge —()-005389 —()-006629 —0-00663 —()-007053 

or 0-0001446 0-0009538 0-01130 0-011718 
Energy (Ry) —4-28980 —4-28975 —4-350406 —4-35040 


The Huang wave functions have the same form as (1) with component 
functions given by 
bs,’ =4 [exp (— ar, — br.) + exp (— br, —arg)], 
ba’ = 4(72—7;) [exp (— ary — bry) F exp (— br, — ar) 
together with relations as in equations (2h). ‘The upper and lower signs refer 
to the singlet and triplet states, respectively. " Huang’s values of the parameters 
for the singlet make a+=1 and the wave functions for this state can be put 


into exactly the same form as in equations (2) with c=2a—1. his is not quite 
the case for the triplet for which a+4=1-000185; however, the assumption of 
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exact equality is made in the present calculation (see §4). ‘The values of the 
parameters given in columns 3, 5 of table 1 were obtained from Huang’s paper. | 
§3. THe ForMULA FOR THE SPECIFIC SHIFT 
By first-order perturbation theory one finds the specific term shift for an 
isotope of nuclear mass MW to be 
m 


NE a 2 V Ry K ,6€;[L jG; | 
Sip | 
where Ties =| | eb; dr, dr, | 
Zier ih & 1 
and Ky = Fi + (Gj + Gi) —Fis | 
where F. = 2 i | pester ar, dr, dry | 
2 (( r,cosO—7, Ow, Ou; 
— = pes Z d 9 
oa J | Feet Bela eter 
ob re 2 i he CU aed 
Bis OTOL ae 


Ry is the Rydberg energy for infinite nuclear mass. ‘The summation convention 
is employed with 7, j=1, 2, ..., 6, and the integrals are divided by 7? for 
convenience. In deriving the expression for K,, use is made of the easily proved 
formula for two functions v, w of 7, 72, 742: 

ov Ow r,cos@—r, dv OW 1r,cosO—71, OV OW dv Ow 


One OTs ee OV 15 ON» Tee ONY Orig) SOV is Oram 


Vv .V,w=cos 6 


in which @ is the angle between the vectors r,, rz. After lengthy calculations the 
expressions for /,,, K,, given in the appendix are obtained, and hence the numerical 
results given in columns 4, 5 of table 2. 

A check on many of the integrals occurring in the calculation may be made 


by differentiating them with respect to the parameter c. 


0 0 0 2 
Thus an fu=hs a, fae = Lass 5, fia = 2Uss + L53) CHOncaty Cnc) (3) 


where J/,, refers to the singlet state if J,, refers to the triplet state, and vice versa. 
Six more relations are obtained on multiplying (3) bu w, u?. Also 


a. Moet eee ; 
=~ Kyy= (Ka, + Kye), 5 Kyy= Kyg. 
dc 0c 


§ 4. DISCUSSION | 


The expressions for the integrals given in the appendix depend, as stated 
in §2, on assuming the equality 2a— 1=1—2b=c for the Huang wave functions. 
The values of 2a—1, 1 — 26 for his triplet wave function are 0-55030 and 0-54993 
respectively ; the calculated specific shift of 0-076 cm! is found in the approxi- 
mation of taking c= 0-55, i.e. the same values of the integrals are used as for the _ 
Hylleraas-Undheim triplet wave function. ‘The other parameters of these wave 
functions are very similar and the calculated specific shifts ‘A’ in table 2 agree 
to two significant figures, which is the estimated accuracy of the value obtained | 
with the Huang wave function. For the singlet state, the Huang wave function 
gives the higher shift, which is also the one further from the experimental value. | 
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Table 2. Term Shifts (em~!) 


Shift Term Wave function Expt. 
Hughes—Eckart Huang Hylleraas—-Undheim 
A 25 0 0-159 0-149 0:13+ 0-02 
A 235 0 0-076 0:0758 0:10+0-02 
B IS 1-436 1-595 1-585 (hosy/ se (Way 
B 25 fh STLUS 1-799 1-799 1-82+0-02 
A: total term shift minus normal term shift; B: total term shift. 


The shifts found in this paper disagree with those calculated by Hamermesh 
and Eisner using the Huang wave functions and quoted by Fred et al. (1951). 

The experimental shifts ‘B’ given iri column 6 of table 2 were obtained by 
Bradley and Kuhn (1951) by extrapolating their measured shifts of the lines 
21°S-n13P to the series limits. Fred et al. observed only three lines of the 
triplet series, but found a residual shift ‘A’ of about 0-135 cm for the 2!S state, 
which agrees well with the value 0-13 cm™ given by Bradley and Kuhn. 

The total calculated term shifts ‘B’ given in columns 4, 5 of table 2 are all 
within the estimated limits of experimental error with the exception of the 
shift found with the Huang singlet wave function, which is just outside the 
limit of error. It is concluded that nuclear motion makes by far the most 
important contribution to isotope shift in helium. 
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APPENDIX 


The integrals J,,, K,, are given in terms of the quantities 


A,=(-cy"+(l4cy”, B,=(-c)*-—(+ey”, C= (1c) 4 


the upper and lower signs referring to the singlet and triplet states, respectively : 


P= eh Too = 192[(7 + ¢?)C5 +7], 
jen BA Cre ai Hoe= 1 30CGS 
eS ees Tyg = 192[(1 + 7c2)C; ¥ 1], 


T= 12A,+18A+20(A,+A,) + 140, 
Tor = Ty3=48A5 + 90A,+ 112A, + 120(Ay + A,) + 980, 
a 48 548) 408, + 208s, 
Tes = Lop =24(10B, + 15B, + 14B, + 10B, + 5B;), 
Tos = 8(30A, + 63A, +874, + 100A, + 105A, + 105.4, + 980), 
Ty 830A, £27424 154, +5A4,= 154), 
T= 768[(1+22)C, + 1], Tos = 9216[(6 + 13c2 + c4)C; + 6], 
Tys = 3072[(2 + 3c2)C, + 2], Teg = 92160e(1 + €2)C;, 
Tyg= 3072c(3 + 2c?) Cy, Tog = 9216[(1 + 13c2 + 6c4)C; F 1]. 


1156 Hb, IP. SORE 


Kan = Ag te 2 Se) Kig=3B3+2B, 
Ky,=A,+2A,+4A, + 5(3 — 7c?) Kyg=6B,+ 10B,47383 
K3q= Bs + 3 Bo F 20c Ky, = 16[C; + (1 —3c’)] 
Kyg=3A,+ SA, + 8A; + 35(1 —c*) Kig= 90(Cr +A —40?7)] 
Ky5=6A,+ 144, +22A,+28A,+ 140(1—2c?) K,,=96c(C,F 1) 
K,,=6B,+8B,+4B,F 140c K,5= 192 [(3 +7) C, + 3(1 — 6e7)f 
Ky,=6A,+ 2(A, + Ap) + 4A, + 2c(B; + Be) K,,= 768c(C; + 1) 

F 28(1 —c?) Keg = 192[(1 + 3c?)C, + (1 — 2c?)]. 
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The Ionization by Electrons of the Excited 2s and 2p States of 
Atomic Hydrogen 


By P. SWAN 


Physics Department, Melbourne University, Melbourne, Australia 


Communicated by H. S. W. Massey; MS. received 10th fune 1955 


Abstract. ‘The cross sections for ionization by electrons of H2s and H2p have been 
evaluated in the energy range 5—-100ev. First order perturbation theory is 
employed, the ejected electron being described by a Coulomb wave function, and 
the bombarding electron by plane waves both before and after collision. The 
H2s cross sections are larger than the H2p values, but both are much greater 
than the cross section for ionization of the ground state Hls. The classical 
cross section formula agrees roughly with the H2p(m= +1) results, but is con- 
siderably smaller than the H2p(m=0) and H2s cross sections. 


HEN hydrogen gas is subjected to a heavy electric discharge, the concen- 

tration of excited atoms can become comparable with that of normal 

hydrogen atoms. In order to find the electron mobility, it is necessary 
to know the cross sections for elastic and inelastic scattering of electrons by the 
lowest excited states of atomic hydrogen, namely H2s and H2p. 

The elastic cross sections have been evaluated by Swan (1954), so that it is the 
object of this paper to find the corresponding ionization cross sections. 

The ionization of the K shell of atoms by electron impact has been studied 
theoretically by Bethe (1930), Massey and Mohr (1933), Graf Soden (1934), 
Massey and Burhop (1935), and Wetzel (1933, 1936). Burhop (1940) and 
Mandl (1952) have independently extended the theory to the L shell of atoms. 
However, there are a number of printing errors in the papers of Massey and Mohr 
and Burhop respectively, and some of Mandl’s formulae are in a form inconvenient 
for computation. For this reason the formulae are restated below. 

In the first order perturbation theory, the bombarding electron 1s described 
before and after collision by plane waves, the error involved in not using Coulomb 
waves being small provided the energy is large. In this case the motion of the 
electron is but little modified by the field of the nucleus. 

However the atomic electron has in general only a small energy after 1onization 
so that the correct Coulomb wave function must be used. 

Electron exchange is neglected, and also the interaction between the two 
electrons, apart from the latter causing the transition from bound to free states. 
Both these approximations again require a high energy to be justified. 

Writing k=incident electron momentum, k’=scattered momentum, 
x = ejected electron momentum, K =k —k’=change of momentum of the incident 
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electron, a, = h?)/me2, the differential cross section for ionization of the K shell of a 


hydrogen-like atom is given by Mott and Massey (1949), 
I(K,x) dK dk 


2M K , 21K 2K K 
= Qari —lex — RO UEU Oa 
Sr f1 — exp (—27p,/«)} 1 exp ae (RP + pg) 

x {K+ Mpg? +42)! + Qing? (K? + 42) + (K2—0)2} 8 dKide ......(1) 
where bx = 2/ap. 


The differential cross sections for the 2s and 2p(m=0) states are quoted from 
Burhop (1940). Taking py=32/2d), 


: ‘: DOT! KR Ae Te ee Qpzk | 
1( Kok) dK Ta? KE exp { — ~~ arctan (Rea rey! 


x fugt +2 (K2 +12) py? + (K2—-12)}-8 AdK dev... (2) 


where for H2s, 
A = 20pz) + wy’ (8542 + 47K?) + pup8 (140«4 + 10044) 
+ pt (110K® — 82K4K? — 310K?K4+ 410K) + 407? (x? — K?)8(kt§ + «2K? —4K4) 
S(O = Ky (PBK) eee (3) 
and for H2p(m=0), 
A = 23 uz) + wy’ (76x? + 204.K") + wp? (90K4 + 444K? K2 + 218 K4) 
+ 4yoz4 (x? — K?) (11e4 + 80x? K? + 85K4) 
F pty (RA = KE (7s 0rd KI) ee (4) 
The formula for H2p (m= + 1) uses (2), with A as given by Mandl (1952): 
HA2p(m= +1); 
A= 4 yoy? (uy? +? + 5K?) (ut + 2K? +?) ug? + (KA?) 4? +42)... (5) 
By the conservation of energy principle, we have 
pane en =e Res 
where «4, = — 1/8 is the energy of the L shell of hydrogen. Thus 


K = (Rk? — 0-25 —R)42, Kmax=(R20-25)82 ye eee (6) 
‘The total cross section o for ionization then becomes 
rh +k’ Kmax 
Gan |s WHR kabel (Raritan 9 (7) 
a ee J0 


Equation (7) gives the cross section per atomic electron so that the total cross 
section for ejection from the L shell is found by multiplying (7) by the factor 2. 
J. J. Thomson (1912) has given a classical formula for ionization cross sections : 


qe* { 1 1 
o> -E & = r) cnkee (8) 


where £; and EF are the ionization and bombarding energies respectively. In 
atomic units, the L-shell result becomes 


o= 7(3- 7): ie Bike (9) 
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One would expect the classical result to hold for large quantum numbers /, that is 
highly excited atoms, but not for S states, which have no classical analogue. 


Numerical Calculations 


In the calculations the double integral expression (7) for the cross section was 
evaluated for a number of bombarding electron energies between 5 and 100ev, 
Atomic units m=e=h=a,)=1 were used. I(K,x) was plotted as a square table 
function of K and «, an interval of 0-1 in atomic units a, being used for 0-1 < K < 1-0, 
0-1 <« <1-0, and an interval of 0-2 for 10<K<5-6, 1:0<«<2:8. Values of 
I(K,«)for K <0-1 were estimated individually. 

The functions 4 in equations (3), (4) and (5) for H2s, H2p(m=0) and 
H2p (m= + 1) respectively were evaluated in the same intervals, and o was found 
by double numerical integration of /(A,«) according to equation (7). 

The cross section for H2p was found by suitably weighing the o’s obtained for 
the magnetic sub-states m= +1, 0. 


o(2p)=to(2p, m= £1) + da (2p, 7 =0)4 oe eh ee (10) 
Results are shown in the table in units of 10-!®cm?, together with the classical 
cross section (8). 


Ionization Cross Sections (in units of 10°-!%cm?) for Atomic Hydrogen 


R E (ev) H2s 2p se 1) EZ pi (n=0)) 2p @lassicaly7—2 
0-6 4-87 QA 27, 9-77 NG=77 12-10 11-88 
0-8 8-66 31-80 16°81 37-92 28°85 13-32) 
1-0 13°53 26°80 IIA BOeD2 22°31 10-49 
1-2 19-48 21-60 1233 30-08 18°25 8-03 
1°8 43-83 12-46 6:29 16:29 9-62 3:99 
23 PACD 8-76 4-18 10:92 6°43... 2-52 
2:7 98-63 6:73 3°34 8:27 4:99 1°85 


The cross sections are shown graphically in the figure as a function of momen- 
tum k together with values for the ground state H1s interpolated from a table of 


H2p (7=0) 
35 
H2s 
fs 0 
o 
ES 25 
‘s Be 
= 
5 20 
H2 
S Dat 
& 
S (6 
~ 
oO 
a 
8 10 
[s) N=2 
f Classical 
5 
His 
0 05 1-0 1S 2:0 25 30 


Wave Number A (atomic units) 
Cross sections in units of 10-!* cm? for the ionization of the K and L shells of 
hydrogen by electron impact. 
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Massey and Mohr (1933). Below about 20 ev the condition for the perturbation 
treatment is not fulfilled so that the table cannot be relied on in this region. 

The classical cross section agrees roughly with the H2p (m= + 1) curve but is 
smaller by a factor of 4 or more than the H2p(m=0) curve. ‘The former agree- 
ment is probably incidental as the quantum numbers involved are small. The 
H_2s cross sections are also considerably larger than the classical values, and all the 
L shell results are greater by large factors than the ground state ionization cross 
sections. In this latter property the ionization results follow the same trend as the 
elastic scattering by H2s and H2p (Swan 1954). ‘This was interpreted for elastic 
scattering as due to the potential acting between atom and bombarding electron 
having a much longer tail for excited atoms than for the ground state. ‘Thus 
interactions involving high angular momenta become very important for excited 
atoms bombarded with electrons, resulting in considerably larger total cross 
sections. 

‘The same reasons would explain the large ionization cross sections for excited 
hydrogen as compared to normal hydrogen. 
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On the High-Temperature Susceptibility for the Heisenberg Model 
of a Ferromagnet 


By G. S. RUSHBROOKE anp P. J. WOOD 


Physics Department, King’s College, Newcastle-upon-Tyne, 
University of Durham 


Communicated by E. C. Stoner; MS. received 11th Fuly 1955 and in amended 
form 17th August 1955 


Abstract. ‘The paper deals with the high-temperature expansions, in powers 
of T"!, of the susceptibility, y, and the inverse susceptibility, y 1, for the 
Heisenberg model of a ferromagnet. Expressions, valid for any lattice, are 
given for the coefficients in these expansions, up to and including the coefficient 
of T°. The results are discussed numerically, for particular lattices, in their 
bearing on the Curie temperature. 


§ 1. INTRODUCTION 
““VERIES expansions in inverse powers of the temperature, of the suscepti- 
bility y for the Heisenberg model of a ferromagnet have been given by 
Opechowski (1937, 1938) and Zehler (1950): see also Van Vleck (1951). 
The Heisenberg model associates one electron with each site of a regular crystal 
lattice, and takes the effective Hamiltonian, 4%, of the system, in the presence 
of an external magnetic field H, to be given by 


Ns > o.09—B> oH ...... (1) 
1,J,> t 


where o” is the vector whose components are the Pauli spin-matrices for an 
electron on the 7th lattice-site, / is the exchange-integral between neighbouring 
electrons and f the Bohr magneton. ‘The summation (7,7) denotes summation 
over all pairs of neighbouring sites, 7 and 7. For any matrix representation 
of #, the partition-function, Z, for the system is given by 


Jame SACELCRD Care) eh Sis atinnseas (2) 
and then 
heared 
X= 57a (RT In Z). hs (3) 


Thus from an expansion of Z in powers of 1, RT we can deduce an expansion 
of y in powers of 1/R7T. We may write this expansion 


De ga (4) 


=, O 
n>1 
where now y is in units of NB?)J, \ being the number of lattice-sites, and 0 
denotes RT).J. In the ferromagnetic problem /, and therefore 4, 1s positive. 
Inverting the expansion (4), we may write 


where 5, is a combination of the coefficients @,, @, 4, -+-@1- 
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‘The expansions (4) and (5) are assumed to be valid above the Curie temperature 
of the model under consideration; and Opechowski and Zehler have determined 
this Curie temperature by curtailing the right-hand side of (5) after the few 
coefficients 6, which have been evaluated numerically, and then solving the 
resulting polynomial of low degree to find the value of @ for which 1/y vanishes. 
We shall criticize this procedure later. 

In general, of course, the coefficients a, and b, are functions of H, and 
should be written a,(H) and 6,(H). Similarly y= y(H). But we are principally 
interested physically in (0), the limit of y for small H, and thus in a,(0) and 
(0). In this paper we shall confine ourselves to the discussion of a,(0) and 
b,,(0) and, for brevity, shall use the simple notation a, and 4,, for these quantities. 

The calculations of Opechowski produced numerical values for a,, a) and a3 
for the face-centred cubic, simple cubic and diamond lattices, and a value for a, 
for the face-centred cubic lattice. ‘This last result was later found by Zehler to 
be incorrect; and Zehler gives the true values of a, for both the face-centred 
and simple cubic lattices. 

Using what is perhaps a rather different computational approach (Zehler 
does not give details), we have calculated a@,, dy, @3, a, and 4, for an arbitrary lattice, 
the values for any particular lattice being obtained by substituting the appropriate 
lattice parameters in the general expressions. For the first four coefficients our 
results agree with those of Zehler, which is sufficient guarantee of their correctness. 
In the case of a, we have no previous results against which to check our formula. 
But the general trend of coefficients, discussed below, does not suggest that there 
is anything markedly wrong with the answer. 

After outlining the method used to tackle the problem we shall simply present 
the results without going into full computational details. We shall then discuss 
what conclusions may be drawn from these coefficients a, or 6 
lattices. 


for various 


n> 


§ 2. ALGEBRAIC METHOD 


Taking o,; to correspond tothe direction of H, and writing 


Dy 6). g)= je Sy o3) = O 
A 9)> 7 


Ue E > (=) | de (6) 


where n= (PE2Oy>. 9 ee eee (7) 

} At the request of a referee, we add a brief comment on a paper by Tredgold (1953). 
Tredgold criticizes the Opechowski-Zehler procedure for finding the Curie temperature, 
on the ground that if equation (4) is curtailed after a few terms then its reciprocal will 
never vanish since the sum of a few terms from the right-hand side of (4) can never become 
infinite, except for 6=0. He then proceeds, for the face-centred cubic lattice, to find a 
power series expansion for y~' by an alternative method, but fails to point out that the 
terms he obtains are precisely the first three terms (stopping at n=3) of equation (5), as 
calculated by Opechowski, so that his estimates of the Curie temperature are precisely 
those already given (see table 3). (Note, Tredgold’s symbol y stands for 2/0, i.e. 12/9, in 
our notation.) While not disputing the interest of Tredgold’s alternative computational 
approach, we do not believe his initial criticism to be well founded. For, as we argue 
in § 4 below, it is the radius of convergence of (4) which determines the Curie temperature, 
and the Opechowski—Zehler procedure is one way, though perhaps not the best, of estimating 
this radius of convergence. 

{ Both authors performed the calculations independently; but this is not a complete 


check since comparisons of our respective results were necessarily made from time to time 
and disagreements rectified. 


equation (2) gives 
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Here x stands for 28HJ, and (A) denotes (trace 4)/2", where 4 is the matrix 
representation of a spin-operator in the 2*-dimensional space which is the 
N-fold direct product of the 2-dimensional spin spaces of each electron. 

Since Pand Q commute, we are thus faced with having to calculate expressions 
of the form ¢P%Q‘), and for y(0) we require only =2. Now 


(AREY (CX D)J=AC KBD and ir(4 <x B)=tfA tr, 
while oo) is represented by 


te FG ee oA Sean copie Gee ee 


a 


where J, is the two-dimensional unit matrix and the o-matrices occur in the 7th 
and jth places (summation over a repeated suffix being implied). Consequently, 
SINCE 6,0g=1€,8,0, + dygly and tro,=0, the factors 2, arising from tr J,, cancel 
with the 2. in the denominator a <A) so that we may ignore these factors 
and calculate (4) algebraically, using 


TyOB = le yg, 0, + Oyg- see eee (8) 


Further, each contribution to ¢(P*Q’) may be represented by a diagram, 
such as 


in which each point of the diagram corresponds to a lattice-site, each line to a 
o’.o/) term and each cross to a o;") term. Diagrams pertaining to ¢(P*Q!) 
comprise s lines and ¢ crosses: and the only non-vanishing contributions to 
« P*O") arise from diagrams in which there are no isolated single crosses and no 
points which are solely the terminus of a single line. 

Strictly, such a diagram corresponds to a group of terms in the expansion 
of P*Q'. For, firstly, the particular lattice-sites involved are immaterial in the 
calculation of the corresponding trace and, secondly, the simple triangle 
for example (in which the numbers 1, 2, 3 denote the particular lattice-sites 
involved) arises from the six possibilities 

(o) : 3) (6 ; 3))\(o) : oD), (ao) ; o))(6) ; o))(6®) ’ o)) AR 

(o® .6)(6 . 6®)(62. 6), (6?) .6?)\(62 .6®)(6 6), 
We have thus (a) to multiply the calculated traces by the number of times the 
corresponding diagrams can ‘ occur on the lattice’ and (4) to sum over all possible 
sequences of the factors pertaining to any particular diagram. 

Although care is needed in the calculations involved in (a), the real complexity 
of the problem comes from (6), i.e. from the non-commutativity of the o-functions. 
Each of the hundred or so different diagrams involved in calculating a;, for 
example, since it involves 5 lines, may give rise to as many as 120 different 
permutations of the 6.6% factors; a direct approach is clearly impracticable. 
But, without undue labour, the enters can be performed as follows: 

If, for brevity, we denote 6. 6® by (12), then there are a number of simple, 
first principle, relationships such as 


(12)*=3 — 2(12) 
(23)[(12) + (13)]=(12) + (13) 
(12)(23) + (23)(12) = 2(13) 


76-2 
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which follow from equation (8), and which enable us to reduce the quantities 
we require to simpler terms, whose traces are elementary. For example, if 
» denotes the sum over all permutations of the corresponding factors, 


i > A, =18—4[(12)+(23)+ 31] 
~~ 20(24) — 8(14) — 8(13)(24) + 8(14)(23) 


1 2 3 4 


4 =200(13) — 80(13)(45) — 24(13)(24) — 24(13)(25) 
ft 2 35 + 24(23)(14) + 24(23)(15). 

Although there does not seem to be any guarantee that such a reduction is 
always possible, to a result in which there is no repeated numeral in any term 
on the right-hand side, we have in fact succeeded in reducing all diagrams in this 
way (with just one exception, namely 

< |e 
which defeated us, but for which the corresponding trace could be calculated 
without difficulty from the stage reached). There seems no point in giving 
a complete list of these results, but we would observe that from them we can 
obtain at once the corresponding traces pertaining not only to these diagrams 
without crosses (a, terms) but also to these diagrams with any number of crosses 
added. ‘Though we have in fact confined attention to t=2, it would not entail 
much additional labour to find how the coefficients @,, ad), ..., a; depend on H. 

Before summarizing our results for the coefficients a, and b,, we would add 
only that whereas the coefhicients (moments) jz, 1n (6) can involve higher powers 
of N than the first (since the diagrams discussed above may involve more than 
one separate piece), the corresponding coefficients 4, (cumulants) in the formula 
for the free energy F, 

b : Ae ele 

ies NkTIn2— aT > * (55) ieee (9) 
are directly proportional to N. In fact A, is the term proportional to N in the 
expression for p,, and the well-known connections between moments and 
cumulants (e.g. Kendall, p. 64) need be used only as a check on the accuracy 
of the calculations. We have, of course, employed this check and verified that 
terms in N?, N32, do in fact cancel out. 


§ 3. COEFFICIENTS IN x AND 1/y 


In summarizing our results for the coefficients @, and 4, occurring in the 
expansions, in powers of 1/6, of y (equation (4)) and 1/y (equation (5)), we 
introduce the following parameters characteristic of the particular lattice con- 
cerned: 2=coordination-number, i.e. number of sites 7 which are neighbours 
of a given site7, and p, = number of different routes on the lattice, 7, k,, ky, .. Rie 
where 7 andj are given neighbouring sites; each link in the route is from a site 
to a neighbouring site, and the 7 points k,, ky, ...k, are all different. Thus 
p,=number of triangles on a given base 7, p)=number of ‘squares’ on a given 
base 7, ps=number of ‘pentagons’ on a given base ij, though the ‘squares’ 
and ‘pentagons’ are not necessarily plane figures. 

These parameters are easily determined for any given lattice, and we have 
worked throughout in terms of them. Their values for particular lattices are 
given in table 1. 
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Table 1 

Lattice x Pr Ds Ds 
Linear 2 0 ) 0 
Honeycomb 3 0 ) 0 
Plane square 4 0 2 0 
Plane triangular 6 2 4 10 
Diamond + 0 () 0 
Simple cubic 6 ) 4 0 
Body-centred 8 ) 12 0 
Face-centred 2 + 22 140 


In terms of these parameters, we find 


Az = (2/24)(327— 122+8—5p,) 

a, = (2/48)(32? — 1827+ 332z— 13+ 15p, — 10zp, — 5 pz) 

a, = (2/480)(1524 — 1203 + 3502? — 3802 + 122 — 245p, +310zp, — 7527p, 
+ 45p,? + 90p, — 50zp.— 25p3) 


whence 
b,= —32 
b= ee 
b; = (2/24)(5p, — 8) 
b, = (2/48)(5p.— 15p, + 13 — 5z) 
b; = (2/480)(25p, — 90p, — 45p,? — 60zp, + 245p, — 122 + 902). 


The most striking feature of these results is the simplicity of the expressions for 
the coefficients b,, as compared with those for a,,. 

As we have stated in the introduction, the numerical values of a,, a), a3 and a, 
agree with those given by Zehler for the simple cubic and face-centred cubic 
lattices, which is a sufficient check on our general expressions. We regret that 
there are no previous calculations of a; with which to compare our formula. 
But some confirmation is provided by the simplicity of the expression for 55. 

In table 2 we present the numerical values of these coefficients for the lattices 
specified in table 1. 


Table 2 

Lattice Cas Ga a4 a; b, bs bs bs bs 
Linear 1 0 —+ - é (7d —: 1 au 
Honeycomb 3 2 1 3 102 —§ # -1 -1 a 
Plane square 2 2 ; - a —2 2 -3 a 29 
Plane triangular 3 6 a = oo =—3° 2 E —2 —) 
Diamond DB 4 3 1s —2,2 -* +3 us 
Simple cubic Sw 1 a 1362 —3 3  =—2 2 a 
Body-centred 4 12 7 a Be —-4 4 -§ 1 _ 2 
Face-centred 6 30 138 3e 2677 ©6 6 $ 2 
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Before discussing any conclusions that may be drawn from these coefficients 
we shall simply present the expressions for the coefficients in an expansion of 
the internal energy E in powers of 1/6, when H=0. ‘To obtain these we proceed 
as above, but with t=0 instead of f=2. Writing 


eS 1 1 
B= hy Ns oe eHIy | & r, 2°) rove (10) 
we have 
NAG =0 
N) ry eae 
Ny Ay =3a(py— 1) 
N) A, 1,=3 3a(3— 42 — 4p, + 3pz) 
(1/N) ,0= 122(10z—5 —5p.—10p,2 + 5p, + 3p) 
again in agreement with any particular results given by Zehler or Opechowski. 


(1). 
(1 
(1, 
(1 


j 4 


$4. THE CuRIE ‘TEMPERATURE 

As we have said, the method hitherto used for determining the Curie tempera- 
ture of this model of a ferromagnet on the basis of such high-temperature 
expansions, is to curtail equation (5) after m terms (m=1, 2, 3...) and solve the 
resulting polynomial equation of degree m in @ to find that value of @ for which 
1/y=0. Attention has been restricted to positive real roots of these polynomials. 
Proceeding in this way we obtain the following table of values of 6 for which 
1/y=0, a blank space indicating that the corresponding polynomial does not 
have a positive real root. 


Table 3 
Lattice m=1 2 3 + 5 From a,1" 
Linear 1-000 0:7959 0-6042 0-89 
Honeycomb 1-500 1-000 AQ 1-82 
Plane square 2-000 1253 1-095 1:56 
Plane triangular 3-000 752 1-873 1-39 
Diamond 2-000 e253} 1-447 jha7/? 
Simple cubic 3-000 2-000 1-930 1-834 92 
Body-centred +0002 OO0N 2.951 DBO? DEST) DIG 
Face-centred 6-000 4:732 4:262 4-243 4-264 4-21 


It is evident at once that there is considerable irregularity in these results 
(even if we disregard the column for m=5). The sequence for the body-centréd 
cubic lattice is probably the most instructive, where we have alternate ‘high’ 
and ‘low’ values: but in no case can we draw particularly clear conclusions 
from these roots. But this, we suggest, is not surprising. For we ought really 
to be looking for the radius of convergence of the series (4). With only two 
trivial exceptions, this series is an inverse-power series with positive coefficients 
so that we should expect the first singularity of the function, represented by this 
series for small 6, to lie on the positive real 6-axis and correspond to the Curie 
point. It is true that we should expect the procedure adopted above, based on 
equation (5), eventually to lead to the same result, though we ought probably 
to consider the limit, for large m, of the modulus of the smallest root, real or 
complex of the corresponding polynomial. The numerical labour involved 
would be considerable, and, in any case, we see no ground for expecting good 


convergence. We prefer, therefore, to attempt a direct estimate of the radius 
of convergence of the series (4). 


High-Temperature Susceptibility of Hersenberg’s Ferromagnetic Model 1167 


Either lim,.,.(@,/@,_1) or lim,.,,. 4,” may be expected to yield the critical 
value of 6. For the few (five) coefficients that we have, trial shows that the 
numerical values of a,!"t form a more regular sequence, in every case, than do 
those of a,/a,_, which is understandable since ‘irregularities’ in the early 
coefficients will be magnified, and persist longer, in the latter sequence of ratios. 
We have therefore plotted @,!” against 1/n, with the intention of extrapolating 
tol n=0. ‘The results, for all the lattices, are shown in figure 1. The sequences, 


ei Face-centered | 
St a 
(4:21) ; | 
4- Body-centred- 
5 
‘Ear (270) 
2- (1-92) 4 
a 
(139) * __---x Honeycomb 
Cel -- 
ie ies a Sie _-—xLlinear 
(os) * ee eee 
peel | ee ae 
0 bh Re ] 
/n 
Figure 1. 


particularly for the three-dimensional cubic lattices, are fairly smooth. For 
estimating the critical value of 6, however, we have decided to use quadratic 
extrapolation on the last three points (n=3, 4, 5). ‘This amounts to putting a 
parabola through these points and finding where it cuts the 1jn=0 axis. The 
corresponding estimates of 6 are enclosed in brackets on the left of each curve 
(and are repeated in the last column of table 3). Only in the case of the linear 
lattice have we departed from this procedure: for here the values of @,!” are 
alternately ‘ high’ and ‘low’, and the value 0-89 given is the result of extrapolating 
on the points for m=1, 3 and 5. Extrapolation from the points for n=3, 4 and 5 
gives 1-13 which, on inspection if for no other reason, is certainly too high. 


§ 5. DiscussION OF THE RESULTS 
For the three-dimensional cubic lattices our critical temperatures estimated 
from the coefficients a,, agree fairly well with those previously obtained by other 
methods. Thus Weiss (1948), using the Bethe—Peierls method, estimated 
values of 2:90 and 1-85 for the body-centred and simple cubic lattices, respectively : 
to be compared with our values of 2-70 and 1-92. For the face-centred cubic 
lattice our value of 4-21 is close to the value estimated by Zehler from the evidence 
of the roots of the polynomial approximations to 1/y. For the body-centred lattice 
too the evidence of the roots is not inconsistént with that of the extrapolant of 
a. And we feel that the same may be said of the diamond lattice, though 

perhaps the extrapolant of a,” is here a little too high. 


+ In the two cases where a, is negative we have used |ay, 
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For the two-dimensional and linear lattices we have less good agreement 
between the evidence provided by the roots of the polynomial approximations 
to 1/y and that given by the values of a1". For the honeycomb lattice, in 
particular, the extrapolant of a,” almost certainly gives too high a value for 
the Curie temperature since in every other instance the linear approximation, 
(m= 1) leads to an estimate higher than the true value. Neither Jine of approach, 
however, would lead us to conclude that there should not in fact be a critical 
temperature for these lattices despite the fact that the spin-wave approximation 
(Bloch 1930) yields the conclusion that the model will not, for these lattices, 
give rise to a ferromagnetic state at low temperatures. While it is true that we 
cannot legitimately draw strong conclusions from the first five coefficients of an 
infinite power-series, we feel that some doubt does in fact persist as to whether 
for these lattices the model will show critical behaviour or not. 

Some idea of the nature of the convergence of the series expansion (5) for 1/x 
can be gained from the plots of 1/y against @ given in figures 2 and 3. ‘The curves 
labelled (1), (2)...(5) correspond to truncating the right-hand side of (5) at 
n=m=1,2...5, respectively; the rather fortuitous occurrence or non-occurrence 
of 1/y=0 for small values of m is easily appreciated. For the face-centred and 
body-centred cubic lattices it is clear that our estimates of the Curie temperatures 
are reasonably good and that the temperature-dependence of 1/y, above the Curie 
temperature, is known with fair accuracy. Superficially the curves are not unlike 
those predicted by the Ising model (see, for instance, Rushbrooke 1952, Fig. 5): 
perhaps the most notable feature is the slowness with which the curve approaches 
its linear asymptote. ‘Thus if we should use this model to estimate the exchange 
integral J by drawing a tangent along the approximately linear, high-temperature, 
part of an experimental plot of 1/y against 7, assuming the tangent to cut the 
temperature axis at R7’.J = 3/2, we should probably obtain an estimate of J some 
10-20%, too small. 


3-0 
ooh 
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Figure 2. 
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Body-centred 
cubic lattice 


Figure 3. 


Finally, we add only that, although we should expect the specific heat (for 
H =() derived from equation (10) to have a singularity at the same critical Curie 
temperature, we do not have sufhcient terms in the expansion of £ to verify this 
supposition. Except for the bedy-centred lattice, however, such evidence as we 
do have, trom the coefhcients in equation (10), does tend to support this 
conclusion, 
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Abstract. A number of discrepancies appear in the published values for the 
cross sections for the elastic scattering of high energy gamma rays. A direct 
method, usinga scintillation spectrometer, has therefore been developed to measure 
the cross section for elastic scattering in terms of the Compton cross section. ‘This 
has been done for energies of 0-411, 0-66, 1:17 Mev at an average scattering angle 
of approximately 80° in lead, tin, copper and mercury. ‘The cross sections are in 
agreement with classical prediction in these elements for 0-411 and 0-66Mev 
photons. ‘The existence of Delbruck scattering is suggested in the case of 
1-17 Mev scattering from lead. 


§ 1. INTRODUCTION 


HE cross sections for the elastic scattering of gamma rays have been 
determined experimentally by a number of workers (Moon 1950, Storruste 
1950, Wilson 1951,.1953; Davey'1953, Stickler<1953): 

In the case of !8Au 0-411 Mev radiation and a lead scatterer, Storruste found 
good agreement with the theories of Rayleigh plus ‘Thomson scattering as regards 
the absolute cross section and the angular dependence from 3° to 150°. Davey 
investigated the coherent scattering at 1:33 and 2-76mev from lead between 
40° and 120° and found reasonable agreement with theory for 1-33 Mev. In the 
case of 2:76 Mev however the measured cross sections were found to be higher than 
the Rayleigh—Thomson predictions using the Fermi~Thomas model, and also 
higher than values calculated by Bethe (see Wilson 1953) using relativistic wave 
functions. ‘This discrepancy was attributed either to secondary effects or to the 
occurrence of Delbruck scattering. 

Wilson (1953) measured the angular dependence and cross section for 1:33 Mev 
gamma rays in several absorbers and found a value considerably less than the 
predictions of Bethe, which suggested that Delbruck scattering was occurring and 
was of an opposite phase to the Rayleigh plus Thomson scattering. Measure- 
ments by Stickler at 135° (where the potential scattering is negligible) with 
1-33 Mev gamma rays in lead, have confirmed Bethe’s calculation, though the 
experimental accuracy was low. He further suggested an additional process as 
contributing to the observed elastic scattering, depending on the fifth power of the 
atomic number. In view of the importance of deciding between these experi- 
ments, which disagree by considerable factors, a direct method has been used 
to measure the cross section for elastic scattering in terms of the Compton cross 
section. This was done for energies of 0-411, 0-66, 1:17 Mev at an average scat- 
tering angle approximately 80° in lead, tin, copper and mercury. 


Elastic Scattering of Gamma Rays 1171 


§ 2. EXPERIMENTAL METHOD 


Figure 1 shows the arrangement of source, conical scatterer and scintillation 
crystal. The latter was of sodium iodide, thallium activated, and was mounted on 
an E.M.I. photomultiplier. The arrangement of figure 1(a) was used for the 
0-411 Mev 'SAu gamma rays and that in figure 1(b) for the 0-661 17Cs and 
1-17 ®Co gamma rays. The !*8Au and !57Cs radioactive sourcesiwere of strength 
approximately 1 mc, and the ®°Co-source 3 mc, and were enclosed in glass or silver 
sheaths to filter any B-radiation. The crystal was part of a conventional spectro- 
meter. ‘I’he single channel discriminator and associated equipment were stable 
to 1°, over,long periods. The apparatus was mounted so that the conical 
scatterers could be removed from the absorbing cone and replaced in the position 
shown in figure 1. 

The spectrum of gamma radiation reaching the crystal was determined with 
and without the conical scatterer. 


Source 
Source 
Conical Conical 
Pb Absorber *— Pb Absorber 
Conical ay 
Scatterer o | 2cm 
ae Conical 
7 Scatterer 
Nal Crystal 
/ 
\ ! Nal Crystal 


(a) (b) 


Figure 1. Experimental arrangement. 


§ 3. EXPERIMENTAL RESULTS 
(i) 0-411 Mev. 

Figures 2, 3 and 4 show the spectra obtained with various scatterers. ‘lhe 
spectra with the scatterer present show three peaks which correspond to scatter 
from the walls of the room, Compton scatter from the cone, and a partly resolved 
peak which corresponds to the full energy of the incident rays and is therefore the 
elastic scatter. ‘lhe background from the walls is reduced when the scatterer is 
present and does not contribute appreciably to the high-energy side of the 
gaussian curves which have been fitted to the scattered Compton peaks. ‘The 
background count in the region of the elastic peak was unaltered when the 
scatterer was placed in position. ‘This background is mainly due to cosmic rays. 


(11) 0-66 Mev. 
Figures 5(a) and 5(4) show the similar behaviour with the arrangement of 
figure 1 (b) and a '°’Cs source. 
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Figure 2. Spectrum of 1°8Au scattered off 0:5 cm thick Pb cone. 
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Figure 3. Spectrum of !°8Au gamma rays scattered off 1:5 cm thick Cu cone. 
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Figure 4. Coherent scatter of !*8Au 0:41 Mev gamma rays off 1 cm thick He cone. 
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Figure 5 (a). Scatter of ®*Cs 0:66 Mev Figure 5 (6). Coherent scatter of }37Cs 0-66 Mev 
gamma rays off 0:5 cm thick Pb cone. gamma rays off 0-5 cm thick Pb cone. 


(iii) 1-17 Mev. 

Figures 6 (a) and 6 (4) were obtained with a lead cone of thickness 0-5 cm anda 
3mc ®°Co source. The elastic scattering occurs with both 1-17 and 1-33 Mev 
gammarays. Only the region between bias 51 and 56 (figure 6 (a)), corresponding 
to the 1-17 photoelectric peak, was investigated accurately since the peak rate was 
about twice background. ‘This portion of the curve of course contains contri- 
butions from the 1-33 Mev and Compton peaks in the crystal as a result of gaussian 
fluctuation. ‘The correction for this effect will be discussed later. 
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Figure 6 (a). Coherent scatter of "Co Figure 6(4). Compton and background scatter 
off 0-5 cm thick Pb cone. of ®°Co off 0-5 cm thick Pb cone. 
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The area between the background rate and the observed curve with limits from 
51 and 56 bias units was determined with a probable error of 7% by repeated 
measurements. 

Figure 4 shows the region near 0-411 Mev for the '*8Au source and the mercury 
scatterer. This can be resolved into a gaussian peak and a background count 
(shown dotted). This gaussian has a width and occurs at such a bias which shows 
that it is the coherently scattered gamma ray. 

The fact that the high-energy side of the Compton peak fits a gaussian with 
reasonable accuracy means that the Compton scattered gamma rays reaching the 
crystal have only asmall spread of energies, and must therefore be scattered through 
about the same angle. This angle can be derived simply from the Compton 
formula and, as shown in figure 1(a), is consistent with expectation when the 
geometry is considered. A small percentage of gamma rays can scatter through an 
angle as small as 50° and still reach the crystal, but these would have an energy 
320kev. These gamma trays account for the small difference between the 
Compton gaussian and the experimental curve at high bias values. ‘There is no 
possibility however that fluctuations in the lowest angle Compton scatter could 
contribute to the high-energy side of the elastic peak. his fact is essential 
in determining the ratio of elastic to Compton cross sections. 


§ 4. ANALYSIS OF RESULTS 


In the case of 0-411 Mev scattered peaks the area on the high-energy side of the 
gaussian peaks was determined both for the coherent and Compton rays. ‘This 
ratio was corrected for absorption in the walls of the scatterer, crystal efficiency, 
and ratio of photoelectric peak area to total area under the pulse spectrum. The 
corrections were determined as follows: 


(1) Wall absorption. 


Considering a parallel beam of monochromatic gamma rays incident on a slab 
of scatterer at angle « and undergoing absorption plus scattering, the ratio of the 
intensities of coherent and Compton scattered radiation leaving the slab can be 
obtained simply (figure 7). 


Primary Radiation 7, 


Coherent or Compton . 
Scatter Lg 


Figure 7. Wall absorption. 


_ If J) is the incident intensity of gamma rays having absorption coefficient 14 
in the wall material, 6 the Compton scattered angle and I, the intensity of the 


t 
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scattered radiation leaving the scatterer in the plane of the paper and having 
absorption coefficient jy in the wall material, then 
d 


T,xcIg} exp (—p4x) exp (—pyy) dx 


0 
since y=. sin x sin (6—«) where » is the thickness of absorber traversed by the 
incident radiation and y is the thickness of absorber traversed by radiation scattered 
at angle #6. Then 


NSS ee ee ee a [4g SIN & il 
Hee] aa | | exp {is ein (=a) | ‘) | : 


For the Compton radiation 4. >, for the elastic scatter zy=,. Over the small 
range of scattering angles here considered, the variation of @ with x has a negligible 
effect on J. 


(11) Peek to total ratios. 

The spectrum of monochromatic gamma rays produced in the crystal consists 
ot the photoelectric plus Compton areas. ‘The ratio of the area under the photo- 
electric peak to the total area under the pulse spectrum varies with energy of the 
primary gamma ray. Bell et al. (1952) have given this ratio for a crystal of the 
same size as that used in the present work. ‘Their values have been used to correct | 
the present experimental results. 

(111) Crystal efficiency. 

In view of the large size of crystal used in these experiments the ratio of the 
detection efficiencies for Compton and scattered radiation does not vary appreci- 
ably with the angle of entry of the gamma ray into the crystal. The crystal 
diameter d is 3-8 cm and if , is the absorption coefficient of the scattered radiation 
in Nal, the number of gamma rays stopped in the crystal is proportional to 
1 —exp(—p,¢@), assuming all the rays traverse a diameter. 

As an example we may consider the application of these corrections in detail 
to the 1-17 Mev ®°Co radiation. A preliminary run of the incident ®°Co radiation 
showed that the 1-17 Mev photoelectric peak constituted 58°, of the area under the 
spectrum between bias 51 and 56 volts, the remainder of this area being due to 
scatter and the 1-33 Mev peak. From the scatter spectrum of figure 1 (a), the area 
between bias 51 and 56 volts was determined and multiplied by the correction 
factor 0-58 to correspond with the 1-17 Mev photoelectric peak. ‘The corrected 
area was then divided by the area of the Compton peak. From the values of 
absorption coefficient in lead and Nal given by White (1952), the ratio 


onion 0-31 9 ore 
es 
(1a) conarent 0-525 for 


and 

Ecompion _ 0°80 _ 1.48 

Sie) 10 
where e is the crystal efficiency for a path length 3-8cm. If the scattered gamma 
rays traverse only 2cm of crystal the ratio of efficiencies becomes 1:7. The value 
of 1-48 used in the calculation should not be in error by more than a few per cent. 
If co denotes the cross section this gives O¢herent/Fcompton 28 9°00023 with an 
estimated probable error of 10°. A similar method was used for the 0-411 Mev 
gamma ray scattered from mercury, tin and copper, and the 0:66 Mev gamma 


ray from lead. 
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Theoretical values of the Rayleigh cross section were calculated using Franz’s 
(1935) formula and Thomson’s equation (Moon 1950) and are shown in the table 


with the experimental results. 
The calculations of Bethe and Wilson at 1-33 Mev for coherent and Delbruck 
scattering have been taken as approximately correct at 1-17 Mev. 


(1) (2) (3) (4) (5) 
(a) (4) (¢) 

0-441 Fa Pb 0-010 0-013 

Hg 0-017 0-013 

Sn 0-0043 0-0045 

Cu 0-0015 0-0017 
0-66 84 Pb 0-0043 0-003 
1:17 84 Pb 0-00023 + 0:00002 U-0007 0-00037 0-00023 


(1) Energy (Mev); (2) angle of scatter 6(°); (3) scatterer; (4) experimental o¢op/Ocompt3 
(5) theoretical G.o,/ec¢ompt: (@) Rayleigh & Thomson, (b) Bethe, (c) Bethe & Delbruck. 


§ 5. DiscussION OF RESULTS 


It can be seen from the table that the experimental and theoretical values for 
)-411 Mev radiation scattered from Pb, Sn, Cu, Hg and 0-66 Mev scattered from Pb 
are in good agreement with expectation. 

The value of the ratio for 1-17 Mev is in excellent agreement with the recent 
data of Wilson (1953) for 1:33 Mev, confirming the existence of Delbruck scattering 
which is in opposite phase to the coherent Rayleigh scattering, and supporting 
the calculation of Bethe. ‘The early experiments of Wilson (1951) and of Storruste 
(1950) and Davey (1953) may therefore have been in error by a considerable 
factor. ‘The experiment of Stickler (1953) is also subject to considerable 
uncertainty. 

$ 6. CONCLUSION 


The cross sections for coherent scattering are in agreement with classical 
prediction over a range of atomic numbers for 0-411 and 0-66Mev gamma 
rays. ‘The existence of Delbruck scattering is suggested in the case of 1:17 Mey 
scattering from lead. 
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Abstract. A 180° spectrometer has been used to study the Compton electrons 
ejected from polythene radiators by the gamma rays from a radio-thorium source, 
in an attempt to detect gamma rays of low intensity between the energies of 1 Mev 
and 3-5meyv. ‘The only gamma rays detected in this region were a gamma ray at 
1-62 Mev and the well-known 2-62 Mev ray, the intensity of the 1-62 Mev ray being 
about 3-5°), of the 2-62 Mev ray. Upper limits are estimated for the intensities of 
gamma rays which have been previously reported by some workers. <A possible 
decay scheme for ThC is discussed. 


$ 1. INTRODUCTION 


y-ray, some workers have reported low intensity y-rays from thorium 

active deposit, which have not been found by others. 

The existence of some of these y-rays might be expected from consideration of 
the x-ray and §-ray spectra. ‘Thus the x-disintegration energies, recalculated by 
Briggs (1954), suggest excited levels of ThC’ at 0-73, 1-67 and 1-80mev. The 
existence of a ():726 Mev y-ray is well established. ‘The energy balance in the two 
branches of the ThC decay indicates that the f-ray end point of ThC”.D is ona 
level 3-2 Mev above the ground state of ThD, and this 1s the sum of the well-known 
2-62 and 0-58 Mey y-transitions. Thus there is a possibility of additional y-rays 
with energies 0-94, 1-07, 1-67, 1:80 and 3-2 Mev. 

Conversion electrons from y-rays of 1-62 and 1-80 Mev were reported by Ellis 
(1934). Subsequently, Alichanow and Dzelepov (1938) reported y-rays with 
energies 1:35, 1-50, 1-60, 1-80, 2:20 and 3-20 Mev, from measurements of internal 
positron production. Curran, Dee and Strothers (1940), using the Compton 
recoil electron spectrum reported a 15°, intensity for a 1-68 Mev y-ray, and the 
presence of a 1-1 Mev y-ray. Latyshev and Kulchitsky (1941), using collimated 
y-rays, confirmed the presence of recoil electrons corresponding to all the y-rays 
found by Alichanow and Dzelepov except the 3-2 Mev y-ray. Itoh and Watase 
(1941) found recoil groups corresponding to 0-96, 1-77 and 3-24Mev. Mandeville 
(1942), using a similar technique to Curran et al., claimed y-rays at 1-58, 1-77 and 
3-2mev. Johannson (1947) re-examined the Compton spectrum with a lens 
spectrometer and claimed y-rays at 1-03, 1-34, 1-61 and 1-81 Mev with intensities 
of 11%, 9%, 14% and 14% respectively of the 2-62 Mev y-ray. More recently, 
however, Fultz and Harding (1948) have measured the total y-ray energy per 
disintegration of ThC.C’ and found their result of 0-14 Mev per «-disintegration to 
accord more closely with the simpler findings of Ellis, omitting the 1-6 Mev y-ray 
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lp the region between 0-86 Mey and 3-5 Mey, in addition to the strong 2:62 Mev 
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and assuming the remaining rays at 1-8 and 0-73 mev were both electric quadrupole. 
Bell and Elliott (1948) after a careful search for photo-electrons have stated that 
the intensity of the 3-2 Mev y-transition must be less than 1 in 500 of that of the 
2:62 Mev y-ray. 

§ 2. APPARATUS 

A 180° magnetic focusing spectrometer with equilibrium radius 9cm, 
described by Martin, Richardson and Hsii (1948), has been used to study the 
Compton electrons ejected from a light target by the y-rays from a radiothorium 
source. [his source of about 20 mc was prepared and sealed in a glass capsule 
of length 1:5 cm, diameter 3 mm and wall thickness 0-8 mm, by the Radiochemical 
Centre, Amersham. ‘To measure the magnetic field, a coil was rotated at a con- 
stant 1500 rev/min by a synchronous motor which was driven by a hard valve 
inverter circuit controlled by a 50c/s tuning fork. The d.c. component of the 
voltage generated, after passing through a commutator and 10c/s low-pass filter, 
was measured with a vernier potentiometer. The momentum calibration was 
obtained from well-known lines of thorium active deposit. 

An absorber of non-magnetic G.E.C. heavy alloy (density 16-5 gcm~*) was 
placed between the source and detector and the residual background due to y-rays 
was practically eliminated by measuring coincidences between two small counters, 
each 2 cm long and 1 cm in diameter, separated by 2:5 cm in a reservoir containing 
an alcohol—argon mixture. Some of the electrons detected in the first counter 
missed the second counter as a result of scattering in the mica window or gas of the 
reservoir. ‘The fraction of the beam lost increased with decreasing electron 
energy. Acorrection factor was obtained by measuring the ratio of the coincidence 
counting rate to the single rate in the first counter, which was sufficiently close to 
the mica window to collect most of the scattered electrons. 


§$ 3. MEASUREMENTS 


‘The glass capsule was surrounded by a copper tube, to absorb the primary 
electrons, and placed in contact with a polythene radiator. The experimental 
results corrected for the counter absorption and transmission of the spectrometer 
are shown in figure 1. If the intensity of the 2-62 Mev y-ray is taken as 100%, 
then that of a y-ray of 3-2 Mev is less than 0-1°%. Due to the continuous distri- 
bution of the electrons it is difficult to detect electrons from low intensity y-rays 
but there does seem to be a definite increase in the region corresponding to a y-ray 
of about 1-7mev. The well known 0-86, 0-73 and 0-58 y-rays are seen. 

An electron ejected at an angle @ with the direction of the incident quantum has 
an energy EL, given by 

E,= E,, 2a cos?6 (1 +2a+ a? sin?6)-1 


where F is the energy of the primary quantum and a= E./mc?, mo being the rest 
mass of the electron. ‘Thus Compton ‘lines’ replace the broad Compton distri- 
butions of figure 1, when @ is restricted to small values by moving the source back 
from the target. This arrangement of the spectrometer (in which @ cannot 


exceed 6°) was similar to that used by Latyshev and Kulchitsky (1941). An 


investigation of the effect of different dispositions of the screening blocks near the | 
source has been described by Martin and Parry (1952). With the final arrange- | 


ment shown in figure 2 the background counting rate did not exceed 0:5 counts 
per minute at any part of the spectrum. 


Gamma Rays of ThC.C' and ThC".D 1179 


ade Bea target, 0-75 x 0-36cm? and 28mgcm-, was attached by fine 
suk threads to an aluminium frame, which could 
> uld be r 
ee otated to put the target in the 
a ase 0 the spectrometer. In either position the aluminium frame 
was In shadow’. In this way background measurements could be alternated 
with spectrum measurements. 
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Figure i. Compton electron distribution produced in a polythene radiator by the y-rays 
from a RdTh source. Arrows show the end-points of the Compton distribution 
of y-rays with energies marked in Mev. 


Heavy ciloy absorber 


Figure 2. Arrangement of spectrometer for collimated y-ray experiment. 


Figure 3 shows the results with background subtracted and corrected for 
source decay. ‘To obtain intensities, the curve must be corrected for the variation 
in transmission of the spectrometer, absorption between the coincidence counters, 
the Compton scattering coefficient and straggling of the electrons within the 
radiator. ‘The Compton scattering coefficient was calculated from the Klein— 
Nishina formula. The rather uncertain straggling correction was estimated from 


the work of Warshaw and Chen (1950) and Kalil and Birkhoff (1953). 
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Figure 3. Collimated Compton electron spectrum produced in polythene by the y-rays 
from RdTh. ‘These results are uncorrected for spectrometer transmission, counter 
absorption, Compton scattering coefficient and straggling in the radiator. Arrows 
show the end-points of the Compton distributions of y-rays with energies marked 
in Mev. 
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Figure 4. ‘The number of electrons registered by the coincidence counter per y-quantum | 
incident on the target, relative to the number for a 2:62 Mev quantum, plotted | 


against y-ray energy. 


‘These corrections are combined in figure 4, where the ordinates represent the 
number of electrons registered per y-quantum incident on the radiator, relative to 
that for the 2-62 Mev y-ray. ‘The total correction factor to be applied to the results 
becomes rapidly larger for the lower energy y-rays, and is certainly not reliable 


below about | Mev. Our estimate of the intensities of the y-rays is given in table 1. | 


Table 1. Intensities of y-rays 
y-ray energy (Mev) 2-62 1-62 0-58 
Intensity 100, assumed S35) (50) 


The value for the 0:58 y-ray is uncertain because of the uncertainty in the | 


correction factor, which is large at this energy. 


Assuming that an area on the graph of 0-5°, of that due to the 2:62 Mev y-ray 
could be detected, an upper limit to the intensity of any undetected y-rays may be 


estimated. ‘Table 2 shows these limits for the y-rays reported by Latyshev and | 


Kulchitsky. The value for the 3-2 Mev y-ray is obtained from the uncollimated 
Compton spectrum. 
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Table 2. Upper Limits of Intensity for Undetected y-rays 
Energy (Mev) 3:2 2:2 1-8 195) NOR) il cil 
Intensity (% of 2:62 Mev y-ray) O-1 0-5 1-0 iS 2:0 4-0 


S$ 4. Discussion 


In the interval between 1-0 Mev and 3-5 Mev we have found only y-rays of 
1:62 Mev and 2:62 Mey from radiothorium. The former has an intensity about 
3-5 °%, of the latter. 

fn the decay of thorium active deposit branching occurs at ThC. A possible 
scheme for some of the nuclei involved is shown in figure 5. Considering first 
the ThC— C’— D branch, ThD is an even-even nucleus and its ground state can 
be assumed to have zero spin and even parity. Hence all the «-transitions to the 
ground state of ThD must be parity favoured and the «-emitting levels of ThC’ 
with even (odd) spin will have even (odd) parity. The ground state of ThC’, an 
even-even nucleus, is taken to be zero, even, in agreement with the «-y angular 
correlation determination of Weale (1955). 


7 The" 


Figure 5. Possible decay scheme for ThC. Disintegration energies in Mey. 


The internal conversion coefficient of the 0-73 Mev y-ray as measured by Martin 
and Richardson (1950) is in agreement with the theoretical value for an E2 
transition. Thus the first excited state of ThC’ should be 2+. The ratio of 
intensity of the x-rays and y-rays from this level is in good agreement with 
calculation, using the formulae of Blatt and Weisskopf (1952). 

If the 1-62 Mev y-ray is attributed to ThC’, rather than to ThD, the absence of 
an a-disintegration of 10-572 Mev may be the result of an unfavourable parity 
change, or a y-transition of much shorter life than the «-transition. A rough 
calculation, using Ellis’ (1934) estimate of the intensity of the conversion electrons 
of the 1:62 Mev y-ray and the present intensity of 2°, per disintegration for the 
photons, gives an internal conversion coefficient of about 6 x 10-°. This suggests an 
Mi, E2or E3transition. Thus a level at 1-62 Mev may be 1*,2* or3~. However, 
either the parity condition for the absence of an z-transition or the restriction of 
multipole order of the y-ray would exclude 3~ and 2*. ‘Thus the level must be 
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1+. ‘There should be an M1 transition to the 0-73 level. ‘This would have about 
(0-89 Mev energy and should be about one-sixth the intensity of the 1-62 Mev y-ray. 
There is a conversion line (Pa) of 0-796 Mev (Surugue 1937), which, if attributed to 
the ThC.C’ disintegration, would indicate the existence of a 0-889 Mey transition, 
too weak to be detected in the Compton spectrum. 

Since the calculated «-lifetime of the 1-797 Mev level is about 4 x 10~'sec, 
the radiative transition must be either E3 or higher order or 00 to escape 
detection. ‘Thusthe spinand parity of the level may be 0*, 3”, 4°, ete. Anassign- 
ment of 3- would give rise to a strong 1-06 Mev y-transition which should have been 
detected. 

Taking the strength of the 1-6 and 0-89 Mev y-rays as 0-2 and 0-004 per 
disintegration respectively and obtaining the strength of the 0-73 y-ray from the 
K-shell internal conversion line, assuming an E2 transition, the y-ray energy of 
ThC’ is about 0-105 +0-02 Mev per «disintegration. ‘This is to be compared 
with the direct measurement of 0-14 + 0-014 Mev per «-disintegration obtained in 
coincidence measurements by Fultz and Harding (1948). 

Calculation of log ft values for the partial spectra of ThC.C’ indicates that the 
B-transitions are probably all of similar type. Therefore, if they are of allowed 
type, 1* is the only possible assignment for ThC ground state; if of forbidden 
type, then 0+, 1-, 2~ are all possible. 

Further evidence about the ThC ground state may be obtained from the 
ThC—+C"—D branch, which arises from the «disintegration of ThC. Weale 
(1955) has shown that the 40 kev y-ray to the ground state of ThC” is M1. ‘This is 
confirmed by the L,;/L,, and L,,/L,,;; conversion ratios. ‘Therefore, the ground 
and first excited states of ThC” have the same parity and a spin difference of 0 or 1. 
If the spin difference is zero, then the «-disintegration to the ground state should 
have twice the intensity of that to the excited state. Ifthere isa difference of spins 
then the emission probabilities of the «-rays will differ due to the different spin 
changes involved and one of the transitions will be parity favoured and the other 
unfavoured. As parity unfavoured transitions are absolutely forbidden if one of 
the states has zero spin, the ground state of ThC cannot have zero spin. The 
intensity ratios of the L-conversion lines of the strong 238 kev transition of ThC 
require that it be M1, as is also suggested by the K-shell internal conversion 
coefficient. ‘The most plausible interpretation of the f-transitions is then that 
the ground state of ‘ThC is 1~ and the 238 kev level is 0-. ‘The ground to ground 
f-transitions of ThB.C and ThC.C’ are then first forbidden with spin change 1, in 
agreement with their log ft values of 6:81 and 7:22, and the f-transition to the 
238 kev level of ThC is a 0-0 transition with change of parity and log ft of 5-17, 
in agreement with the assignment of Wu (1955). 

Angular correlation measurements of the 0-58 and 2-62 Mev y-rays by Elliott 
et al. (1954) have determined the spins and parities of the 2-62 and 3-20 mev levels 
of ThD as 3°, 5, respectively. The 2:62 Mev transition is then E3 and the 
0-58 Mev transition is E2, in good agreement with the internal conversion coefficients 
measured by Martin and Richardson (1950). The probability of an ES5 transition 
of 3-2 Mev is very small (approximately 10-*) compared with that of a 0-58 mev E2 
transition. ‘This explains our failure to find Compton electrons from a 3-2 Mev 
y-ray and that of other workers to detect photoelectrons or internal conversion 


electrons (Bell and Elliott 1948, Bradt, Halter, Heine and Scherrer 1946, Martin 
and Richardson 1948). 
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Abstract. A new model is proposed which gives a dielectric absorption for long 
chain polar compounds. Under the influence of an alternating applied field the 
equilibrium distribution of the dipoles is disturbed and it is supposed that a steady 
state is attained by each dipole interacting with its own molecular chain, the chains 
themselves always maintaining their equilibrium distribution. The frequency 
dependent dielectric constant is found to be of the form e(w)=const. (1 +77) * 
where 7 isacollision time. The present theory does not preclude the co-existence 
of any of the other well-known types of dielectric absorption. 


§ 1. INTRODUCTION 


Y | ‘HE theory of what has now become known as the low-frequency loss in long 
chain polar compounds has been treated extensively by Frohlich (1949) who 
considers the basic process to be a rotational transition of the paraffin chain 

with its associated dipole from one position of equilibrium in the lattice to another. 

Various experimental workers have found results which support this theory and 

it must be considered as well established that this low-frequency loss is due to 

movement of the chain and the dipole as a whole. However, more recent 
experimental work (cf. Dryden and Welsh 1951, Hoffman 1952) has established 
the existence of another loss peak in many such compounds at a considerably higher 
frequency. ‘Ihe main characteristics of this absorption are that it is of approxi- 
mate Debye shape, and that the frequency of maximum absorption shifts only 
slightly with variations in temperature and chain length compared with the shifts 
which such variations cause in the low-frequency absorption. It is the purpose of 

this paper to propose a mechanism which shows how dielectric loss can arise in a 

specified model the essential features of which may apply to the experimental 

situation. 


§ 2. THE MopeEL 


‘The present model considers the chain and the dipole as being free to rotate 
relatively to their surroundings and to each other. The dipole is supposed to 
interact with the molecular chain to which it is attached, but not with any of the 
neighbouring chains ; it is supposed to interact with neighbouring dipoles only in so 
far as we replace the external field by the local field. In addition the chains are 
supposed to interact with each other and to preserve their equilibrium distribution 
of angular velocities even when the equilibrium distribution of the dipole angular 
velocities has been altered by an applied field. It is in this respect that the present 
model differs from the potential hole one, namely that the dipole distribution is not 
supposed to remain Maxwellian under the influence of a field, and it is indeed the 
main purpose of the paper to calculate this distribution. 
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§ 3. THE BOLTZMANN EQUATION 


Let (6, d/dt, t) be the average number of dipoles per unit volume oriented at 
an angle @ with the field and having an angular velocity d0/dt at time t. Then 


d_ od of a (of 
di 30 dt a(ddjdt) dt G ms 


where the first two terms refer to the change produced by the field, and the last 
term to the interaction of the dipole with its own chain. Since we shall assume 
no dielectric saturation we need only consider quantities occurring to the first 
order in the field strength and with this in mind we put 


f=fotgFexp(iot) aes (2) 
where Ff exp (zw?) is the local field acting on the dipole and 
Vo= INI 2a) exp (= B42) = = ee (3) 


is the equilibrium distribution of the dipoles in the absence of a field where 

£=1/RT, N is the number of dipoles per unit volume, Q is the angular velocity 

at a stationary value of dé dt and J, is the moment of inertia of the dipoles. 
Since for a dipole of moment p in the local field F exp (iwt) we have 

d*6 ; 

ape = —pFsin@ exp (tw) 


and since restoring forces due to the chain will vanish on the average, equation (1) 
becomes to the required order in F 
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and we have also noted that in the presence of a field d6/dt = Q + O(wF/J,2?). 


§ 4. SPECIAL SOLUTIONS 
4.1. Solution assuming a Collision Time 
The most obvious thing to do is to describe the interaction term arbitrarily by 


(Og/Ot)ine=—g/r= nw (5) 


and we will work this case through before proceeding to a more detailed discussion 
of this term. Under these circumstances the equation (4) becomes quite simple 
and the solution is given by 


g=X(Q) cos @+ Y(Q) sin é 
Q Nad fo 
Seg ee eer) eee 6 
BE ane Tey 60 : 


We note that Y(2) is not required to calculate the polarization per unit volume 
which is given by 


d dé 
Pan [s(6 a) soa (7) a 
_ BF Qfyl9Q_—__, 
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where the average of cos?@ over all directions has been put as 1/3. Assuming 
+ to be independent of © the integral in (7) may be expanded in powers of 
k7T7?/I, to give 


2 
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The properties of this solution and the assumptions made in the expansion will 
be discussed later. 


4.2. Solution with detailed Interaction Mechanism 

We now consider a detailed calculation of (0//0t),,, in which f changes on 
account of collisions of the dipole with its own rotating chain. We shall suppose 
that the dipole has two, oppositely directed, equilibrium positions relative to 
its chain with a potential barrier V hindering transitions between them. ‘Then, 
considering the relative motion of dipole and chain, if there is insufficient energy 
for the dipole to cross this barrier, a collision means simply a reversal of relative 
angular velocity. ‘This may be conveniently described by 


(’ ; Q 
Gere ==" \ GQ 5G 
where 
Lil\in bat lal hie pie ae (9) 


I, and J, are the moments of inertia of the dipole and chain, and Q’ and Q the 
angular velocities of the dipole before and after collision respectively. This 
transition conserves energy and momentum and reverses relative angular velocity. 
If, on the other hand, the dipole possesses sufficient energy to overcome the 
potential barrier (i.e. if 1,/,0,?/20,+1,)>V where Q, is the relative angular 
velocity) then a transition occurs from one potential minimum to the other 
across the barrier V. If the potential wells are of equal depth this leaves the 
velocities unaltered but changes the relative orientation of chain and dipole. 
Suppose now that N(6, Q) describes the average number of chains with orientation 
and velocity @ and Q respectively; then 


of -Q+ v/a : : 
(3 Fe =| ag LO QING, a2 +2!) —[(0, Q\N(0, a! +60) }ryadQ 


oo) -Q—y» 
ees 
Q+ ee 


where v is defined by 


] (f(8 +77, Q)N(8, Q') — (8, Q)N(8, Q’)}v, dQ? .(10) 


Hed yay aye ne eee (11) 


and v, and v, are the frequencies of the low and high energy transitions respec- 
tively. It is clear that these transition frequencies are functions only of the 
relative velocity |Q—Q'|. For example v, might be taken as constant and equal 
Say to v/7, while v; may be approximated by |Q—'|/27 which is its limiting 
value for high energies. (A rather less realistic model would be to assume an 
infinite potential barrier so that only ‘hard’ collisions occur and v, is then 
accurately |(2—'|/27. Only the first contribution would then remain.) 
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In application to the materials considered it will generally be the case that 


Z,>T, on account of the disparity in masses. It should therefore be sufficient 
to assume that 


amb=4 


which amounts to neglecting the recoil of the heavy chain. 
Substituting (2) in (10) and taking account of (12) we find 


og -Q+2» ; - ; . 
a. ra | 1s, £ ) —8(8, 02); xN {8, 3(Q a Q)} pa dQ 
+ {2(8 +77, Q)—g(8, Q)}R(Q) 


Se — —— —~,- —— - -——~ 

. 
. 
. 
° 

ta 
— 
Ww 

wa’ 


where 
; Fe -Q— 9 KO 
R(Q) = I =| ] N(8, Q’) iste 4 
YQ+9 J —2 2m 
Expanding 


9(8, 2’) —9(8, Q) =(Q! — Q)g’(8, Q) + H(Q/ — Q)?g"(8, Q) +... 


we find by taking the first two terms of the expansion 


d*g ; 
Ge =A op + RQ) EO +7, Q)— 89, 2)} 


V Bi. 1/2 2» ; 7" 
aes ( =) | Big a) tee (14) 
~2y/aBI.. 


The series expansion and the approximation for the integral converge provided 
I,v?>8kT. ‘The general equation (4) now becomes 
Og Ofy ag 


eee ue 
EO GeA TT es Pia caehs Te Walmer 6), 


A solution is again 


+ R(Q)£9(0 +7, Q) — (8, Q)}. 


£(8, 2) =X(Q) cos 0+ Y(Q) sin é 
where X and Y satisfy 


= 2 
E +2R(Q)—A a | I Gas 
dQ? 
ioertare (15) 
wot opeye a* |ys—ox+ t Ds 
Se ae tr 1Ok, Tala: 
It is easily seen that R(Q) is approximated by 
R(Q)=0 ¢ 
| BSN oe Ml } 2 ae (16) 
according as rear, Sot al, say, 


provided in both cases that /,0?>2k7T. It can be shown that the approximation 
(16) remains reasonably good under the less stringent condition /,v2>2RT. 
This could have been seen physically since for slowly rotating dipoles the 
probability that the relative angular velocity be sufficiently high to cross the 
barrier is very small (on account of the thermal equilibrium of the chains), whereas 
a rapidly rotating dipole can always interact with a slowly moving chain with 
a frequency equal to its own angular velocity. 
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We have then for the polarization 


P=pF cos bexp(iwt) {| X(Q) dQ 


s 51 F exp (iot) | | xo) do+ | X,() dQ} ig (17) 
/0 y 


where X, and _X, satisfy equations (15) with R equal to 0 and | 2] respectively. 
In the approximation considered almost all the contribution to P will come from 
the first integral so we take as trial solutions of (15) for the case R(Q)=0 


Q Le Ofo 
OO} See eee 
cae) Seroymnn Ty Ve) a 
b hae Of a 


Ye Geer ae 
which are suggested by (6). It is easily seen that Y,(@) has a stationary point 
(a maximum) at some point (2={2, and that in the vicinity of this point 
We 
Ve eek 
where o is a constant. Substituting the trial solutions (18) in the equations (15) 
we find 


E- 273 yee (19) 


b=to= Aceh Ey | 8 eee (20) 
and Y,({2) can now be made a good solution by determining o in a self-consistent 
manner. It can be shown that the stationary point of X,(Q) is sufficiently 
close to (22=Q, to ensure that X,(Q) is also accurately represented in this region. 
Since the greatest contribution to [X,dQ comes from this same region we may 
be confident of the approximation. The equation dY,(Q)/dQ =0 then becomes. 

(6? + Q?)(1 — 200?) — 20? =0 
where we have put «=/,/2RT. ‘The solution is 


b? b% 1 \2) 12 b 1 
Qo 135 a: 5 Ef x) } 5 =F at ssteue te (21) 


The appropriate approximation is for 6? >1 and we find accordingly 


1 1 i 
2— = 1 ES 
Om 7-41 a ween) 
Evaluating Y,"(Q) at Q=Q, we find 
Pe 4 40,2 1 \ 
c= oe = SP ae Gs + ora lt oe | 
oe (23) 


with the help of (22). 
We have now in effect determined 4 and find to first approximation 


re ae 
te erate Sania (a9) 
The polarization is thus given by equation (8) with the collision time 7 given 
explicitly by 
ceils 
ion eee Sees: | 


<a if 
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Higher approximations have been considered and are very complicated. ‘They 
have been found to give small correction terms varying linearly with T both for 
the polarization and absorption and also for the frequency of maximum 
absorption. 
§ 5. DiscussIon 
5.1. Relation of the Solution to Experimental Results 
The first approximation for the dielectric constant is from (8) and (25) 
> “OAT 2 
TRIN dg toro [2 

oa Ke = Me 5 1 sinless ee ae 
pa Us v 41, 
where y is the ratio of the local field to the applied field. 

The shape of the absorption curve derived from a complex dielectric constant 
(1 +7w7)* is of some interest and is shown in the figure with a Debye type curve 


e(w) =€,(w) +7e,(w) = 


BE. (26) 


ye Ne () Debye case 


/ \ ——— Present work 


0-5 


° 
a 


Frequency Dependent Part. of €, (w) 
Frequency Dependent Part of e€, (Ww) 


log Ww 


derived from (1+iw7)1 for comparison. ‘The absorption peak for the present 
case is asymmetrical and the frequency of maximum absorption wax is given by 
rng OOF TE dada Wane oe asl ekete (27) 

Finally it should be mentioned that absorption peaks have been found by 
Dryden and Welsh (1951) in long chain methyl esters whose interpretation could 
possibly be fitted by the present model. The position and magnitude of these 
absorptions is relatively insensitive to changes in temperature and chain length. 
The small change of frequency of maximum absorption with chain length is in 
the right direction to be accounted for by (27). ‘The temperature effects which 
are described by the second terms of (8), (22) and (23) are rather complicated. 
It can be shown, however, that the second term in (8) gives the next largest 
contribution, and that it results in increased maximum absorption and increased 
asymmetry in the absorption curve with increasing temperature. 


5.2. Validity of Approximations 


The solution expressed by (26) is essentially a low temperature solution which 
is valid only for sufficiently large values of w. ‘The most stringent requirement 
of the temperature is that stated by 67a. >1 which becomes (/,//,)"f,v*/RT'>1 and 


1190 P. G. Harper and 7. ¥. O Dwyer 


we find putting /,/7, ~ 1/10 and J, ~10-*" g cm? that we must have v210™ sect 
at room temperature. ‘This is fairly high for a molecular vibration frequency, 
but even if the theory were applied in a case in which the approximations used 
in the derivation were no longer valid it is probable that the general form of the 
solution would be preserved though numerical factors may change. 

The failure of the solution (26) for e(w) at w=0 is due to the treatment of the 
collision time asaconstant. In order to obtain the correct static dielectric constant 
one must return to the general Boltzmann equation and omit the term (d¢/0t)int 
rather than retain it as —g/7 since in an equilibrium state there will be no such 
change in the distribution function. 
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RESEARCH NOTES 
The Thermoelectric Power of Monovalent Metals 


By H. JONES 


Department of Mathematics, Imperial College, London 


MS. received 25th August 1955 


HE thermoelectric powers of the,noble metals copper, silver and gold are 
positive and rather small in magnitude. Observed values at 0°c are: 
Cu 1-73, Ag 1:3, Au 1-7 microvolts per degree. These results have led 
to doubts concerning the validity of the conventional electron theory of this 
effect, since the noble metals are monovalent and their other properties are 
compatible with normal, approximately spherical, Fermi surfaces. It is the 
purpose of this note to point out that the thermoelectric power is very sensitive 
to the form of the Fermi surface, and that it is not necessary to have the conditions 
usually associated with ‘hole conduction’ to obtain a positive value. 
Conventional theory leads to the following expression for the thermoelectric 
power S at normal or high CBee 


S= = =(- i). (as Or Ae: os: (1) 


dE\2 dS 
ae | eee 2 
= (¥)( 5) WE (2) 


The subscript ¢ in (1) means that the derivative is evaluated at the Fermi surface, 
7(k) is the relaxation time, and k the wave vector defined so that hk is the 
momentum. The other symbols have their usual significance. 

A rather general expression for the time of relaxation, referring to unit volume 
of the metal, which does not assume the existence of spherical energy surfaces is 


as follows: 
1 yi RNS: 
SS eae | Ne ns : 
7(k) 47h | | Ove | (1 =) [VE"| (3) 


in which U,,: is the matrix of the scattering potential. 

In the model which assumes spherical energy surfaces, S depends on the 
effective mass, if this is regarded as constant for all energies, only through ¢ the 
Fermi energy. t In an actual monovalent metal, even when the Fermi surface 
is nearly spherical, |VE#| is by no means constant over this surface; it is much 
smaller in the immediate neighbourhood of the Brillouin zone boundaries than 
elsewhere. It is this effect which gives rise to the peak in the density of states, 
N(E), as shown, for example, in figure ane ie we have 


where 


o(E) = 


N(E)= =| sey 4 
(E)= 55 ic a (4) 
+The reason a negative sign appears in conditions of pure hole conduction is that o 
becomes the same function of E,—E as it is of E in the negative electron case, where Ey 
denotes the energy at the head of the band. 
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In order to evaluate the integral of equation (3) it is necessary to consider the 
properties of the matrix element U\,. For given k this is not constant over the 
Fermi surface. It decreases steadily with increasing angle 6 between the 
vectors k and k’. We adopt a common approximation and assume that U,,: 
is constant for all angles less than 6), and zero for greater angles, where 


2ksin(O,'2)=¢, 0 eee (5) 
and gy is the radius of the Debye sphere in the space of the wave vector of the 
lattice vibrations, and k the mean radius of the Fermi surface. Thus, if we write 


1 1 i Re 
=s Att l= = aS) eee 6 
T(k) 4772h (FE ). | [Or | (1 =) a> ( ) 
the weighted average of | VE|~! in (6) is taken over a certain area of the Fermi 
surface about the point fixed by k. This area will, in general, for any k, contain 
one of the regions in which | VE| becomes small. ‘Thus a reasonable approxi- 
mation to (3) is 


1 -2: sin "( qo/2 k) 
= a N(E)| (1—cos@)27sindd@, ss se (7) 
or 0 
TOCRSN(E | 7 ee (8) 
and, since we may assume for a slightly distorted sphere Fock”, we have 
TOC EH?) NCE) = = © Da ee ee (9) 


In the integral of equation (2) the regions of small | VE| do not have the same 
importance as in (3) since |@E/dk,|<|VE|. In fact the regions of the Fermi 
surface responsible for carrying the current are those between the areas close 
to the Brillouin zone planes, i.e. between A and B, B and C, etc., as shown in 
figure I(a). ‘There is here an analogy with the two-zone theory as applied, for 
example, to the transition metals by Mott (1936). Part of the Fermi surface, 
those regions near A, B, C, etc., determines the rate of change of 7 with E, and 
the remainder carries the bulk of the current. The first part would correspond 
to the ‘d-band’; the second to the ‘s-band’. 


(a) (2) 


Figure 1. (a) Diagrammatic representation of the Fermi surface in a monovalent metal. 
(b) Density of states curve; HP tangent at the Fermi limit; QP’ tangent to free 
electron curve. 


According to equation (2) and the above argument, we find that o(£) ork, 
and therefore 


o(E) och 2 iN (ES Se Daal ant is alee (10) 
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Hence, according to (1) 


Pe 7 E dN(B) 
8= 55 (5- (am ae). |* ay Ole) aise! a: (as) 


The second term in brackets is equal to } for free electrons, but for monovalent 
metals in which the Fermi surface lies close to the zone boundaries it may be 
very much greater. Figure 1(4) shows that it is equal to QK/2HK, where QK 
and HK are the subtangents to the parabola and the true (E) curve respectively. 
The difference between KP and KP’ is neglected. It is clear that if the Fermi 
surface lies sufficiently close to the Brillouin zone planes this factor may exceed 
7/2, and therefore lead to a positive value of S (e is negative). 

This theory suggests a reason why’ the alkali metals, except lithium, have 
negative values of S while the noble metals have positive values. The noble 
metals have face-centred cubic structures, and the Fermi surface lies close to 
the octahedral planes of the Brillouin zone; appreciably closer than the Fermi 
surface lies to the {110} planes of the Brillouin zone of the alkali metals. Thus 
in the alkali metals the Fermi level lies further from the peak of the N(E) curve, 
and therefore leads to a much smaller value of the ratio QK/HK. ‘The anomalous 
sign for lithium is undoubtedly connected with the fact that in this metal the 
electronic energies deviate markedly from free electron values as shown by 
Schiff’s calculations (1954). 


REFERENCES 


Mort, N. F., 1936, Proc. Roy. Soc. A, 153, 699. (See also Mott, N. F., and Jones, H 
1936, Theory of Properties of Metals and Alloys (Oxford : University Press).) 
Scutrr, B., 1954, Proc. Phys. Soc. A, 67, 2. 


a2) 


Many-Body Scattering Problem in Momentum Space 


By S. N. BISWAS 


Department of Theoretical Physics, Indian Association for the Cultivation of Science, 
Jadavpur, Calcutta 


MS. received 21st April 1955 and in final form 1st Fuly 1955 


HE following second-order linear integro-differential equation, 


E apa a 1) Ss Lv) [fle =X ies Kr) fr)dr caceas (1) 


occurs in many-body scattering problems. A reduction of this (1) toa Fredholm 
equation of the second type has been proposed for an iterative solution by 
Swan (1954). 

In this note we reduce the problem in the momentum space (see Kohn 1951) 
by the aid of Hankel transform. This will reduce the equation (1) to a homo- 
geneous integral equation of the Fredholm type in the momentum space. For the 
asymptotic nature of the function f(r) as is: required to obtain the asymptotic 
phase we have made use of Riemann—Lebesgue theorem of integral calculus to 
note that the singular nature of the f, function in the p-space will characterize 
the corresponding asymptotic behaviour of the coordinate-space function. 
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We write 
H= 5] Vonaenbinydp eee (2) 
and define 
U(p, p')= 3 | ; JOM @NUOM ONV EI Ge (3) 
and 
2x co 7c ; pa + f ; 
Gp, p') = = th iH V(priaOnV (07) Nisa PT) Kd) a dr’. oe. (4) 


Introducing the value of f(r) from (2) in (1) and multiplying the resulting 
equation by \/(p’r)J,.,(p’7) on the left and then integrating over r from 0 to <0 we 
get from(3)and (4) the following homogeneous integral equation in the momentum 
space. 


(p?—k?)4(p) + ft U(p.P')+ Gp, PoP’) ap =0 eee (5) 


where both U(p,p’) and ae are symmetric functions as is clear from (3) 
and (4). 
In deducing (5) we have utilized the fact that 


[Ve Ves(O Messer dr= F3(p—p'). 


It is easily seen that the function which in coordinate space has the asymptotic 
behaviour 


{ilr) = (brie) tan 9 (Ar) 


(j(kr) and n,(Akr) are spherical Bessel functions) satisfies the integral equation 


S(p)=2(P—h) (PPR) (UP) + Gl, PVE) AP. (5a) 
Hence when 7 1s the phase shift 


(=) rany= ["[UP)+ GPS) A eee (6) 


An iterative solution of tan may be obtained from (6) by introducing (5 a) in (6). 
An approximate integro-differential equation for the scattering of neutrons 
by deuterons (Buckingham and ae 1942) is 


(aa H]AA] rv expla Hera 


This gives in the momentum-space the following for tan y, 


/ 


2k Be / fd 
(- =) tan =r)" Gico,e yp ap 


where 


Colerp)= (| exp(—aryrh(onv (pr ar) (| exp (—ar'y'V(pinh(p'r) ar’) 


and 


b(p) =9(p—k) —(p? — R?)4 | : G(p, p’)b(p’) dp’ : 
#(p) is the Hankel transform of f(7). S 
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Angular Distribution of y-Radiation from 
*Be(a, ny)'7C 


By N. W. TANNER 
Cavendish Laboratory, Cambridge 


MS. received 26th August 1955 


§ 1. INTRODUCTION 

T the present time seven resonances for y-ray emission are known for the 
reaction *Be(x,ny)!C in the range of «-particle bombarding energies 
up to 5 Mev (Ajzenberg and Lauritsen 1955); several of these resonances 
have also been identified in the neutron yield. Presumably these resonances 
indicate excited states of the '*C compound nucleus, and in principle the spins, 
and possibly the parities, of the states concerned can be deduced from a knowledge 

of the angular dependence of the radiations. 

Jones (1953) and James (1952) made quite a thorough investigation of this 
reaction over the x-particle energy range 0-5 to 1-3mev. ‘Their work included 
nearly all possible angular distributions and correlations and the results showed 
marked effects of interfering energy levels. An analysis by Jones of the ground 
state neutron angular distribution was made in terms of three overlapping levels, 
two corresponding to the known resonance at £, =0-65 Mev, width approximately 
0-1 Mev, and at E,=1-9mev, width approximately 0-2 Mev, and a third remote 
level of large width; spins, parities were assigned as 3‘, 5 and $~ respectively. 
Although the theoretical fit achieved was barely qualitative, there was a clear 
suggestion of greater simplicity at higher energies. In particular the }~ character 
of the #C excited state corresponding to £,=1-9mMev should make angular 
distribution somewhere in this energy region at least approximately isotropic. 


§ 2. EXPERIMENTAL 

The measurements were made using a 1jA beam of He* ions to bombard 
a beryllium target about 1000 A thick evaporated on to a 0-005 inch copper backing. 
This target thickness corresponds to 30 kev energy loss for 1-9 Mev «-particles. 
Asodium iodide scintillation counter was used for counting the 4-43 Mev y-radiation 
and it was arranged to move around the target in a horizontal plane and to subtend 
a solid angle of 0-03 steradian at the target. A similar counter monitored the 
intensity of the «-particle beam. The energy calibration of the detectors was 
checked with a polonium—beryllium source. 

An excitation curve for the 4:43 Mev y-radiation was taken over the range 
E,=1-2 to 2:5meyv. Agreement with the curve published by Talbot and 

78-2 
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Heydenburg (1953) was very good, the resonance being placed at 1-905 + 0-010 Mev 
and having a half-width at half-height on the low-energy side of 0-09 + 0-01 Mev ; 
the high-energy side of the curve appeared to be distorted by the tail of the 
2-6 Mey resonance. 

Angular distribution measurements of the y-radiation were made at «particle 
energies of 1-32, 1:52, 1-72, 1-82, 1:92 and 2-02 Mev. As the yield of the reaction 
is very large, counting was carried out at 30 angles for each energy, with a statistical 
accuracy to 2 or 3%. A further angular distribution measurement was taken 
with a small piece of ®°Co, waxed to the target, replacing the reaction as the source 
of radiation; this allowed accurate correction for eccentricity, absorption, 
scattering and the effect of the stray field of the magnetic analyser. Corrections 
for centre-of-mass motion and Doppler effect are sufficiently small to be neglected. 

The final results were fitted by a least squares method with a curve of the form 
A,+B,cos?6+C,cos?@ (6 is the angle between the «-particle beam and the 
centre of the y-counter), this being the highest order polynomial in cos?@ that 
can occur as the y-radiation is known to be electric quadrupole. Curves of the 
form A,+ B,cos?@ were also fitted in order to determine whether the coefficients 
Cy, were genuine. ‘The table lists the results of the analysis together with the 
data of Jones and James taken at lower energies. 


Energy E,, (Mev) y-Angular Distribution 

jones 0-646 1—(0:074 0-06) cos? 
ed 0-703 1—(0-15+ 0-06) cos?6 
ene | 0-934 1—(0-60 + 0:06) cos? 

, 1-140 1—(0-66+ 0-06) cos?6+ (0-44+ 0:06) cos*é 
hess 1—(0-02+ 0:02) cos?6 

1-52 1—(0-18 + 0-04) cos?6-+- (0:23 + 0:04) cost# 

1c 7? 1+(0:02+ 0-03) cos?8-+-(0:12+ 0-03) cos*# 

1-82 1—(0-29+ 0-03) cos?@+ (0:43 + 0-02) cos*4 

1-92 1 —(0-00+ 0-03) cos?0-+ (0-16 + 0-02) cosi# 
2-02 1+(0-36+ 0-02) cos?6 


By calibrating the efficiency of the y-counter from the known strength of the 
poionium—heryllium source, absolute cross sections of the °Be(«, ny)!2C reaction 
have been estimated to an accuracy of a factor of two. The figures for 
E,=1-92 Mev are do(«,ny)=0-026 barn sterad~! at @=90°, o(a, ny) =0-33 barn. 

An attempt by Dearnaley (1954, private communication) to obtain further 
information on the *Be(x,ny)!*C reaction, by studying the elastic scattering of 
alpha particles from *Be, led to a negative result. No significant deviations from 
the Rutherford scattering were observed. An upper limit to the cross section 
was placed at do(x,«) <0-0026 barn sterad~! at 0=90°, E,=1-9mev. Comparing 
do(x,«) with do(«,ny) and assuming the ground state neutron group to be one 
third as intense as the excited state group, gives [,/T,>12. Here Py, is width 
for neutron emission to both ground and first excited states of 2C and I, is width 
for x-particle emission. 


§ 3, DiscussIon 


It is clear that no obvious simplicity, certainly not isotropy, appears in the 
y-angular distributions over the region of the resonance at E,=1-9Mev. In fact 
the size and the variation of the coefficients are greater at this energy than at the 
energies studied by Jones and James. 
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No attempt has been made to find a theoretical fit in terms of interfering 
energy levels. ‘The labour involved would be very great and the result almost 
certainly ambiguous and of doubtful significance. Moreover, the actual size 
of the cross section, 0:33 barn, and the failure of Dearnaley to observe resonant 
elastically scattered alpha particles, is not easy to explain except in terms of 
something like a continuum theory (Blatt and Weisskopf 1952) in which resonant 
states do not appear. 

The conclusion reached is that in the region of 12 Mev excitation in #C, 
the states are not well defined and any attempt to assign such properties as spins 
and parities must be speculative. 


I am indebted, for an Overseas Scholarship, to the Royal Commission for the 
Exhibition of 1851. 
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Inequalities for Molecular Integrals 


By A. WEINMANN 


Department of Physics, University College, London 


Communicated by H. S. W. Massey; MS. received 2nd August 1955 


HE theory of molecular structure is beset with many difficulties, the chief 
of which is the evaluation of the integrals which occur in the quantum 
mechanical treatment of the problems. ‘The wave functions used are 
mostly chosen so that these integrals can be evaluated, and even then it is not 
unusual for many terms to be neglected as ‘small’, or evaluated approximately 
(see, for example, Lowdin 1953). 
It is thus desirable to have an upper bound which can be easily evaluated for 
these integrals. 
All of the usual types of integral which occur, except the ‘overlap’ type, are 
contained in the following expressions 


c= | (ry) = ee eS eae (1) 
= | (r,) = ee (2) 


in which it is usual to have 


®(r)=4,(r)-do(r) and F(r)=p()felt) vee (3) 
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where the 4,, $5, ,, py are functions ‘centred’ on various centres A, B, C, D, say 
(any of which may coincide). Now 


: 1 
1s | ®()L dr 


changing the origin of r, coordinates by transformation 
r,=r,+p (r, fixed) 


4 


and evaluating the integral in polar coordinates p, 4, ¢ we get 
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aes 
and adding | | | |D(r,+p)|p?dpdudd to the right-hand side we get 


cba Srey Pent) 
| 7| <[27 Max, || + { [@()| dr] <[27 Max |®|+ | [O(r)|dr] ... (4) 
in which Maxg|® | is the maximum of |®(r)| for |r—r,|<1. 


| ; edhe 
Also 7 1<| [o(r)| = IF (re) dry dr. 


Performing the dr, integration first and using the result (4) 
[J ]<[27Max|®|+[[O(PJdr].[[P(P)dr eee. (5) 


Equations (4) and (5) are the principal inequalities. "They depend on the relative 
position of the four centres A, B, C, D. Further inequalities which are indepen- 
dent of the relative positions of A, B, C, D can be obtained from them by inserting 
the following inequalities (6) and (7) on the right-hand sides of (4) and (5). 


Max |® |<Max|¢3|sMaxi¢,|) (0) )) aneeeee (6) 
and as Ididol<alldr P+ lo PI 
| | (rar <[[(r)ldr<3| [[piPart+[[doPar]  ..--. (7) 
and thus if each of ¢,, 9, os, py are ‘normalized’, (4) and (5) give simply 
|Z| and |J|<[27 Max|¢,|.Max|¢,|+1].  —...... (8) 


‘The calculation of Max |®|=Max|¢,¢4,| for equations (4) and (5) is fairly 
easily done by the use of spheroidal coordinates, and the calculation of an upper 
bound for 


i O(r)|d7= {Id [bo (r)| dr 


requires the evaluation of an overlap type integral only. ‘These calculations can be 
considerably simplified by replacing the ‘angular factors’ in the functions 
|¢,(r)| etc. by their maximum values. 

To illustrate the use of equation (5) the case of a two-centre ‘ exchange’ integral 
with four 1S hydrogenic wave functions is considered. Accurate values of this 
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integral were taken from Hirschfelder and Linnett (1950) for comparison with the 
upper bounds. The internuclear separation AB =p. 


Le 1 
J = | exp (— 114) exp (—yp) — exp —1g4) XP (—1gp) dr, dr, 
: 12 


( 
Max |® |= Max : 
TT: 


1 
= exp(—71,) exp(—7,p)|= = exp(—p) 


. 5 . a 
JI Laz = | — exp (—rag) exp (ron) dr=(1 +p + 92/3) exp (—p). 
The results are given in the table. 


Upper bound Actual valuet 


p p Upper bound Actual valuet 
0 3-00 0-625 5 1:06 x 10-2 O37 2210 = 
1 1-37 0:437 6 2:45 x 10-3 0-814 x 10-3 
2 5-00 x 10-4 1-842 x 10-4 8 (loilil sek 0-329 x 10 
3 1-57 X10 0-585 x10 10 4-25 x 10-§ 1-138 x 10-* 
as 4:26 x 10-2 1-563'< 10 12 1:47 x 10-7 0:345 x 10-7 


+ Hirschfelder and Linnett (1950). 
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Doubly Charged Diatomic Molecular Ions 
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$1 

OUBLyY charged diatomic molecular ions, which in general may be 
(e) denoted by XY?*, have received very little attention. In particular 
consideration does not appear to have been given to the factors governing 

their stability or even to whether stable species are likely to be rare or common. 
The states of ions such as X Y?*+ may be classified into two main types depending 
on the nature of the products that result if the distance r between the nuclei is 
increased adiabatically to infinity. In one type (which we shall designate by the 
letter A) the products are X and Y?+; and in the other type (which we shall 

designate by the letter R) they are X+ and Y*. 


§2 
For type-A states the polarization of X by Y?* ensures that the interaction 
potential is attractive over a considerable range. The simplest example is 
HeH?+(2pc). This has He?+ and H(1s) as its adiabatic products. Exact 
calculations show that the state is indeed bound, that the equilibrium internuclear 
separation r, is 2-064 and that the dissociation energy D, is 0:85 ev (Bates and 
Carson 1956). The looseness of the binding is characteristic. 
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Most interest is of course attached to the ground state. Clearly it can only 
be of type A if 


A(X= VHS R= 1%) = eee (1) 


is positive, the /’s being the ionization potentials of the systems indicated. 
Inspection of tables of ionization potentials shows that this condition is usually 
not satisfied. ‘The most important exceptions are to be found in the group in 
which X is an inert gas atom and Y an alkaline-earth atom. It may be noted, 
for instance, that A((Ne— Mg) is +65ev so that the ground state of NeMg’* 
is of type A and is therefore bound. ‘The ions should be formed readily in three- 
body collisions 


Mg?++2Ne>NeMg?t+Ne. = «eee (2) 


Like the other members of the group NeMg?* does not possess any low-lying 
excited states. 


§3 

In spite of the Coulomb repulsion between X* and Y+ a number of XY?* ions 
with type-R ground states are effectively stable. 

Suppose that A(X-Y+) is negative but not unduly so. In the zero-order 
approximation the potential energy curve V’,(r) associated with the ground state 
and the potential energy curve V’,(r) associated with the first type-A state would 
cross at some internuclear separation r, but if certain selection rules are obeyed 
the curves cannot in fact cross and instead behave as if they repel each other 
(cf. Coulson 1952, p. 65). In this event V(r) has the repulsive Coulomb form 
characteristic of type-R states only for r greater than r, while for part of the region 
in which r is less than r, it is in general attractive. ‘Though V(r.) exceeds 
V,(«) the ion concerned may be regarded as stable, dissociation by leakage 
through the potential barrier with maximum at 7, being so exceedingly slow 
that it may be ignored completely. 

A list of the ions which owe their stability to pseudo curve-crossing need 
not be given. One such ion, SiO?*, may be considered as representative of the 
others. It may be seen that A(O-Si*) is —2-7ev and that r, is more than 5A. 
Beyond r, the potential I(r) is approximately equal to (14-4/7(A))ev; and within 
the polarization of O by Si?* is sufficient by itself to lead to a minimum. 

In contrast to ions with type-A ground states ions with type-R ground states 
cannot be formed in three-body collisions at thermal energies for the required 
close approach is prevented by the Coulomb repulsion. ‘They might however 
be produced by high energy ionizing impacts. Spectroscopic detection may 
be possible as some have low-lying excited states: thus in the case of SiO?+ 
a number of such states arise from the crossings of the [Sit(2P)+ O+(4S, 2D, 2P)] 
potentials and the [Si?*(1S) + O(P, 'D, !S)] potentials. 

If A(X—-Y*) is very negative, as it is for many pairs, r, may be so small that the 
zero order approximation to V,(r) has become repulsive, or there may even be 
no pseudo-crossing. ‘This does not necessarily mean that V(r) has not a 
minimum. In a few instances one may result from ordinary valence binding. 

To survey the possibilities it is convenient to write 


V(r) = 1/r+ U(r) Mane 
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where the first term is the part of the potential due to the Coulomb repulsion 
between X* and Y+, the second term is the remainder, and all quantities are 
now in atomic units. Adopting the Morse representation let 


U(r)=D,{1—exp [—B'(r—7,)]}2-D, 
B’ ae (te 21.) id s) 


where the symbols have the customary significance (cf. Herzberg 1950, p. 101) 
and the primes on them indicate that they refer not to XY?+ but to the fcurous 
system obtained by omitting the 1/7 term from the expression for the potential. 
Provided the binding is homopolar the neutral molecule isoelectronic with 
XY*~ may be taken as a crude approximation to this fictitious system. 

For given r,’ and w,’\ u’ one can find D,’(C) the value of D,’ which is just 
sufficient to let V(r) have a minimum. ‘The results of some computations are 
presented in figure 1 from which it may be seen that a minimum may occur even 
if D.’(C) is quite moderate in magnitude. 


De'(C) (ev) 


0 2000 4000 6000 8000 10000 
We'/&’ (We'incm=' and x’ on the '0 scale) 


Figure 1. Dependence of D(C) on we \/m’ for 7. =1:0A, 1:24 and 1-4A. 


Besides being of interest in themselves the ions N,?+ and O,”* serve as instruc- 
tive illustrations of the general position. It is first noted that A(N-N?*) 1s 
— 15-Lev and A(O-O*) is —21-5 ev both of which are large in magnitude. ‘The 
neutral molecule isoelectronic with N,?* is C, so that for exploratory purposes 
r,. may be taken to be 1-34 and w,’ to be 1600 cm! from which it follows that 
D,'(C) is about 4-2ev. Since D, for Cy is only 3-6 ev it would hence seem rather 
likely that N,?* is unstable. On the other hand O,?* is probably stable: thus by 
the same procedure D,'(C) for it is estimated to be 4:1 ev which is 5-7 ev smaller 
than D, for N,, the isoelectronic neutral molecule. In figure 2 the expected 
potential energy curve is sketched tentatively. 

Hagstrum and Tate (1941) have reported that N,?+ and O,?* are formed 
through 

NoteoNo2t+3e 4 £2 2 eaeees (5) 


and O,tesO2t+3e€ 2 eravaee (6) 


(cf. Massey and Burhop 1952, pp. 258, 266). The evidence should however be 
viewed with caution for the measured appearance potentials, 49-5 075 ev and 
50-5+0-5ev respectively, are anomalously high unless the ions are excited. 
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In the case of N,?* the discrepancy is slight but in the case of O,”* it is severe 
since if the ground state is bound the true appearance potential must be 
considerably Jess than 


{D(O,) +21(O) + 1/r,(O,)}atomic units=44-Zev. —...... (7) 
Further work is required. 


10 


> n o 


Potential Energy (ev) 


i) 


0 ! 2 3 4 5 6 7 
Internuclear Separation (A) 


Figure 2. Suggested form of potential energy curve of O,?* (zero of potential is measured 
with respect to O+-+O* at infinite internuclear separation). 


S4 
S 

By reasoning similar to that in the preceding paragraphs it is easily established 
that trebly charged diatomic molecular ions XY?* are, with a few unimportant 
exceptions, unstable. 
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REVIEWS OF BOOKS 


Progress in Nuclear Physics. Volume 4, edited by O. R. Friscu. Pp. vii +379. 
(London and New York: Permagon Press, 1955.) 70s. 

As is said on the dust-jacket, “ Sections of physics, such as nuclear physics, 
are in turn breaking up into specialities whose practitioners require aid from 
such progress reports as are contained in this volume ”’. 

This year’s specialities include the chemical and nuclear properties of the 
very heavy elements; focusing in high-energy accelerators and the acceleration 
of unusual ions in moderate energy ones; meson theory, scintillation spectro- 
meter statistics, nuclear photodisintegration as studied by the emulsion technique, 
neutron spectroscopy and isotopic spin in relation to nuclear reactions. The 
authors are, as usual, wisely chosen from among those actively engaged in the 
work of which they write, and the articles include very full references to the 
original papers. Some of them contain unpublished work of the authors or of 
those in correspondence with them—a significant reflection of the extent to which 
new information is circulated by letter and preprint before, or instead of, its 
publication in the hard-pressed periodicals. 

Though the editor claims that this volume contains rather less theory which 
experimenters might find difficult, he would probably agree that few of the 
authors make any concession to the ill-prepared reader; they write as experts 
and demand (and deserve) close reading. 

P. B. MOON. 


The Theory of Cohesion, by M. A. JAswon. Pp. viti+245. (London: Pergamon 
Press, 1954). -37s. 6d. 


It seems to be a fairly common practice among chemists to reserve the word 
cohesion to specify the forces that stick molecules or aggregates together. Other 
forces, like those which operate between electrons and nuclei or atoms and atoms, 
are usually referred to as binding forces. Solid-state workers, on the other hand, 
do not always make this distinction and use the word cohesion with more latitude 
to include all attractive forces. It is in this latter sense that the author considers 
the theory of cohesion, so that chemical readers should not be disappointed when 
finding that, whereas most of the book is devoted to the treatment of binding in 
atoms and molecules, intermolecular forces are discussed in no more than two 
pages. 

The first three chapters provide an account of quantum mechanics. ‘This is a 
little sketchy. It is a pity also that one or two rather loose statements have slipped 
in here. For instance, on page 10 it seems to be implied that values of the pro- 
bability distribution functions at an initial time determine those at any later 
time, and on page 20 it is stated, as a general condition for the wave function, 
that it should be finite everywhere. 

In chapter IV a detailed discussion of the helium atom and exchange forces is 
given. Chapter V is a treatment of the hydrogen molecule, both from the Heitler 
and London and the molecular orbital approach. (Although of minor importance 
here, it is worth mentioning, as this is a mistake that appears in a number of 
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textbooks, that the equilibrium interatomic distance for the hydrogen molecule 
given by the Weinbaum method is not 0-774, as stated on page 115, but rather 
0-754.) Chapter VI deals with molecular orbitals. Bloch functions are intro- 
duced here for cyclic systems, and it would certainly have made this treatment 
more accessible for many readers if some justification for their use had been 
provided. ‘The author then passes to the theory of metals, which is considered in 
the next two chapters on the basis of the tight-binding and the cellular approxi- 
mations. ‘lhe book ends with a chapter cn covalent structures. 

The whole approach to this book must be made by keeping in mind the 
author’s frank statement in the introduction : ‘“ [This book] is not intended to be 
of direct use for solving problems or for correlating the theory with experimental 
data. Space has been devoted to points which have proved troublesome to the 
author but which may well appear as trivial matters to others.”’ ‘This attitude is. 
certainly commendable, as a critical approach to many of the problems treated 
in this book has been needed for some time. It is, however, a very serious limita- 
tion, which robs the book of some unity and conciseness, and which reduces its 
attraction for those who do not share the viewpoint of the author. 

‘The book is well produced but no doubt expensive for its size. 

S. L. ALTMANN. 


Meéthodes de differentiation et dintégration numériques (applications), par 
A. ZILLeR. Pp. 150. (Paris: Publications Scientifiques et Techniques 
de I Air, N:P INo, 50; 19559) 1500) 

. ‘This book deals primarily with interpolation and the numerical evaluation of 

differential coefficients and integrals of tabulated functions. For example 


formulae are derived which approximate an integral as a linear combination of 


function values at points distributed over the range of integration. These are 
the usual formulae based on polynomial interpolation and there is little in this 
part that cannot be found in a standard textbook on numerical analysis. 

‘The main value of the book however lies in the wealth of examples given to 
illustrate the preliminary analytical treatment which is very often necessary 
before a numerical formula can be applied, as for example, in the case of an 
integral where the integrand or a derivative has a singularity in the range of 
integration (for in this case polynomial approximation breaks down). Various 
transformations are suggested in such cases where the analytical form of the inte- 
grand is known. 

A section on numerical integration of differential equations is included. 
The Taylor series method is described in relation to first- and second-order 
differential equations. For the latter class of equation two-point boundary 
conditions and eigenvalue problems are discussed. 


R. A. BROOKER, 


Stebenstellige Tafeln der elementaren transzendenten Funktionen, by F. Loscu- 
[Hee vil +335. (Berlin — Géttingen — Heidelberg: Springer-Verlag, 1954.) 
DM. 49.80 (87s. 2d.) 

The functions in tables | and II are: angle d, sinx, cos.x, tanx, sinh x, coshx, 
tanh x, Inx ,e", ec *, sin! x, tan“ x, sinh-! x, cosh +x, tanh! «coth= “x, iwiere 
these functions are real. In both tables ¢ is given in degrees, minutes, seconds 
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and 2D of a second. ‘Table I gives the remaining functions to 9D_ for 
x =((0-0001)0-1; table II gives them to 7 D for v=0-1(0-0005)3-15, « = 3(0-01)10, 
x= 10(0-1)20 ee with tanx for x=1-5680(0-0001)1-5730, tanh-!x for 
x =0-9980(0-0001)1 and cothtw for x=1(0-0001)1-0020. Table III gives 
several of the same functions as I and II, to 7 D for x=0(1)100. Table IV gives 
3x7 to 12D for x=0(1)100. Table V gives sinixz, costxm to 7D for 
x=0(0-001)0-5. Table VI gives exp(+4xz), sinh}xz, cosh Liem to. 7 Di for 
x=((0-01)2; table VII gives the same functions of x7/180 to 7D for «= O(1)180. 
Table VIII gives angle in degrees, minutes and seconds and also in degrees and 
decimals of a degree, as a function of angle in radians; table IX is the inverse of 
table VIII. ‘Table X gives about 20 important constants and (as exact ratios) 
Bernouilli numbers as far as By) (Byp in Glaisher’s notation) ; factorials as far as 15 ! 
are also given. 

English readers will naturally compare these tables with the second volume of 
Comrie’s 1949 edition of Chambers’ Six-Figure Mathematical Tables; these are 
six-figure or six-decimal, whichever is the less, whilst Lésch’s gives not less than 
seven decimals. Again, Comrie’s are tabulated only in the first quadrant, for 
the circular functions. On the other hand, Lésch’s tables omit the reciprocal 
functions altogether and do not tabulate the circular functions against angle in 
degrees. Losch’s notes on interpolation are meagre in the extreme, not going 
beyond the ill-conceived recommendation of the Newton—Gregory forward 
formula. ‘The contrast with Comrie’s masterly introduction is as striking as the 
contrast in price. First differences are given where interpolation is supposed to be 
practicable and it is not perhaps surprising that the author gives up as soon as 
A’ becomes significant. No guidance is given to the reader as to how to enter 
such a table as e” at x ~5, say, where, of course, special methods are available. 

According to the preface, the raison d’étre of the tables is that Hayashi’s 
tables (Berlin : Springer 1926)are nolongeravailable. It might have been added 
that they reached a level of unreliability rivalled only by the extensive “ correc- 
tions’’ issued by Hayashi himself in 1932. We are told, however, that the 
present tables have been abbreviated from ten-decimal values, which had been 
checked by differencing. The quality of the paper is good and the type is clear, 
except that the italicized differences leave something to be desired in this respect. 

J. C. E. JENNINGS. 


Théories relativistes de la gravitation et de I électromagnetisme, by A. LICHNERO- 

wicz. Pp. xii+298. (Paris: Masson, 1955.) 2,800/r. 

This volume in the series of mathematical works for physicists is addressed 
to those with a good knowledge of tensor analysis, and some acquaintance with 
topology. Great care has been taken to achieve the utmost rigour in the 
mathematics, and to avoid undesirable reliance on physical intuition. ‘The 
book. is divided into two parts of roughly equal length. ‘The first part is 
concerned with general relativity; here the author begins by considering 
exactly the nature of the space-time manifold, the systems of coordinates 
used, and the hypotheses about the existence of derivatives of various orders. 
The study of the energy-tensor and the field equations leads to Cauchy’s 
problem. (That is, given the values of the field variables and their first 
derivatives on a hypersurface S, to find their values inside (or outside) S.) 


1206 Reviews of Books 


The detailed consideration of Cauchy’s problem, for the various theories, is an 
excellent feature of the book. In this, as in its elegance and exactness, it stands 
in the direct line of descent from the great French mathematical works. ‘The 
interiot and exterior forms of Cauchy’s problem are connected by * jump’ 
conditions across S. The interpretation of the energy-tensor is then discussed 
in terms of hydrodynamics. Chapters are included on the relativistic hydro- 
dynamics of a viscous fluid, and of a charged perfect fluid. Finally, new physical 
problems about the properties of the space-times in the large are considered, 
for example, static, everywhere regular, space-times are discussed. 

The second part of the book deals with unified field theories. It opens with 
an excellent general introduction. ‘The ideal of a unified field theory is traced 
to the combination of the electric and magnetic field strengths into a single 
six-vector, effected by the special theory of relativity. However, when the 
gravitational field receives an explanation by means of the extension to the 
general theory, the electromagnetic field is described in terms of concepts 
derived from general relativity, but by equations deduced by plausible extra- 
polation from the special theory. ‘These modified Maxwell equations involve 
the metric, so that there is some interaction between the fields, and their laws 
of propagation are identical. The author concludes that such a theory, though 
an advance, is still only a provisional electromagnetic theory. ‘The need is felt 
for a truly unified theory, in some sense. He distinguishes two senses; in the 
general sense a theory will be called unified if the gravitational and electro- 
magnetic fields enter symmetrically, each coming from the same geometrical 
structure. In the strict sense, a theory is unified to the extent to which the 
exact equations represent one non-decomposable field, so that the separation 
into gravitational and electromagnetic field equations is possible only approxi- 
mately under specially simple physical conditions. 

The author divides the attempts to find a unified field theory into the two 
general classes of five-dimensional theories (including the so-called projective 
theories), and theories with an afhne connection. As an example of the first 
class, he studies the Jordan—Thiry theory, with references to the earlier 
Kaluza—Klein theory. As the representative of the second class, the Einstein— 
Schrodinger theory is presented in a somewhat similar fashion to the presentation 
by Schrodinger in ‘ Space—Time Structure ’. 

The book can be earnestly recommended to specialists in general relativity 
who wish to consider seriously the problems raised. It is written throughout 
with the greatest care and precision, and printed very well; the alphabetical 
index, however, is wholly inadequate. C. W. KILMISTER. 


Atomic and Nuclear Physics, by R. S. SHANKLAND. Pp. xv +529. (New York : 
Macmillan, 1955.) 44s. 


‘The need for a carefully prepared course on nuclear physics as part of 
undergraduate teaching in physics has been recognized by most Universities 
for many years. ‘The lecturer about to prepare such a course at the present 
time is, however, faced with the difficulty that the underlying theory of the 
subject demands a working knowledge of quantum mechanics which is generally 
not reached in an undergraduate course. He therefore usually presents an 
account of the major experimental results eked out with a somewhat scanty 
theoretical background. This procedure has the advantage that the interest 
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of the audience can be caught and sustained by the glamour of the subject while 
no great demands on analytical ability need be made. The large number of 
students whose future is likely to be concerned with the applications of nuclear 
energy fully justifies such an approach, and for these people Professor Shankland 
has written a book which could hardly be bettered. 

The book presupposes a general knowledge of classical physics, including 
electrodynamics, and discusses in its early chapters the atomic and kinetic 
theory, the history of the electron, and atomic, molecular and X-ray spectra. 
Throughout these chapters the historical development of the subject is given 
adequate consideration, particularly in the matter of references, and often the 
excitement of a new discovery, such as x-rays, is well conveyed. Modern 
ideas are, however, introduced as soon as necessary to give the account coherence 
and completeness. ‘There follows an interesting chapter on the solid state of 
matter which gives a brief but excellent review of the many physical phenomena 
for which the quantum theory of electrons provides an interpretation. The 
remainder of the book (rather less than half) is devoted to nuclear physics ; 
the chapters follow the logical order—isotopes, natural radioactivity, induced 
transformations, nuclear energy sources, high energy processes and cosmic 
rays. Altogether this is an enormous body of material, and it is a tribute to the 
author’s ability as a teacher that it has been possible to produce such an admirable 
account of the whole subject, at a uniform level of excellence, within the confines 
of a single volume. ‘The undergraduate will find it a stimulating textbook. not 
least for the genuine attempt which it makes to point out the features common 
between atomic and nuclear processes. Many advanced workers will find useful 
the up-to-date review of the subject as a whole which it provides ; topics as 
recent as the production of element 100 and the operation of the Berkeley Bevatron 
are mentioned. 

In a book of such length and scope a reviewer is almost bound to find some 
points for criticism. It is for instance curious that in a chapter which describes 
fully the experiments on the wave nature of matter, the Schrodinger equation 
should not appear, but many students may regard this as an advantage. More 
might have been said on the theory of the hydrogen atom, particularly on the 
degeneracy due to the Coulomb field, and the physical reason for the energy 
separation between the terms of ortho- and parahelium is not well explained. 
The description of the operation of a Geiger counter is incomplete and the 
definition of nuclear temperature is not the most useful one. ‘The treatment of 
beta-decay does not clearly show why beta-emitters have a range of lifetimes, and 
it is perhaps undesirable that internal conversion electrons should be treated in 
association with beta-spectra rather than with gamma-transitions. Nuclear 
isomerism has grown in importance and receives less attention than it deserves. 
The well-known cloud chamber picture of the disintegration of boron by 
protons does not show quite what the text implies, and the single-level cross 
section formula for a (p y) resonance omits a factor. 

Despite these small defects, the book contains many excellent expositions of 
involved branches of the subject, notably of nuclear resonance experiments and 
of nuclear energy sources. The references are well chosen and about right in 
number, although naturally they exhibit a preference for American journals. 
The book is well set out and produced and there are very few misprints ; it 
deserves to be widely read. W, E. BURCHAM, 
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spectrograph. 
(c) Spectrum of Cd arc in argon at 5 cm pressure 


(a) Spectrum of Zn arc in air showing PP’ multiplet 
(6) Spectrum of Cd arc in air showing PP’ multiplet 


3 metre grating spectrograph. 
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Absorption, see Paramagnetic resonance 
Absorption cross sections, see Cross sections 
Absorption spectra, see under Spectra 
Actinium X (?*3Ra), radioactive decay, nuclear emulsion study 110 
Alpha particles, radiative capture in 4N 553 
Aluminium 27, ground state, beta decay 1033 
Aluminium Kas3a,4 lines in metal and oxide (R). 654 
Aluminium monofluoride, triplet band systems . 824 
Angular correlation of annihilation radiation 304 
Angular correlation parameters for oriented nuclei (L) ; : 349 
Angular correlations, ay, and internal conversion measurements in "ThCC’ and 
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Angular distribution of y- eadichon fron "Bela, ny)#C (R) . 1187 
Angular distribution of ‘Li(p, n)’Be* neutrons for proton energies becveen 2. a5 He 

2-9 mev (R) - 1081 
Angular distributions and eralay sorelations in reaction 23Na(p, “y)*Meg 369 
Angular distributions trom (d, n) reactions at 0-86 Mev deuteron energy 386 
Angular momenta, quantized, proposed notation (L) . 50 
Anharmonicity and monomolecular reactions (R) 920 
Annihilation radiation, angular correlation 304 
Arc spectra, see Spectra, arc 
Aromatic molecules, electronic spectra: JJ—Alternant hydrocarbon molecules, 

excited states . : F ; : : : : ‘ 81 
Aromatic molecules, electronic apecttar Il]—Effect of inductive substituents 329 
Aromatic molecules, electronic spectra : [V—Excited states of odd alternant hydro- 

carbon radicals and ions : ; : i 5 ; , : 591 
Aromatic molecules, electronic Spectra’ V—Interaction of two conjugated systems 601 
Aromatic molecules, electronic spectra : VI—-Mesomeric effect 969 
Arsenic 70, acd by 4N bombardment of Cu, decay 760 
Atomic heat of sodium (L) 762 
Atomic systems, neutral, continuous atomic ABsorp Hon cross sections for (R). 544 
Atoms, mu-mesic, energy levels (L). 945 
Band spectra, rotational analysis of a*II,+, B*11,—x'!X* systems of InF . 962 
Band spectrum, 9-6 band of ozone, line widths in 530 
Band systems of CH, intensities (R) 547 
Band systems, of MnF and MnBr in the ted 665 
Band systems, new, of PO and Ps, spectroscopic Iaeneneation (R) 542 
Band systems, triplet, of AIF . 824 
Band systems, see also Spectrum 
Beryllium 8, spin, energy and lifetime 204 
Beta decay of ground state of ?’Al 1033 
Binding energy, see Energy, binding 
Biot—Savart law and dislocations (L) : : , : : P 53 
Bismuth, L levels, fluorescence yields : - : 612, oe 942 
Bombardments, «-particle and deuteron, capture processes 1n (R) F 535 
Branching ratios of *®*Rb and #?K (R) 346 
Bremsstrahlung production, effect of finite nucleat size 165 
Cadmium oxide, electrical conductivity at low temperatures 3 
Caesium titantum alum, paramagnetism of (L) . 57 
Calibration, absolute, of neutron counters with Po-a—Be (L) Be 
Capture processes in q-particle and deuteron bombardments (R) - 535 
Capture, radiative, see also Radiative capture 
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Capture, radiative, of 669 kev protons in fluorine (R) 

Carbon, production of !!C by protons of energy 200-950 Mev 

Cell model, liquid, for *He : 

Cellular method for close-packed hexigonal lattice, Ape Beeeinods to Ti 

Charge transfer and ion—atom interchange collisions (R) 

Charge transfer from negative ions of atomic H to protons in collisions 

Charged particles, see also Particles, charged 

Charged particles, spin 1/2, in constant magnetic field, effect of radiative corrections 

Cloud chamber, see Wilson chamber 

Cobalt 57, decay ‘ 

Collisions of electrons mb atoms, Dae Spprccimeeion for : 

Collisions, inelastic, heavy particle, involving crossing of potential energy curves : 
I1I—charge transfer from negative ions of atomic H to protons 

Collisions, inelastic, between heavy particles: [V—Contribution of double 
transitions 

Collisions, ion—atom lercherce andl See tcanisbet (R) 

Collisions of nucleons with deuterons 

Combinatorial solution of triangular Ising ieee 

Commutation relations between different fields . 

Conduction electrons, see Electrons 

Conductivity, electrical, see Electrical conductivity 

Configurations (1s)? (2s) and (1s)? (2s)? in atoms and ions from He to C, search for 
simple analytic wave functions . : 

Cosmic radiation and pz-e decay, positive tetnperatdne effect 

Cosmic radiation, barometer effect on hard component 

Cosmic radiation, positive temperature effect in. 

Cosmic-ray events in nuclear emulsions exposed below protne 

Cosmic ray showers, second maxima in transition curve (L) 

Cosmic ray transition curves, search for secondary maxima ;: I (L) 

Cosmic ray transition curves, search for secondary maxima: II (L) 

Counter, see also Proportional counter 

Counter, proportional, pressure, energy loss distribution for minimum ionizing 
electrons (L) . : 

Counters, neutron, absolute libration mith Po- PB (L) 

Coupling, intermediate, studies : [1]—Lithium isotopes 

Coupling, intermediate, studies : IV-—Nuclei *C and ?N 

Covariant treatment of nucleon—nucleon interaction 

Cross section, n—p, in range 60-550 kev (R) 

Cross section, slow neutron, of scandium . 

Cross sections, atomic absorption, continuous, for meee atomic meen (R) 

Cross sections, differential, absolute measurement, for nuclear scattering of low energy 
relativistic electrons (R) ; 

Cross sections for 2s—2p transitions in H and 3s-Sp t NSIS in ate proceed Si 
electron and proton impact 

‘Cross sections, total, for nuclear nena of hick energy leon (L) 

Crystal, nickel, temperature dependence of magnetostriction in 

Crystals, single, of Fe and Si-Fe, [110] magnetostriction 

Cyclotron, break-up of negative ions in 


Decay of *°As produced by “N bombardment of Cu o 
Decay of 5’Co : 

Decay of ?°Na, electron capture in 

Decay of RaD and 46:5 kev excited state of RaE 

Decay, radioactive, of AcX (???Ra), nuclear emulsion study . 
Diffusion, thermal, see Thermal diffusion ; 
Deuterons, see also Scattering 

Deuterons, collisions of nucleons with 


Deuteron stripping by **Na, *’Al, *!P, neutron groups from 
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Dielectric loss in long chain polar compounds, theory : ‘ : : WES) 
Dielectric theory of electronic interaction in solids. ; : : : ; 976 
Discharges in inert, gases, molecular ions in ; : : : : 4 11 
Disintegration of phosphorus by 8 Mev deuterons, neutron groups Seem : : 7354 
Disintegration, radioactive, of =2Th (R) . : : ; : , : ; 923 
Dislocations and Biot-Savart law (L) ; : P : : : : : 5S 
Einstein’s unified field theory, new static spherically symmetric solution (L). , 260 
Electrical conductivity of cadmium oxide at low temperatures. : é : SY 
Electron capture in decay of 2Na_ . ‘ I : ; : : : 681 
Electron mass, effect on high energy electron searioniae ; : ; ‘ : 741 
Electron scattering, high energy, effect of electron mass : : : , ; 741 
Electrons, conduction, in uniform magnetic field, general motion : : ; 879 
Electrons, conduction, in uniform magnetic field, single band motion . F 874 
Electrons, detachment from negative hydrogen ions by impact with neutral atoms . 240 
Electrons, high energy, scattering . : : : ; : : 559 
Electrons, knock-on, transport of energy = (R). ; : : : : 3 LOn2: 


Electrons, 3pz, effect of : energy levels of ethylene - : Z 
Electrons, relativisitic, cross sections for nuclear scattering, absolute measurement (R) 928 
Emission spectra, see also under Spectra 


Emulsion, nuclear, study of radioactive decay of AcX ( 225 a) : ; : : 110 
Energy, binding, of 7H and *He F : : : : 2 265 
Energy distribution of protons from reaction Cate p)Ni (R) : ; 3 : 925 
Energy levels of ethylene; effect ot 3pz electrons : : : ; : 4 72 
Energy levels, reduced widths, calculation from stripping curves . : 5 : Sy 
Energies of normal and excited negative ions (R) : 3 540 
Energies, resonant, for radiative capture of protons by Na Below 53 ee absaline 
determination (R) . : ‘ ‘ J : ‘ : ; LOTS 
Energy state, metastable, of negative heteacns ion : : : : : : 815 
Energy, transport, by mack on electrons (R)  . : : : : : 5 i1OWZ 
Entropy of superfluid helium (L)  . : : : ; : j 939 
Equations of state of elements from Thomas Beran tenes. : : ; : 726 
Equations of state of elements from Thomas—Fermi theory: I1—Case of incomplete 
degeneracy . ? ‘ : ‘ : ‘ . 1145 
Ethylene, energy levels : ect of aon Aéctrons é : : 72 
Europium 151 and 153, nuclear spins and ratio of Haeiene moments (L) ; : 55 
Excitation functions for scattering of protons and deuterons by Be and Mg . : OF 
Excitation, rotational, and inelastic scattering . . : : ; : ; 656 
Fermi gas, degenerate, effect of potential gradiznt on density : ; ; : 285 
Ferrous ion, paramagnetic resonance absorption by (L) 258 
Field, self-consistent, see Self-consistent field 
Field theory, Einstein’s unified, new static spherically symmetric solution my : 260 
Fields, commutation relations between . : 2 F ? : 503 
Fluorescence yields of L levels of bismuth A : : ; : 612, (L) 942 
Fluorine, radiative capture of 669 kev protons in (R) . : : F : : 538 
Free-electron network model for metals: II. : : é : g 2 1Ne® 
Gamma radiation following surface scattering of nucleons . : : : 5 — KOSH 
Gamma radiation from *Be(a, ny)'*C, angular distribution (R)__. ; : 5 likes 
Gamma radiation from reaction D(p, y)’He : i ; : : ‘ ; 781 
Gamma rays, elastic scattering é é : 5 Oil 
Gamma rays, low intensity, in ThC. Cc aa ThC’. aoe transitions . : ; 5 ile 
Gamma transition lifetimes, measurement by recoil methods : ; : : 18 
Gas, free electron, spin paramagnetism of (R) . : : : : : . 644 


Gases, inert, see Inert gases 
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Hall effect in metals at high frequencies 

Helium ion, negative, metastable energy state 

Helium, isotope shifts in spectrum, calculation . 

Helium II film, sub-critical flow in . 

Helium 3, liquid cell model for 

Helium 4 nuclei, scattering of 14:3 Mev neutrons ob, (R) 

Helium, oui entropy (L) 

Holmium 165, nuclear magnetic moment (L) 

Hot wire shemmnal diffusion columns, performance 

Hydrogen, atomic, ionization by electrons of excited 2s and 2p states 

Hydrogen atoms, excited, interaction (R) . 

Hydrogen atoms in fast encounters with other yiroden atoms, eonecoucea of aganie 
transitions 

Hydrogen ions, senate: detachment ae alecrons roe be apace each neateal 
atoms : ; : : : : j 

Hydrogen tioleeulas ion, prometues : V—Transitions connecting Lowest even and 
odd z-states with higher c-states ‘ : 

Hydrogen molecular ion, properties: VI—Total electronic Orontal aapilat momentum 

of Isog, 2so, and 3scg states : ; : 

Hydrogen molecule, excited states, 10nic Be re interaction in 

Hydrogen, solid, state of : 

Hyperfine structure of praseodymium (L). : 4 j : ¢ : 6 


Impact, electron, and proton, and 2s—2p transitions in H and 3s—3p transitions in Na 
Inert gases, molecular ions in discharges 

Infra-red, see also Spectrum 

Infra-red nitrogen spectra, electron excitation functions 

Integrals, molecular, inequalities for (R) 

Interaction, electronic, in solids, dielectric theory 

Interaction of electrons in metals (R) 

Interaction, nucleon—nucleon, covariant treatment 

Interaction of two excited H atoms (R) 

Interaction, spin-orbit, determination, in scattering OE Pacleone St a- eaacaicles 
Internal conversion in ThCC” and ThC’D and o~y angular correlations 
Ion concentrations, mass spectrometric analysis, radio-frequency probe for 
Tonic configuration interaction in some excited states of hydrogen molecule 
Ionization by electrons of excited 2s and 2p states of atomic hydrogen . 
Tonization joss of relativistic ~-mesons in neon 

Ions, diatomic molecular, doubly charged (R) 

Tons, molecular, in discharges in inert gases 

Ions, negative, break-up in cyclotron 

Ions, negative, normal and excited, energies (R) 

Tron and silicon-iron, single crystals, [110] magnetostriction 

Isotope shifts in spectrum of helium, calculation 
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Kerr effect, theoretical studies : I]—Influence of pressure . : ; 910, corr. 1091 


Lanthanons, nuclear moments from paramagnetic resonance (L) . 
Lattice, close-packed hexagonal, cellular method, and applications to Ti 
Lattice scattering in homopolar semiconductors. 

Lattice, triangular Ising, combinatorial solution 

Lattice waves, low-frequency, scattering by static inipeticedons 

Layzer approximation for treatment of collisions of electrons with atoms 
Line widths in 9-6 band of ozone 

Lithium isotopes, intermediate coupling 2 

Low temperatures, electrical conductivity of eaacn oxide 
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Magnetic field, uniform, general motion of conduction electrons . 
Magnetic field, uniform, single band motion of conduction electrons 
Magnetic ground state of UF; (L) 

Magnetic moments, see also under Nuclear 

Magnetic moments, ratio, and nuclear spins of Eu 151 and 153 (L) 
Magnetic susceptibility of potassium manganicyanide 
Magnetostriction constants for Ni, calculation 

Magnetostriction, [110] of single crystals of Fe and Sis Be 
Magnetostriction, temperature dependence, in nickel crystal 
Mangenese halides, spectra in blue-green . : 
Mass spectrometric analysis of ion concentrations, eietige frequeviey prope for. 
Mesons, detection of mesic X-rays with proportional counter 
Mesons, see also Mu-mesons 

Metals, free-electron network model: II . 

Metals, Hall effect in, at high frequencies . 

Metals, interaction of electrons in (R) 

Metals, monovalent, thermoelectric power (R) 

Metals, network approximation (R) . 

Metals, reflectivity, theory 

Method of atoms in molecules. 

Molecular integrals, inequalities for (R) 


Molecular ion, hydrogen, properties : V—Transitions connecting lowest even and 


odd z-states with higher o-states 


Molecular ion, hydrogen, properties: VI—Total electronic orbital angular momen- 


tum of Isog, 2sog and 3sag states 
Molecular ions, diatomic, doubly charged (R) 
Molecular (monomolecular) reactions and anharmonicity (R) 
Molecular orbitals, approximate : III—2so, and 3dog states of H+ 
Molecules, aromatic, see Aromatic molecules 
Molecules, structure, method of atoms in molecules 
Moment, nuclear electric quadrupole, of ?°K (L) 
Moments, quadrupole, of odd A nuclei (R) 
Momentum space, many-body scattering problem in (R) 


Momentum spectrum of u-mesons at sea level : I—Range 5 x 10° —2 x 10" ev/c 


Mu-mesic atoms, energy levels (L) 


Mu-mesons, cosmic ray, stopped in carbon for Bee chon oF mesic X-rays by propor- 


tional counter. 


iu-mesons, momentum peer at sea feet. [ane 5 x 108 —2'« 10" evjc 


Mu-mesons, relativistic, ionization loss in neon. 
Mu-mesons, scattering in lead and iron 
Mu-mesons, underground, star production 


Negative ions, see Ions 

Neon, K-series emission spectrum 

Network approximation in metals (R) 

Neutron cross section, see Cross section 

Neutron—deuteron scattering in range 80-200 kev (R) . 

Neutron groups from deuteron stripping by 7*Na, ?‘Al, *!P. : 
Neutron groups from disintegration of phosphorus by 8 Mev deuterons. 
Neutron, see also Scattering 

Neutronics, general perturbation theory 


Neutrons, 14-3 Mev, scattering by *He nuclei (R) 

Neutrons, slow, mean free path in nuclear matter (R) 
Nitrogen, active, new phenomenon . : 
Nitrogen spectra, infra-red, electron excitation fueionis 
Nuclear emulsion, variation of track length with angle of dip 
Nuclear emulsions below ground, cosmic-ray events in 


Neutrons, *Li(p, n)*Be* yield for proton energies peveen 2: 5 aaa De Os Mev (L) 
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Nuclear magnetic moments of holmium 165 (L) 

Nuclear moments of lanthanons from paramagnetic resonance a 
Nuclear reactions, polarization 1n 

Nuclear scattering, see Scattering 

Nuclear size, finite, effect on bremsstrahlung production 

Nuclear spin and magnetic moment of terbium 159 (L) ; : ; 
Nuclear spins and ratio of magnetic moments of Eu 151 and 153) Cb) 
Nuclei, and Coulomb scattering of high energy electrons and positrons. 
Nuclei, deformed, inelastic scattering of neutrons Bie ‘ 

Nuclei °C and BN, intermediate coupling 

Nuclei, complex, elastic scattering or polarized protons from 

Nuclei, odd 4, quedrupole moments (R) . 

Nuclei, oriented, angular correlation parameters for (L) 

Notion nucleon interaction, covariant treatment 

Nucleons, collisions with deuterons . 

Nucleons, scattering, see under Scattering 

Nucleons, surface scattering, y radiation following 

Nucleus, finite, effect on radiative correction (L) 


Oscillations, plasma-electron, spectroscopic study 

Ozone, 9°6 yx band, line widths in 

Paramagnetic resonance, absorption by ferrous ion (L) 

Paramagnetic resonance, and nuclear moments of lanthanons (L). 

Paramagnetism of caesium titanium alum (L) 

Paramagnetism, spin, of free electron gas (R) 

Particles, charged, in solids, energy loss and plasma eseiteiens 

Particles, heavy, inelastic collisions involving crossing of potential energy curves : 
Pie cieeee transfer from negative ions of atomic H to protons 

Particles, heavy, inelastic collisions between : !¥V—Contribution cf double transitions 

Penetrating showers at sea level, rates of 

Perturbation, see Variation 

Perturbation theory, general, in neutronics ‘ ; 

Phase shifts, high order, in elastic scattering of slow protons in inert gases, approxi- 
mation (R) 

Phase shifts in p—p scattering (R) 

Phosphors, Bi activated, absorption and emission spectra (R) : 

Photodisintegration cross section of deuterium and radium equivalent of Na sources 

Plasma-electron oscillations, spectroscopic study 

Plasma oscillations and energy loss of charged particles in €Gas 

Polar compounds, long chain, theory of dielectric loss 

Polarization in nuclear reactions ; : ‘ ; : : 

Positronium formation in gases and its pressure ldependence (RY) 

Potassium manganicyanide, magnetic susceptibility 

Potassium 39, nuclear electric quadrupole moment (L) : : ; F 

Potential gradient, effect on density of degenerate Fermi gas 

Praseodymium, hyperfine structure (L) : : 

Proportional counter, pressurized, for detection of mesic x-rays 

Proton synchrotron ean size, determination with crystal scintillator (R) 

Proton synchrotron beam Ores with induction electrode . ; : 3 

Protons of energy 200-950 Mev and production of “C from carbon 

Protons see also Scattering 


Quadrupole, electric, moment, of ?°K (L). : ; : : ; 
Quantized angular momenta, proposed notation (L) . ; : é : 


RaD decay and 46:5 kev excited state of RaE 

Radiation, annihilation, angular correlation 

Radiation, cosmic, see Cosmic radiation 

Radiation, see also under Capture, Gamma radiation 

Radiative capture of aw-particles in 4N ; : i ; é : 
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Scattering, elastic, a gamma rays : 1161 
Scattering, elastic, of 80 kev neutrons (L). : 940, 
Scattering, elastic, of polarized protons from complex nucle: ; 361 
Scattering, elastic, of slow protons in inert gases, approximation for fen ore phase 

shifts (R) ; : ‘ : ; : : ‘ : : 932 
Scattering, electron, see Riecton ee 
Scattering of high energy electrons . 559 
Scattering, inelastic, of neutrons by deformed auclel 994 
Scattering, inelastic, by rotational excitation (R) 656 
Scattering, lattice, in homopolar semiconductors 675 
Scattering of low-frequency lattice waves by static imperfections . 1113 
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Scattering, surface, of nucleons, y radiation following ‘ : , ; ve MOS 
Scattering, see also Cross sections 
Scattering-in correction . : . 841 
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Semiconductors, homopolar, lattice scattering in : é : : 675 
Showers, see Penetrating Showers 
Showers, cosmic-ray, see Cosmic-ray showers 
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Sodium 22, electron capture in decay : 681 
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deuterium . é 2 : : ; : : ¥ : : 181 
Solid hydrogen, state of : : : : : : . 214 
Solids, dielectric theory of electronic interaction Z é ae 
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